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10 9  8  7  6  5 4  3  1 3 1 2 1 1 1 0 09 0 8 



Table of Contents 

Introduction 1 

Chapter I. Cohomology of Braid Groups and Configuration Space s 1 9 
§1. Four definitions o f Artin's braid group 1 9 
§2. Cohomology of braid groups with constant coefficients 2 1 
§3. Homology of symmetric groups and configuration space s 2 8 
§4. Cohomology o f braid groups and configuration space s with 

coefficients i n the sheaf ± Z 3 7 
§5. Cohomology of braid groups with coefficients i n the Coxeter 

representation 4 1 

Chapter II. Applications: Complexity of Algorithms, Superpositions of 
Algebraic Functions and Interpolation Theory 4 3 

§1. The Schwarz genus 4 4 
§2. Topological complexit y of algorithms, and the genus of a 

fibration 4 6 
§3. Estimates of the topological complexity of finding roots of 

polynomials in one variable 4 8 
§4. Topological complexity of solving systems of equations in 

several variables 5 4 
§5. Obstructions to representing algebraic functions by 

superpositions 6 9 
§6. Dimension of the function space s interpolating at any k  point s 7 3 

Chapter III. Topology of Spaces of Real Functions without 
Complicated Singularities 7 7 

§1. Statements of reduction theorems 7 7 
§2. Spaces of functions on one-dimensional manifold s without 

zeros of multiplicity three 8 0 
§3. Cohomology of spaces of polynomials without multiple roots 8 6 
§4. Proof of the first main theorem 9 5 
§5. Cohomology of spaces of maps from /w-dimensiona l space s to 

m-connected space s 10 9 



viii TABL E OF CONTENTS 

§6. On the cohomology and stable homotopy of complements of 
arrangements of planes in R n 11 8 

Chapter IV. Stable Cohomology of Complements of Discriminant s 
and Caustics of Isolated Singularities of Holomorphi c 
Functions 12 3 

§1. Singularities of holomorphic functions, their deformations and 
discriminants 12 7 

§2. Definition an d elementary properties of the stable cohomology 
of complements of discriminants 13 2 

§3. Stable cohomology o f complements of discriminants , and the 
loop spaces 13 6 

§4. Cohomological Milno r bundles 14 3 
§5. Proofs of technical results 14 5 
§6. Stable cohomology o f complements of caustics , and other 

generalizations 14 9 
§7. Complements of resultants of polynomial systems in C 1 15 0 

Chapter V. Cohomology of the Space of Knots 15 3 
§1. Definitions an d notation 15 9 
§2. Basic spectral sequence 16 1 
§3. The term E x o f the basic spectral sequence 16 6 
§4. Algorithms for computing the invariants and their values 17 6 
§5. The simplest invariants and their values for tabular knots 18 6 
§6. Conjectures, problems, and additional remarks 18 8 
§7. A guide to the recent results on the finite-order in variants 19 0 
§8. A Morse theory on the space of knots 19 2 

Chapter VI. Invariants of Ornaments 19 5 
§ 1. Elementary theory 19 7 
§2. Elementary definition o f finite-order invariants 202 
§3. Coding the finite-order invariants and calculating their values 

on ornaments 20 8 
§4. Discriminants and their resolutions 20 9 
§5. Complexes of connected hypergraphs 21 5 
§6. Structure of the space a.  — o t_x 21 8 
§7. Proof of Theorem 8  21 9 
§8. The first calculations in the stable spectral sequence 22 6 
§9. Generalized Fenn-Taylor and index-type invariants and 

Brunnean ornaments (A . B. Merkov) 22 9 
§10. Open problems and possible generalizations 23 8 

Appendix 1 . Classifying Space s and Universal Bundles. Join 24 1 

Appendix 2. Hopf Algebras and //-Space s 24 5 

Appendix 3 . Loop Spaces 247 



TABLE OF CONTENTS i x 

Appendix 4 . Germs, Jets, and Transversality Theorems 24 9 

Appendix 5 . Homology of Local Systems 25 3 

Bibliography 25 7 

Added in Second Edition 26 4 



This page intentionally left blank



APPENDIX 1 

Classifying Spaces and Universal Bundles. Join 

0. Fo r mor e detaile d discussio n o f thes e subjects , se e th e textbook s 
[Husemoller], [RF] , [Steenrod]. 

1. Principa l bundles . Le t G  b e a  topologica l grou p (i.e . a  group with a 
topology on i t such tha t the group operations are continuous) . 

A principal G-bundle  is a  locally trivia l bundl e E  - • B  wit h a n effectiv e 
action o f th e grou p G  o n th e spac e E  (i.e. , for ever y x  e  E  an d g  e  G , 
g(x) =  x  «= > g  =  1) , such that the orbits of this action coincide with the fibers 
of th e bundl e (an d henc e th e bas e B  ca n b e viewed a s th e quotien t spac e 
with respect to this action). B y definition, th e fibers of a  principal G-bundl e 
are homeomorphic t o G . 

