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Preface 

Plateau's problem is a scientific trend in modern mathematics that unites 
several differen t problem s connecte d wit h th e stud y o f minimal  surfaces, 
that is, surfaces of least area or volume. I n the simplest version, we are con-
cerned with the following problem: ho w to find a surface o f least area that 
spans a  give n fixed wire contou r i n three-dimensiona l space . A  physica l 
model of such surfaces consist s of soap films hanging on wire contours af -
ter dipping them in a soap solution. Fro m the mathematical point of view, 
such films are described a s solutions o f a  second-order partia l differentia l 
equation, s o thei r behavio r i s quit e complicate d an d ha s stil l no t finally 
been studied. Soa p films or, more generally, interfaces between physical me-
dia in equilibrium, aris e in many applied problems , in chemistry , physics, 
and als o i n nature . A  well-known exampl e i s tha t o f marin e organisms , 
Radiolaria, whose skeletons enable us to see clearly the characteristic singu-
larities of interfaces betwee n medi a an d soa p films that spa n complicate d 
boundary contours . I n application s ther e aris e no t onl y two-dimensiona l 
but als o multidimensiona l minima l surface s tha t spa n fixed  closed "con -
tours" in some multidimensional Riemannia n spac e (manifold) . I t is con-
venient t o regar d suc h surface s a s extremal s o f th e functiona l o f mul -
tidimensional volume , whic h enable s u s whe n studyin g the m t o emplo y 
powerful method s o f moder n analysi s an d topology . W e should mentio n 
that a n exac t mathematica l statemen t o f the problem o f finding a  surfac e 
of leas t are a (volume ) require s a  suitabl e definitio n o f suc h fundamenta l 
concepts a s a  surface , it s boundary , minimalit y o f a  surface , an d s o on . 
It turns out tha t ther e are several natural definition s o f al l these concepts , 
which enabl e u s t o stud y minima l surface s b y differen t methods , whic h 
complement on e another . 

In the framework o f a  comparatively smal l book it is practically impos-
sible to cover all aspects of the modern problem of Plateau, to which a vast 
literature ha s been devoted . Th e authors have therefore trie d to construc t 
the book in accordance with the following principle : a  maximum of clarity 

vii 
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and a minimum of formalization. O f course, it is possible to satisfy suc h a 
requirement only approximately, so in certain cases (this applies mainly to 
the last chapters of the book) we dwell on certain nontrivia l mathematica l 
constructions tha t ar e necessar y fo r a  concret e investigatio n o f minima l 
surfaces. 

The boo k ca n b e conventionall y spli t int o thre e parts : (a ) Chapte r 1 , 
which contain s historica l informatio n abou t Plateau' s problem , referrin g 
to the period preceding the 1930s , and a description of its connections with 
the natural sciences ; (b) Chapters 2-5, which give a fairly complet e survey 
of various modern trends in Plateau's problem; (c) Chapters 6-11, in which 
we give a detailed exposition of one of these trends (the homotopic version 
of Plateau's problem in terms of stratified multivarifolds ) an d the Plateau 
problem i n homogeneous symplecti c space s (Chapte r 11) . 

The first  par t i s intende d fo r a  ver y wid e circl e o f reader s an d i s ac -
cessible, fo r example , t o first-year  students . Th e secon d part , accessibl e 
to second - an d third-yea r student s specializin g i n physic s an d mathemat -
ics, relies mainly on information fro m a  standard cours e in geometry an d 
topology. Her e we use the elements of Riemannia n geometry , differentia l 
forms, homology , an d th e element s o f comple x analysis . W e recal l th e 
main concept s bu t withou t goin g into details . Th e thir d par t i s intende d 
for specialist s intereste d i n th e moder n theor y o f minima l surface s an d 
can b e use d fo r specia l courses . Her e w e assum e tha t th e reade r ha s a 
command o f the concept s of functiona l analysis . 

