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Preface 

"Le jeu de billard, tel qu'il est devenu aujourd'hui, pa r Pusage 
des queue s propre s a  donne r au x bille s d'asse z fort s 
mouvements d e rotation , offr e diver s probleme s d e dyna -
mique qu e To n trouver a resolu s dan s ce t ouvrage . J e pens e 
que les personnes qui ont des connaissances de mecanique ra-
tionnelle, comme les eleves de l'Ecole Polytechnique, verront 
avec intere t Texplicatio n d e tou s le s effet s singulier s qu'o n 
observe dans le mouvement de s billes." 

G. Coriolis , Theorie  mathematique 
des effets du jeu de  billard 

The book i s devoted t o mathematica l aspect s o f th e theor y o f dynamica l 
systems o f billiard type . Startin g with th e works o f G . D . Birkhoff , billiard s 
have been a  popular topi c o f investigatio n wher e various subject s o f ergodi c 
theory, Mors e theory, KA M theory, etc . are intertwined. O n the other hand , 
billiard systems are further remarkabl e in that they arise naturally in a number 
of importan t problem s of mechanic s and physic s (vibro-impac t systems , the 
diffraction o f shortwaves , etc.). 

As the subtitle of this book indicates, the genetic approach has been chosen 
as the basic method of exposition. Th e authors strive to clarify th e genesis of 
the basic ideas and concept s of the theory of dynamical system s with impac t 
interactions and also to demonstrate tha t the y are natural an d effective . Th e 
limit theorems recently found, whic h justify variou s mathematical model s of 
impact theory , for m a  key feature . The y consis t essentiall y i n the following . 
A single-sided constrain t impose d on a system is replaced by a field of elastic 
and dissipativ e forces . Th e elasti c an d dissipativ e coefficient s ar e the n al -
lowed to extend to infinity i n some coordinated manner . I t is proved that the 
motion o f suc h a  "free" syste m wit h fixed initial values  tend s o n eac h finite 
time interva l t o a  motion wit h impacts . I n the absenc e o f dissipatio n o f en -
ergy we obtain an elastic impact, while for a  suitable choice of the dissipative 
Rayleigh functio n (whic h depend s o n th e structur e o f frictiona l forces ) w e 
obtain in the limit the Newton model and a more general impact with viscous 

vii 
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friction. Th e ide a o f realizing  constraint s b y mean s o f passag e t o th e limi t 
in th e ful l dynamica l equation s goe s bac k t o th e work s o f Klein , Prandtl , 
Caratheodory, an d Courant . I n particular , thes e result s mak e i t possibl e t o 
solve a  numbe r o f ne w problem s o n stabilit y o f periodi c motion s wit h im -
pacts an d als o to investigat e th e evolutio n o f billiar d system s wit h inelasti c 
collisions when weak dissipation o f the energy occurs . 

Questions o f th e existenc e an d stabilit y o f periodi c trajectorie s o f elasti c 
billiards occup y a  specia l plac e i n th e book . A  variational proo f i s given o f 
the familia r Birkhof f theore m o n th e estimatio n o f th e numbe r o f distinc t 
periodic trajectories o f a convex billiard. Interestin g questions, going back to 
Poincare, are discussed regarding the connection o f the stability of a periodic 
trajectory wit h propertie s o f th e correspondin g critica l poin t o f th e actio n 
functional. I t turn s out , fo r example , tha t th e Mors e inde x o f a  nondegen -
erate, even-link periodi c trajector y o f ellipti c typ e i s always odd . Result s o f 
this sor t ar e obtaine d fro m a  genera l formul a connectin g th e characteristi c 
exponents of a periodic solution with the Hesse determinant o f the perimeter 
function a t the corresponding critica l point . 

Considerable attentio n i s devoted t o integrabl e billiards . Asid e fro m th e 
known integrabl e problem s (th e ellipti c billiard , th e billiar d i n affin e Wey l 
cells), ne w cas e ar e indicated : a  harmonic oscillato r insid e a n ellipse , som e 
billiards o n surface s o f constan t curvature , an d a  numbe r o f others . Th e 
problem o f integrabilit y o f system s o f billiar d typ e i s discussed . A  brie f 
survey i s given o f works on billiards with ergodi c behavior . 

Conversations with S . V. Bolotin hav e been o f invaluabl e assistanc e t o us 
in writing the last chapter . W e amicably than k him . 

V. Kozlov 
D. Treshche v 



APPENDIX I 

Systems with Elastic Reflections and KAM Theory 

1. Th e simples t syste m wit h elasti c reflection s i s a  billiard i n Euclidea n 
space. Th e trajectorie s o f suc h a  billiar d ca n obviousl y b e identifie d wit h 
light rays reflected fro m a  rectilinear mirror . Fro m geometri c optics there i s 
the simpl e observation tha t ligh t rays can be "rectified" b y considering afte r 
reflection no t the ray itself but it s symmetric image relative to the mirror. I n 
the work [17] Zhuravlev proposed "rectification" , i n a similar way of the tra-
jectory of an arbitrary mechanica l system with elastic reflections. H e showed 
that wit h th e help o f a  suitable chang e o f coordinate s i t i s possible t o mak e 
the generalized velocities (o r momenta) continuous , where the accelerations , 
generally speaking , remai n discontinuous . Thi s approac h i n combinatio n 
with th e metho d o f averagin g mad e i t possibl e t o solv e a  numbe r o f ne w 
interesting problems i n the dynamics o f vibro-elastic system s (se e [18]). 

Ivanov an d Markee v [19 ] represented th e equations o f motion o f system s 
with elasti c impact s i n Hamiltonia n form . W e shal l briefl y presen t thei r 
construction. 