EXAMPLE 1 . Give n a n ra-fold  coverin g p:  X  — • Y, ther e i s a  principa l 
S(m)-bundle over Y  associate d to it with the fiber over y  £  Y  consistin g of 
all possible orderings of the points in p~ l(y). 

EXAMPLE 2 . Give n a n m-dimensiona l vecto r bundl e f : A  - > Y , ther e i s 
a principa l (?L(m)-bundl e associate d t o i t whose fiber over y  e  Y  consist s 
of al l possibl e m-frame s i n th e linea r spac e C~ l(y). I f th e bundl e £  i s 
Euclidean, or oriented, or both, then it is possible to associate to it a principal 
0(m)-bundle (SL{m)-  o r SO(m)-bundle , respectively ) whos e fibers  consis t 
of orthonormal (positively oriented, orthonormal positively oriented) frames . 

This correspondence ca n obviousl y b e generalized t o othe r (/-bundles ; i t 
is the main sourc e of principal bundles . 

2. Universa l G-bundle . I n the class of al l principal G-bundle s ther e is a 
special universal  G-bundle  to which al l other s can be reduced . Her e we list 
its properties. 

THEOREM 1 . For  any  topological  group G  that  has  the  type  of  a  CW -
complex there  exists a principal G-bundle  of CW-complexes  EG  - * BG such 
that 

(1) its  space EG  is  homotopically trivial 
(2) any principal G-bundle  n  over  any base B'  is  equivalent to the bundle 

induced from the  bundle  EG  — • BG  by  a  map of  the bases B 1 -+  BG. This 
map is  uniquely {up  to homotopy) determined  by  the initial bundle  n  and  is 
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denoted by cl(7r) . In  particular, G-bundles  over B'  [considered  up to equiv-
alence) are in one-to-one correspondence with maps B 1 -> BG {considered  up 
to homotopy). 

The bundl e EG  - » BG  i s calle d th e universal  G-bundle,  an d BG  th e 
classifying space of the group G. 

Conditions (1 ) and (2 ) o f the theorem ar e equivalent; each of them alon e 
can serve as a definition o f the universal bundle . 

COROLLARY. The  classifying space BG  is  uniquely determined up  to ho-
motopy equivalence by the group G. 

The mos t importan t example s o f classifyin g space s wil l be considered i n 
detail in §§ 3 and 4 ; their genera l construction i s given in §6 below. 

The correspondenc e G  —• BG  i s functorial wit h respec t t o G  i n the fol -
lowing sense. 

THEOREM 2 . Any  continuous  homomorphism of  topological groups G x - • 
G2 defines  a (unique up to homotopy) continuous  map BG X -> BG 2. 

3. Th e space s K(G,  1) . Le t G  b e a  discret e group . The n th e spac e 
K(G, 1 ) i s a path-connected CW-comple x satisfyin g th e condition s 

n}(K(G, 1) ) = G , n i(K(G,l)) =  0  f o r / > 2 . 

THEOREM 3. For  any discrete group G,  the  space K(G, 1 ) exists,  is defined 
uniquely up to homotopy equivalence, and  coincides with its classifying space 
BG. 

The las t assertio n follow s fro m th e fac t tha t th e universa l covering  spac e 
over th e spac e K(G 9 1 ) i s homotopicall y trivial , a s on e ca n se e fro m th e 
exact homotopy sequenc e of the covering . 

EXAMPLES. (1 ) # ( Z , 1 ) =  S 1 . 

(2) K(Z 2, 1 ) = RP°° . 
(3) An y two-dimensiona l compac t surfac e excep t fo r S  an d R P i s a 

space K(G,  1 ) fo r some group; indeed, its universal covering is contractible. 
(4) Th e space s K(G,  1 ) fo r th e brai d group s an d symmetri c group s ar e 

considered i n detai l in Chapte r I . 

4. Universa l 0(m)-  an d 50(m)-bundles . Th e Grassmann manifold  G™  , 
N >  m , i s define d a s th e se t o f al l w-dimensiona l subspace s i n E  wit h 
the natura l topology . Th e tautological  bundle  T N(m) —>  G™  is a  vecto r 
bundle whos e spac e consist s o f pair s (poin t o f th e Grassmannian , poin t o f 
the corresponding w-plan e i n R^) . 

The sequence of standard imbedding s R N - • R^* 1 - » R^+2 -» • • • define s 
imbeddings o f Grassmannian s G™  <- » G™+1 *- • G^ +2 «-•••• ; th e unio n o f 
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these space s equippe d wit h th e direc t limi t topolog y i s called th e stable  m-
Grassmannian an d i s denoted by G m .  Th e tautological bundles over Grass-
mannians G™  ar e compatible with these imbeddings and define a  limit bun-
dle T{m)  -+  G m. 

THEOREM 4. The  space G m is  the classifying space BO(m)  of  the orthogo-
nal group 0{m).  The  universal principal bundle over G m is  the bundle whose 
fiber over  f  e  G m consists  of various orthonormal frames in  the  fiber of the 
tautological bundle T(m)  - • G m. 