At th e beginnin g o f th e boo k w e giv e a  brie f historica l surve y o f th e 
sources o f th e moder n proble m o f Plateau . W e star t ou r accoun t wit h 
earlier work of the 18t h century , an d then w e dwell in more detai l on th e 
work of the 19t h century, in which the fundamental propertie s of minimal 
surfaces wer e discovered . W e pay specia l attentio n t o th e famou s physi -
cal experiments of Plateau (1801-1883) , in which he systematized various 
observations about the behavior o f the interface between  two media. On e 
of the results of this series of experiments was a precise formulation o f the 
so-called principles of Plateau, which contro l both the local and the global 
topological behavior o f interfaces betwee n media . Togethe r with an expo-
sition o f th e mathematica l an d physica l aspect s o f Plateau' s proble m w e 
give information abou t mathematicians whose work was most closely con-
nected with the questions under consideration. W e also try to characteriz e 
the concret e historica l situatio n tha t bring s t o lif e variou s mathematical , 
mechanical, an d physica l aspect s o f Plateau' s problem . 

In Chapte r 1  we presen t th e element s o f th e classica l theor y o f mini -
mal surfaces , mainl y fo r th e two-dimensiona l case . Her e w e try t o avoi d 
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complicated calculations , referrin g th e intereste d reade r t o the mor e spe -
cialized literature, of which quite a large (though not complete) list is given 
at the end o f the book . 

Chapter 2  enables the reade r t o become acquainte d quickl y with thos e 
topological concepts without which the modern theory of minimal surface s 
is inconceivable. 

Beginning wit h Chapte r 3  we introduce th e reade r directl y t o th e very 
rich world o f moder n idea s about minima l surface s an d thei r rol e in me-
chanics, physics, and mathematics. Ou r aim is to put into the hands of the 
reader a guide that will enable him to orient himself quickly in the diverse 
information concentrate d a t th e forefron t o f moder n research . W e shal l 
pay a  great dea l of attention t o the methods  o f studyin g minimal surface s 
and to the main result s obtained by means of them . 

In particular, we present the solution due to A. T. Fomenko of Plateau' s 
spectral problem in the class of spectra of manifolds with a fixed boundary, 
and als o th e solutio n du e t o Da o Trcm g Th i o f Plateau' s proble m i n th e 
homotopy clas s of multivarifolds wit h a  given boundary . 

The idea of creatin g a  book o f thi s kind an d the plan o f i t i s due to A. 
T. Fomenko. Chapter s 1- 5 wer e written by A. T. Fomenko, and Chapter s 
6-10 b y Da o Tron g Thi ; Chapte r 1 1 is based o n th e recen t result s o f L e 
Hong Van. 

The structur e o f th e boo k wa s forme d a s a  resul t o f A . T . Fomenk o 
giving special courses on the theory of minimal surfaces in the Mechanics-
Mathematics Department a t Moscow State University. Also , the book was 
created unde r th e influenc e o f a  programme o f stud y o f th e connection s 
between th e topolog y o f manifold s an d th e globa l propertie s o f minima l 
surfaces developed in the research seminars "Modern Geometric Methods" 
and "Compute r Geometry " unde r th e supervisio n o f A . T . Fomenk o a t 
Moscow State University. Th e most important results of some participants 
of the seminar ar e reflected i n the book. 

The boo k i s intende d fo r a  wid e circl e o f students , researc h student s 
and mathematician s specializin g in calculus of variations, topology, func -
tional analysis, the theory of differential equations , and Lie groups and Lie 
algebras. 

The author s thank S . P. Novikov, whos e valuable suppor t an d interes t 
stimulated th e developmen t o f thi s scientifi c trend , an d als o the reviewe r 
D. V. Anosov, who made a  number o f useful remark s and additions . Th e 
authors thank V . P. Maslov fo r hi s support . 

The authors are very grateful t o Dr. E. Primrose for hi s excellent trans-
lation an d fo r hi s remarks, which have helped t o improve the book. 
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APPENDIX 

Volumes of Closed Minimal Surface s 
and the Connection with the Tensor Curvature 

of the Ambient Riemannian Space 

The topolog y o f a  Riemannia n manifol d i s closel y connecte d wit h it s 
Riemannian curvature . I t i s intuitivel y obviou s tha t topologicall y non -
trivial cycle s (realize d b y minimal surfaces ) ten d t o take up a  position i n 
the ambient Riemannia n manifol d correspondin g in a certain sense to the 
"maximal curvature " o f thi s manifold . W e no w presen t ne w result s ob -
tained b y L e Hong Va n an d A . T . Fomenk o i n th e cours e o f developin g 
Fomenko's metho d presente d abov e in Chapter 4 , §4. 

