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Preface 

"When I  wa s a  student , durin g th e Firs t Worl d War, " recall s F . Klein , 
"Abelian function s wer e considere d (unde r th e influenc e inherite d fro m 
Jacobi) t o b e th e indisputabl e pinnacl e o f mathematics . Eac h o f us , natu -
rally, ha d som e ambitio n t o mak e a n advanc e i n thi s are a o n hi s own . Bu t 
now? I t i s doubtful whethe r the younger generation i s familiar wit h Abelia n 
functions a t all.'X 1) 

More than half a century has passed since the time of this quotation and the 
interest i n the "temporaril y outdated " (a s Klein calle d it ) theor y o f Abelia n 
functions i s again o n the rise . However , toda y i t has become quite differen t 
from th e theory that Klein was discussing. I t is considered not as a chapter of 
the theory of functions, bu t rather as a chapter or even an area of application 
of th e idea s an d method s o f commutativ e algebra , algebrai c geometry , an d 
complex analysis . A  typical example of such interpretations i s the book "In -
troduction t o Algebraic and Abelian Functions" by the algebraist S . Lang.(2) 
We may also mention several books, for example: "Introductio n a  l'etude de s 
varietes kahleriennes " by Andr e Weil( 3) (mainl y Chapte r VI ) an d "Abelia n 
Varieties" by D. Mumford( )  (in collaboration wit h K . P. Ramanujan) . 

With al l due respec t t o these excellen t monographs , we stil l would like t o 
offer th e reader a  different expositio n o f the subject . Ou r exposition i s based 
on th e idea s an d method s o f th e classica l theor y o f functions . Her e th e 
reader i s assumed t o kno w only a  minimal numbe r o f fact s abou t function s 
of several variables, such as are commonly presented in a standard universit y 
course o n th e theor y o f analyti c functions . Al l the additiona l materia l tha t 
will be needed i s given in the appropriat e part s of thi s book. 

Our exposition is distinguished by a detailed historical introduction (Chap -
ter I) , covering the period up to the middle o f the nineteenth centur y durin g 
which the initia l accumulatio n o f the ideas and fact s took place. I n the nex t 

(!)F. Klein , Vorlesungen  uber  die Entwicklung der Mathematik im  19 . Jahrhundert,  Par t I, 
Springer, 1926 . 

( )S . Lang, Introduction to  algebraic and Abelian functions, Addison-Wesley, 1972 . 
( )A . Weil, Introduction a l'etude des varietes kahleriennes, Actualites Sci. Indust. , no. 1267 , 

Hermann, Paris, 1958. 
(4)D. Mumford , Abelian Varieties, Oxfor d Univ. Press , 1970. 
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three chapter s w e presen t a  systemati c constructio n o f th e foundation s o f 
the theor y o f Abelia n function s a s considere d a s a  stud y o f meromorphi c 
functions of p  comple x variables with the maximum number (2p) o f inde-
pendent periods. Thi s theory includes as a special, and in some sense trivial, 
case th e theor y o f ellipti c function s (p  =  1) . I n th e thre e mai n chapter s 
we hav e been considerabl y influence d b y Fabi o Conforto' s boo k "Abelsch e 
Functionen und algebraische Geometry," edited by W.Grobner, A. Andreotti, 
and M. Rosati. ( )  This book was published in 195 6 in the series "Grundla-
gen der mathematischen Wissenschaften" in which Klein's lectures also ap-
peared. W e note that an exposition which is similar in spirit can be found in 
C. L. Siegel's book "Analytic functions of several variables'^6) (Chapter s IV-
IX). The contents of this book which we now offer to readers (undergraduate 
and graduate students, as well as to university teachers of mathematics) was 
the subject of a  course given in the fall semeste r of 1976/7 7 i n the Depart-
ment of Professiona l Developmen t o f University Instructor s at the Moscow 
State University. 

In conclusion I  thank my daughter L. A. Markushevich, who assisted me 
in the preparation of the manuscript for publication. 

A. Markushevich 

( )Se e footnote ( 18) o n page 44. 
( )C . L. Siegel, Analytic functions of several complex variables, Institute for Advanced Study, 

Princeton, N. J., 1950 ; Russian transl, IL, Moscow, 1954 . 



Appendix 

§A. Skew-Symmetri c Determinants 

A.l. Th e Pfaffian. A  matrix 

A = (a jk), j , fc=l,...,»,  (A.1.1 ) 

is called skew-symmetric  i f 

a k  =  -a kj (i n particular , a  =  0) . (A . 1.2) 

The corresponding determinan t \A\  i s also called skew-symmetric . 
The equalities (A . 1.2) ca n be written i n the for m 

A = -A. (A . 1.2') 

This mean s tha t \A\  =  (-\) n\A\ fo r th e determinan t \A\.  O n th e othe r 
hand, \A\  = \A\ . Henc e \A\  =  (-1)"|^ | an d therefor e whe n n  i s od d w e 
have \A\  = 0. 

Let n  = 2m -  1 . Conside r the minors M  k  an d M k o f the determinant . 

If w e transpos e M k ,  w e ge t a  mino r o f th e matri x A  wit h inde x j , k. 

Because of (4.1.2' ) i t follows tha t M kj =  {-\) n~lMjk =  M ;fc .  Thu s 

Mkj=Mjk> J>  fc=l,...,2m-l.  (A . 1.3) 

We denote by ^ yA: th e term correspondin g to the entry a  .  i n the expan -
sion for the determinant \A\ . The n ^ 7A: = (-1) ; + M jk ,  and under the same 
conditions we have 

Ajk=Akj> J>  k=l,...,2m-l.  (AAA) 

Since \A\  = 0 , i t follows i n addition tha t 

AjjAkk-A2jk =  °> J>  k=U...,2m-\.  (A.1.5 ) 

In fact , i f th e ran k o f th e matri x A  i s les s than n  -  1  = 2m  -  2 , the n al l 
A .  =  0 an d (A.1.5 ) obviously holds. If , o n the other hand, this rank is equal 
to n  -  1 , w e conclude , o n th e basi s o f th e equation s X^ =1

 a ,kAjm =  0 > 
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154 APPENDIX 

which hol d fo r eac h m  —  1, . . . ,  n, tha t th e n-dimensiona l vector s wit h 
coordinates A, Mm : 

and i n particula r 

Anm ar e collinear so that 

A\k A ik 
A\, A 2j 

An 

Ank 
Anj 

Akk 

V 

(A.1.5') 

By (A. 1.4), i t follow s fro m thi s that (A.1.5 ) i s true. 
We now turn to the case n  -2m  an d prove that in this case there exists a 

form &  of  degree m  in  the  elements of  the determinant of  A , all  of whose 
coefficients are integers, and with  the property that 

\A\=&>2. (A.1.6 ) 

This form ca n be constructed explicitl y in terms of the entries of the matri x 
A . I t is called the Pfaffian after Johann Friedrich Pfaff (1765-1825) , an older 
contemporary o f Gauss . However , w e wil l no t giv e th e actua l constructio n 
of th e Pfaffia n her e an d wil l limi t ourselve s t o provin g th e theore m state d 
above. 

It i s most easil y proved by induction. I n the case n  - 2  w e have 

0 a t 
\A\ = M2 

-a2l 0 
2 

an 

and w e ca n se t 3 d -  a l2. Assum e tha t th e theore m ha s bee n prove d fo r 
n =  2m  -  2  (m >  2). W e consider a  determinant B  o f order 2m  -  1  whic h 
is a minor o f th e entry a 2m 2m  i n \A\: 

\B\ = 
a\,\ " " a \,2m~\ 

a2m-\,\ ' " a 2m-\,2m-

It is obvious that \B\  i s skew-symmetric simultaneousl y wit h \A\ . Sinc e the 
principal minor s A rr (r  = 1 , . . . ,  2m -  1 ) o f the latter determinan t ar e also 
skew-symmetric an d thei r orde r i s 2 m - 2 , by the inductive assumptio n w e 
get 

Arr =  &?, r = l , . . . , 2 m - l , (A.1.7 ) 

where & r i s a form o f degree m  - 1  in the corresponding elements a tJ wit h 
integral coefficients . 

Assume tha t amon g the forms 3P r there i s at leas t one which i s not iden -
tically zero . Withou t los s o f generality , w e can assum e tha t i t i s & x .  Th e 
equality A n=&x i s satisfied b y the two forms 3° x an d -3° x .  W e choose 
one of them and denote i t by ^  .  We now choose ^ 2 , . . . ,  &lm_x (a t each 
step w e selec t on e o f th e tw o form s whic h diffe r onl y b y th e facto r -1 ) i n 
such a  way that w e have 

^ =  ^ , - ^> r = l , . . . , 2 m - l , 
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by (A.1.5) . No w by (A.1.5' ) w e have 

AUArs ~ A\ 

and since ^  ^  0  w e have 

A ^ - A A . = O > &;A„=&;&&, 

*»=&<?,> r, s  =  1 , . . . ,  2m -  1 . (A.1.8) 

We notice, that i n the case when ^  ,  . .. ,  &lm_x ar e al l identically zero , 
all A n ar e also zero and hence all A rs ar e also zero, as follows from (A.1.5) . 
Therefore th e equalities (A.1.8 ) hold in thi s case. 