The oriented  Grassmann  manifold  G™  is define d a s th e se t o f al l ori -
ented w-subspace s i n R^ ; forgettin g th e orientation s make s G™  a  doubl e 
covering ove r G™ . Similarl y t o th e above , w e ca n defin e th e limi t spac e 
Gm =  U£L m G% an d the tautological oriented bundle f(m)  -+  Gm . 

THEOREM 4 . The  space G m is  the classifying space BSO(m) ; the  corre-
sponding universal SO(my bundle  over Gm is  the bundle of positively oriented 
orthonormal m-frames  associated to the tautological bundle f(m)  - + G m. 

THEOREM 5 . The  ring H*(G m, Z 2) is  a polynomial algebra  freely gener-
ated by  m  classes  w {, . . . , w m, dimt ^ =  i . The  map  H*(G m,Z2) " * 
H*(Gm, Z 2) induced  by the  double covering G m - » G m is  an epimorphism 
whose kernel is the ideal generated by w x. 

The classes w ( e  H l(Gm, Z 2) ar e called universal Stiefel-Whitney classes. 
Any m-dimensiona l vector bundle f  ove r a CW-comple x X  canonicall y 

defines m  classe s w ((Q e  H l(X, Z 2), /  =  1 , 2 , . . . ,  m.  I n fact , suppl y 
the bundl e X  wit h arbitrar y smoot h Euclidea n structur e an d conside r th e 
principal 0(m)-bundl e ove r X  associate d t o th e bundle C  (se e Example 2 
above). Th e classifying ma p of this bundle acts from X  int o BO(m)  =  G m ; 
the classe s w,(C ) ar e th e classe s induce d b y thi s ma p fro m th e universa l 
classes w t e  H l(Gm, Z 2). The y are called the Stiefel-Whitney  classes  of th e 
bundle £ • A  vector bundl e f  i s orientabl e i f an d onl y i f w x{Q =  0  or , 
equivalently, the classifying ma p X  - * Gm lift s t o a  map int o G m . 

5, Join . Th e join is an associative and commutative binary operation o n 
topological spaces . Firs t we define the join o f two finite simplicial polyhedr a 
X, Y . Imbe d X  an d Y  i n a linear space R  o f sufficiently larg e dimension 
so tha t fo r n o pair s o f point s x x, x 2 e  X,  y x, y 2 € Y  d o th e segment s 
[jCj, yx] an d [x 2, y 2] intersec t i n their interio r points . The n the join X  *  Y 
is defined a s the unio n o f al l segments [x , y]  ove r al l pairs x  € X , y  e  Y 
equipped wit h the topology induced fro m R^ . 

For arbitrar y topologica l space s X , Y  th e join X  *  Y i s define d a s th e 
quotient spac e o f the product X  x  Y  x  [0 , 1 ] wit h respec t t o th e followin g 
equivalence relation . Fo r each point x  e  X  we  identif y al l points of the se t 
x x  Y  x  {0} ~ Y , an d for eac h point y  € Y  w e identify al l points of the se t 



244 APPENDIX 1 

|111 - A 
FIGURE 6 0 

X x  y  x  {1}  ~  X.  Th e resultin g quotien t spac e with th e standar d quotien t 
topology i s X  *  Y . 

EXAMPLE 1 . Le t X,  Y  b e tw o pair s o f points . The n X  *  Y ~  S l; se e 
Figure 60 . 

EXAMPLE 2 . Le t X  b e a  pai r o f points . The n fo r an y spac e Y , X  *Y 
is homeomorphic t o the (unreduced) suspensio n ZY  (i.e . the quotient spac e 
of th e produc t Y  x  [0 , 1 ] wit h respec t t o the equivalenc e tha t contract s it s 
bases Y  xO  an d 7 x 1 t o a  pair of points) . 

EXAMPLE 3 . Th e join of any two spheres S n *S m i s homotopy equivalen t 
to S" + m + 1 . 

Sometimes i t i s mor e convenien t t o us e th e followin g (equivalen t t o th e 
first one) definition o f join (se e [Schwarz]). Conside r the cones CX  (i.e . the 
quotient spac e (X  x  [0 , 1])/{X  x  {0}) ) an d CY  =  (Y  x  [0 , l ]) / ( 7 x  {0}) . 
Let CX , C 7 b e th e subset s obtaine d fro m thes e cone s by removin g thei r 
bases X  x  {\},Y  x  {1}.  The n th e join X  *  Y i s defined a s the differenc e 
(CX x  CY)\(CX  x  CY) . 

The homology o f the join X  *  Y ca n be easily expresse d i n term s o f th e 
homology o f X  an d Y . Namely , denotin g b y H m th e homolog y reduce d 
modulo a  point we have 

Ht(X*Y9F)^ 0  H p(X9F)*H,(Y9F)9 (1 ) 

for an y field  F . 