Suppose a  natural mechanica l syste m with Lagrang e function L=  T  -V 
is subject t o an ideal one-sided constraint . The n there exist local coordinate s 
q0, . . . ,  qn o n configuration spac e in which the constraint has the form q 0 > 
0, whil e the kinetic energy i s equal t o 

1 n 
r = j E a iM)Wj \  a om = °> m=l 9...,n. 

ij=0 

The existence o f suc h coordinate s wa s established i n §3 , Chapter I . 
The equation s o f motio n i n interval s betwee n impact s o n th e constrain t 

have the for m 

dtdq0 dq 0~
b' dtdq k dq,'"'  - 1 ' 

where F  i s the reactio n o f th e stresse d constraint : F  =  0 fo r q Q / 0 . W e 
write the first of these equations fo r q 0 = q0 = 0 : 

- dV 
a™q° dq 0 

= F. 
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Since a 00 >  0 , followin g [33] , we obtain 

F =  max<0, (1) 

We defin e a n auxiliar y syste m b y mean s o f th e Lagrang e functio n 
L\q, q , t)  =  L(\g Q\, q x, . . . ,  qn, q , t)  an d th e generalize d forc e (1) . I t i s 
not har d t o verif y tha t th e trajectorie s q{t)  o f th e initia l syste m an d q\t) 
of the auxiliary system with the same initial conditions ar e connected by the 
simple relation s 

Q0(t) = \q 0(t)\9 q k(t) =  q'k(t)9 k  >  1 . 

The auxiliary syste m i s no longer subjec t t o constraints . 
Making the Legendre transformation 

we write the equations o f motio n i n the canonica l for m 

. dH  .  dH 

where (i n accordanc e with (1) ) i t i s necessary to se t 

<?0=°v 

OH 

The Hamiltonian syste m obtained uniquel y determine s th e motion o f th e 
original syste m (wit h consideratio n o f th e identificatio n q Q *-* \q 0\). In  par -
ticular, th e motio n fo r th e stresse d constrain t occur s unde r th e conditio n 
dH/dq0\qo=0>0. 

2. Extensio n o f th e canonica l formalis m t o th e cas e o f system s wit h 
elastic reflection s make s i t possibl e t o pos e the questio n o f th e applicabilit y 
of KAM theory (Kolmogorov-Arnold-Moser) . Th e basic difficulty i s that th e 
Hamiltonian functions obtained , generally speaking, are not differentiable o n 
the hypersurfaces q 0 =  0 i n phase space . Ivano v an d Markee v [  19] showed 
with a  specific exampl e that nondifferentiabilit y o f the Hamiltonian ma y not 
impede applicatio n o f KA M theorems . Wit h th e hel p o f th e construction s 
presented belo w we extend thi s conclusion t o mor e general cases . 

The basi c ide a consist s i n reducin g th e proble m o f investigatin g a  non -
smooth Hamiltonia n phas e flow to the investigation o f a  corresponding sym -
plectic mapping which , a s a rule, i s smooth (infinitel y differentiable) . 

Let M  b e a smooth manifold . 
DEFINITION 1 . A  submanifold n  c  M  i s called a  smooth hypersurface i n 

M i f i n a  neighborhoo d o f n  ther e exist s a  functio n P  e  C°°  suc h tha t 
n =  {x  e  M  :  P(x) =  0} an d dP  i s nonzero o n n . 
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DEFINITION 2. A  function H:  M —>  R is called piecewise smooth on M  i f 
H i s continuous on M  an d there exist smooth hypersurfaces I I =  {P.  = 0} , 
j = 1, . .. ,  k , such tha t 

(a) th e function H  i s smooth on the set M\\J xIik\ 
(b) fo r any point x  eHj,  ; G { 1 fc},  ther e exist s a neighborhood 

Ux o f the point x  i n M  suc h that the functions H\ u+ an d H\ v- , 
X X 

where U x =  U x n {±P. > 0} , extend t o smooth (possibl y distinct ) 
functions o n U x. 

Problem 
Show that the function /  :  R —• R, /(JC ) =  |x | i s piecewise smooth on R , 

while the function f{x)  =  xsin(x_1) i s not. 
DEFINITION 3 . Two manifolds N x, N 2 c  M  intersec t transversall y i f a t 

any poin t x  e  N l n  N2 th e direct su m of the tangent space s T XNX e  T xN2 

coincides with T XM. 
We say that a  vector field  v on M  i s transversal to a manifold N  c  M  i f 

at any point x  € TV the vector \(x)  doe s not lie in the tangent plane T XN. 

3. W e identify a  smooth 2«-dimensiona l manifol d wit h the phase spac e 
of a mechanical system. Le t co  = d£l b e a nondegenerate, closed 2-form (an 
exact symplectic structure) on M , an d let H:  M  — • R be a piecewise smooth 
function. Awa y fro m th e surface s II . th e functio n H  define s a  smoot h 
Hamiltonian vector  field  sgrad/ / satisfyin g th e equality 

</#(•) =  w(-,sgrad7/) . 

Recall that in canonical local coordinates (p , q)  o n M  th e form a ; take s 
the for m dp  A  dq, whil e th e field  sgrad H =  (-dH/dq , dH/dp) . Th e 
Hamiltonian equation s x  =  sgrad // generat e a  one-parameter grou p of dif -
feomorphisms o f the manifold M  whic h preserv e th e symplectic structur e 
co—a phase flow g l

H . 

