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Preface to the Japanese Edition 

Variational problems are discussed in several domains of mathematics and 
the natural sciences. I t is important to investigate steady states and stationary 
states o f quantitie s distribute d i n a  regio n o f spac e an d thei r dependenc e 
on the tim e variable . Solution s o f variationa l problem s an d description s o f 
steady states and stationary states are reduced in most cases to certain partia l 
differential equation s o f ellipti c type . Therefore , i t i s no t onl y interestin g 
from th e mathematical viewpoint but also important in applications to study 
under wha t assumption s solution s exist , whethe r solution s ar e uniqu e an d 
how smooth they are. Furthermore , we sometimes need more precise results: 
Where is the solution positive or negative, where are the values large or small, 
and where does the solution achieve a maximum or minimum? I n the theory 
of elliptic equations, we discuss these questions mathematically an d more or 
less systematically . 

Since th e histor y o f th e theor y o f ellipti c equation s goe s bac k a s fa r a s 
that of parabolic equations and hyperbolic equations, there are many articles 
and textbook s treatin g thi s subject . Th e reference s liste d a t th e en d o f thi s 
book refe r t o onl y a  smal l par t o f th e literature . Sinc e ellipti c equation s 
appear i n severa l branches o f mathematics , ther e ar e many researcher s wh o 
have investigated problems involving this type of equation. Eac h of them has 
his own idea of what types of problems are interesting and importan t i n th e 
theory of elliptic equations and of how to organize the contents if he writes a 
textbook. I  wrote the present book from m y own viewpoint. I  have collected 
here som e historica l result s establishe d mainl y u p t o th e earlie r par t o f th e 
1960s. Mos t o f th e materia l i s concerne d wit h linea r equation s o f ellipti c 
type. 

However, the material is not at all complete because there are many things 
which I  could no t presen t her e fo r lac k of knowledge an d experience . Ther e 
are als o man y insufficiencie s an d inconsistencies . I  sincerel y loo k fo r th e 
criticisms b y the reader s o n suc h points . The y wil l surely b e fruitfu l t o m y 
future research . 

I wrote this book fo r student s in eithe r a n undergraduate cours e or a  first 
year graduat e course . Thi s boo k migh t appea r difficul t sinc e I  omitte d th e 

xi 
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details of the theory o f distributions because of space limitations. However , 
in thi s book , I  mak e muc h mor e us e o f Sobole v space s tha n th e spac e o f 
all distributions. Thus , I  devoted a  section (§E ) in the Appendix t o Sobole v 
spaces. I t suffice s fo r reader s t o hav e heard o f th e Dira c delt a function , a n 
example o f distributions . I n an y case , ellipti c equation s wer e investigate d 
and solved in several ways much earlier than the appearance of the theory of 
distributions. 

From th e beginnin g o f m y researc h I  hav e bee n indebte d t o Professo r 
Sigeru Mizohata . I  woul d lik e t o expres s m y heart y gratitud e t o hi m fo r 
his valuabl e criticism , advice , an d constan t encouragemen t throughou t m y 
career. I  would also like to express my thanks to Professors Masaya Yamaguti 
and Takeshi Kotake for thei r interest in my research. I  would like to express 
my dee p gratitud e t o Professo r Seiz o It o wh o gav e m e th e opportunit y t o 
write this book. 

Norio Shimakur a 
March 197 7 

Sendai 



Preface to the English Translation 

Almost fifteen  years have passed sinc e the publication o f the first  edition 
of thi s boo k i n Japanes e [164] . I  a m ver y happ y an d honore d t o hav e th e 
opportunity t o translat e th e book int o Englis h owin g to th e kindnes s o f th e 
American Mathematica l Society . 

In thi s translation, I  have correcte d trivia l mistake s i n the origina l book , 
and have modified or revised almost ten percent of the contents. I  have added 
a ne w § 6 to Chapte r VI , § 8 to Chapte r VIII , § 1 to th e Appendix , additiona l 
references, an d a n index . 

Some of the results presented here could have been organized in a differen t 
way so that proof s o f som e theorem s wer e shorte r an d mor e elegant . How -
ever, I  di d no t chang e th e organizatio n i n thi s manne r largel y becaus e i t i s 
one of the roles of a textbook to present as many technical details as possible. 

It i s a  pleasure t o expres s m y deep thank s t o Mr . Setsur o Fujii e wh o re -
peatedly rea d th e translatio n fro m beginnin g t o en d an d pointe d ou t man y 
mistakes. Also , I  am very much indebted t o the Referee an d Richard Porte r 
who kindly corrected m y mistakes in the English language. 