6. Th e Milnor construction of the universal (/-bundle . Suppos e the topo-
logical group G  i s a CW-complex . Conside r the sequence of spaces G,  G* 
G, G*  G  * G, etc . Sinc e an y spac e X  i s canonicall y imbedde d i n X  *  Y , 
the union o f space s G*  =  G*-*G  (k  times ) ove r al l k  i s well defined . 
Equip i t wit h th e direc t limi t topology . Th e resultin g topologica l spac e i s 
contractible. (Thi s follow s fro m th e fac t tha t eac h spac e X* k i s {k  -  2) -
connected; moreover , i f the initial space X  i s /-connected , /  > 0 , the n X* k 

is (( / + 2)fc-2)-connected.) Th e group G  act s effectively o n this homotopi-
cally trivia l spac e G*° ° i n th e obviou s way , an d henc e it s fibration  b y th e 
orbits of thi s action i s the universal principa l (7-bundle . 
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Hopf Algebras and if-Space s 

The notion of the Hopf algebra is the formalization o f a natural algebraic 
structure o n homolog y an d cohomolog y o f topologica l group s (an d man y 
other objects). 

Let G  b e a topological group, i.e. a  topological space that is also a group 
with both group operations being continuous; let A  b e a field, and suppose 
that al l group s H*(G 9 A) ar e finitely generated. Then , i n additio n t o th e 
usual ^-algebr a structure on the ring h* = H*(G,  A),  ther e is an ^-coalgebr a 
structure, that is, a homomorphism S:  h* -* h* <8>h* ("comultiplication") : i t 
is induced by the multiplication operation GxG  - • G . Thi s homomorphism 
is associative, i.e . two maps h*  —• h*  <8> h* ® h* define d by the composition s 
{S ® 1) o S an d ( 1 <g> S) o S coincide . Som e obvious properties of the resulting 
structure on H*(G 9 A)  ar e formalized in the following definition . 

Let A  b e an associative and commutative ring with identity. 
DEFINITION. A  Hopf algebra over A  i s a graded associative ̂ 4-algebr a h* 

with identit y i:  A  *- > h* , i(A)  c  h° , whic h i s als o a n associativ e grade d 
coalgebra (wit h respec t t o th e sam e grading ) wit h coidentit y e:  h*  — • A, 
h>0 c  Ker f suc h that: 

(1) i  i s a homomorphism o f graded algebras; 
(2) e  i s a homomorphism o f graded algebras; 
(3) the comultiplication operation is a homomorphism of graded algebras 

(or, equivalently , th e multiplicatio n i s a  homomorphism o f grade d coalge -
bras). 

In the model case when h*  = H*(G,  A) , th e identity associates to each el-
ement a  e A  a  0-cocycle in G  tha t takes the value a  o n any connected com-
ponent of G\  th e coidentity i s the restriction homomorphism H*(G,  A)  - • 
H*(e9A) =  A 9 wher e e  i s the identity element in G . 

For every field  A  th e group HJfi,  A)  ha s a dual Hopf algebra structure: 
multiplication is induced by multiplication in G  (t o a pair of cycles a , b  c G 
corresponds the image of the cycle axb  c  GxG  unde r the map GxG  — • G), 
and comultiplication is the dual of multiplication in the algebra H*(G,  A)  = 
[H.{G9A)]\ 

In general, t o an y Hopf algebr a structure over a field corresponds a  dual 
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Hopf algebra structure on the dual space. 
Instead o f th e topologica l group s above , w e coul d conside r arbitrar y // -

spaces, defined as follows. 
DEFINITION. A  topological spac e X  wit h a base point x Q i s an H-space 

if continuou s map s m:  X  x  X  ->  X  ("multiplication" ) an d inv : X ^  X 
("taking the inverse") are defined suc h that 

(1) both compositions X^XxX^XandX^XxX^X,  wher e 
/ (x)  =  (x , x Q), i 2(x) =  (x Q, x) , ar e homotopic to the identity map X  — • X; 

(2) the compositions Xx(XxX) l^? X  x  X - 5 X an d {X  x X) x  X ^ i d 

X x  X ^  X  ar e homotopic to each other; 
(3) both compositions X  i n ^ I d X  x  X ^  X  and  X  Id -^nv XxX^X 

are homotopic to a constant map. 
If X  i s a topological group, and x 0 i s its identity element, then all these 

conditions are satisfied precisely (no t up to homotopy). A n important exam-
ple of //-space s tha t are not topological group s is given by loop spaces; see 
the next appendix. 

THEOREM. For  any H-space  X  and  any field A  both  modules H+{X , A) 
and H*(X,  A)  are  (dual to each other) Hopf algebras. 

This theorem provides very strong topological obstructions to introducing 
an //-spac e structure on a given topological space ; see [Borel], [MM]. 
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Loop Spaces 

DEFINITION. Th e loop space of a topological spac e X  wit h base point x 0 

is the set of continuous maps [0 , 1 ] —• X sendin g the endpoints 0  an d 1  to 
JC0 , with the standard (compact-open) topolog y for the space of maps. 

The space of  free loops  of X  i s the se t o f continuou s map s [0 , 1 ] —• X 
sending the points 0 and 1 t o the same point (not necessarily the base point). 