Let B r(x) b e a  bal l o f radiu s r  i n th e tangen t spac e T xM. Th e in -
jective radiu s o f th e manifol d M n a t th e poin t x  i s the quantit y R{x) 
= su p {r , wher e exp : B r(x) — > M i s a  diffeomorphism} . Le t R(M)  = 
inf R(x), wher e x  e  M . W e call R(M)  th e injectiv e radiu s o f the man -
ifold. Le t r] k(v , x) b e the /c-dimensiona l deformatio n coefficien t o f th e 
vector field  v  a t the point x , introduce d by Fomenko (see Chapter 4 , §4). 
Next, we recall that the quantit y 

a°k(M) =  inf a°k(x0)9 x 0eM, 
where 

Q°(*o) =  y***0(*(*o)) > ** 0(
r) =  e xP ^ C ™ / * }

 n ^V '  X)) dt > 

yk =  vol ^ B{ i s th e volum e o f a  /c-dimensiona l uni t ball , i s calle d th e 
geodesic deficiency o f M n i f f(x)  i s the function o f distance fro m x  t o 
x0 o n th e manifold , an d v  =  grad / . Fo r th e detail s se e Chapte r 4 , §4. 
We also recal l tha t th e volume o f a  /c-dimensiona l nontrivia l cycl e in M 
is not les s than th e numbe r £l k(M) (se e Chapte r 4 , Theorems 4.4. 1 an d 
4.4.2). 

Suppose that th e sectional curvatur e o f M  i n any two-dimensional di -
rection doe s not excee d a  ,  where a  i s real o r purely imaginary . Le t th e 
injective radiu s o f M  b e equal to R . 

377 
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THEOREM 1  (a lower boun d o f the geodesic deficienc y o f a  manifold ; 
Le Hong Van and A. T. Fomenko). 

( 1 ) / / a 2 >0 and  Ra<n,  then  Cl° k(M) >  kyka~k f* asmk~ltdt. 

(2) If  a 2 >0  and  Ra  >  n, then  Q° k(M) >  volkS
k
/a, where  S k

l/a is  a 
Euclidean sphere  of dimension k  and  radius \ja. 

(3) // a  = 0, then  £l° k(M) > ykR
k . 

(4) lfa2<0, then  Q° k(M) > kyk\a\~k J* 1*1 sinh^"1 tdt. 

THEOREM 2 (isoperimetric inequalities ; Le Hong Van and A. T. Fomen-
ko). Let X  be  a globally minimal surface  passing through a point x  e  M, 
let B x{r) be  the geodesic ball of radius r  and  center x in  M , and  let A k~l 

be the boundary of intersection of the surface with the ball X nB x(r) =  Xr . 

(1) If  a  >  0  and  r  <  min(i? , n/a),  then  we  have \ol k_{Ar > 

kyka ~  (sin  ar) _ 1 . Consequently, 

(vol^j A r)/(volkXr) >  (sinar)k~[ /(J\smat) k~l dt\ . 

(2) If  a  =  0 and  r  <  R, then  vol A:_1 Ar >  ky kr ~  (which  is  equal 
to the  volume of  the  standard (k  -  \)-dimensional  sphere  of  radius  r). 
Consequently, 

yolXr<krwo\Ar and  vo\X r <  (vo\A r)
k/{k~l)k~l(kyk)

l/{l~k). 

(3) If  a 2 <  0 and  r  <  R, then  vol k_{Ar >  ky k\a\l~k(sinh\a\r)k~l . 
Consequently, 

(vo\Ar)/(volXr) >  (sinhlalr)^"1 /  (f  (sinh\a\t) k~{ dtj  . 

In the general case , the estimates i n these theorems ar e the best possi -
ble, tha t is , in many case s equalitie s ar e attained. Th e theorems confir m 
the conjecture tha t i n a certain sens e absolutely minima l surface s ten d to 
take up a position correspondin g t o "maximal curvature " in the ambient 
manifold. Nevertheless , i t follows tha t th e curvature o f globally minima l 
surfaces "senses " the curvature of the ambient manifold . 