Norio Shimakur a 
August 199 1 

Sendai 
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Appendix 

§A. Maximu m principles 

The maximum principle is one of the most basic properties of solutions for 
elliptic equations . Thi s holds fo r a  large clas s o f equation s o f secon d orde r 
with real coefficients. However , this cannot be generalized to either equations 
with comple x coefficient s o r equation s o f highe r order . Th e reaso n i s very 
simple. A n ellipti c equatio n o f secon d orde r wit h rea l coefficient s implie s 
something abou t convexit y o r concavit y o f solutions , whil e thi s i s no t th e 
case for higher order equations . So , in this section , coefficient s o f operators , 
solutions, and inhomogeneous terms are assumed to be real-valued functions. 

Let A  b e a partial differential operato r in a bounded or unbounded domain 
Q o f R " : 

n fi^u  n  pin 

AU(X)= 53 M*)a7^+ E 6 /*)^r+ c W"> (A -l} 

j,k=\ J  k  j=\  J 

where the coefficient s a jk(x), b.(x) , an d c(x)  ar e continuous i n ft  an d i n 
particular 

n 

ajk(x) =  akj(x) (l<j,k<n)  an d ^  a jk(x)Zfik >  0 (A.2 ) 
j,k=l 

hold a t ever y point x  e  ft  an d ever y ^ e R " . 
A function u(x)  i s called a  classical solution o f the equatio n 

Au(x) =  f{x) i n ft  (A.3 ) 

if u  i s o f clas s C  i n ft  an d satisfie s (A.3 ) there , u  i s sai d t o achiev e a 
local minimum (o r local  maximum) a t a  poin t x  o f ft  i f u  restricte d t o 
an appropriate neighborhoo d o f x°  i s minimal (resp . maximal) a t x°  . 

THEOREM A. l (stron g maximum principle) . Suppose that either 

c{x) <  0 and  f(x)  <  0 

or 
c{x) <  0 and  f(x)  <  0 (A.4 ) 

225 
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at every  point of  Q . Then,  a  classical solution u  of  (A.3)  achieves  negative 
local minimum nowhere  in Q . 

PROOF. Suppos e tha t u  achieve s a  negative loca l minimu m a t x  G  Q . 
Then, by putting p jk =  (d2u/dx-dxk)(x ) , we have 

£ V A *  0 (A.5 ) 
j,k=\ 

for an y £  e  R n .  O n th e othe r hand , sinc e (a jk(x°))nj k=l  i s nonnegativ e 

definite, ther e exist s n 2 rea l number s X js suc h tha t a jk(x°) =  Y^s=\^jS^ks 
(l<j,k<n). S o by (A.3) , 

n n  n 

f(x°) -  C(X°)U(X°)  = J2  a jk(X°)Pjk = E E Pjk^jsKs 
j,k=\ 5= 1 j,k=l 

because (du/dXj)(x°)  =  0  ( 1 < j  <  n). Th e right-hand sid e is nonnegativ e 

by (A.5) , whil e th e left-han d sid e i s negativ e b y (A.4 ) becaus e u(x°)  <  0 , 
which i s a contradiction. • 

Next, w e relax th e conditio n (A.4 ) bu t w e assum e unifor m ellipticit y o f 
A : There exist s a positive number a  suc h tha t 

£ a jk{x)Zjtk >  a\£\2 i f (x , 0  G  Q  x  Rn .  (A.6 ) 

Then, 

THEOREM A. 2 (wea k maximu m principl e o r maximu m principl e o f E . 
Hopf). Suppose  that  the  coefficients of  A  are  bounded, (A.6) holds,  and 

c{x) <  0 and  f(x)  <  0 (A.7 ) 

at every point of  Q . Suppose  moreover  that u  achieves  a negative local min-
imum at  x  G Q . Then, u  is  identically equal to u(x  )  in  Q 0, where  Q 0 is 
the largest connected open subset of Q  containing  x°  on  which u(x)  >  u(x°) . 

PROOF. Pu t F  =  {x e  Cl Q; u(x) =  u(x0)} .  The n F  i s a nonempty close d 
subset o f ft 0 .  So , if we show that dF  n  Q0 =  0 , the n F  =  Q 0 an d we have 
finished the proof. Suppos e on the contrary tha t dF  n  Q0 ^  0 . 

First, there exis t x 1 G  & 0\F
 anc * * 2 ^  F  suc h tha t 

^(jt1 , />)\{x 2} c fi 0\F i f p  = \x l -  x 2\ (A.8 ) 

(we denot e b y B(a,  r)  th e close d bal l o f radiu s r  centere d a t a  G  R"). 
In fact , le t x  b e an y poin t o f dF  n  Q 0 an d d  =  dist(x , <9Q 0) ( > 0) . 
If x  G  Q0\F satisfie s |J c — 3c| <  d/2,  the n B(x,  p)  c  Q 0 provide d tha t 
0 <  p  <  d/2.  Le t r  b e th e supremu m o f p  suc h tha t 2?(JC , /> ) c  & 0\F. 
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Then there exists a point, x 2 say , of F  C\dB(x 9 f) . Choosin g any point x l 

on the segment xx 2 ,  these x l an d x 2 satisf y (A.8) . 
Secondly, B{x 2, p x) c  ft 0 if  0  <  p { <  p  an d /? t i s smal l enough . W e 

write B  =  B(x  9  p{) fo r simplicit y an d se t 

w(x) =  u(x) +  kv(x), 

where 
2 1 2 

v(x) =  exp(-Np  )  - exp(-JV|. x - x \ ) . (A.9 ) 
Let us prove that, fo r a  small A  > 0  an d a  large N  >  0 , 