These spaces are denoted by SIX  an d Q^X , respectively . 
The homotopy groups of these spaces are intimately related: 

PROPOSITION 1 . For  each i>  1  and  any path-connected space X  there  is 
a short exact sequence 

0 -• n t(aX) - > n((QfX) -  n t{X) - + 0. (1 ) 

Indeed, the space Q^X  i s naturally fibered over X : t o a free loop [0 , 1 ] —• 
X correspond s th e imag e o f th e point s 0  an d 1 . I n the correspondin g ho -
motopy exact sequence all maps n.(QfX)  - > n.(X) ar e epimorphisms, sinc e 
this fibration has an obvious section (to a point x  £  X correspond s the loop 
[ 0 , 1 ] - * ) . D 

Usually th e loo p sendin g th e interva l [0,1 ] t o th e bas e poin t i n X  i s 
declared to be the base point in Q.X . 

The definition immediatel y implies that the set of connected component s 
of the space QX  i s the group n x (X); i t is easy to see that the set of connected 
components of Q^X  i s the group H x (X) . 

Moreover, fo r an y topologica l spac e Y  wit h bas e poin t y Q ther e i s a 
natural one-to-one correspondenc e 

lY,nX]Z>lLY9X]9 (2 ) 

where [A , B]  i s the se t o f homotop y classe s o f map s A  — • B  sendin g th e 
base point to the base point , an d E 7 denote s the reduced suspension ove r 
Y, i.e . the space obtained from the product Y  x  [0 , 1 ] b y factoring by the 
union of the subsets 7 x 0 , 7 x 1 , an d y Q x [0, 1] . 

For example, i f Y  =  S l the n ZY  i s homotopy equivalen t t o S l+l, an d 
(2) becomes the identity 

* , ( o r ) S K / + 1 ( * ) . (3 ) 
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This identit y i s give n by th e followin g construction . W e conside r a n i -
dimensional spheroi d i n B  a s a  map R 1 — • B sendin g the complemen t t o 
some bal l t o th e bas e point , an d a  loop i n I  a s a  map R 1 — » X sendin g 
the complement to the interval [0 , 1 ] t o the base point. I n particular, an i -
spheroid in the space £IX  i s an /-paramete r family of functions f x: R

1 —• X  9 

X e R l, suc h tha t f x(t) =  x Q fo r sufficientl y larg e |f | +  \X\ . Defin e a  map 
F: R M - > X  b y th e formul a F(t,  X)  = / A(f). Thi s ma p i s a n ( / +  1) . 
spheroid, an d correspondenc e (3 ) i s constructed . Correspondenc e (2 ) i s a 
trivial generalization o f this construction. 

PROPOSITION. The  space of k-fold  loops Q k{X) =  ft(ft(-  •  • ft (AT) • • •)) is 
homeomorphic to  the  space of  continuous maps S  - • X  sending  the  base 
point to  the base point. D 

For any path-connected pointed space X  an d any positive integer i  ther e 
is a natural Freudenthal imbedding 

a*x-+aMLx. (4 ) 
Moreover, i f Y  an d X  ar e path-connected space s with base points then 

the space (X , x Qy ,yo ) o f continuous maps (Y,  y 0) — • (X, x 0) i s naturally 
imbedded i n (UC,  * ) ( l y , * } . I n fact , t o eac h ma p cp:  (Y,y 0) - • (X,  x 0) 
corresponds a map p  x 1 : (Y  x  [0 , l ] ) - > ( l x [ 0 , 1] ) tha t sends the point 
y x  t  t o p(y ) x  t . Thi s map extends to a map of the quotient space Z y o f 
the space Y  x[0,  1 ] t o the quotient spac e ZX  o f the space l x [ 0 , 1] . 

In particular, the Freudenthal constructio n defines a  homomorphism 

nt{X)^nMfJX). (5 ) 

FREUDENTHAL THEORE M (see , fo r example , [Ad] , [FuchSj]) . If  X  is  an 
(n - \)-connected  CW-complex  (for example, the sphere S n) then  map (5 ) is 
an isomorphism for i  <2n -2  and  an epimorphism for i  =  In  -  1 . 

Every loop spac e i s an //-spac e (se e Appendix 2) : t o an ordered pair of 
loops we associat e thei r composition , an d the invers e i s th e loo p traverse d 
in the opposite direction. Thi s structure defines a multiplicative structure on 
the homology group of the loop space called the Pontryagin multiplication. 

PROPOSITION. The  group H^(QS k) equipped  with the  Pontryagin  multi-
plication is  isomorphic  to  the  polynomial algebra  over  Z  in  one  (n  -  1) -
dimensional generator. 

If th e spac e X  i s itsel f a  loo p spac e (o r i s homotop y equivalen t t o a 
loop space ) the n th e //-spac e QX  i s homotop y commutativ e (tw o map s 
ft^ x  O.X  — • ilX sendin g a  pair o f loop s co l, co 2 t o thei r composition s 
a>j(w2 an d co 2co{ are homotopic). 