Turning no w t o th e determinan t \A\ , w e expand i t by th e entrie s o f th e 
last column and then we expand each of the minors of these elements (excep t 
the principal one, which is equal to \B\  = 0) b y the elements of the last row. 
We get 

2m-\ n-\ 

Ml =  ~  £  a r,nan,sArs =  J2  U r,*"*,nArs > 
r,s=\ r,s—l 

or, by substituting fo r A rs thei r expressions (A.1.8) , 

r,s=\ 

It remains onl y to se t 

&, =  "l,n0'l+-  +  °n-l,n& ,H-l 
(A.1.10) 

As an illustration , we 

\A\ = 

0 
- a 
-b 
-d 

In our case 

An = 
0 c 

-c 0 
2 

= C 

consider the 

a b 
0 c 

-c 0 
-e f 

A22 

d 
e 
f 
0 

case n 

and 

= 
0 b 

-b 0 

= 4 . Her e 

\B\ = 
0 

- a 
-b 

= b\ A3i 

a b 
0 c 

-c 0 

= 
0 

-a 
a 
0 

2 

= a  . 

We se t 3? x =  c.  Sinc e A l2 =  be  an d A l3 =  ac,  w e hav e ^ 2 =  b  an d 
c^3 =  a  . Therefore , accordin g to (A . 1.9), w e have 

|^| =  (dc  +  eb + fa)2, i.e. , 3*  = cd  + be + af. 

A.2. Th e Frobenius Theorem. Le t P  b e a skew-symmetric (2p,  2p)  ma -
trix, al l of whose entries are integers, and wit h |P | ^ 0 . Fo r each unimodu-
lar (2/7 , 2p) matri x M  wit h integral entries we can construct a  transformed 
matrix 

P* =MPM. (A.2.1 ) 
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It i s obvious tha t th e entrie s o f th e matri x P * ar e also integers. Moreover , 
P* =  MPM  =  -MPM =  -P* , i.e. , P*  i s skew-symmetric an d (because  o f 
(A.2.1)) w e have 

\P*\ =  \M\\P\\M\  =  \P\\M\ 2 =  \P\. 

It i s eas y t o chec k tha t th e relatio n betwee n th e skew-symmetri c (2p , 2p) 
matrices P  an d P*  wit h integra l entrie s an d nonzer o determinants , give n 
by a n equatio n o f th e for m (A.2.1) , i s a n equivalence  relation. I n partic -
ular, i f w e star t wit h P  an d perform , on e afte r another , th e transforma -
tions o f the form (A.2.1 ) whic h ar e determined b y the unimodula r matrice s 
Mx, . . . ,  Mn ,  where n  i s an y natura l number , w e sta y i n th e sam e equiv -
alence class . I t i s natura l t o tr y t o selec t a  matrix o f th e simples t structur e 
from eac h clas s in orde r t o have a  representative o f th e class . Thi s i s mad e 
possible by the following statement . 

THE FROBENIU S THEOREM (1878). For  each  skew-symmetric (2p,  2p)  ma-
trix P  with  integral entries and nonzero  determinant, there  exists a  unimod-
ular (2/7 , 2p) matrix  M  with  integral coefficients for which 

P* = MPM = Vmg{lix(_\ J ) , . . - , * , ( _ ? J)} > (A.2.2 ) 

where fS x, . . . ,  B  are  positive integers  such that 

PROOF. Th e transformatio n w e ar e lookin g fo r ca n b e obtaine d ste p b y 
step by applying unimodular matrice s o f a  particular form . W e show that i t 
suffices t o use three kinds o f matrices . 

(A) The matrix M  i s derived fro m th e unit matrix E 2p b y permuting th e 
jth an d kth  row s (o r by permuting th e jth  an d kth  columns) . I n thi s cas e 
the matri x P * =  MPM  differ s fro m P  onl y by havin g jth  an d kth  row s 
permuted an d a t the same time it s 7t h and kth  column s permuted . 

(B) M  i s derive d fro m th e uni t matri x b y multiplyin g th e 7t h diagona l 
entry o f th e uni t matri x b y - 1 .  A s a result , P*  wil l diffe r fro m P  b y th e 
signs of the entries in its jth  ro w and jt h colum n (not e that the entry which 
belongs both t o the jt h ro w and jt h colum n i s zero). 

(C) M  i s derive d fro m th e uni t matri x b y substitutin g a n intege r /  fo r 
the zer o a t th e intersectio n o f th e jt h ro w an d kth  column . A s a  resul t 
P* —  MPM i s obtained from P  b y adding to the entries of the jt h ro w the 
corresponding entrie s o f th e kth  ro w multiplied b y /  an d the n performin g 
the same operation o n the entries of the jt h an d kth  columns . W e note tha t 
we then get the following entry at the intersection of jt h ro w and jt h colum n 
of the product MPM : 

ajj +  la jk +  la kj+l\k' 
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But thi s entr y i s equal t o zero , a s i t shoul d b e i n a  skew-symmetri c matrix , 
since a n -  a kk =  0  an d a jk =  ~a kj. 

Thus, th e equivalenc e clas s t o whic h th e matri x P  belong s contain s al l 
matrices whic h ca n be obtained fro m P  b y combining, i n an y way, a  finite 
number of the elementary transformations jus t described. W e will show that 
by performin g the m i n a n appropriat e orde r w e ca n arriv e a t th e require d 
result. 

Let 8  b e the  least  absolute value  of all nonzero entries  of all matrices  P 
which belong to the same equivalence class and let P*  be a matrix containing 
the entry ±8  .  By using the operations (B) we arrive at the case when the en-
tries equal to 8  occu r among the entries of P* . Le t 8  b e at the intersectio n 
of th e / t h ro w and /c't h column , i.e. , ay k, =  8  . W e show that th e res t o f 
the entries of P*  ar e integral multiples of 8  , i.e., 8  i s the greatest commo n 
divisor o f al l the entries of P* . 

Indeed, i f w e assume , fo r example , tha t a jk> ( j ^  /  )  i s no t divisibl e 
by 8 , the n a  k> =  8(-l)  +  8' wher e /  an d 8'  ar e integer s an d moreove r 
0 <  8'  <  8 . B y applying a n appropriat e operatio n (C ) w e ge t a n entr y 8' 
in plac e o f the entry a jk, whic h contradict s the definition o f 8  a s the leas t 
possible entry. Thus , first of all, the entries of P*  whic h are in the same row 
or i n th e sam e colum n wit h 8  ar e divisible by it . I t follow s fro m thi s tha t 
by applyin g operation s (C ) t o the m agai n w e can mak e the m equa l t o zer o 
(except the entr y 8  itself , o f course) . Assum e that after  this we can find  an 
entry a  k (j  ^  /  ,  k ^  k! ) whic h i s not divisibl e by 8  . Then , b y means o f 
an operatio n (C ) w e can ge t a  new matrix whos e jt h ro w i s the su m o f th e 
j\Yi an d / t h row s o f th e matri x P* . Moreover , th e forme r entr y a jk wil l 
occur i n th e sam e ro w a s 8  an d wil l hav e t o b e divisibl e b y 8 . Thu s w e 
have again obtaine d a  contradiction . 

We now notice that the common divisors of the entries of P  ar e obviously 
preserved b y th e operation s (A) , (B) , an d (C ) an d henc e th e g.c.d . o f th e 
entries o f P  i s als o preserve d b y thes e operations . Bu t th e g.c.d . o f th e 
entries o f th e matri x P*  tha t occu r i n th e Frobeniu s Theore m i s equa l t o 
fix .  Thus P {=6. 

By changing the notation , i f necessary , we can assum e tha t th e matri x P 
is, fro m th e ver y beginning , i n th e for m wher e a t leas t on e o f it s entrie s i s 
equal t o 8  =  P x an d al l the other s i n th e ro w and th e colum n t o whic h fi { 

belongs are equal to zero. Applyin g an operation (A ) we can make the entry 
/?! occu r secon d i n th e first  row . The n —fi x wil l b e th e first  entr y o n th e 
second row (because of skew-symmetry) and therefore the matrix P  mus t be 
in the for m 

P = 
( °  Pi\  \ 1° 

- / ? , 0 

V""0" 7px> 

(A.2.4) 
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The matrix denote d b y P x ha s the sam e properties a s the matrix P , bu t it s 
order is the order of P  minu s two. Sinc e P x i s the g.c.d o f all  entries of P, 
each entry o f P x i s divisible by fi x .  Henc e i f we denote by fi 2 th e g.c.d o f 
all the entrie s o f P x, 

fixlfir 
It i s clea r tha t thos e transformation s o f th e matri x P  o f type s (A) , (B) , 

and (C ) which do not change its first two rows and first two columns play the 
same role with respect to P x a s they played with respect to the entire matri x 
P . Hence , merely by the preceding transformations, w e transform P x t o the 
form 

/ o  fi 2 !  \ 

•fi2 ° 
V o 

o 

' 0 

-fil 

0 
0 

*> 
0 

0 
0 

0 

0 
0 

0 

-h 

0 
0 

h 
0 

\ 

0 

pj 

and we transform th e entire matrix P  t o the for m 

P = 

V 
By repeating these steps p  time s we get P  int o th e form (A.2.2) . 