, 4 W ( J C ) < 0 i n 5 , (A . 10 ) 

W(JC)>W(JC2) o n 9 £ . (A.ll ) 

2 2 

These contradict Theorem A.l applie d to w  i n B  becaus e w(x  )  = u(x )  = 
u(x )  < 0 , s o the theorem wil l be proved . 

(A. 10). Settin g r  = \x - x  | , w e have 
(Av) exp(Nr2) =  [exp{7V(r2 - p 2)} -  \]c{x) 

+ 2NJ^{a jj +  {xj-x))bj}-4N2 £  a jk(x){Xj -  x)){x k -  x X
k). 

7=1 j,k=\ 

The first two terms on the right-hand side are of 0(  1 ) an d O(N)  respectively , 
while the last term is not larger than -4aN 2(p -  p x) i n B  , where we made 
use of (A.6) . So , Av  <  0 i n B  i f N  i s sufficiently large . Sinc e Au  <  0 an d 
k >  0, w e have (A . 10) . 

(A.ll). w(x)  >  w{x2) o n dB\B(x l, p)  a s long as X  > 0 becaus e v  >  0 
there. Pu t 

m= in f ( M ( X ) - M ( X ) } , A f =  su p {-v(x)} 
B(xl,P)ndB B(x l,P)ndB 

(m an d M  ar e positive) . Choos e a  X  satisfyin g 0  <  X  < min(l , m/M) . 
Then, w  >  w(x2) als o on B(x l, p)C\dB  ,  proving (A. l 1). • 

COROLLARY A . 3. Suppose  that  A  satisfies  the conditions in  Theorem  A. 2 
tfrcd Q, is  bounded.  Let  u  be  a  nonconstant  classical  solution of  Au  =  0 
which is continuous on  ft.  Then,  u  satisfies 

\u(x)\ <  maxlwl in£l.  (A . 12) 

If in  particular c(x)  is  identically equal to zero, we have 

min u < u(x) <  max u in  ft.  (A . 13) 

PROOF. I f (A . 12) wer e no t true , ther e woul d exis t a n x  e  ft  a t whic h 
either u(x)  >  max^Qmax(w, 0 ) o r u(x)  <  min^Qmin(w, 0) , contradictin g 
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Theorem A.2 . Als o applyin g Theore m A. 2 t o u(x)  +  t wit h ver y larg e (o r 
very small ) constan t t , we may prove (A . 13). • 

REMARK A.l. Th e hypothesis c(x)  <  0  i s indispensable for the maximu m 
principle. Fo r example, let Q  = {x e R3; \x\  < R} .  Se t 

, sin(k\x\) u{x) = ^r 
with a positive numbe r k . Then , u  solves Au  + k u = 0 and vanishes o n 
d£l i f kR/n i s an integer . However , min Qu <  0 < maxQw i f kR/n > 2. 
So, Theorem A . 1 does not hold fo r A  = A + k . 

REMARK A.2. A S we mentioned a t the beginning, the maximum principl e 
does no t hol d fo r solution s of elliptic equation s o f highe r order . W e hav e 
infinitely man y examples . Le t Q  = {x e R2; \x\  <  1} (uni t disk ) an d se t 

W(X) =  ( | X | 2 - 1 ) ( 2 | J C | 2 - 1 ) . 

Then, A  u—  12 8 > 0 an d u  = 0 o n d£l. However, 

min u = - - <  0 < max u = 1. 
a 8  a 

2 

So, the conclusion o f Theorem A . 1 does not hold fo r A  =  A . 
There ar e man y goo d textbook s o n maximu m principles . Fo r example , 

C. Miranda [82] , M. N. Protter an d H . F. Weinberger [158] , D. Gilbarg an d 
N. S . Trudinger [141 ] and K. Taira [167] . 

§B. Stoke s formula an d system s of boundary operator s 

A. Forma l adjoint operators . W e introduce a  volume element fi(x)  dx  = 
ju(x) dxx A  dx2 A  • • •  A dxn o n Rn ,  where ju(x)  i s a positive function o f class 
C°° i n R" . 