APPENDIX 4 

Germs, Jets, and Transversality Theorems 

0. Th e material o f this appendix i s taken from [GG]. 

1. Germs . 
Let M , N  b e smooth manifolds . 
DEFINITION. TW O maps <p , y/: M - • N  belon g to the same germ at a point 

x e  M  i f they coincide in some neighborhood of this point. 
It is obvious that belonging to one germ is an equivalence relation; the set 

of equivalenc e classe s i s called the space of germs o f map s M  - » N  a t the 
point x . Th e class containing the map <p  i s called the germ of this map. 

If N  i s a  ring (fo r example , N  =  R) , the n the spac e of germ s of map s 
M —• N  a t any point of M  inherit s an obvious ring structure. 

2. Jets . 
2.1. DEFINITION . Tw o smooth maps <p , y/: M — • N belon g to the same /c-

jet at a point x  i f for some (and therefore for any) choice of local coordinates 
near the points x , q>(x)  the Taylor polynomials o f order k  o f these maps 
coincide. Th e space of k-jets  o f maps M  — • AT a t a point x  i s the quotient 
of the set of al l maps by this equivalence relation . Thi s space is denoted by 
Jk\x(M,N). 

For N  =  R  th e spac e J k\x(M, N)  als o ha s a  ring structure: i t i s th e 
quotient of the ring of all germs of maps at the point x  b y the ideal consisting 
of germs with a zero of order k  + 1  o r higher at x . 

2.2. DEFINITION . Th e space of k-jets  of  maps M  — • N  i s the set of pairs 
(point of M , fc-jet  o f a  map M  — • AT at this point). Thi s space is denoted 
by J k(M,N). 

Obviously, 

J°(M,N) =  MxN,  (1 ) 

and there are sequences of obvious projections 

... -  J k\x{M, N)  -  J*" 1!^*/, # ) - > - . . - J%(M,  N)  =  N,  (2 ) 

... -> /*(JI/, AT ) -> /*-!(JI/ , tf) -  .. . -  J°(JI/ , JV)(J J •  (3 ) 
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The space J  [M , N)  ha s a natural structure of a smooth bundle over M 
(vector bundle if N  i s a linear space) with fiber Jk\x(M, N) . 

2.3. DEFINITION . Th e space  of  jets o f map s (M , x)  -*  N  (respectively , 
maps M  — • AT) i s th e invers e limi t o f th e space s /  Î CM" , N) (space s 
Jk(M, N))  wit h respec t t o projection s (2 ) (respectively , (3)) . Thes e lim -
its are denoted by J\ X(M, N)  an d J(M 9 N) . 

Fixing coordinate s determine s a  correspondenc e betwee n J\ x(M
m, N n) 

and the space of formal power series of maps (R m, 0 ) -> R* . 

3. Je t extensions. T o each smoot h map <p:  M  — • N  correspond s it s k-
jet extension  j k<p: M  - • J  (M 9 AT) , i.e . a  sectio n o f th e obviou s bundl e 
Jk(M, N)  -¥  M\  thi s sectio n assign s to each point o f M  th e fc-jet  of th e 
map <p  a t this point. 

4. Transversality . 
4.1. DEFINITION . Tw o smooth submanifolds L x, L 2 o f a manifold A ^ ar e 

transversal at a  € N  if  on e o f th e following tw o conditions i s satisfied: 1 ) 
a £  L x n  L2; 2 ) the linear hull of the tangent spaces T aLl, 7 aL2 coincide s 
with the space T aN. Th e submanifolds L x, L 2 ar e transversal  if the y are 
transversal at every point o f N . 

For example, if di m Lx +  dim L2 <  dim N the n transversality means that 
Lx an d L 2 ar e disjoint. 

4.2. A more general definition. Le t L x, L 2 b e two manifolds, <p x: L x — • AT 
and 0> 2: L2 —> N  b e smooth maps. 

DEFINITION. Th e maps cp x, p2 ar e transversal at a pair of points a x G  L x, 
a2 G  L 2 i f either ^(flj ) ^  ^ 2(a2) o r ^^r^L j +  (p 2JaL2 =

 T ^a,)N •  T h e 

maps P j an d p 2 ar e transversal if they are transversal everywhere in L xxL2. 
Definition 4. 1 ca n be reformulated a s follows: th e submanifold s L x, L 2 

are transversal in L  i f their identical inclusions into L  ar e transversal. 

4.3. Her e i s a n intermediat e versio n o f th e transversalit y condition : w e 
say that a  map (p:  L x — • AT is transversa l t o a  submanifold L 2 c  A T if q> 
and the identity inclusion L 2<-+ N ar e transversal in the sense of 4.2 . 

We remark that here <p  doe s not have to be an inclusion or even an im-
mersion. 

4.4. Residual  subspaces. 
DEFINITION (se e [GG]) . A  subspac e o f a  topologica l spac e K  i s calle d 

residual if it is the intersection of a countable collection of open everywhere 
dense subset s o f K . A  topologica l spac e i s a  Baire space  i f eac h residua l 
subset is dense. 

Obviously, th e intersectio n o f a  countable numbe r o f residua l subset s i s 
again residual. 