In th e mai n par t o f thi s book w e have, however , use d a  somewhat differ -
ent for m fo r a  skew-symmetri c matrix . B y repeatedly movin g the rows an d 
columns of the matrix (A.2.2) (i.e. , by applying operations (A) repeatedly) we 
obtain th e following representatio n o f P  whic h lie s in the same equivalenc e 
class: 

" ( - J o) 
where B  i s the diagonal matri x 

0 •• • 

(A.2.5) 

B = 
0 ^ 

V o o 
(A.2.6) 

K) 
Recall tha t P x, P x >  1  ,  i s th e g.c. d o f al l entrie s o f a  give n (2p , 2p) 

matrix P  an d P 2 i s the g.c.d o f al l entries of a  (2/ 7 - 2 , 2 / 7 - 2) matri x P x 

which satisfie s (A.2.4) , and s o on. W e also note tha t 

\P\ = \B\* fa\- (A.2.7) 

This consequenc e o f th e Frobeniu s Theore m woul d allo w u s to avoi d re -
ferring, i n th e mai n par t o f th e book , t o th e possibilit y o f representin g a 
skew-symmetric determinan t a s a square o f the correspondin g Pfaffian . 
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§B. Divisor s of analytic functions 

B.l. Genera l theorems . I n sectio n II . 1 w e hav e alread y discusse d th e 
relation o f divisibilit y betwee n analyti c functions . Her e w e sho w ho w th e 
main propertie s o f divisibilit y ca n b e derive d fro m mor e genera l algebrai c 
theorems. Thes e can be found i n B . L. Van der Waerden' s Algebra. 

Since the notion o f divisibility o f analyti c functions involve s the functio n 
in a neighborhood of a given point a  e  C p ,  we will, without loss of generality, 
take a  —  0 i n thi s section . W e denot e b y Wl  th e se t o f function s o f u 
which ar e meromorphi c a t th e origin , i.e. , whic h ar e representabl e i n som e 
neighborhood of the origin as a quotient of two analytic functions. W e denote 
by J 5 th e se t o f function s analyti c a t th e origin . fJJl  x  an d f j .  denot e 
analogous set s of function s o f p  -  1  variables (u 2, . . . ,  u  )  =' u . 

We form tw o ring s o f polynomial s i n u x wit h coefficient s i n OT .  an d 
ftp-\ respectively : Tl  x [ux] an d S)  x [ux] .  I t i s obviou s tha t th e pseu -
dopolynomials defined i n section II . 1 belong to S)  x [ux]. 

The rin g $Jl  x [ux] i s a  Euclidean ring  since the followin g relation s hol d 
for an y two of it s nonzero element s /  an d g : 

(1) the degree of the product fg  i s not less than th e degree of / ; 
(2) the representation f  =  gh  +  r  exist s when eithe r r  = 0  o r the degre e 

of r  i s less than th e degree of g  (divisio n algorithm) . 
It follow s fro m thi s tha t th e element s /  an d g  hav e a  g.c.d. , an d i t 

can be represented i n the followin g for m b y means of consecutiv e division s 
(Euclidian algorithm) : 

(/, g)  =  g-cd. (/ , g)  =  ff x +  gg x, 

where f x an d g x ar e elements o f the same ring. 
Furthermore, each nonzero element of DJl  x [ux] ca n be uniquely decom -

posed (u p to unit factors ) int o a  product o f prime elements . I n particular , i t 
follows fro m thi s that Euclid' s theorem holds . 

If f\gh  and  (f,g)  =  \,then  f\h. 
We note that, according to the general theory, the units of our ring are ex-

actly the elements e  whic h belong to 9J I 1 [w1] together with e~ l .  I t follows 
from thi s tha t onl y a  polynomia l o f a  nonzer o degre e ca n b e a  uni t o f th e 
ring: th e set of al l units of fBl  x [u{] coincide s with the set of meromorphi c 
functions i n 9J I ,  whic h ar e not identicall y zero . 

This mean s tha t a  theor y analogou s t o th e theor y o f divisibilit y o f poly -
nomials i n on e variabl e wit h rationa l coefficient s (i n thi s cas e al l nonzer o 
rational numbers for m th e se t of units ) hold s for th e ring Wl p_x[ux] . 

In orde r t o move from th e ring VJl  x [ux] t o the ring ft  x [ux] an d the n 
to th e large r se t S)  o f function s o f p  variable s whic h ar e analyti c a t th e 
origin, we use induction on the number o f variables. Not e that in the case of 
one variable the prime element s ar e reduced (u p to multiplicatio n b y units ) 
to a single function cp{u x) =  u { an d henc e the decomposition o f f(u x) e  $)x 
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into prime factors has the form f(u x) =  u\g(u x) wher e v  >  0 an d g(0)  ^  0 
(compare with section II . 1). 

Assume now that the theorem about the uniqueness of decomposition int o 
prime factor s an d al l it s consequence s i s tru e fo r $) p_x . Le t <p{u x) b e a 
nonzero polynomia l i n S) p_x[ux] .  I t i s calle d primitive  i f th e g.c. d o f th e 
set o f it s coefficient s i s equa l t o 1  (i t i s enoug h tha t th e coefficien t o f th e 
highest power is a nonzero constant an d therefore al l pseudopolynomials ar e 
primitive). I f f(u {) i s any nonzero polynomia l i n fi p_x[ux] an d d  =  d(u) 
is the g.c.d o f it s coefficients , the n f{u x) ca n be represented i n the for m 

Aux) =  d(u)<p(ux), (B.l.l ) 

where (p{u x) i s a primitive polynomial . 
We have the following genera l facts . 
(I) Th e produc t o f tw o primitiv e polynomial s i s a  primitiv e polynomia l 

(an analog of the Gauss  lemma). 
(II) I f f(u x) € 9J t Jwj] , ther e exist s a  primitiv e polynomia l (p(u x) e 

f)p-\[ux] suc h tha t 

f{ux) =  ^cp{u x), g,de%_ x. (B.1.2 ) 

In order t o establish thi s under ou r condition s i t i s enough t o find a  com-
mon denominato r g(u)  o f th e meromorphic coefficient s o f th e polynomia l 
f{ux) an d then to apply a  representation o f the form (B.l.l ) t o the numera -
tors. 

(III) The polynomial (p(u x) i n the formula (B.1.2 ) i s uniquely determine d 
by f(u x) u p to unit factor s fro m f j .  . Analogously , f(u x) i s uniquely de-
termined by the primitive polynomia l <p(u {) u p to unit factor s fro m M  .  . 

(IV) The relation between the polynomials in Wl p_l[ul] an d the primitive 
polynomials i n f) p_x[ux] associate s with a  product o f two primitive polyno-
mials <p {(u{) and (p 2{ux) th e product o f the polynomials f x{ux) an d f 2(u{) 
corresponding t o the m (an d conversely) . Henc e i f th e polynomia l f(u x) i s 
prime in Wl  { [ux], the n (p{u x) i s also prime in S) p_x[u{] (an d conversely) . 

The following importan t corollar y follows from th e facts listed above:  un-
der the inductive assumption the  theorem about  the  uniqueness of the decom-
position into  prime factors is  valid for the  ring S)  x [ux] . 

In particular , an y pseudopolynomia l P(u x) e  ^  y [u{] decompose s int o 
prime factors in a unique way. I t follows from this , in view of the Weierstrass 
preparation theorem, that the theorem about uniqueness is valid in S)  as  well 
i.e., it is valid for functions of  p  variables  that are analytic at the origin. Thi s 
completes the construction o f the theory of divisibility for analyti c function s 
of severa l variables. 

We will discuss a  consequence o f thi s theory . Th e derivatio n o f thi s con -
sequence require s th e us e o f th e simples t propertie s o f th e resultan t o f tw o 
polynomials. 
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Consider two pseudopolynomial s 

P(ux) =  u[  + Axu"~ +--  +  A n, 

We wil l no t us e th e restrictio n o n thei r lowe r order s (se e th e definitio n o f 
a pseudopolynomia l i n sectio n II . 1). Th e fac t tha t P{u x) an d Q(u x) ar e 
primitive polynomial s i n S) p_x[ux] i s sufficient . Eliminatin g u x fro m P 
and Q , w e obtai n thei r resultant  d  i n th e for m o f a  determinan t whos e 
entries ar e coefficient s o f th e polynomial s P  an d Q.  I t i s obviou s that , 
under ou r conditions , d  belong s t o th e se t j j j . Th e mai n propert y o f 
the resultan t state s tha t i t i s identicall y equa l t o zer o i f an d onl y P  an d 
Q ar e no t relativel y prime , i.e. , they have a  common diviso r differen t fro m 
a uni t o f S) p_x[ux]. Sinc e th e polynomial s P  an d Q  ar e primitive , thi s 
common diviso r canno t b e a  diviso r o f thei r coefficient s an d therefor e i s a 
pseudopolynomial o f degree not less than 1 . 