Given a  differential operato r A  o f order /  wit h coefficient s o f class C° ° , 
we can represen t A  in two different ways : 

Au{x) =  ^al{x)Dau{x) =  ——- ^Z)a{/z(x)a^(x)u(x)}, (B.l ) 

where the summation s ar e extended ove r multi-indices a  e N" o f lengt h a t 
most /  (se e Chapter I , §1 , part B) . So, we have two kinds of symbol s of A : 

a+(x, 0  =  XX(*){a, a'(x 9 « =  J2aJx^a- ( B-2) 
a a 

Here and i n wha t follows , £,  denotes the dua l variables of x . Th e relation -
ship between the two symbols is as follows : 

a+(x' &  = 177Z\ eL{^a~(x >  W' 
M{ ]  (B.3 ) 

a~{x,£) =  -r^e~ L{fi{x)a+(x,^)}, 
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where 

L x"^ l 9 2 _8L  ^e lal^afd 
= £ ) ^. '""E^U * •  -C . <B.4 , 

j=\ J  J  a  ' 

Now, we define a  third symbol , called the Weyl  symbol o f A : 

= -^^ /2{^(x)a-(x,<^)} =  5>°(*X;a ( B-5) 

(see L . Hormande r [149]) . Then , a ±(x, £ ) an d a°(x 9 £)  ar e polynomial s 
of degree /  wit h respect to f  .  Th e homogeneous part s of degre e /  o f thes e 
three are the same and equal to the principal symbol A ((x, £) . B y means of 
the Weyl symbol , A  i s represented i n three manners : 

AU{X) =  J&)  £  2H/ " C * a  P)Dl}{fX{x)a°+'{X)} ' D<XU{X) (B "6)l 

= - ^ E ( - 2 ) H / " ( a «  fi )Da[D^{Mx)a°a+p(x)} •  u(x)] (B.6) 2 

= ^  J22-^ n(a+
a

fi)Dl,{Mx)alll(X)lfu(x)}. (B.6) 3 

PROOF. B y virtue o f e eL{f{x)C} =  (6Dx +  £)af(x), w e have 

H(x)a+(x, 0  =  £  2 - " ' (a +  ^  W i M ^ M } 

= 2(-2)-«( o; ' ) (D ,+f l - i ) ;w^,(x)} 

cc,P \  a  / 

To obtain (B.6) , read f y a s D y
xu. D 

The formal adjoint  o f ̂ 4 wit h respec t t o th e volume elemen t /i(x)dx  i s 
the operato r A*  characterize d b y th e followin g equalit y fo r al l function s 
u,veC~(Rn) 

(Au)(x)v(x)ju(x)dx =  /  u(x)(A*v)(x)ju(x)  dx.  (B.7 ) 

Let a* +(x, £) , a*~(x , £ ) an d a * (x , f ) b e symbol s o f ̂ 4 * define d analo -
gously to (B.2 ) and (B.5 ) respectively . B y means o f symbols of A , thes e are 
represented a s 

a^(x, £)  = fl T(x,{), a*°(x , £ ) = a ° ( x , 0 .  (B.8 ) 
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A i s said t o be Hermitian  o r formally self  adjoint with respec t to pt(x)  dx if 
A* =  A. Thi s hold s if and onl y if a  (x, £) i s real valued for £ £ Rn (se e 
(B.6)3). 

B. Stokes ' formula. Le t Q be a domain (bounde d o r unbounded) of R" 
whose boundary S  = dQ is a hypersurface o f class C° ° . Suppos e tha t Q 
is in only on e sid e of S a t every poin t o f S  (se e Chapte r V , §2) . Denot e 
by dS  = dS(x) (x  e  S) th e surfac e elemen t of S induce d b y Lebesgu e 
measure dx  o f Rw . Stokes'formula i s the equalit y 

[ (Au-v-u-  A^j)ju  dx = i [ B[u , v](x)^x)  dS(x) , (B.9 ) 
Jn Js 

which is valid for all functions u , v belongin g to C£°(Q) . Le t us write down 
the sesquilinear form B[u , v]  explicitl y by means of the Weyl symbol of A . 

At first, there is a system of functions { & (x, £, rj, C)} n
j=l wit h which the 

following equalit y holds for an y f , rj , £ e Rrt 

a° ( x , £  + ±c) - a ° (x,  n  - ± t ) = XX - f/, . + Zj)bj(x ,£,  r,,  Q  .  (B . 10) 

The choice of b-  's is not unique . However , it suffices t o pu t 

bj{x9e,Ti,C) =  ^J* ^(x 9±{{l +  0)e + (l-0)ri +  0Q  ̂dd , 

(B.10') 
for 1  < j <  n . So bj(x,£,ri,0 ar e polynomials with respect to (£,>/ ,£) . 