COROLLARY 1 . Suppose  that a complete noncompact  Riemannian man-
ifold M  has  nonpositive curvature,  and that  X  is  a globally  minimal 
surface in M.  Then  the  function V(r)  =  \o\kBx(r), where  B x(r) is  a 
geodesic ball of radius r  in  X  ,  increases  no more slowly than a  polyno-
mial of  degree k  in  r.  If  M  has  negative curvature bounded below, then 
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V(r) increases  no more slowly than the  exponential function of  r.  In  par-
ticular, it follows that  at  each point x  e  X  there  is a v  eT xX such  that 
Rx{v ,  v) <  0, where  R x is  the Ricci tensor  on X  at  the  point x . 

COROLLARY 2 . If  M  is  a  compact  simply-connected  symmetric  space 
with sectional  curvature  everywhere not greater  than  a,  then  the  volume 
of any  nontrivial  k-dimensional  cycle  {that  is,  corresponding  to a  closed 
minimal surface)  is not less  than the  volume of  a k-dimensional  standard 
sphere of curvature a . 

COROLLARY 3 . The  length of a homologically nontrivial loop in a man-
ifold M  is  not less  than twice  the injective radius of the manifold. 

COROLLARY 4  (lower bound o f the volume o f a  manifold) . 
(1) lfa2>0, then  vol „ Mn >  nyna

x~n f^{sinat) n~x dt. 
(2) // a  = 0, then  vol „ Mn >  ynR

n . 
(3)Ifa2<0, then  vol nM

n >ny n\a\x~n $*{smh\a\t) n~{ dt. 

These estimates of the volume coincide with those that can be obtained 
on th e basi s o f th e Rauch-Bisho p compariso n theorem . Le t u s conside r 
the case of symmetri c spaces . 

THEOREM 3  (L e Hon g Va n an d A . T . Fomenko) . Let  B  be  a Cartan 
subspace of the tangent space T eM, where  M  is  a symmetric space,  x  -
exp v, v  G  B. We  denote by  a i the  root  system of  M  with  respect  to 

2 2 

B. Suppose  that  the  roots  are ordered as follows: a x(v) >  a2(v) >  •  • •  > 
<*2

p{v) =  0 = ap+l(v) =  > • - . Then 
(1) for k  <  p we  have 

JoCsina^t;)*--- sma k_{(v)t)dt ^ 
k sina {(v)-•• sina k_l(v) 

(2) for k  >  p we  have 

Jo^s ina^) ; - - - sma k_l(v)t){\v\t)k~p dt 
• Jh- \X j  —  i  . 

(sinaj(v) •  • •  sina Jc_l(v))\v\ ~ p 

Thus, for example , for symmetri c spaces of rank 1  w e can calculate the 
functions Q k(M) explicitly , an d henc e th e volume s o f thes e space s an d 
the volumes o f their minima l cycles . 

It is well known [257] , [258] that in a simply-connected irreducible com-
pact symmetri c spac e M  ther e i s a  totall y geodesi c spher e o f curvatur e 

2 2 

a ,  where a  i s the leas t uppe r boun d o f two-dimensiona l curvatur e o n 
M. Moreover , eac h suc h spher e lie s i n som e totall y geodesi c Helgaso n 
sphere of maximal dimension i(M) . Al l the Helgason spheres go into one 
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another unde r th e actio n o f th e group  Iso(Af) , an d the y als o hav e cur -
vature a  .  Obviously , th e followin g assertio n follow s immediatel y fro m 
Corollary 2 . 

PROPOSITION. If  the  Helgason sphere S(M)  realizes  a nontrivial  cycle 
in the homology group HJ^M , R) , then  it  is a globally minimal surface  in 
M. 