Hence in the case when P  an d Q  ar e relatively prime, i.e., when (P , Q)  = 
1, the resultant i s a function o f the p  - 1  variables {u 29 ...  9 u )  =u9 whic h 
is analyti c a t th e origi n an d i s no t identicall y zero . The n i t follow s fro m 
a simpl e calculatio n tha t ther e exis t polynomial s P'  an d Q f i n th e ring 
S) x [ux] suc h that the condition PP'  +  QQ'  —  d  holds . Thu s the  condition 
(P, Q)  = 1  for  pseudopolynomials is equivalent to the existence of polynomials 
P' and  Q f in  S)  { [ux] such  that 

PP' +  QQ' =  d9 (B.1.3 ) 

where d  =  d(u) e  fi p_x and  d  £  0 . 

B.2. Continuatio n of the divisibility relation from a point to a region. Th e 
notion o f a  diviso r o f a n analyti c functio n depend s o n th e poin t a  e  C p 

under consideration . If , fo r example , a  functio n f(u)  i s a  uni t a t a , i.e. , 
f(a) #  0 , the n i t may be prime or may decompose into a product o f severa l 
prime function s a t a  neighborin g poin t b  wher e f{b)  =  0 . However , o f 
course, i n a  sufficientl y smal l neighborhoo d U  o f a  i n whic h f(u)  ^  0  i t 
will remain a  unit fo r an y point b  e U . 

Consider two functions f(u)  an d g(u)  tha t are analytic at a  point a  . I f 
they hav e a  common diviso r h(u)  (h(a)  =  0) , the n i n an y sufficiently smal l 
neighborhood o f a  ther e i s a point b  fo r whic h h{b)  ^ 0 . Therefor e h{u) 
is no t a  commo n (proper)  divisor o f f(u)  an d g(u)  a t b . A t thi s poin t 
f(u) an d g(u)  ma y be relatively prime . However , the  relation (f , g)  =  1 
w/ncA /zo/ds a/ ̂ <9m ^ /?omte AoWs also in a  sufficiently small neighborhood  of 
b . This is the content o f the following theorem . 

THEOREM B.2.1 . If  f(u)  and  g(u)  are  two functions that  are  analytic at 
a and  if  ( / , g) a =  1 , then  there is a neighborhood U(a)  of  a  such  that the 
condition ( / , g) b =  1  holds  for each  b  e U(a) . 
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PROOF. Appl y the Weierstrass preparation theorem to the functions /  an d 
g a t the point a  (i f necessary, we begin by performing a n appropriate linea r 
transformation o f variables) . W e get 

/ =  / > , , g  =  Qa¥a. (B.2.1 ) 

Here 

pa = K  ~  a \)k +  AM\ ~  a \)k~l +  "  *' + Ak > 

Qa =  (ui "  *i) ' + Bi("i ~  axi'X +'"  +  Bi> 

and moreove r i n som e neighborhoo d U(a)  o f th e poin t a  th e function s 
At, Bj  ar e analyti c function s o f p  -  1  variable s u 2, . . . ,  up an d (p a, y/a 

are analyti c function s o f p  variable s u x, ...  ,u  suc h tha t <p a(u) ^  0  an d 
Va(

w) ^  0 , i.e. , p fl an d y/ a ar e units at each point u  e U(a) . 
Because ( / , g) a =  1  we have (P a, Q a) —  1 and therefore (se e B. 1.3) ther e 

exist functions P' a, Q' a , and rffl analytic in the same neighborhood U(a)  an d 
such tha t 

^ +  GaGl =  rf fl('«). (B.2.2 ) 
Let b  b e an y poin t i n U(a).  Assume , contrar y t o th e conclusio n o f th e 

theorem, tha t /  an d g  ar e relatively prim e a t thi s point . The n ther e exis t 
functions S b(u), a b(u), an d fi b(u) analyti c a t the poin t b  an d suc h tha t 

/(!*) =  S b(u)ab(u), g(u)  =  5b{u)pb{u), (B.2.3 ) 

where moreover S b(b) ^  0 . 
From (B.2.1 ) an d (B.2.3 ) we derive analytic representations fo r th e pseu-

dopolynomials P a(u) an d Q a(u) suc h that the same representations can also 
be used i n a neighborhood o f a  point b  : 

Pa{u) = <p-\u)f{u) =  (p-lal8b, Q a{u) =  v; lfia8b. (B.2.4 ) 

Hence the pseudopolynomials P a{u) an d Q a(u) (lik e f(u)  an d g(w) ) mus t 
have a  commo n diviso r 8 b a t Z? . Bu t i t follow s fro m (B.2.2 ) tha t eac h 
common divisor of P a{u) an d Q a{u) a t fe  must be a divisor of the functio n 
rffl('w) at the same point, i.e. , the common divisor mentioned abov e does not 
depend on  u {. However , th e existenc e o f suc h a  commo n diviso r fo r th e 
pseudopolynomials whic h becom e zer o a t b  contradict s th e fac t tha t the y 
remain primitiv e a t b  . Henc e theorem (B.2.1 ) i s proved. 

The following importan t corollar y follows fro m thi s theorem: the  fraction 
f(u)/g{u), where  f(u)  and  g(u)  are  analytic at  a,  remains  irreducible  in 
some neighborhood  of the point a  if  it is irreducible at the  point a  itself 

We wil l prov e anothe r theore m o f a  simila r character , whic h w e used i n 
section IV.3. 

THEOREM B.2.2 . If  <p(u)  ^0 is  a  Jacobian  function which  corresponds 
to some Riemann  matrix  Q, , then  there  exist  points  c  e  C p such  that  the 
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following condition  holds  for the  functions <p(u)  and  cp{u  +  c)  at  all  points 
ueCp: 

(<p(u), <p{u  + c)) = 1. 

PROOF. Le t u s verif y tha t i t i s enoug h t o prov e th e theore m fo r point s 
which belong to the parallelotope n o o f periods determined b y the columns 
of Q . Indeed , le t {(p{u) , cp[u + c)) =  1  fo r eac h u  eHQ. I f u* Q &  no ,  then 
there ar e a  period co  and a  point u 0 e  U 0 suc h tha t u* 0 =  u 0 +  co . B y the 
definition o f a  Jacobian function , 

<p(u + co) =  exp[/(w ) + b](p{u), 

(p(u +  c  + co)  =  exp[/( w + c) + 6]p(w + c) , 

where /(M ) i s a linear function an d b  i s a constant p-vector . I t follows tha t 
the values <p(u)  an d <p(u  + c) reproduce , in a neighborhood of W Q , the values 
of the sam e functions u p to uni t (exponential ) factor s i n a  neighborhood o f 
u0 .  Henc e there i s no common diviso r a t u* 0 i f there i s none a t u 0 . 

Let a  =  (flj , . . . ,  a) e  U 0. W e introduce tw o types o f loca l coordinate s 
v =  u  - a  an d z  =  & a{v) i n a  neighborhoo d o f a . Her e ^  i s a  linea r 
transformation neede d fo r an application o f the Weierstrass preparation the -
orem. A s a result o f thi s transformation, th e terms o f lowest orde r occurin g 
in the expansion o f the functio n 

cp*(z) =  <p[a+£f~\z)] =  <p(a +  v)  =  (p(u) 

in a  powe r serie s i n a  neighborhoo d o f th e origi n mus t contai n a  ter m o f 
the form z x ,  where k  =  k(a)  i s the degree of the homogeneous polynomia l 
formed b y these terms. Then , according to the Weierstrass theorem, we have 
the representation 

<p(u) =  <p{a + v) =  Pa(v)fa(v) =  P*(z)fi{z), (B.2.5 ) 

where 
/ > » =  z\  +A l(z)z\-1 +  • • • +  Ak(z) =  Pa(v), (B.2.6 ) 

and moreover A  (z)  (j  =  1 , .. . ,  k) ar e functions analyti c at the point z  =  0 
and independen t o f z x ,  and f*(z)  i s a unit a t z  =  0  (i.e. , f*(Q)  ^  0) . 