Secondly, le t us define fe. (y)(x 9 £ 9 rj)  9 bj(x 9  £ 9 rj)  9 and ft. a ^(x ) t o be 

bj(x9^9t]9Q =  J2 bj,(y)(x> £ > Vl)C > 

^{X) 7  a,fi  (B. l l ) 

Then, the integrand o n the left-hand sid e of (B.9) i s written as 

{(Au)(x)v(x) -  u(x)(A*v)(x)}n(x) 

= J^D xy{x)Y,bua^{x)Da
xu{x)^Dp

xv{x)}. (B.12 ) 
7=1 ' a,fi 

PROOF O F (B.12) . (B.10 ) an d (B.5 ) impl y 

li(x){a+{x9£)-a~{x9 t])} 

= E(^+^-^H^)E^,a,/^Q^}-
(B.12') 

j=i 

To obtain (B.12) , read < f as Dyu and r\ a s Ddv .  D 
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Third, we put 

X>/*')6/*', {, IJ) = E^/x'tfV, (B.13 ) 
7=1 a , A 

where v(x)  =  t(vl{x), . . . , ^ ( A / )) i s the inne r uni t norma l to S a t x . 
Then, Stokes ' formula (B.9 ) holds if we set 

B[u,v](x) =  Y,Kj(x')(Da")^')(Dfiv)(x). (B.14 ) 

Note, in particular, tha t 

B[u, v](x)  = B[v ,  u]{x) if  A i s hermitian. (B.14 7) 

In fact , the n A  (x, Z) ha s real coefficients . S o &.(.*,£,*/,£ ) an d 

bj{Y)(x,Z, rj)  are likewise, bj(x,Z,  q,  Q = bj(x, * / , { , -£) b y (B.10') an d 

^•> w(*.g> tf) = (-1 )M^,(y)(^ ' n>S)  b y (B - n ) - Therefore , 6 / x , £ , rj)  = 
bj{x, i/,f ) agai n b y (B.ll). Fro m thi s an d (B.13) , w e hav e b a ^{x) -
bp a(x), whic h implie s (B.14') . 

Let p(x)  = dist(x, S) fo r l e f l. Then , p  i s of class C° ° in a neigh-
borhood of S. Sinc e grad/?(x ) - > i/(x) a s x ( G fl) approaches x  (e  S), 
the directional derivativ e 

Dvu(x) =  (grad/>)(*'). Dxu(x) =  £ I f (*') D*,W(*') < B-15) 
j=\ J 

is equa l to the inne r norma l derivativ e o f w  on S. So , if we decompos e 
Dx int o D y an d differentiation s i n tangential directions , th e for m B  ma y 
be written a s 

B[u, v](x)  = ^Pjk(Dlu)(x) •  Q jk(D^v){x')9 (B.16 ) 
j,k 

where P jk and O ^ ar e differentia l operator s o n S . Sinc e the leadin g par t 

of a°(jc , £)  i s equal to ^ ( x , f ) , w e may rearrang e th e right-han d sid e o f 
(B.16) i n the following wa y 

i-\ 
B[u, v](x)  = At(x\ */(*') ) £ ( / > > ) ( * ') •  (Df- l-jv)(x') 

+ E  ^ ( ^ w ) ^ ) - ^ ^ ) ^ ) , (B.17 ) 

where M jk an d iV. fc ar e differential operator s on S  wit h coefficients o f class 
C°° satisfyin g or d Mjk +  ordN jk<l-j-k-l. 

The definitiv e for m o f Stokes' formul a i s (B.9) wit h B  give n b y (B.17) . 
If A  i s elliptic of order / , then A t{x , v{x)) neve r vanishes on S . 
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C. System s of boundary operators. A  set {Bj} p
j=l o f p  operator s i s said 

to be a  system of  boundary operators if each B  ha s expression 

(Bju)(x') =  J2bja(x')(Da
xu)(x'), x'eS,  \<j<p,  (B.18 ) 

a 

where th e su m o n the right-han d side  i s extended ove r a  finite  se t o f multi -
indices an d th e b-  ar e assume d t o b e o f clas s C° ° o n S . So , a  syste m 
of p  boundar y operator s is a continuous linea r mapping from C°°(Q ) int o 
[C°°(S)]P .  I f Bj  i s of orde r r ., w e can define a  functio n 

Bj(x,Z)= 52b ja(x)?9 x'eS,  ZeR n, l<j<p  (B.19 ) 
\a\=rj 

called the principal symbol o f i ? .  W e can rewrit e B.  a s 

(Bju)(x) =  ^Pjk(D«u)(x), x'eS,  l<j<p 9 (B.20 ) 
k=o 

where / ? .^ i s a differential operato r on S  o f order at most r..  — k .  Le t 7 ^ (5) 
be th e cotangen t spac e o f S  a t x  .  Sinc e ever y vecto r £  o f 7 ^ (Rn) ca n 
be decompose d a s £  = rj + hv(x') wit h 7 / e r^(5' ) an d X  e R , w e have a n 
alternative expressio n o f (B.19) : 

Bj(x ,  »/ + Xv{x)) =  J2 fi jk(x ,  i /)r ,  (B.21 ) 

where fi- k(x
f, r\)  i s the principal symbo l o f fi jk (homogeneou s polynomia l 

of degree r  -  k  wit h respec t t o rj). 
DEFINITION B.l . Let  {B.} p

j=x be  a system of  boundary operators. 
(i) A  surfac e S  i s called noncharacteristic  with respec t t o thi s syste m i f 

none o f th e B.(x  ,  v{x')) ( 1 <  j  <p)  vanishe s a t an y point o f S , s o each 
Bj contain s D rJ (r . =  ord5.) . 