In th e spac e o f smoot h map s M  — • N ther e i s a  natura l topology , th e 
Whitney C°°-topology ; its definition wil l be given in §5 below. 
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THEOREM (se e [GG]) . The  space of C°°-maps  of  smooth manifolds  M  - • 
N equipped  with the Whitney  C°°-topology  is a Baire space. 

4.5. THEORE M (weak transversality theorem). For  any closed submanifold 
Lc N , the  maps transversal to L  form a residual set in the space C°°(M , N) 
of all  smooth  maps  of  a smooth  manifold  M  into  N.  Moreover,  if  M  is 
compact then this set is  open in C°°(M , N) . 

4.6. THEORE M (Thor n transversality theorem; see [GG] , [AVGJ). Let  2 1 
be an arbitrary closed  submanifold in the space J k(M, N) . Then  the set of 
maps whose  k-jet  extensions  are transversal to  2 1 is  residual in the space of 
all maps M  -+  N. If  M  is  compact then this set is also open in C°°(M , N) . 

EXAMPLE. Th e weak transversality theorem can be obtained from the Thorn 
transversality theorem i f 2 1 is taken to be the set of /c-jet s that are mapped 
to the submanifol d L  b y the natura l projection J  (M,  N)  — • N (se e (1) , 
(3)). 

4.7. The  Thorn multijet  transversality  theorem. 
4.7.1. NOTATION . Le t M[s]  b e the space of ordered families of s  distinc t 

points i n M . Denot e b y J [s](M, N)  th e se t o f pair s o f th e for m (poin t 
(xx, . . . , x s) € M[s] , collectio n of fc-jets of maps M  — • N  a t these points). 
J[sAM, N)  i s the total space of a natural locally trivial bundle over M[s] . 

To each smooth map tp:  M - > N  w e associate it s 5-fol d A>je t extension 
k k 

j\S}9* M[s]  — » J[ S](M, N)  b y assigning to a family of point s (x x, . . . ,  xs) e 
M[s] th e family of fc-jets of the map <p  a t these points. 

4.7.2. THEORE M (Thor n multije t transversalit y theorem ; se e [GG]) . Let 
21 be  an  arbitrary  regular  submanifold of J [S)(M, N).  Then  smooth maps 
M — • N  for  which  the corresponding s-fold  k-jet  extensions  are transversal 
to the  manifold  2 1 form a  residual  subset in  the  space of  all  smooth  maps 
M -*N. 

EXAMPLE. Conside r the submanifold 2 1 c  J [2](M, N)  consistin g of dou-
ble jets that are mapped to the diagonal (i.e. , to the set {(a , b)  e  Nx  N\a  = 
b}) unde r the obvious projection /r 2i(^, N)  — • N  x  N . Applyin g Theorem 
4.7.2 we get the following assertion . 

THEOREM. The  maps <p:  M  - + N such  that for any  pair of  distinct points 
a, b  eM either  (p(a)  #  q>(b)  of  (p*T aM + q>^ThM = T  (a) N form  a  residual 
set in the space of smooth maps  M  - • N. 

4.8. Transversality  to stratified subsets. 
DEFINITION. Le t N  b e a smooth manifold an d L  b e a  subset equippe d 

with a Whitney stratification (see [Loj2], [Wall], [Ph]) such that all open strata 
are C°°-submanifold s i n N . A  smooth map M  ->  N  i s called transversa l 
to the set L  i f i t is transversal to all open strata. 
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THEOREM. Everywhere  in  Theorems  4.5 , 4.6 , and  4.7. 2 we  can  replace 
smooth submanifolds of  the manifold N  {respectively,  J k{M, N) , J[ S](M, N)) 
by arbitrary closed Whitney stratified  subsets of these manifolds. 

5. Whitne y topologie s i n function spaces . Le t M , N  b e smoot h mani -
folds. Fo r any open subset U  o f the space J k(M,N) denot e by W(U)  th e 
set of smooth map s f:M-+N  suc h that the image of M  unde r the actio n 
of the fc-jet  extension o f /  lie s in U . 

DEFINITION. Th e Whitney  C k-topology o n th e spac e C°°(Af , N)  i s th e 
topology with base formed by subsets W(U)  fo r all open sets UcJ k(M, N). 

The Whitney  C°°-topology  o n C°°(M,  N)  i s th e topolog y wit h base -
formed b y subset s W(U)  fo r al l k  an d al l open U  c J k{M, N) . 

REMARK. I t follow s immediatel y fro m th e definitions tha t th e statement s 
of Theorems 4.6 , 4.7.2, and 4. 8 are equivalent t o the same statements abou t 
the space s C°°(M , N)  wit h Whitne y C k+l-topologies instea d o f th e C°° -
topology. 
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Homology of Local Systems 

1. DEFINITION . A  local system on a topological space M  i s a covering over 
M wit h fibers endowed with the structure of a fixed abelian group depending 
continuously on the fiber (i.e. the group structure extends to the set of local 
sheets over any small domain in the base). 