Below we give a list of Helgason spheres that realize nontrivial cycles in 
(compact) irreducibl e symmetri c spaces . 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 

M i s a simple compact group , 
M =  SU l+JSUlxSUm, 
M =  SO l+2/SOl x  S0 2, 
M =  SU 2n/Spn, 
M =  Sp m+JSpmxSpn, 
M =  S0 2JU„, 
M =  FJ Spi n 9, 
M =  Ad.Bg/r1 Spin 10, 
M =  AdE 7/T

lE6, 

dimS(M) =  3 , 
dimS(M) =  2, 
dimS(M) =  2 , 
dimS(M) =  5, 
dimS(A0 =  4 , 
dimS(M) =  2 , 
dimS(M) =  8 , 
dimS(M) =  2, 
dimSW) =  2 . 

The explici t embeddin g S(M)  — • M  i s described i n [257] . 
In conclusion we give one more corollary of Theorem 1  fo r noncompac t 

symmetric spaces . Clearl y [258] , th e uppe r sectiona l curvatur e o f suc h 
spaces is equal to zero. 

COROLLARY 5. Let  N  be  a flat totally  geodesic subspace of a noncompact 
symmetric space  M.  Then  N  is  a globally minimal surface. 
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harmonic, 7 0 

Gaussian 
curvature, 114 , 16 1 
map, 85 , 10 9 

Generalized 
forms, 33 4 
integrands, 29 9 

Geodesic, 50 , 19 3 
deficiency, 193 , 195 , 378 

Gergonne problem , 7 3 
Grassman manifold , 19 4 
Growth, 5 

Hahn-Banach theorem , 33 3 
Handle, 6 4 
Harmonic maps , 22 6 
Helgason sphere , 38 0 
Helicoid, 45 , 70 , 11 0 
Hermitian manifold , 20 3 
Hessian, 15 8 
Holomorphic p-chain , 11 8 

Homogeneous space , 36 0 
Homology, 95 , 99 , 12 0 

generalized, 17 8 
spectral, 18 0 

Homotopy 
class, 183 , 233, 275 , 282 
groups, 22 0 

Hopf, 9 8 
Huyghens algorithm , 332 , 33 6 
Hypersurfaces, 16 1 

Integrand, 248 , 317 , 318 , 34 0 
invariant, 34 6 

Isoperimetric inequalities , 309 , 37 8 
Isotopic variation , 100 , 10 3 

Jacobi 
equation, 16 3 
field, 103 
operator, 16 4 

Kahler manifold , 116 , 199 , 208, 35 0 
Killing form , 36 8 

Lagrange, 2 3 
Lagrangian manifold , 19 9 
Lagrangian, 135 , 238, 332 , 340 , 34 9 

covariantly constant , 34 7 
Laplace, 36 , 39 

formula, 3 9 
Levi-Civita connection , 9 9 
Lie algebra , 157 , 16 0 
Lie groups , 163 , 210, 344 , 355 , 359 

representations of , 36 1 
Linear part , 5 
Lipschitz condition , 31 2 
Lobachevsky space , 11 4 

Map, 20 7 
harmonic, 207 , 217 , 22 4 
holomorphic, 20 7 
induced, 26 6 
Lipschitz, 24 9 

Mean curvature , 28 , 36 
Meusnier, 2 8 
Minimal geodesic , 14 9 
Minimal maps , 23 5 

global, 68 , 169 , 299 , 33 1 
local, 68 , 16 9 
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Monge, 2 3 
Morrey, 7 9 
Morse theory, 10 3 
Multivarifold, 233 , 253, 306 

characteristics, 26 0 
density of , 26 4 
integral, 29 5 
parametrized, 273 , 280 , 299 , 314 , .31" 
product of , 25 7 
real, 29 5 
rectifiable, 24 5 
tangent distribution , 26 0 

Network, 1 , 1 1 
Steiner, 4 

One-dimensional Platea u problem , 1 
Osserman's problem, 9 3 

Parallel translation , 35 0 
Parametric 

metric, 276 , 29 1 
topology, 27 9 

Plateau, 3 0 
complex problem , 11 7 
equivariant problem , 138 , 14 4 
experimental principle s of , 6 2 
multidimensional problem , 7 9 
principles of , 6 6 
problem of , 1 , 31 , 73, 118 , 133 , 137, 