(ii) {Bj} p
J={ i s calle d th e Dirichlet  system  i f S  i s noncharacteristi c wit h 

respect t o this system and i f or d B. =  j -  1  fo r 1  < j  <  p . 
(iii) {Bj} Pj=\ i s called normal  i f i t i s a subset o f a  larger Dirichle t syste m 

(so r x, . . . ,  rp ar e distinct) . 
(iv) {Bj} p

=l i s called m-normal  i f i t i s normal, p  =  m,  an d i f r . <  2 m 
for 1  < j  <  m . 

For example , le t {Z)J/}y =1 b e given . Then , S  i s noncharacteristi c wit h 
respect t o it , i t i s normal if  r {, ...  ,  r ar e distinct , i t is m-norma l i f p  =  m 
and 0  < r { <  • • •  <  r m <  2m - 1  and i t is a Dirichlet syste m if r.  — j - \ fo r 
1 < j  <  m . 

D. Equivalenc e o f norma l systems . Two  norma l system s {B.} p
=l an d 

{Bj}p
={ ar e calle d equivalent  if th e followin g conditio n hold s fo r function s 
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weC°°(Q): 

BJU =  0 identically on S for 1  < j  <  p if  and only  if 

B.u =  0 identically on S for 1  < j <  p. 

The proo f o f th e followin g lemm a i s a  simpl e exercis e i n linea r algebra , s o 
we omit it . 

LEMMA B.l . Two  normal systems {Bj} p.=l and  {B.} p
j=l are  equivalent if 

and only  if  they  satisfy three  conditions after  renumbering the  B.  's  if neces-
sary: 

(a) p  =  p ; 
(b) or d Bj =  ord 2?. (denoted  by r. ) for  1  < j  <  p ; 
(c) For  each  (j , k)  ( 1 <  j , k  <  p),  there  exists  X jk, ji jk, differential 

operators on S  of  order  not exceeding  r.  -  r k (k jk =  fi jk =  0  / / r . <  r k), 
such that 

Sj =  Tl*jkBk(mdBj =  i2tljkSk forl<j,k<p. 
k=\ k=\ 

Therefore, ever y normal system {Bj} p
j={ is , after replacin g it by an equiv-

alent on e i f necessary , o f the following typ e 

k <£ R  , k<r j 

where 

R =  {rj}U> 0<r x<-<rp (B.22 ) 

and the P jk ar e differentia l operator s on S  o f order no t exceedin g r.  - k  . 

E. Genera l boundary value problem of elliptic type. Le t A  b e properly el-
liptic of order 2m  an d {#/}JL i bea n ra-normal  syste m of boundary opera -
tors. Th e general boundary value problem {A , {B.}™}  i s to find a  functio n 
u(x) o n Q  (o r in Q ) satisfyin g 

Au(x) =  f(x) i n Q ; (B.23 ) 

(BjU)(x) =  Vj(x), l<j<m,  o n 5 , 

for give n functions (f(x) , (p x(x), . . . ,  <Pm{x')) (see Chapter VI , § 2 for de -
tails). 

DEFINITION B.4. {A* , {Bj} n
j=l} i s called formally adjoint  to {A , {BJ}™ =1} 

with respect to ju(x)  dx i f the following conditio n i s satisfied: Suppos e tha t 
u(x) ,v(x)e  C°°(Q) . The n the equalit y 

/ Au-vjudx  =  /  u-A*Vfiidx  (B.24 ) 
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holds for an y u  satisfyin g 

BjU = 0, l<j<m 9 onS  (B.25 ) 

if and only i f v  satisfie s 

B'jV =  0, l<j<m,  o n S.  (B.26 ) 

In this case , we write {A* , {Bj}J =l} =  {A, {BJ}™ =1}* . 

LEMMA B.2. Let  A  be  properly elliptic of order 2m  and  let  {BJ}™ =1 bean 
m-normal system  of  boundary operators. Then, there  exists an m-normal  sys-
tem {Bj}J =l of  boundary operators such that {A* , {B fj}™=l} = {A, {Bj}J =l }*. 
The choice of {B fj}J=l is  unique up to equivalence. 

PROOF. Le t R  b e the se t o f order s o f {/?.} , an d T  th e complemen t o f 
R: 

* =  {';}7=i ' r j =  ™dBj (\<J<m)\  r  =  { 0 , l , . . . 2 m - l } \ U . 