Let ^ ( v ) an d f a(v) remai n analyti c a t al l point s o f a  neighborhoo d 
W(a) '.\\v\\ <r a an d moreove r let f a{v) b e nonzero at these points. Denot e 
by U(a)  a  neighborhood of the same point with half the radius of the preced-
ing one: ||v| | <  (l/2)r a .  Thus with each point a  e Yl 0 w e associate its neigh-
borhoods W(a),  U{a)  an d the linear transformation z  =  2Ca{v) =  J5f a(u-a) 
as well as a representation (B.2.5) , where all the functions occurrin g in it are 
analytic a t W{a) . 

We select a  set o f U a formin g a  finite cover o f th e parallelotope n o an d 
let th e cove r b e compose d o f th e neighborhood s U(a J), j  =  1 , . . . ,  n, 
which fo r brevit y w e denot e b y U  .  Th e correspondin g pseudopolynomi -
als P  u){v) =  P*u)(z)  wil l b e distinguishe d jus t b y thei r indice s j  withou t 
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mentioning th e poin t cv J): P(v)  =  P*{z),  j  =  1 , . . . ,  n. The y ar e al l 
analytic in the same hyperbal l 

W\ \\v\\  < r  =  min{r fl(i), .. . ,>>)} . 

Since n o P  i s identicall y zero , on e ca n fin d point s c  i n an y neighbor -
hood of the origin such that al l these pseudopolynomials are nonzero at these 
points. T o do this i t suffices t o first take a point c (1) suc h that P {(c^) /  0 . 
Then, w e tak e anothe r poin t c ( i n a  neighborhoo d V x o f th e first,  suc h 
that V x i s smal l enoug h t o be i n W  (  V x c  W)  an d suc h tha t P x{v) ^  0 

(2) 

for al l v  e  V x .  Th e secon d poin t i s chosen s o that P 2(c ')  ^  0  an d the n 
a neighborhoo d V 2 c V x o f i t i s chosen s o tha t P 2{v) #  0  fo r al l v  e  V 2. 
Continuing this process by choosing a third point , and so on, we get a  neigh-
borhood V n o f som e poin t c (w) =  c  e  U 0 a t whic h non e o f th e function s 
Px(v), . . . ,  /^(v) i s zero . W e pu t on e mor e restrictio n o n c:  \\c\\  < r/2. 
Such a  point satisfie s th e condition o f the theorem, a s we now prove. 

For an y poin t b  e  Yl Q, ther e i s a  neighborhoo d U v ( 1 <  v  <  n)  amon g 
those considere d abov e suc h tha t b  e  U v . W e fix this neighborhood . The n 
the poin t u  =  b  +  c  wil l li e i n a  large r neighborhoo d W v wit h th e sam e 
center, sinc e v  =  u  - a" v) fo r thi s poin t an d 

\\v\\ =  \\{b + c) - a {v)\\ < \\b - a {v)\\ + ||c| | < \r+  \r  =  r. 

Hence on e ca n us e the sam e representatio n o f th e for m (B.2.5 ) fo r bot h o f 
the functions ip(u)  an d (p(u  + c). Thi s gives us the right to drop the indice s 
which sho w the poin t a t whic h a  representation i s formed an d t o which th e 
linear transformation o f loca l coordinates z  =J2?(v)  corresponds . 

For u  e U v w e have 

<p(u) =  9(a +  v)  =  P(v)f(v)  =  P*(z)f(z), (B.2.5' ) 

<p(u + c) = <p(a  + v +  c) = P(v +  c)/(v - f c) 

= P*( z +  y)/*(z +  y), (B.2.5" ) 

where y  = JS^(c). Moreover , 

P*(z) =  z f +  ^ ^ i "1 -h • • • +  Ak =  P{v) (B.2.6' ) 

is a primitive pseudopolynomia l o f degre e k  .  I t i s obvious tha t 

P*(z +  y) - z\  +  ^ j z j - 1 +  •  • •  + ^ =  P(v  +  c) (B.2.6 ,/) 

is als o a  primitiv e pseudopolynomia l (i t i s obtaine d b y substitutin g z x + 
yj, . . . ,  zp +  y p fo r z 2 , . . . ,  zp i n {B.2.6 1) an d the n groupin g th e term s 
with th e sam e powe r o f z x ) . W e have z  =  5f(v)  =  0 whe n v  =  0 , fro m 
which i t follows tha t 

P*(0) =  />(0 ) an d P*(y)  = P{c) ±  0 ; 
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and therefor e th e pseudopolynomial s P*{z)  an d P*(z  +  y)  ar e relativel y 
prime a t th e poin t z  =  0 . I t follow s fro m thi s tha t ther e ar e a  functio n 
d(z) (whic h doe s no t depen d o n z {) an d pseudopolynomial s R(z)  an d 
S(z) suc h that th e following identitie s of the form (B.1.3 ) hold : 

R(z)P*{z) +  S(z)P*{z +  y) = d(z). (B.2.7 ) 

Since R(z),S(z),  an d d(z)  ar e obtaine d fro m P*{z)  an d P*(z  +  y) b y 
entire rationa l operation s (se e th e en d o f th e sectio n B.l) , the y ar e (lik e 
P*(z) =  P(v) an d P*(z  +  y)  = P{v  +  c))  analyti c a t al l points of the neigh-
borhood of the origin that is the image of the hyperball W  unde r z  = J?(i>) . 

Assume that, contrary to the statement o f the theorem, <p(u)  an d q>(u  + c) 
have a common (proper ) divisor at a point b  eUv .  Since these functions dif -
fer from th e corresponding pseudopolynomials P*(z)  =  P(v) an d P*( z -I- y) 
= P{v  +  c)  onl y b y factor s whic h remai n unit s ove r th e entir e neighbor -
hood JJ V ,  i t follow s fro m th e las t assumptio n tha t th e pseudopolynomial s 
P*(z) an d P*(z  +  y)  mus t hav e a  commo n (proper ) diviso r S(z)  a t th e 
point p  whe n p  correspond s t o th e poin t b  unde r th e transformatio n 
z =  J?(v)  =  £?(u  -  a) , i.e. , whe n p  =  &(b  -  a) . Bu t i t follow s fro m 
(B.2.7) tha t S(z)  i s also a  divisor o f d(z) , i.e. , tha t S(z)  does  not depend 
on z x .  W e have arrive d a t a  contradiction sinc e the primitiv e polynomial s 
P*(z) an d P*(z  +  y) canno t hav e a  common diviso r d{z)  whic h doe s no t 
depend o n z 1 an d a t the same time i s not a  constant . 

B.3. Poincare-Cousi n theorem. I t is well known that a meromorphic func -
tion o f on e comple x variabl e ca n b e define d i n tw o ways . I t is , on th e on e 
hand, a  functio n whic h doe s no t hav e an y singularitie s i n th e finite  plan e 
except poles ; an d o n th e othe r hand , a  function whic h ca n b e expresse d a s 
a quotient o f two entire functions . Th e equivalence o f these two definition s 
was established b y Weierstrass in 1876 . Th e corresponding assertion fo r tw o 
complex variables was first stated an d proved by Poincare i n 1883 . 

THEOREM O F POINCARE . If  a function f(u l, u 2) of  two complex variables 
can be represented as a quotient of two functions ^ a{u{, u 2) and  ^ r

a(u{9u2) 
in a  neighborhood  of each  point (a {, a 2), where  a { and  a 2 are  any com-
plex numbers  and  the  functions Jf a(ul, u 2), yl /

a(ul, u 2) are  analytic at  the 
point, there  exist two  entire functions G l(ul, u 2) and  G 2(ux, u 2) such  that 
f(u{, u 2) is  their quotient for any  u x and  u 2 . 

Of cours e thi s theore m i s quite analogou s t o th e theore m o f Weierstrass . 
Indeed, i f a function o f one variable f(u)  ca n be represented i n the form o f 
a quotien t ^ ( M ) / ^ ( M ) i n a  neighborhood o f a  an d i f J? a{u) an d J^iu) 
are analyti c a t a  ( ^ (w ) ^  0) , the n a  i s eithe r a  regula r poin t o r a  pol e 
of f(u) . Th e convers e i s als o true . Henc e i n th e cas e o f on e variabl e th e 
question i s resolve d i n a  simpl e manner . I t i s enoug h t o construc t a n en -
tire functio n G 2(u) whic h ha s zero s a t th e pole s o f f(u)  an d moreove r 
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whose zeros are of the same multiplicity as the corresponding poles of f(u) . 
Then th e functio n f(u)G 2(u) =  G x{u) i s als o entire , fro m whic h w e ge t 
f(u) =  G x{u)IG2{u). Th e constructio n o f G 2{u) i s mad e b y mean s o f a n 
infinite product . However , thi s method i s not applicabl e t o a  larger numbe r 
of variables since the denominator o f the fraction d r

a(ul, u 2)/J
/
a(u{, u 2) i n 

the statemen t o f th e theore m o f Poincar e i s zero no t a t isolate d point s bu t 
on a  manifold N a(ul, u 2) =  0  containin g a. 