EXAMPLES. A ) Fo r any abelia n grou p A  th e produc t M  x  A  i s a  local 
system called the trivial local system with fiber A an d denoted simply by A . 

B) Let q>\  M'  ->  M b e a r-fol d coverin g and A  a n abelian group. The n 
there i s a  local syste m ip yA on M  wit h th e fiber over an y poin t x  e  M 
isomorphic to A x an d consisting o f al l possible ^-value d function s o n the 
fiber <p~x(x). Thi s local system is called the direct image of the trivial local 
system with fiber A o n M '. 

In general, any local system L  o n M'  define s a system y, L o n M  calle d 
the direct image of the system L  wit h fiber isomorphic to the direct sum of 
r copie s of the fiber of the system L . 

C) On the set of local systems on M  ther e are obviously defined operations 
of direct sums, tensor product, Horn , factorizatio n o f a  local system by its 
subsystem. 

D) Le t M  b e a  manifold . A n orientation  local  system  (o r orientation 
sheaf) o n M  i s a local system whose fiber is isomorphic to Z , an d moving 
over a closed path in M  send s every sheet to itself or its opposite depending 
on whether the orientatio n o f M  i s preserved o r reversed alon g this path. 
In terms of the previous examples this local system is the quotient system of 
the direct image of the trivial Z-syste m on the orientation two-fold covering 
of M  b y the trivial Z-syste m on M . I n general, to any vector bundle over 
a topological spac e M  correspond s it s orientation shea f with fiber Z: i t is 
isomorphic to the trivial local system if and only if the bundle is orientable. 

An isomorphism of local systems is an isomorphism of the coverings pre-
serving the group structure in fibers. 

Any local system over M  wit h fiber A define s a representation n x{M) - • 
Aut(^4): t o any loop we associate the permutation o f th e sheets of the cov-
ering over the bas e poin t correspondin g t o thi s loop . Th e classificatio n o f 
nonisomorphic loca l system s o n a  path-connected spac e M  coincide s wit h 
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the classification o f such representations up to conjugacy. 
EXAMPLE. An y representation of an arbitrary group n  i n Aut(̂ 4 ) define s 

a unique (u p to isomorphism) loca l system on the space K(n , 1) . 

2. Fo r eac h loca l syste m L  — • M  ther e i s a  relate d chai n comple x 
CJ^M, L); it s elements ar e formal sum s of singula r simplices o f the spac e 
of the covering L  wit h the following relations : th e sum of a  simplex A  i n 
a sheet U  o f the covering L  an d the analogous simplex lying precisely over 
A i n a sheet £/ ' i s identified with similar simplex in the sheet U  +U1; an y 
simplex in the zero sheet is equal to 0. 

The boundary operator of this complex is defined in the standard way; its 
homology i s called the homology  of M  with  coefficients in  the local system 
L (or , shorter, the homology of the system L) . 

The dual construction defines cohomology groups of the system L . 
As usual, it is possible to define homology of L  b y using finite and locally 

finite chains (a locally finite chain with coefficients in L  i s a sum of simplices 
in th e spac e o f th e correspondin g coverin g whos e projectio n int o M  i s a 
locally finite chain in M) . Thes e homology groups are denoted by H^ (M, L) 
and H m(M, L)  o r H X*(M, L) , respectively . 

EXAMPLES. A ) The homology and cohomology o f M  wit h coefficients i n 
the trivial local ^-syste m are just the usual homology and cohomology of M 
with coefficients i n the group A:  a  singular simplex in M  wit h coefficient a 
can be viewed as a simplex in the sheet M  x  {a}  . 

B) For any group n  an d any representation of n  i n Aut(^ ) th e (co)homol-
ogy groups of the space K(n , 1 ) wit h coefficients i n the corresponding local 
system with fiber A ar e called the (co)homology groups of n  wit h coefficients 
in this representation. Thi s definition i s equivalent to the abstract algebraic 
definition from [Brown], [FF] . 

C) For any /c-dimensiona l vector bundle E  — • B  w e have the Thorn  iso-
morphism 

Hi(E,Z)^Hi'k(B,Ov(E))9 

where Or(E)  i s the orientation sheaf of the bundle. 

3. No w let G  b e one of the groups Z , Z  ,  Q, R , o r C ; let A  b e a free 
(7-module, and L  b e a local system on M  wit h fiber  A . 

Define th e local syste m L v — • M  dua l to L  a s a local system with fiber 
A* =  Hom(/4 , G)  whos e fibers are dual to the corresponding fibers of L . 

The representation n x(M) — • Aut(̂ 4* ) give n by the system L v i s conju-
gate to the representation i n Aut(yi ) define d by the initial syste m L . 

POINCARS DUALIT Y THEOREM . For  any oriented  n-dimensional  manifola 
M and  any  local  system L  on  M  with  fiber a  free G-module  there  is  a 
canonical isomorphism 
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In particular, there is a pairing 

similarly to the case o f homolog y o f trivial systems , i t i s given by intersec-
tion indices and defines a  nonsingular pairing on G-fre e parts of the groups 
Ht(M,L) 2indH n^(M,L). 
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