LEMMA. Suppose  the  surfaces Yl l intersect  transversally with the level sur-
face of  the energy {H  = h} c M\  let  D { and  D 2 be  two connected (In  - 2) -
dimensional domains  in  the intersection {H  = h}n ( U ^ ) such  that 

(a) D { fl D2 = 0; 
(b) the  vector field sgrad// is  transversal to both domains', 
(c) the  phase flow  g l

H induces  the  first return  mapping  G:  D{ — • D 2, 
where the phase trajectories  do not intersect the surfaces U l outside 
the domains D { and  D 2. 

Then 

i) the  restrictions of the form co  to the domains D { and  D 2 are  nonde-
generate; 

ii) the  mapping G  is  smooth; 
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iii) the  mapping G  is  a local diffeomorphism; 
iv) the  dijfeomorphism G  is  exact symplectic, that  is,  for any  closed con-

tour y  c D x the  equality §  £1  = §Gy Q holds. 

PROOF, i ) Let D  b e one of the domains D x, D 2. W e suppose that v  i s a 
tangent vector to the surface o f D  a t the point x  e  D  whic h annihilates the 
form co\ D , i.e., co(u,  v) = 0  fo r an y u  e T xD. 

The vecto r w  = sgrad^/ / i s a n annihilato r o f th e for m G)\r H=h, . Thi s 
follows fro m th e formul a co(u 9 sgrad//) =  grad//(u ) =  0  fo r an y tangen t 
vector field u  o n M h. I f v  ^ 0 , the n by the condition tha t th e intersectio n 
of the level surface o f the energy is transversal to the surfaces n / th e vectors 
w and v  are linearly independent. Sinc e co(\ , w ) = 0 , the vector v  i s also an 
annihilator o f th e for m co\r H=hy. Hence , th e skew-orthogona l complemen t 
to the (2n  - 1)-dimensiona l tangent plane at the point x  t o the level surfac e 
of the energ y {H  =  h} i n the 2/7-dimensiona l symplecti c spac e T XM i s at 
least two-dimensional , whic h canno t be . Thus , v  = 0  an d th e for m co\ D i s 
nondegenerate. 

ii) B y conditio n (c ) o f th e lemm a ther e exist s a  continuou s functio n 
f:Dx - > R  suc h tha t G(x x) =  gy} xl \xx) e  D 2, x { e  D p wher e point s 
of the form g^ix^  ,  0  < t  < f(xx), li e off the surfaces n ; . 

The function /  satisfie s th e equatio n 

P2(g
flXl)(xl)) =  0, (2 ) 

where P 2 i s a smooth functio n definin g th e smooth hypersurfac e n ; insid e 
which there lie s the domain D 2. Th e derivativ e 

£jP2(g
f{x)) =  dP2sff*dH 

is nonzero by the transversality , followin g fro m (b) , of th e field  sgrad/ / t o 
the surface {P 2 =  0} . Thus , by the implicit function theore m from equation s 
(2) i t i s possible t o find  / , wher e th e functio n /  i s smooth . Bu t the n th e 
mapping G(x)  =  gj} x\x): D { — • D 2 i s also smooth , whic h wa s required t o 
prove. 

fix ) 

iii) Fo r any x { e  D x w e have G{x x) =  gH (x x), an d henc e 
dG(xx) =  d(gtG)(xx) +  sgradH(G(xx))^df(xx), t Q = f(x {). 

Let {  ^ 0  b e a tangent vector to the surface D x a t the point x x .  By propo-
sition (b ) the vectors {  an d sgvadH(x x) ar e linearly independent. Sinc e the 
mapping d x{gl) i s nondegenerate , i t take s thes e vector s int o linearl y inde -
pendent vectors, and £  »-• £' /  0 , sgrad//(x 1) •- + sgradH(G(xx)). Th e image 
of th e vecto r ^  unde r th e mappin g dG  i s the vecto r £ ' + sgradH(G(xx)) • 
df(xx) /  0 . Hence , th e mappin g dG  i s nondegenerate an d b y th e invers e 
function theore m G  i s a local diffeomorphism . 
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iv) Conside r the "tube" formed b y the phase trajectorie s o f the Hamilto-
nian equations passing through points of the closed curve y  c D x. W e apply 
Stokes' formula t o the piece of the tube bounded by the curves y  an d Gy : 

ia- I  Q = f Q = f co, 
Jy JGy  JdZ  Jz 

where X  is the lateral surfac e o f the tube. 
The value of the form co  on any pair of vectors tangent to the tube is equal 

to zero. Indeed , the tube lies on a level surface of the energy, and the tangent 
planes to it are two-dimensional and contain the annihilator sgra d H. Henc e 

co = 0 an d f  Q  = &  Q . 
Jl Jy  JGy 

The lemma i s proved. 

4. COROLLAR Y 1 . Suppose  the  Hamiltonian  H  and  the  surfaces  of 
loss of  smoothness  n / =  {P t =  0 } depend  smoothly  on  the  parameter 
e : H  =  He, U l =  n* ; for  e  = 0  there  exists a  sequence ofpairwise disjoint 
(n-2)-dimensional domains  D x, ...  ,  Dmc {H°  = AjndjnJ ) such  that each 
pair D x, D 2; D 2, D 3; . . . ;  Dm, D { satisfies  the  conditions  of  the  lemma, 
where G x, ...  ,G m are  diffeomorphisms. We  suppose also that the  mapping 
Gmo •  • • o Gj: Dx —• Dx is  integrable and nondegenerate, i.e., in some coordi-
nates I,  ^mod27 r on  D x it  has the form 

It-+I, (p^(p  +  co{I)\ det(dco/dl)^0. 

Then for small e  the  initial Hamiltonian system  has  invariant n-dimensional 
tori close to the invariant tori  of the unperturbed system whose  total measure 
tends to the full measure  as e  —• 0. 