The proof o f the theorem o f Poincare was quite complicate d an d di d no t 
allow a natural generalizatio n whe n the numbe r o f variables i s more than 2 . 
A simple an d a t th e sam e tim e genera l (fo r an y p)  proo f wa s given b y th e 
French mathematicia n P . Cousi n i n hi s doctora l thesi s (1894) . Thi s proo f 
serves as the basis for ou r exposition . 

Everything i s reduced t o the following statement . 

THEOREM O F COUSIN . Associate  with each point of  the space Cp a  function 
ga{u) which  is analytic in  some neighborhood  U(a)  of  this point. Also  let the 
following coherence conditions hold for each point b  e L/(<z (1))nC/(<z(2)), where 
<2(1) and  <2 (2) are  different points  of  C p :  g  (D(M ) and  g aa)(u) differ  at  this 
point only  by a unit factor [i.e.,  g aw>\ga{\) and  g a{\)\gna) at  the point b).  Then 
there exists an entire  function G(u)  such  that 

JaK 

G(u) = ga(u)ea(u), (B.3.1 ) 

where e a(u) is  a unit  at  the  point a  {a  is  any point of  C p). 

The following theore m i s a corollary . 

THE POINCARE-COUSI N THEOREM . If  a  function f(u)  can  be represented 
in the form 

in a neighborhood  of each point a  e  C p, where  ^a(u) and  yK Q(u) are func-
tions which are analytic at the point a,  then  there exist entire functions G x (u) 
and G 2(u) such  that 

' M =  r  (,A G2(u) 

at all  points  of  C p. Moreover,  we  can  require  that the  condition  (G {(u), 
G2{u)) = 1  holds  for each  u. 

Exactly this form o f the theorem wa s used in Chapters II-IV o f this book. 
We will show that i t indeed follows from th e Cousin theorem. W e start by 

finding for eac h poin t a  e  C p th e g.c. d o f th e function s J? n(a) an d J^ a{u) 
at that poin t and then we divide the fraction Jt a{u)/J^a(u) b y this g.c.d. W e 
obtain a  local representatio n o f f(u)  i n th e form o f a n irreducibl e fractio n 
f(u) =  H a{u)/va(u). Sinc e it is irreducible a t a point a  , it is also irreducible 
at each point o f som e neighborhood V(a)  o f the poin t a  (Theore m B.2.1) . 

_G1(u) 



APPENDIX 167 

Now we apply Cousin' s theore m t o th e cas e g a(u) =  v a(u). W e check tha t 
the coherenc e conditio n hold s here . Indeed , i f b  e  V  w n V^D  ,  the n i n a 
sufficiently smal l neighborhood o f this point we have 

vaw{u) v a(2)(u) 

from whic h we get 

Va(i){u)va(2){u) =  fia(2){u)va{i)(u), (B.3.2 ) 

and moreove r 

( f̂l(»)(w), v an(u))b =  1  an d (n aw{u), v aa){u))b =  1 . (B.3.3 ) 

Because of (B.3.2) , by Euclid's theorem (sectio n B.l ) w e have 

*Vi)(w)|̂ (2)(tt) an d v am(u)\i/aii)(u), 

at th e poin t b  an d thi s i s then th e coherence condition . Henc e ther e exist s 
an entir e functio n G 2(u) whic h differ s fro m v a{u) onl y b y a  uni t facto r 
ea(u) :  G 2(u) =  v a(u)ea(u) i n a  neighborhoo d o f eac h poin t a.  I t follow s 
from thi s tha t th e functio n f{u)G 2{u) =  e a(u)/ia(u) i s an analyti c functio n 
in a  neighborhoo d o f eac h poin t a  an d therefor e i t i s a n entir e functio n 
Gx(u). 

It only remains to note tha t i t follows fro m th e equalitie s 

Gx{u) =  fii a(u)ea{u), G 2{u) = v a{u)ea(u) 

and fro m th e condition (ju a(u), v a{u)) =  1  tha t (G x, G 2) =  1 . 
Thus everytin g i s reduced t o th e proo f o f Cousin' s theorem . W e precede 

it with tw o simple lemmas. 

LEMMA 1 . Let  C n be  the  p-disk  \u  \  <  n,  j  =  1 , . . . ,  p. In  order  to 
establish the  truth  of  the  Cousin  theorem  it  suffices  to  prove  that  for each 
natural number n  there  exists a function G n(u) that  is analytic on  C w+1 and 
satisfies the conditions (B.3.1) at  every point a  e C w+1. 

PROOF. Assum e that the conditions of the lemma hold. The n the functio n 
Gn+l{u)/Gn(u) ca n be represented a t each point a  e  C n+1 (b y (B.3.1)) in the 
form o f a  ratio o f tw o unit s an d therefor e i s an analyti c function , differen t 
from zero . 

We define a  single-valued analyti c function H n(u) o n C n+l b y 

which is subject, fo r example , to the following conditio n a t the point u  = 0 : 

w in\  -  i n G " + i ( 0 ) 
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This functio n has , i n a  neighborhoo d o f th e poin t u  =  0 , a  powe r serie s 
expansion that converges uniformly o n C n .  Hence there exists a polynomial 
Pn{u) ( a partial su m of the series ) suc h tha t 

\Hn(u)-Pn(u)\<±, ueC n. (B.3.5 ) 

We show that the functio n 
oo 

G(u) = G , (M ) exp£ [H n(u) -  P n(u)] (B.3.6 ) 
1 

is one of the entire functions mentione d i n Cousin' s theorem . 
First, the series X^[#„(w)-.P w(w)] converge s uniformly i n the /?-dis k C N 

(by the condition s (B.3.5) ) an d therefor e represent s a n analyti c functio n o n 
CN (th e theorem i s proved b y using Cauchy' s integra l formul a fo r a  p-dis k 
in th e sam e wa y a s fo r on e variable) . Therefor e th e functio n (B.3.6 ) i s a t 
least analyti c o n C x . Bu t i t ca n b e continue d analyticall y t o C N fo r an y 
natural numbe r N  sinc e (becaus e of (B.3.4) ) w e have 

G(u) = exp ' 
* ' . « • - $ $ • • • • • ' - » 

'N-V 

N 1  J 
( o o A^- l ^ 

= GN{U) exp J2  [ " » "  PnM] ~ E W  •  ( B '3-7) 

Hence G(u)  i s an entire function. Finally , the last formula show s that G(u) 
differs fro m th e function G N(u) onl y by a unit facto r a t each poin t u  e C N 

and therefor e G(u)  als o satisfies th e conditions (B.3.1) . 

LEMMA 2 . Let  I  be  a directed line segment  with  initial  point  a  and  end 
point b  y let  g  be  a region  containing I,  and  let  h(z)  be  a function that  is 
single-valued and analytic in  this  region. Then  the  integral 

ofCauchy type  defines an analytic function on  the z-plane,  with the two branch 
points a  and  b.  Moreover,  I h{z) has  the representation 

2ni' 
Ih(z) =  -T-1h(z)Ln(a-z) +  (Pl(z) (B.3.9 ) 

in a neighborhood of a  and  the  representation 

1 
2ni 

W =  ^-h(z)Ln(b  -z)  +  (p2(z), (B.3.10 ) 
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in a  neighborhood  of b , where  (p x(z) and  <p 2(z) are analytic at  the  corre-
sponding points. 

PROOF. I t is obvious that (B.3.8) is a single-valued analytic branch of some 
function o n th e plane with a  cut alon g / . I n a  neighborhood o f / , i.e. , fo r 
z e  g , I h(z) ca n be represented i n the for m 

Ihiz)='h{z)Lnb-^ +  ^ff^^ldi:, (B.3.11 ) 
17 2ni  a-z  2niJi  ^-z  v 

from whic h th e assertio n o f th e lemm a follows , sinc e th e functio n define d 
by the integra l o n th e right-han d sid e i s regula r a t eac h poin t o f / . I t als o 
follows fro m thi s tha t th e single-value d branche s whic h ar e obtained b y an -
alytic continuatio n o f th e functio n acros s th e cu t diffe r fro m eac h othe r a t 
the points o f g  b y integral multiples o f h{z) . I n fact, whe n z  move s fro m 
the left edg e to the right edg e (i.e. , when z  goe s around th e point a  i n th e 
positive direction) th e function increase s by h(z) . 