167, 174 , 182 , 199 , 23 3 
Poisson, 2 8 
Pontryagin cycle , 355 , 35 8 

Reconstructions, 32 4 
Ricci 

connection, 9 9 
curvature, 11 5 
tensor, 9 0 
transformation, 16 4 

Riemannian 
curvature tensor , 10 2 
manifold, 50 , 69 , 122 , 128 , 167 , 186 , 

201, 219 , 221 , 222, 37 8 
metric, 3 7 
space, 89 , 16 3 

SO, 93 , 147 , 157 , 213 , 360 
SU, 93 , 147 , 157 , 213 , 360 

Second fundamenta l form , 16 4 
Second quadrati c form , 36 , 99 
Singular points , 66 , 13 6 
Skeletons, 6 
Snake, 8 , 1 4 
Sp, 93 , 147 , 157 , 360 
Spectrum o f manifolds , 17 5 
Sphere 

totally geodesic , 21 5 
Spin, 147 , 216, 36 0 
Spine, 5 
Stairs, 8 
Stein manifold , 11 8 
Steiner, 2 

network, 4 
point, 2 
problem, 6 8 
tree, 2 

Stratification, 18 2 
Stratified volume , 18 2 
Stratum, 30 0 
Submanifold, 10 1 

analytic, 12 2 
globally minimal , 36 0 
index of , 10 2 
locally minimal , 10 2 
of th e sphere , 11 5 
totally geodesic , 101 , 194 , 195 , 209, 

210, 353 , 368 
Surface, 23 , 43, 52 

absolutely minimal , 8 7 
Darboux, 8 8 
Enneper, 61 , 86, 11 0 
extremal, 6 9 
generalized, 7 3 
globally minimal , 87 , 359 , 37 8 
harmonic, 20 9 
homological, 12 2 
index of , 10 3 
invariant, 14 5 
minimal, 21 , 23 
regular, 7 3 
Richmond, 11 0 
saddle, 5 4 
Scherk, 70 , 11 0 
stratified, 171 , 236 
tension, 34 , 3 9 
totally geodesic , 20 9 
two-dimensional, 10 5 
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Surface (continued) 
unstable, 46 , 57 , 67 , 9 0 
variations of , 18 0 
volume, 37 7 

Swallow-tail, 57 , 6 2 
Symetric space, 210 , 213 , 352 , 37 9 
Symmetry groups, 14 4 

Tree, 1 
2-tree, 1 4 
Twisting number, 4 

Unsolved problems, 22 8 

Varifold, 13 4 
Volume 

form, 10 1 
of a  manifold, 37 9 

WP5, 5 
Weierstrass representation, 70 , 10 8 
Weyl, 15 7 

chamber, 16 0 
formula, 15 7 

Whitney fold, 5 6 

Variational 
classes, 31 5 
problems, 21 , 233 , 31 4 



COPYING AN D REPRINTING . Individua l reader s o f thi s publication , an d 
nonprofit librarie s acting for them, are permitted to make fair us e of the material , 
such a s to cop y a n articl e fo r us e i n teachin g o r research . Permissio n i s granted 
to quote brie f passage s from thi s publicatio n i n reviews , provided th e customar y 
acknowledgment o f the source is given. 

Republication, systemati c copying , o r multipl e reproductio n o f an y materia l 
in thi s publication (includin g abstracts)  i s permitted onl y unde r licens e from th e 
American Mathematica l Society . Requests  fo r suc h permissio n shoul d b e ad -
dressed t o th e Manage r o f Editoria l Services , America n Mathematica l Society , 
P.O. Box 6248, Providence, Rhode Island 02940. 

The owner consent s t o copying beyond tha t permitte d b y Section s 10 7 or 10 8 
of the U.S. Copyright Law, provided that a fee of $ 1.00 plus $.25 per page for each 
copy be paid directly to the Copyright Clearanc e Center , Inc. , 27 Congress Street , 
Salem, Massachusett s 01970 . Whe n payin g thi s fe e pleas e us e th e cod e 0065 -
9282/91 t o refer t o this publication. Thi s consent does not extend t o other kind s 
of copying , such a s copying for genera l distribution , fo r advertisin g o r promotio n 
purposes, for creatin g new collective works, or for resale . 




		2014-11-07T16:45:19+0530
	Preflight Ticket Signature