Indeed, fo r smal l e  th e domains D x, . . . ,  Dm ar e slightly deforme d to -
gether wit h th e surfaces n / an d go over int o domain s D\,  ...  ,  De

m whic h 
pairwise satisf y th e conditions o f the lemma (onl y the mapping G e

m is pos-
sibly not a difFeomorphism o f D e

m onto D\  bu t onto some domain D\  suc h 
that th e difference b\  \  D\  i s small togethe r wit h e).  Th e composite map -
ping G £

m o  • • •  o  G\\ D x — • D x i s smooth, exactl y symplectic , an d is close to 
integrable, i.e. , in some coordinates / , cp  o n D x UDX i t has the for m 

/ ( -> / +  ef(I, (p) , (p^  (p  + co(I) + eg{I, cp). 

Thus, b y th e theore m o n invarian t tor i o f exac t symplecti c mapping s 
[49] the transformatio n G e

m o  • • • o  G\ ha s a  larg e numbe r o f nonresonan t 
(n - l)-dimensiona l tori . Th e phase flo w o f the original Hamiltonia n equa -
tions convert s the m int o ^-dimensiona l invarian t tor i o f the perturbed sys -
tem. 

We note that these tori , generally speaking , are not smooth; smoothness is 
lost a t points of their intersectio n wit h the surfaces D. ; se e Figure 51. 
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FIGURE 5 1 

5. I t i s known tha t ellipti c periodi c trajectorie s i n general positio n i n a 
smooth Hamiltonian syste m with two degrees of freedom ar e orbitally stabl e 
on a level surface o f the energy [3]. 

COROLLARY 2 . This  result  remains  true  in  the  case of  piecewise smooth 
Hamiltonians if  it is additionally required  that the periodic trajectory transver-
sally intersect the surfaces of loss of smoothness (which , by the way, is also a 
condition fo r general position) . 

In the case of three or more degrees of freedom i t is necessary to speak of 
orbital stabilit y fo r a majority o f initial conditions . 

Indeed, we consider the first return mapping s Gj\  D- —• D j+l, wher e D 
is a small neighborhoo d o n Tlj  n {H =  h} o f a point o f intersection o f the 
trajectory wit h this surface (assumin g that the surfaces n ^ ar e enumerated in 
suitable order) . Her e to a periodic trajectory ther e corresponds a  fixed point 
of the smooth, exact symplectic diffeomorphism G mo- • oG x: D x —• Dx. Th e 
assertion o f Corollar y 2  thus follow s fro m a  well-known resul t concernin g 
fixed points of symplectic diffeomorphisms . 

6. A s an example we consider the billiard in the Euclidean cylinde r 

Ce = {x,  <pmod2n  : ef((p) <  x <  n + ef2{(p)} • 

A.s usual, we assume that in the region C e \dCe th e trajectories ar e geodesies 
2 2 

in the natural metric dx  +dq>  , while the law of reflection fro m the boundary 
dC i s elastic (se e Figure 52). 

PROPOSITION 1 . For  small e  the  billiard in the cylinder C e possesses a large 
number of  quasiperiodic trajectories close to the trajectories of the integrable 
billiard in C n. 
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FIGURE 5 2 

Following the constructions o f [19 ] expounded i n par t 1 , we assign to the 
billiard a  Hamiltonian syste m with piecewise smooth Hamiltonian H e i n the 
following manner . A s configuration spac e w e take th e toru s T 2 comprise d 
of tw o copie s Cf  o f th e cylinde r C e, glue d together , wher e th e "upper " 
("lower") boundar y o f th e cylinde r C + i s glue d t o th e "upper " ("lower" ) 
boundary of the cylinder C~  .  As local coordinates giving on T 2 th e structure 
of a smooth manifold in a neighborhood of any point lying in C +\dC+ (C~\ 
dC~) i t is possible to take the coordinates x , cp  ;  in a small neighborhood U 
on T 2 intersectin g the se t <9C ± suc h coordinates ar e x , (p  , where |jc | = y  , 
and y , (p  are semigeodesic coordinate s o n the se t U  n C+(U n  C~) . 

The submanifol d dC + =  dC~  c  T 2 i s obviousl y smooth , an d i n som e 
"global" coordinates (z , ^)mod27 r o n T 2 i t ha s th e for m {(z , y/)  e  T 2 : 
z = 0  o r z  =  n}  .  W e introduce th e phase space of this system : 

M =  i(Pi ,P ¥,z,V)'{Pz, P ¥) € R2 , (z , ^ ) G  T 2} . 

The Hamiltonian coincide s with the kinetic energy . I t i s a piecewise smoot h 
function o n th e whol e phas e spac e an d belong s t o th e clas s C° ° of f th e se t 
n 0 U  n^ ,  where 

nn =  {{pz,p¥, z,y/)eM:z  =  n}. 

For e  =  0 i t ma y be assume d tha t th e coordinate s (z , y/)  coincid e wit h 
the coordinate s (x,  <p),  wher e C + =  {(x,  <p)  e  T 2 :  0  <  x  <  n},  C~  = 
{(x, cp)  G  T2 :  -n <  x <  0} an d th e diffeomorphism s n ±: C 0 — • C ± hav e 
the form n ±(x 9  tp) =  (±x, cp)  (see Figure 53) . 

The Hamiltonian H Q = \{p 2 +p 2) i s analytic on M . W e shall verify tha t 
the conditions o f Corollar y 1  are satisfied . 

Consider the domain s 

A) = ( no \  iP x =  0}) n {H 0 =  h}, D n =  (Yln \ {p x =  0}) n {H0 =  h} . 



