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APPENDIX 

Pfaffian Equation s and Limit Cycles 

The abov e estimate s o f th e numbe r o f solution s o f Pfaffia n functiona l 
systems ma y b e applie d t o investigation s o f bifurcation s o f limi t cycle s o f 
planar vecto r fields.  Thi s observatio n i s due to S . Yu. Yakovenko ; togethe r 
with Yu . S . Il'yashenk o h e obtaine d th e theorem , state d below . W e begin 
with som e definitions . 

A singular point of a planar vector field is called elementary if it has at least 
one nonzero eigenvalue . A  polycycle of the planar vector field is a separatri x 
polygon: a  connected finite union of singular points and phase curves, coming 
from an d tendin g t o som e o f thes e points . A  polycycle i s called elementary 
if al l its singular points are elementary . 

THEOREM. In  a typical finite-parameter family of  smooth vector  fields in the 
plane the  only elementary polycycles which can occur are those which generate 
a finite number  of  limit cycles  under the bifurcation in this  family. Moreover, 
for any natural number n  a  number E(n)  exists  such that anypolycycle in  the 
typical n-parameter  family generates  no more  than  E(n)  limit  cycles  under 
bifurcation in this  family. 

The first step of the proof i s to give a list of finitely smooth normal form s 
of loca l families , obtaine d fro m th e perturbation s o f th e elementar y singu -
lar point s i n typica l finiteparameter  familie s (Yu . S . Il'yashenko an d S . Yu. 
Yakovenko, Russia n Math . Survey s 46(1991) , no . 1) . Thes e norma l form s 
have two crucia l properties : the y are polynomial an d integrable . Th e corre -
sponding change o f coordinate s become s smoothe r a s the neighbourhood o f 
the critical value of the parameter in the base of the family become s smaller . 
As the neighbourhoo d collapse s t o a  point , th e rat e o f smoothnes s tend s t o 
infinity. 

The correspondenc e ma p o f th e hyperboli c secto r o f th e singula r poin t 
is the ma p fro m th e entranc e semi-interva l t o th e exi t on e alon g th e phas e 
curves (Figur e 1) . Th e integrabilit y o f th e norma l for m o f th e famil y al -
lows one to calculate the related correspondence maps . The y are elementar y 

1 This Appendix , writte n b y Yu . S . Il'yashenko, i s simila r t o par t o f a  forthcoming pape r 
of Yu . S . Il'yashenko an d S . Yu. Yakovenko , "Bifurcation s o f elementar y polycycle s i n typica l 
families". 
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FIGURE 1 

FIGURE 2 

transcendental functions , satisfyin g som e polynomial Pfaffian equations . For 
instance, the perturbation of a nonresonance saddle with ratio of eigenvalues 
equal to -A(e ) ( e bein g the parameter of the family) ha s the orbital norma l 
form x  =  x, y  — -yk{e) . It s correspondence map is equal to y  = xx^ an d 
satisfies the Pfaffian equatio n xdy  -  k{e)ydx  =  0. 

The investigatio n o f the number o f limit cycles , generated by the pertur-
bation o f the polycycle , i s reduced t o the study o f the Pfaffian functiona l 
system i n the following way . Tak e the elementary polycycl e (Figur e 2 ) and 
separate each of its vertices by two intervals transversal to the polycycle with 
coordinates x.  (a t the entrance) an d y.  (th e exit). Denot e th e correspon -
dence ma p from th e subse t o f the former t o the latter b y y.  =  A((xt, a) , 
and denot e th e map of the exit interva l t o the next entranc e interva l alon g 
the phas e curve s b y x i+l -  f t{yi9 c) . W e can conside r ou r family t o be 
normalized nea r eac h singula r point , x t an d y t bein g the restrictions ont o 
the transversal interval s of the normalizing coordinates near the /  th singular 
point. S o the first  series o f equation s i s given b y some standar d transcen -
dental functions, an d may be replaced by polynomial Pfaffian equation s tha t 
are consequences o f previous ones . Fo r instance, the equation y.  =  xfe) i s 
replaced by x idyi -  k{e)y idxi -  0 . 
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The x t, y.  coordinate s o f th e intersection s o f th e limi t cycl e wit h th e 
transversals satisf y th e system of equation s 

yi =  Ai(xi,e) (1 ) 

*,-+i =fi(yi>e),  / = 1 , . .. ,  /i, (2 ) 

where n  i s the number o f vertexes o f the polycycle, and the numeration o f 
variables i s cyclic modul o n . Thi s syste m i s replaced wit h th e system (3) , 
(2), with (3 ) equal to 

«.(*,., j> p e) = 0 , / = 1 , . . . ,  n. (3 ) 

Modulo som e technica l details , th e syste m (1 ) gives the manifold whic h i s 
the dividing solutio n T  o f the system (3). 

It is not difficult t o prove that the number of limit cycles (e.g. , the number 
of solution s o f th e syste m (1 , 2)) i s n o large r tha n th e uppe r numbe r o f 
preimages for the map T  -• R" give n by the functions x i+l -  f i(yi, e)  fro m 
(2). 

One can reduce syste m (3 ) to the following : 

F(x,y, / , / ' , . . . 9 /n),e) =  0. (4 ) 

Here x  =  x x, . . . ,  xn; y  =  y l9 ...  9 yn\ f  =  f l9 . . . ,  fn\ e  e  R k; F  : 
RN —>  Rn , T V = n 2 + 2n + k , is a polynomial map in all its variables. 

The following fac t i s useful i n the end of the proof. 

THEOREM. For  any polynomial map  & :  R^ -> Rm of  rank m  at  a generic 
point there  is a number  e  such  that  the  upper number of  preimages for the 
composition SF  o g of  ^ with  a typical smooth map  g  :  (Bm, 0 ) —• (R N, 0 ) 
is no larger than e . Here  B m is  a small ball  in R m, centered  at 0 . 

The proof o f this theorem use s the ideas of A. M. Gabrielov (The  formal 
relations between analytic functions, Functiona l Anal . Appl . 5(1971) , no . 4, 
64-65). 

In fact , w e need a  simila r fac t fo r som e specia l map s o f the kind &  -
(F , id) :  R * x  R * -  R " x  R * =  R m, g( x, e)  =  {x 9 f(x,  e) , . . . , 
/ ( w ) (x, e),  e)  e  R N, (x,  e)  e  B m, wit h onl y /  bein g generic . Thi s g 
is no t generi c i n th e spac e o f al l map s B m — • R^ . Ye t the transversalit y 
arguments in the proof o f the previous theorem may be modified s o that the 
theorem woul d be applicable t o the class of maps g  describe d above . Thi s 
observation i s due to O. V. Shelkovnikov an d completes the proof. 
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