Since {B-}  i s m-normal , R  an d T  ar e set s o f m  elements . W e denot e 
temporarily B  b y B, r, (r  =  r.)  s o tha t th e inde x o f operato r i s equa l t o 
its order. Then , by virtue o f the notion o f equivalence , we may assume tha t 
each {B, rA i s of type (B.22) , that is , 

B{r)u =  D[u+ Y,  P« Diu> rsR.  (B.27 ) 
teT, t<r 

We us e (B.17 ) an d denot e A 2m(x ,  v(x)) b y a 2m(x). W e ca n identif y 
Mjkf •  Nj kg wit h / • M* kNjkg (integratio n b y part s o n S  wit h respec t t o 
judS). W e ca n eliminat e {D r

uu}reR fro m th e right-han d sid e o f (B.17 ) b y 
solving (B.27 ) with respec t t o D r

vu fo r eac h r  e R.  W e denote furthermor e 

r =  2m  -  1  -  r  fo r r  e R , R'  =  {r} reR , 

t' = 2m- 1  -t  forte  T,  T*  =  {t'} t€T. 

Then, (B.17 ) i s rewritten a s 

B[U ,V] = Y  B (r)U •  C '(r')V + E D lU *  5i ' ) V >  ( B'28) 
r€R t€T 

where B', {>, an d C', ri, ar e of typ e 

^ = ^ > +  E # \^ ' ' ^ . 
fc=0 

C ( > = ^ > > +  E  J V , ^ * " ' r'GR',  (B.29 ) 
fc=0 
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f}[, k  a n d y' r> k  ar e differential operator s on S  (ord  fi't, k<t' —  k, or d y'r> k 

< r  -  k) . Not e tha t {B[ t'\}t>eT> is als o ra-normal  becaus e {B', t^}tteT> U 

{C[r')}r'eR' i s a Dirichlet system . 
We show that {A* , {B {tl)}t>er} =  {A, {B {r)}reR}*. Obviousl y by (B.28), 

(B.25) an d (B.26 ) impl y (B.24) . So , we have onl y to show tha t (B.24 ) and 
(B.25) impl y (B.26) . Sinc e {B^} reR U  {D[}teT i s a Dirichlet system , ther e 
exists a u  e C°°(Q ) satisfyin g 

2?/rxM = 0 for r e R an d Dvu =  B'^.v forteT 

on S  fo r a given v  e C°°(Q) . Fo r these v  an d w , we have 

B[u,v] =  J2\ Blt')v\2' 
ter 

And henc e (B.24 ) an d (B.25 ) impl y (B.26) . An y other syste m {B'.}^ =x i s 

equivalent to this {B' tf)}^r i f {^* , {5'^}  =  {A, {B {r)}reR}*. n 
DEFINITION B.3 . The general boundar y valu e proble m {A,  {B}™}  i s 

called Hermitian or  formally selfadjoint  with respec t to ju  dx i f and only if 

{A, {Bj}J =l}* -  {A,  {Bj}J =l}. (B.30 ) 

If {A,  {B, rAreR} i s Hermitian, the n a t first A*  = A , T'  =  R (o r equiv-
alently R f n  R =  0 ) an d further algebrai c condition s o n the symbols o f A 
and {B, r\} shoul d be satisfied (se e Chapter VI , §6). The simplest cas e is the 
Dirichlet problem . I n this case , we have 

So, i t is Hermitian i f A*  = A . 
The results of this section are correct not only in the case where the coeffi-

cients of A , {B .} , and S  ar e of class C° ° bu t also in the case where these 
are sufficiently smoot h so that the computations mak e sense. 

Readers are invited to refer to N. S. Aronszajn an d A. N. Milgram [7] and 
M. Schechter [108 ] for the contents of this section . 

§C. Preliminarie s from ordinary differential equation s 

One of the best approache s t o the general boundary valu e problems i s to 
study an ordinary differential operato r a(D t) o n the half-line R + =  (0 , +oo) 
under a  boundary conditio n {B a} a t t  = 0. W e can then understan d wha t 
kind of algebraic condition fo r {B a} wit h respec t to a(D t) i s necessary for 
the existence and uniqueness of solutions to hold. An d from this , the context 
of Chapte r VI will be made clear . 

In thi s book, we study mainl y singl e elliptic equations . Therefore , i t suf -
fices to trea t singl e ordinar y differentia l equation s o f order / . However , i n 
this section, we discuss at the same time first order systems of ordinary differ -
ential equations with /  unknowns , because the discussions are quite parallel . 
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Throughout the section, t  denote s a real independent variable. W e discuss 
a system o f /  equation s o f first order with /  unknow n functions : 

Dtu(t)-Mu(t) =  f(t), 1 dt 
(C.l) 

where u(t)  =  \u x(t), . . . ,  u^t)) i s a  colum n vecto r o f complex-value d un -
knowns, f(t)  i s a  column vecto r o f give n function s an d M  i s a  given /  x  / 
constant comple x matrix . A t th e sam e time w e discuss a  single equation o f 
order / : 

a{Dt)u{t) =  f{t), (C.2 ) 

where u(t)  i s a complex-valued unknown function, f(t)  i s a complex-valued 
given function an d a(X)  i s a given monic o f degree / : 

/7=0 

apeC ( 0 < p < / ) , al =  1 (C.3) 

and the a  ' s are independent o f t. 
(C.2) i s reduced to a  system of type (C.l ) i f we put 

u(t) =  '(u(t),Dtu(t),...,Dl
t \(t)), f ( * ) = ( 0 , . . . , 0 , / ( * ) ) , (C.4 ) 

and M Ma, wher e 

M„ 

( 0 
0 

0 
\-a0 

1 
0 

0 

0 
0 

1 
al-x 

(C.5) 

(C.6) 

Denoting the uni t matri x o f order /  b y / , w e have 

del{M -  M a) =  a(A). 