154 APPENDI X I. SYSTEMS WITH ELASTIC REFLECTIONS 

x = 0 

FIGURE 5 3 

It is obvious that the intersections indicated are transversal and the Hamil-
tonian vector field sgradi/0 =  (0 , 0 , p x, p  )  i s transversal to the two-dimen-
sional surface s D Q an d D n. A s coordinate s o n D 0 an d D n i t i s possibl e 
to tak e p  an d <p . The phas e flow  induce s th e mapping s G x\ D 0 - > D n 

and G 2: Dn - > D0 whic h in the coordinates p  ,  q>  hav e the for m 

Gi(Pf >?) = &<?>? + nP(p(2h-pl)-l/2), i  = l , 2 . 

Hence, the mapping G 2oGx ha s the for m 

G2 °  G\(P9 ><P)  =  (P<p><P + 2np9(2h - pj)"1/2). 

It i s integrabl e an d nondegenerate , an d th e variable s p  ,  <p ar e action -
angle variables fo r it . Th e conclusio n o f th e propositio n thu s follow s fro m 
Corollary 1 . 



APPENDIX I I 

On the Connection of Dynamic and Geometric 
Properties of Periodic Trajectorie s 

It turns out that Theorem 2 of Chapter II is a discrete analogue of a general 
theorem relating multipliers of periodic trajectories o f the Lagrange equations 
(in particular, geodesic equations) and properties of the corresponding critical 
point o f the action . 

In orde r t o illustrat e th e connectio n o f th e billiar d wit h th e proble m o f 
geodesies o n a  Riemannia n manifol d w e conside r a  smooth , closed , two -
dimensional surfac e i n R  an d defor m i t s o tha t i t remain s smoot h an d 
tends to a  plane domai n (cf . [42] , Chapter 6) . Th e geodesies o n the surfac e 
then ten d t o trajectorie s o f th e corresponding billiard . A  closed geodesi c on 
the surface goe s over to a  periodic trajectory o f the billiard havin g the sam e 
Morse index an d a n even number o f links (se e Figure 54) . 

It i s natural t o expec t tha t th e typ e (elliptic , hyperbolic ) i n a  typical cas e 
also does no t chang e in passing to the limit . 

It should , however , b e note d tha t thes e consideration s ar e o f heuristi c 
character. I t i s apparently no t simpl e to realize the Birkhof f proposition s by 
passing t o th e limit . I n an y cas e there ar e n o rigorou s proof s o f thi s i n th e 
literature. Moreover , rigorou s proofs ar e also required o f the preservation o f 
the Mors e index , an d o f th e typ e o f a  periodic solutio n i n passin g t o limit . 
Thus, the connection just describe d between billiard problems and geodesie s 
on Riemannian manifold s i s only a  clue to understanding deepe r results . 

1. I t i s known tha t th e dynamics of Hamiltonia n system s (includin g sys-
tems wit h elasti c reflections ) ar e subjec t t o variationa l principles . I n con -
nection wit h thi s circumstanc e th e characteristic s o f periodi c trajectorie s 
of Hamiltonia n system s ca n b e subdivide d int o tw o classes : dynami c an d 
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geometric. Th e first  ar e determine d b y th e Poincar e mappin g correspond -
ing t o a  give n periodi c solutio n o f th e equation s o f motion . The y contai n 
the characteristi c exponents , th e propertie s o f nondegenerac y (i n th e sens e 
of Poincare) , an d orbita l stability . Th e secon d ar e characteristic s o f th e pe-
riodic trajector y a s a  critica l poin t o f th e actio n functional . Amon g thes e 
are the Morse index, nondegeneracy i n the sense of Morse , and also the Hil l 
determinant introduce d below . 

Poincare first  calle d attentio n t o th e connectio n o f orbita l stabilit y o f a 
closed geodesic on a Riemannian manifold wit h properties of the correspond-
ing critica l poin t o f th e actio n functional . H e prove d tha t a  nondegenerat e 
closed geodesi c o f loca l minimu m lengt h o n a  two-dimensiona l orientabl e 
Riemannian manifol d i s hyperbolic and hence unstable [66] . This result was 
subsequently generalized through effort s o f a  number of authors. I t turns ou t 
that th e Mors e inde x o f a  nondegenerate , ellipti c close d geodesi c o n a  two-
dimensional Riemannia n manifol d i s od d i f th e geodesi c i s orientabl e an d 
even otherwise (see , for example , [60]) . 

With consideratio n o f th e heuristi c limitin g procedur e note d abov e fro m 
this assertio n w e obtai n th e followin g resul t fo r th e Birkhof f billiard : th e 
Morse inde x o f a  nondegenerate , even-link , elliptic , periodic trajectory wit h 
elastic reflection s i s always odd . I n Chapte r I I thi s resul t wa s obtained a s a 
corollary o f Theorem 2 . 

On th e othe r hand , i n hi s classica l memoi r G . Hil l obtaine d a  remark -
able formula whic h i n the cas e o f Hamiltonia n system s with on e an d a  hal f 
degrees o f freedo m establishe s a  connection between  th e geometri c an d dy -
namic characteristic s o f a  periodic solution . Hill' s theory was expounded i n 
§4, Chapte r III . I t turn s ou t tha t HilP s result s admi t generalizatio n t o th e 
multidimensional case , whereb y Theore m 2  o f th e secon d chapte r i s a  dis -
crete analogue of them. A  multidimensional generalizatio n o f Hill's formul a 
was found i n [36 ] with the use of the method o f finite-dimensional  approxi -
mation (i n the spiri t o f Mors e theory) . A  version o f generalized Hil l theor y 
proposed b y Bolotin [8 ] is presented below . 