Now w e can establis h Cousin' s theorem . W e replace  th e p-disk s C n o f 
Lemma 1  by p-disk s o f th e for m D n :  \x  \  < n , \y  \  < n , j  -  1 , . . . , /? , 
where x  an d y  ar e th e rea l an d imaginar y part s o f u  .  Sinc e C n c  D n 

for an y n  , the conclusion o f the lemma stil l holds. 
PROOF O F COUSIN' S THEOREM . W e associate with each point, not only the 

neighborhood U(a) : {\u  -  a  |  < r a , j =  1 , . . . ,  /?} whic h appeared i n th e 
hypotheses of the theorem, but also a concentric neighborhood V a(u): {| u} -
a}\ <  \ra) o f radius rJ2 . Wit h n  fixed,  we cover D n+l b y a finite number 
of neighborhoods V x, . . . ,  V n wit h centers at the points a (1), . . . ,  a^N). W e 
denote the corresponding analyti c functions g a(u) b y g x(u), . . . ,  gN{u). I f 
r =  r n =  min{r a(\), . . . ,  ra{N)}, w e dissect th e large square s T } :  \\x }\ <  n  + 
1, | y |  < j f + 1 } , j  =  1 , .. . ,  p ,  into equa l squares , with sides parallel to the 
coordinate axes , so small that the diagonal o f each one i s less than r  . The n 
the region D n+l i s broken int o a  finite number o f elementary parallelotope s 
each of whic h is  the topologica l produc t o f p  smal l square s taken fro m th e 
p partition s T  (j  =  1,  ...  ,  p). I f a t leas t on e poin t o f a  parallelotop e T 
belongs to a neighborhood V v , then the entire parallelotope will be inside U v : 
\u} -  a^\  <  ra(V), j -  1 , . . . ,  p , and therefor e th e correspondin g functio n 
gu(u) wil l be defined an d analytic inside t  an d on its boundary. O f course , 
T ca n be contained i n som e other neighborhoo d U  relate d t o the functio n 
g (u) . However , becaus e o f th e coherenc e conditio n w e hav e g u(u)\g (u) 
and gJu)\g u(u) a t al l points o f f  (i.e. , inside T  and on it s boundary). 

We als o notic e tha t i f o  an d r  ar e differen t parallelotope s whic h hav e 
at leas t on e commo n boundar y poin t b , an d i f th e poin t b  belong s t o th e 
neighborhood V v , then i t follows tha t o  an d T  are contained entirely in the 
same U v an d hence the same function g v(u) i s defined a t a  an d x. 

We no w nee d t o construc t a  functio n G n{u) tha t i s analyti c i n th e p-
disk D n+{ an d satisfie s th e condition s (B.3.1 ) a t al l point s o f D n+l .  Thi s 
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construction start s from a  finite number of functions g v{u), v  =  1 , . . . ,  N ; 
a significant rol e in this construction i s played by Lemma 2 . Th e easiest way 
to make this construction i s by induction o n the number o f variables. 

For each elementary parallelotope T  we select one of the functions g v{u) 
which are defined on it, and denote this function b y g T(u). The n we will have 
a locally analytic function O(w ) o n the region D n+{ .  This function i s single-
valued an d analyti c insid e eac h t , wher e O(w ) =  g T(u). A s fo r boundar y 
points common to two or more parallelotopes, the function i s multiple-valued 
at these points. However , if , fo r example , a point b  i s common to T  and a  , 
then ther e i s a neighborhood o f thi s point i n which th e coherence conditio n 
gT{u)\gG{u) an d g a{u)\gT(u) holds . Fo r brevity , w e denot e suc h a  relatio n 
by g x(u) ~  g a(u) an d sa y that g T(u) an d g a(u) ar e equivalent  (at the poin t 
b). 

We separate the variables u*  ,  . .. ,  un int o two groups A  an d B:  u,  ,  . .. , 
ut an d u  ,  . . . ,  u (k  +  /  =  p)  i n suc h a  way tha t eac h variable belong s 
to one and only one group. Th e inductive assumption wil l be that the locally 
analytic functio n O(w ) i s single-valued and analytic at each point u  e D n+l 

with respec t t o al l variables o f th e grou p A  whe n arbitrar y fixed values  ar e 
assigned t o th e variable s o f th e group  B  (th e grou p A  ma y initiall y b e 
empty). W e wil l sho w tha t w e ca n mov e fro m O(w ) t o anothe r functio n 
Oj whic h i s equivalent t o <J > at al l points D n+{, i n suc h a  way that w e add 
another variable , for instanc e u , =  v  ,  of group B  t o group  A  . 

With thi s goal in mind , w e arbitrarily fix the values o f al l variables o f th e 
group A,  a s well a s o f grou p B  wit h th e exceptio n o f v  .  The n w e obtai n 
a functio n o f on e comple x variabl e v  whic h w e stil l denot e b y &(v)  an d 
which is locally analytic on the square T  =  T . Thi s square was decomposed 
into smal l square s / . I n eac h o f thes e squares , 4>(v ) coincide s wit h th e 
corresponding single-value d analyti c functio n g t(v). Le t t a an d t»  b e two 
squares which have a common side l afi .  We will orient l ap s o that the square 
ta lie s to the left o f i t and the square t„  lie s to the right of it . The n a t al l of 
its points the function s g a(v) =  gt (v)  an d go(v)  =  g t (v)  ar e analytic an d 
equivalent. Henc e gp{v)/g a(v) i s also an analyti c zero-fre e functio n o f v  . 
Therefore i n some region gn  whic h contain s In  th e functio n 

A - =  L n ^T (B.3.12 ) 
afi g a(v) J 

is determine d u p t o a n integra l multipl e o f 2ni,  an d i s single-value d an d 
analytic. 

By Lemma 2  the functio n 
1 f  h  JQdC 

I ( V) =  J-.  /  *t™  (B.3.13 ) 

is then single-value d an d analyti c on T  wit h a  cut alon g /  „ . I n general , i t 
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has singularities a  an d /? . W e form th e sum 

by extendin g i t t o al l pair s o f square s t a an d tn  whic h hav e a  commo n 
side. Th e function A(v)  i s analytic inside each square t a .  When we extend 
it analyticall y fro m t a t o t p ,  which ha s a  commo n sid e /  «  wit h t a, th e 
function gain s a  summand h afi ,  by the lemma. W e now select the multiple s 
of 271 / whic h ar e include d i n th e definitio n (B.3.12 ) i n suc h a  way tha t a t 
each o f th e common vertice s b  o f the four square s t a, t» 9 t  9  and t s 

haf(b) +  hfy(b)^hyS(b) +  h 6a(b) 

, g f(b)gy(b)g3{b)ga(b) 
ga(b)gfi(b)gy(b)gs(b) v  ^  ^  ^  ** ' 

= 0 . (B.3.15 ) 

It is obvious that all this is possible if, fo r example, we traverse the squares 
which belong to T  sequentiall y alon g the columns fro m th e bottom u p an d 
move fro m a  completed colum n t o th e next , fro m lef t t o right . Th e choic e 
of the multiple s 27 * j fo r th e squares o f the first column an d fo r th e botto m 
square of the second column can be arbitrary. However , the choice for furthe r 
steps is forced uniquel y by (B.3.15) . 

Under (B.1.15 ) th e following representatio n (Lemm a 2 ) exists in a  neigh-
borhood o f each common vertex b  o f the four square s : 

where <p(v)  i s analytic a t b. 
This mean s tha t th e functio n A(v)  i s analyti c a t suc h a  vertex. W e wil l 

verify tha t th e functio n 

&x(v) =  3>(v)exp[A(t;)] (B.3.16 ) 

has th e inductiv e propertie s neede d t o complet e th e proof . Indeed , a t th e 
points o f eac h close d squar e t a c  T  w e hav e & Y(v) ~  Q>(v)  =  g a(v). 
Furthermore, i t i s single-valued an d analyti c a t eac h boundar y poin t o f th e 
square t a sinc e the exponent A(v),  i.e. , the function (B.3.14) , gains h ap{v) = 
\n(gp(v)/ga(v)) fro m analyti c continuatio n acros s l afi t o th e adjacen t 
square t fi. Consequentl y ® {(v) gain s th e facto r go{v)/g a{v) an d thus , 
in the square t p , 

*i(t>) =  ^(v)cxp[A(t;) ] =  *(!; ) cxp[A(t;)], (B.3.16' ) 

which coincide s with the definition o f Q> x(v) o n this square . 
Since th e inductiv e assumptio n i s triviall y tru e whe n th e grou p o f vari -

ables A  i s empty , th e proo f o f Cousin' s theore m i s complete . W e prove d 
by induction tha t ther e exists a  function G n(u), analyti c in D n+l an d satis -
fying a t eac h poin t o f thi s regio n th e conditio n G n(u) ~  g a{u) •  Fro m this , 
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Cousin's theorem follow s by Lemma 1 . Henc e the Poincare-Cousin theore m 
is established . 