2. Le t a  smoot h ^-dimensiona l manifol d M  b e th e spac e o f position s 
of a  mechanica l syste m wit h n  degree s o f freedom . Th e Lagrang e func -
tion L  i s define d o n th e extende d phas e spac e TM  x  R.  I t i s considere d 
to b e smooth , strictl y conve x i n th e velocities , an d r-periodi c i n time . Ac -
cording to Hamilton' s principle , r-periodi c trajectorie s correspondin g t o the 
Lagrangian syste m coincid e wit h th e critica l point s o f th e actio n functiona l 
S(y) =  JQ  L(y , y,  i)dt  o n th e se t o f r-periodi c curve s y:  [0 , r ] — • M , 
y(0) =  y(T). 

For an y valu e t  mod r th e secon d differentia l o f th e Lagrang e functio n 
with respec t t o th e velocity i s a positive definit e quadrati c for m an d define s 
a scala r produc t (• , • ) o n the tangent spac e T  , t)M. Le t t  b e the covarian t 
derivative o f th e vecto r field  £(t)  e  T y,t)M alon g y  consisten t wit h th e 
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metric: (£ , rj)'  = (<*, tj) + (£ , fj) . Th e second variation o f the functiona l S 
at th e critica l poin t y  i s a  quadratic for m o n the se t o f smooth , T-periodi c 
vector fields £  alon g y : 

j2siy(£) = J\d(t), {(0 ) + 2(^(0^(0, i(t)) +  (K(o«(o, * (OH  ̂> 

where F , W  ar e linea r operator s i n T  , t,M, an d i t ma y b e assume d tha t 
the operato r F  i s selfadjoint : V(t)  =  V*(t).  W e assig n t o th e quadrati c 

1 2 

form 8  S\  a  bilinear for m h  suc h that S  S\  {£)  = A(£, £). B y integration 
by parts i t can be represented i n the for m 

we, n) = f\w(t)9vr,(t)) +  mm,fi(tmdt, m 
Jo 

where V £ =  £  + \{W  -  W*)£  an d U  =  V  -  \(W  +  W*)  i s a  symmetri c 
linear operator . Sinc e (V£ , ?/ ) + (£ , VT/ ) = (£ , */) ' ,  the operator V  i s skew-
symmetric relative to the scala r produc t 

< { , * / > = f\t(t) 9ri(t))dt. 
Jo 

Therefore, th e variational equatio n o f the trajectory y  ha s the for m 

-V2<?(0 +  U(t)Z{t)  =  0. (2 ) 

We extend the bilinear form h  t o a Hermitian for m h(£  ,r}) o n the space 
v\f o f complex r-periodi c absolutely continuous vector fields £  alon g 7  suc h 
that 

« , 0 < o o . (3 ) 

We defin e o n X  th e structur e o f a  Hilber t spac e b y settin g (£ , */) v = 
<V£,V^) +  (£,7;).The n 

Atf, >/ ) = <V{ , V^) +  (U^Jf)  =  (Hi,  r,) v, 

where H  =  (-V2+E)~l{-V2 +  U) = E+{-W2+E)~l(U-E) i s a selfadjoin t 
operator i n X. 

From th e boundednes s o f th e operato r U  - E  an d th e structur e o f th e 
spectrum o f V  discusse d belo w i t follow s easil y tha t Tr(/ / -  E)  i s finite. 
Thus, the operator H-E  is  nuclear and hence the determinant det H exist s 
[69]. W e cal l i t th e Hill  determinant  o f th e trajector y y . Th e infinit e Hil l 
matrix i s the matrix o f a  Sturm-Liouville operator  in som e basis. 

The followin g generalizatio n o f th e Hil l determinan t i s essentiall y con -
tained i n Hill' s wor k [55] . Fo r a  given p,\p\  =  I,  le t X p b e th e spac e o f 
complex, absolutely continuous vector fields  £  alon g y  whic h satisfy (3 ) and 
are such that £(t  + r) =  p£(t) . W e define o n X  a  /?-inde x form [60 ] of the 
trajectory y  b y the formula o f second variation (1) . W e identify X  an d X  , 

assigning t o a  vecto r field £  e  X  th e vecto r field  e^^{t)  o f X p, n  wher e 
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IJL = r In/? ; 0 < fix  I i < In .  We obtain a  Hermitian for m h  o n X  whic h 
is a generalization o f the second variation an d has the for m 

hp(Z,rj) =  h(e litZ,einjj) 

= ((V  + pE)ZAV +  l*E)riY+(UZ9ri) =  (H pZ9r,)V9 

where 
Hp =  (-V2 +  E)-\-{V +  /iE)2 +  U) (4 ) 

is a bounded operato r in X . We henceforth assum e that p  may assume any 
complex values . Althoug h fo r p  ^ 1  th e operato r H  i s not o f trac e class , 
it is possible to define de t H b y means of finite-dimensional  approximatio n 
(see formula (6 ) below). 

THEOREM 1 . Let  P  be  the monodromy operator  of the variational equation 
(2) {the  linear Poincare mapping of  the  periodic trajectory  y),  let  Q  be the 
monodromy operator  of  the  equation  of  parallel  transport  V£(f ) =  0, and 
let a  = ± 1 depending  on  whether  the trajectory  y  preserves or reverses the 
orientation. Then  the  determinant  of  H p can  be  expressed  in terms  of  the 
characteristic polynomial det(pE  -  P)  of  the trajectory y  : 

det/Z^^-ir^y-^. (5 ) 
p V  ;  p n del 2 (exE-Q) V  ; 

Since Q  i s an orthogonal operator, the denominator in (5) does not vanish. 
For p  = 1 formul a (5 ) expresse s th e Hil l determinan t det/ / i n term s o f 
det(£ - P)  (cf . Theore m 2  of Chapte r II) . 

In the one-dimensional cas e (when n  =  1 ) a  =  1 , det(e TE - Q)  = eT - 1 , 
and 

det(pE -P)  = (p-l)2 +  pdet(E -  P). 

With consideratio n o f these relations fro m (5 ) we obtain th e formul a 

det/ / =  de t / / . ^  {p ~l)2 p (e T-l)2 P 

which is equivalent to the Hill formula (4.6 ) of Chapter III. In order to see this 
it i s necessary t o conside r th e orthogona l basi s o f function s {exp(2/«f)}!°o o 
on the circl e t  mod n an d represen t th e operator s H  an d H  in thi s basis . 
The verification i s left t o the reader a s an exercise . 

3. W e note a  number o f corollarie s o f Theorem 1 . 
a) Suppos e tha t th e Lagrang e functio n whic h i s quadratic i n th e velocit y 

does no t depen d explicitl y o n tim e an d define s a  Riemannia n metri c (  , ) 
on M . The n y  i s a closed geodesic . I n thi s cas e y  always ha s tw o uni t 
multipliers: det/ / =  det(/s -  P)  =  0. Le t i/ ° be th e restrictio n o f th e 
operator H  t o th e invarian t subspac e o f vecto r fields  £ e X orthogona l 

to y{t)  {{y{t) , £(t))  =  0) , le t P°  b e the monodromy operato r correspondin g 
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to th e restriction o f the variational equatio n (2 ) to the set of vecto r fields 
orthogonal to y(t) , an d let Q  b e the mapping of parallel transport alon g y 
of vectors orthogonal to y(0) . The n 

det/ / =  tr(- l) —— = ^- r {r-.  (6 ) 
p p n-lder\eTE-Q ° ) 

Indeed, de t // ca n be represented i n the form o f the product o f de t H® 
and th e determinant D  o f the restriction o f H p t o the set of vector fields 
parallel to y(t) . W e restrict the Lagrangian to the two-dimensional subspac e 
Ty c  TM  an d apply Theorem 1  to the system obtained . O n the left side  of 
formula (5 ) in this case will be the determinant D . Thus , 

D = -e Tp-\p-\)\ex-\)-\ 

But 

det(pE -P)  =  (p-l)2 det(pE  -  P°) , 

det(eTE -Q)  =  (eT - 1 ) tet(e xE -  Q°) , 

which was required to prove. 
We note that the investigation o f any autonomous natura l Lagrangian  sys-

tem in a potential forc e field  reduces to the investigation o f the problem of 
geodesies in the Jacobi metric . 

b) DEFINITIO N A . A periodic trajector y o f a  Lagrangia n syste m (respec -
tively, a closed geodesic on a Riemannian manifold ) i s called nondegenerat e 
in the Poincare sense if the spectrum of the matrix P  (respectively , P°)  does 
not contain one. 

DEFINITION B . A periodic trajector y (respectively , a  close d geodesic ) i s 
called nondegenerat e i n the sens e o f Mors e i f th e determinan t de t H (re -
spectively, det// 0) i s nonzero. 

It follows easil y from formula s (5) , (6) that nondegeneracy in the sense of 
Poincare i s equivalent t o nondegeneracy i n the sense of Morse. 

c) W e defin e th e p-index  in d y  o f a  periodic  trajectory  ( a close d 
geodesic) o f y  a s the index o f the Hermitian for m h  .  A s usual, w e call 
the quantit y indy  =  ind j y  the  Morse  index  o f y  whic h i s equa l t o the 
number of negative eigenvalues of the operator H  (o r H°). 

Suppose the trajectory y  i s nondegenerate. The n 

( _ l ) i n V =  S g n de 

In the geodesic case we have 

( - l ) i n d ^ =  sgndet// ; =  a{-\) n-{ sgn^ 1"" det(pE -  P 0)). 

The argument o f sgn is real, since the characteristic polynomia l i s recurrent. 
d) Suppos e th e periodi c trajector y (close d geodesic ) i s nondegenerat e 

and a(-l) n+indy <  0  (a( - l )"" 1 + i n d 7 <  0) . The n b y c) dellE  -  P)  <  0 

(_ l ) i n V =  sgnd etHp =  a{-\)n sgn(/ > n  det(pE -  P)). 
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(det(£ -  P°)  <  0) , s o tha t ther e exist s a  rea l multiplie r k  >  0  (actually , 
de t ( lE-P) >  0  fo r large real X  > 0). Therefore , th e trajectory y  i s orbitally 
unstable. 

In particular , nondegenerat e close d geodesie s o f loca l minima l lengt h o n 
an even-dimensiona l orientabl e manifold ar e orbitally unstable . 

e) Suppose n  = 1  and the 2r-periodi c trajectory y 2 i s y  traverse d twice . 
If y  i s nondegenerate, then the trajectory y  ha s hyperbolic (elliptic ) type if 
and only i f ind y i s even (odd) . 

Indeed, th e multiplier s k x =  k^ x o f th e trajector y y 2 ar e equa l t o th e 
squares o f th e multiplier s o f th e trajector y y . Hence , hyperbolicit y o f y 
is equivalen t t o th e condition s tha t th e quantitie s k x, A 2 b e rea l an d posi -
tive o r the conditio n sgn(det( £ -  P 2)) =  (-l) 1+ind>; =  - 1 (  y2 alway s pre-
serves orientation). Similarly , ellipticity o f y 2 i s equivalent t o the conditio n 

(—l)1+in y  = 1 . I t remains to use the fact tha t y  an d y 2 ar e simultaneousl y 
elliptic or hyperbolic . 