§C. A  summary of the most important formulas 

Jacobi function . 
oo 2 

#iM =  J2(-V" 2c*{2n+l) / 4 s i n ( 2 " + !)**> 
0 

oo 

&2(x) =  J2 24 cos(2 n +  l)nx, 
o 

t?3(x) = 1  +  ^2 2q n co s 2nx, 
l 

oo 2 

d4(x) =  1  +  ^ ( - l ) "2 t f" cos2«7tx . 
1 

1 6 y{u/(2K)) _  k'fi 2{u/(2K)) 
SnU~ Vk  * 4{u/(2K)) '  ° n " "  V  k  $ 4(u/(2K)) ' 

d4(u/(2K)Y 

]« Jl-k 2m2t h  \ / l 
*»+**_,, , - r * ' f , -_ r ' 2 «(» 

y/l-k2sm2v' '*  yj\-k' 2sin2<p 

The Weierstrass preparation theorem. I f f(u)  =  If^=upn(u), wher e p n(u) 
are homogeneous polynomials of degree n  an d /^(M ) =  n 0u" H— + n„, 7r 0 ^ 
0, i / >  1 , the n 

/(M) =  (n oM; +  -- . + n i /)/1(ii); 

here n o =  cons t /  0 , n  =  I I (M ;) , the lowe r orde r o f I I i s no t les s tha n 
7(7 =  1 , . . . , i / ) , an d ^ ( 0 ) ^ 0 . 

Reduced representations . I f f(u)  =  <p(u)/i//(u)  =  q>*(u)/1//*  (u) ar e tw o 
reduced representation s o f a  meromorphic function , the n ther e i s an entir e 
function g(u)  suc h that <p*{u)  =  exp[g(u)]<p(u), y*(u) =  exp[g(u)]y/(u). 

A condition for the degeneracy of a function. A  function f(u)  i s degen-
erate i f an d onl y i f a  /7-dimensiona l vecto r y  ^  0 , y  = (y {, . . . ,  y ) , exist s 
such tha t 

/ldu{
 p dup 

at each regula r poin t o f the function . 

Period matrices . I f fi =  {co {l), . . . ,  w(r)) an d n  =  {n {l), . . . ,  TT (/?)) ar e 
two matrices o f fundamenta l period s of the function f(u) , the n p  =  r  an d 
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there exists an (r , r)  matri x M  wit h integer entries such that \M\  = ± 1 (i s 
unimodular) an d n  =  SIM. 

If the variables u {, ...  ,  u ar e subjected t o a linear transformation u*  = 
An, \A\  T£ 0 , the n th e period matri x Q  transform s int o SI*  =  ASl . 

Fourier series expansion. I f each column of the matrix C=Diag(Cj,... , c_), 
Cj^O, j  =  1 , . . . ,  p ,  is a period o f an entir e functio n f(u) , the n 

/ (" ) =  Yl  d y exp(27r/yC"1 w), 
(y) 

where the summation i s over al l p-vector s y  wit h integra l coordinates . 

Construction of an entire function from its difference. I f f(u)  i s an entir e 
function o f one variable T  / 0  an d 

f(u +  r)-f(u) =  h(u), 

where h(u)  =  ^o ° K^  * s an e n t i r e function , the n 
oo 

/(«) =  EW„(w/ t )+F(«) , 
o 

where 
" ! / * ^ " Z - l rfz  n i l 

V*M =  TZ1 ~7~ z—r~7Tf7' 1  = 0 , 1 , 2 , . . . 
27TZ y| z |= ( 2«+l)7r ^  ~  1  Z* + 1 

and P n(u) i s any entire function wit h period T  . 

Riemann matrices. Elementar y conditions. I f SI  = (or1 ', . . . ,  or2p)) i s a 
Riemann matri x an d Sl f = Re Q an d Si"  = Im Q , the n 

£> = 
ft' 

^ 0  an d therefor e \F\ = (-2i) pD ±  0 . 

Each equivalence clas s of Riemann matrice s contains a  matrix o f the for m 

a =  {2niE p9T). 

Here |R e T\  ^  0 . Furthermore , i f T  =  (f (1), . . . ,  f(p)), ther e exist s a 
number a  =  a ( r ) >  0  suc h that w e have, for eac h ^-vecto r y  wit h integra l 
coefficients, 

max |exp[y f ]  - 1 | > a . 
\<k<p 

The first  syste m o f differenc e equations . I f f(u)  =  q>(u)/y/(u)  i s a n 
Abelian functio n wit h matri x SI  =  {2niE p, T) , the n a  reduce d represen -
tation 

(p(u)zxpG{u) <p*(u) m = y/(u)expG(u) y/*(u) 
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exists such tha t 
(p{u + 2nie )  = exp[l h(u)]q>(u), 

y/{u + 2nie ) = exp[l h(u)]y/(u)9 

h= 1 , . . . , /? , 
where / A(w) ar e linear functions . 

An entire function G(u)  satisfie s th e (first ) syste m of difference equation s 

G(u + 2nie {h)) -  G(u)  = Hh{u), h  = 1 , . . . ,  p , 

where /^(w ) ar e entire function s fo r whic h 

#A(M +  2nie {k)) -  H h{u) =  Hk(u +  2nie{h)) -  H k(u), 

h, k  =  1 , . . . ,  p. 

The solution G(« ) o f the first system i s determined u p to an additive entir e 
function P(u)  wit h periods 2nie { \  k  =  1 , . . . ,  p. 

Jacobian functions. A n entir e functio n tp{u)  i s called Jacobian  with re -
spect to a Riemann matri x £ 1 if for an y period co  generated by Q,  we have 
<p(u + co)  =  exp[A(w ) 4- c]cp{u), where X(u)  = Aw(w) i s a  linear functio n an d 
c = c n i s a constant . 

Let £ 2 = (2niE p, T).  I n orde r t o represen t a n Abelia n functio n f(u)  = 
(p*{u)Iy/*{u) a s a  quotien t o f tw o Jacobia n function s w e hav e t o choos e a 
periodic function P(u)  i n the expression G(u)  =  G 0(w) + i)(w), where G Q(u) 
is some solution of the first system, and choose it in such a way that the second 
system 

P(u +  tlh))-P(u) =  Hh(u), h  = l,...,p, 

is satisfied. Her e H h(u) ar e entire functions tha t satisf y th e condition s 

Hh(u +  t{k))-Hh(u) =  Hk(u +  t{h))-Hk(u)^ h,k=\,...,p. 

The function P(u)  i s defined in the form of a Fourier series, up to an additive 
constant. 

Necessary an d sufficien t condition s fo r Q.  A  (/? , 2p)  matri x Q,  i s a 
Riemann matri x i f an d onl y i f ther e exist s a  principal  matri x fo r it , wher e 
the principal matri x P  i s a (2p , 2p)  matri x with integra l entrie s such tha t 

P = -P, QP Q =  0 , / Q P H > 0 (o r <  0) . 

Let <p(u)  b e a  Jacobian functio n an d le t 

(p(u + w )  = cp{u  + *r Q ) =  exp[27n e (A M -f y)] , / c = 1 , . . . ,  2p. 

where e ( i s th e kth  colum n o f a  matri x E 2 an d y  i s a  2/?-vecto r (a 
parametric vector  of the function <p(u) ), an d le t 

A= ( ^ ) ' •/ > *  =  1 , . . . , P , 
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be the second period matrix.  The n 

N =  QA - Af t 

is the characteristic  matrix. It s entries ar e integer s whic h d o no t depen d o n 
the choic e o f th e function tp(u).  The n nN~ l ca n be taken a s the principa l 
matrix fo r P , wher e n  i s an integer . 

Theta function. Th e matrices ft,  TV , and A  ca n be expressed in the for m 

« =  (*,•*-„*), N  = n{B°.l
 B

Q
l ) , A = ( 0 , - £ * , ) , 

where A  i s a  symmetri c (p , p)  matri x suc h tha t Re  A  =  A'  <  0  an d 
B =  Diag( /? j , . . . , / ? ) , fli?" 1 =  Diag( ^ ,  . .. ,  t^). Th e natura l num -
bers 0  ,S U, 1 9 and «  satisf y th e followin g conditions : 1  = P X\P2\ • • • \P , 
Sk =  Pp/Pp-k+l, 1 = ^ 1 ^ 1 - 1 ^ =  ^ , n  = ipp =  ldp, 1=1,2,.... 

We also choose a parametric vector y  i n such a  way that 

^ ( O . - ^ S p ^ ) , 

where th e ^-vecto r S p ̂ 4 i s forme d b y th e diagona l entrie s o f A.  The n 
any Jacobian functio n o f the type {ft , A , y}  ca n be represented a s a linear 
combination o f theta  functions of  order n  : 

®n[g](u) =  Yl ex p {(™ + ^ m + -Bg  )  + 2u 

Here g  i s an arbitrar y vecto r wit h integra l coordinate s whic h belong s t o 
a parallelotop e n  constructe d fro m th e vector s (n/p h)e^ ',  h  =  I,  ...  ,  p . 
The summation i s taken ove r al l p-vector s m  wit h integra l coordinates . 

The numbe r o f differen t function s & n[g](u) i s equal t o y/\N\,  an d the y 
are linearly independent . 

Algebraic dependencies. An y p  + 2 Jacobia n function s o f p  variable s of 
the same type are related by an algebraic relation (homogeneou s relation) . 

Any p  + 1  Abelia n functions o f the same field are related by an algebrai c 
relation. 

In an y field of Abelia n function s ther e exis t p  function s whic h ar e alge-
braically, an d eve n analytically , independent . 
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