The correspondin g assertio n fo r geodesie s look s a s follows . Le t y  b e a 
closed geodesi c o n a  two-dimensiona l Riemannia n manifold . I f y  i s non -
degenerate, then y  ha s hyperbolic (elliptic ) type if and only if in d y i s even 
(odd). 

4. Th e proo f o f Theore m 1  follows th e proo f o f Hill' s resul t [55] . Th e 
real, skew-Hermitia n operato r V  =  V  =  -V * ha s compac t resolven t 
(V +  ixE)~  .  It s spectru m A  c  / R coincide s wit h th e se t o f characteris -
tic exponent s o f th e equatio n V£(t)  =  0 , i.e. , wit h th e se t o f v  e  C  suc h 
that 6t\{e vxE -  Q)  = 0. I f v  € A, the n -v  an d v  +  co belong to A  wher e 
co = Ini/T. 

Define de t H b y means o f the finite-dimensional  approximatio n 

det/f =  li m de t PNHP*N, (7 ) 
r / V — • o o ^ 

where P N: X  — • X  i s the orthogona l projectio n ont o th e finite-dimensional 
eigensubspace o f th e operato r V  correspondin g t o th e eigenvalue s v  e  A 
such that \v\  < N. 

Since P NV =  VPN ,  by (4 ) fo r ju  £ A  = - A w e have 

detHp =  det(-(-V 2 +  E)~l(V +  ^lE)2) det(£ -  ( V + ^iE)~2U), (8 ) 

where th e finite-dimensional  approximatio n o f th e determinan t f(ju)  = 
det(£ -  ( V + juE)~2U) converge s absolutel y fo r ju  £  A , sinc e the operato r 

2 

(V + JUE)  U  i s of trac e class . Thus , /  i s a holomorphic functio n o n C\ A 
having a t point s o f A  pole s o f multiplicit y n o greate r tha n doubl e the mul -
tiplicity o f the correspondin g point s o f the spectrum o f V  [69] . 

The functio n /  i s periodi c wit h perio d co  = Ini/x:  f(ju  +  co)  = / ( / / ) . 
Indeed, i f {  e X , the n e™^  e X  an d 

(E -  ( V + iiE)~2U)e°)t^ =  ew\E -  ( V + (/ / +  co)E)~ 2U)^. 
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The pole s o f th e functio n /  ar e containe d amon g th e pole s o f 
det~~2(e^xE - Q) . I t i s therefor e possibl e t o choos e a  polynomia l g(p) 
of degre e n o highe r tha n 2n  -  1  suc h tha t th e function s /(// ) an d 
g(p)dct~2(pE -  Q)\  fit  have th e sam e principa l part s o f th e Lauren t ex -
pansion a t eac h pole . Sinc e f(/i)  - > 1  a s Re/ / - > +oo o r \p\  - • oo , b y 
Liouville's theorem 

f{li) =  1  +  g(/>)det- 2(/>l? -  2 ) 1 ^ . (9 ) 

The second determinant i n (8 ) converges conditionally, but i t can be com-
puted explicitly . B y formula (7 ) 

det(-(-V2 + £)-1(V + ^ )2 )= li m I I ^ 4 -
\u\<N 

•»-"'* n  (^f) 2=<-"Jn^. 
i/€A \  ^  X  /  ẑ G A ^  x 

| « / | < ^ , / i / > 0 

where A : is the multiplicity o f zero in the spectrum o f V  . We have used the 
fact tha t A  = - A . 

From th e form o f the spectrum o f the operator V  i t follow s tha t th e las t 
product converge s absolutely . T o compute i t we use the formula (se e [13]) 

yr (*  V  \  _  c h /J T - c h vx 

Let p x, . . . ,  pn b e th e root s o f th e characteristi c polynomia l 
det(pE -  Q) ; v.  =  T _ 1 Inpj ,  j  -  1 , . . . ,  n . The n 

i/€A i/E A \  / 

2 =nn --- ^ 
fJimt-oo V  (", • + wm f )  V  ( ^ +  ft)m )2, 

" c h /I T - c h ty r _  "  / > + />"' ~ Pj  ~ Pj 1 

' *•*•  c h r - c h I/,. T ~ l l T  ,  „ - T _  „- i 
7 = 1 V  '  • 

nT - » r r (P-PJ)(P-Pj l> 
= e  p  —  — - — ^ - r = e ^ 

«r - « det 2(/>£ - G ) 

det2(eT£ -  Q) 
By (8) and (9 ) 

" p"  det 2(e rE-Q) 
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Thus, p ndztHp i s a polynomial of degree 2n  i n p  wit h leading coefficien t 

( - 1 ) V T de t - 2 ( e T E-Q) . 
It ca n b e show n tha t de t H =  0  i f an d onl y i f th e operato r H  ha s a 

nonzero kernel. Th e kernel of H  consist s of r-periodi c vector fields f  suc h 

that (-V 2 +  C / ) ^ (0 =  0 . Therefore , the roots of the polynomial p n de\H p 

and of the characteristic polynomial del(pE  -  P)  o f the variational equatio n 
(2) coincide . Thus , 

" A  +  ZJ  (  i  \k n ? det(/?£ ' -  P) p d e t ^ =  ( - l ) e  — ^ - z - . 
^ det 2(eTE-Q) 

We remark that k  i s the dimension o f the subspac e on which the orthog-
onal operato r Q  i s the identity , whil e a  =  (-1) wher e /  i s the dimensio n 
of the subspac e o n which Q  i s a  reflection . Sinc e the dimensio n n  - k  -  I 
of the complementary subspac e i s even, formula (5 ) has been proved . 
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