For (C.l ) an d (C.2) , we set 

aM =  {X e  C ; det(A / - M)  =  0}, o a =  {XeC\ a{X)  = 0}. (C.7 ) 

A. Hypotheses . Sinc e w e ar e discussin g (C.l ) an d (C.2 ) a s model s o f 
elliptic equations , we assume tha t 

c r M n R = 0 , o a DR = 0 . (C.8 ) 

So, o M an d o a ar e divided by the real-axi s into two part s 

JM = {Xeo M\ ±3X  > 0}, a a ={Xea a; ±3X  > 0}. (C-9) 

Let y  b e a simple closed rectifiable curv e in a complex 2-plan e enclosing o 
M 

or a a . Similarly , le t y ± b e simple closed rectifiabl e curve s in the uppe r (o r 
~" 7 a .  Thes e ar e oriente d i n th e counter -lower) hal f plan e enclosin g o M o r o a 

clockwise sense . W e defin e 

J L / (U-MY'dl. (CIO) 
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The matrices P ± satisf y th e following : 

P+ +  P_=I, P 2± = P±> P +P-=P_P+ =  0. (CM) 

Similarly, a(X)  i s factored a s 

a(X) = a+(X)a~(X), (CM) 

where a +(X) ha s zeros only i n th e uppe r hal f plane , while a~  (X)  ha s zero s 
only in the lower half plane . Th e a  (X)  are assumed to be monies. W e set 

r± =  ran k P± fo r (C . 1 ) an d r * =  deg a± (A ) fo r (C.2 ) (C . 13) 

(note tha t rankP ± =  dega ±(A) i f M  =  M a). The n r * i s equal to th e su m 
of multiplicitie s o f eigenvalue s o f M  o r o f zero s o f a  (A) i n th e uppe r o r 
lower half plane . (Naturally , r  >  0  an d r + +  r~  =  /. ) 

B. Particula r solution s o f (C.l ) an d (C.2) . W e defin e a  matrix-value d 
kernel K(t)  an d a  complex-valued kerne l k(t)  b y 

r+N 

K(t)= li m -L f  e iU(M-M)~X dX, 
iVT+oo 271  J_ N 

i r +N at 

k(t)= li m —  /  ~ d l . (C.14 ) 
iVT+oo lit J_ N a(A) 

We do not defin e the m a t t  = 0 bu t 
iXt 1 

tf(0 =  ^ M i > + , k ^ = 2 i ^ ^ d k ift>0 ' 

itM ~  ,  /  . x —  1 / • £ 
/A/ 

* ( 0 =  -«?""/>_, fc(o =  — / r — r f A i f r < o . 

Then /£(* ) an d fc(f)  ar e elementary solutions of D t-M an d <2(D, ) respec -
tively. 

PROPOSITION C . 1. Iff(t)  (or  f(t))  is  bounded and measurable on R , there 
exists one and only one bounded solution u(t)  of(CA)  (or  u(t)  of  (C.2)) which 
is given by 

/

+oo /*+o o 

K(t- s)f(s)  ds  (resp.  u(t) =  /  k(t  -  s)f(s)  ds).  (C . 15) 
-OO « / —O O 

PROOF. W e have (£> , - M)K(t)  =  <9, a(D t)k(t) =  0 excep t a t t  = 0 an d 
# ( 0 + ) - * ( ( ) - ) =  / / , 

/-I ;- i f 0 i f l < j < / — 1 
D l k(o+)-D l k(o-) =  \ .  . - ; -

I /  i f j  =  / . 

(C.l 6 ) 

^/-i; Moreover, J£(f) , k(t) , D tk(t), . . . ,  D,~ fc(f)  ar e absolutely integrable on R . 
Therefore, th e solution s give n i n (C.15 ) ar e bounded . Uniquenes s wil l b e 
proved i n par t D . • 
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C. Genera l solutions of homogeneous equations. Nex t we solve the initial 
value problem s 

Dtu(t)-Mu(t) =  0, (C.1) 0 

u(0) = u0; (C l 7) 

and 

a(Dt)u(t) =  0, (C.2) 0 

DJ
t~

lu(0) =  Uj, \<j<l.  (C.18 ) 

For the latter, we need a  system of polynomial s 
/ 

akW =  J2a
P

xP~k> i  < * < /. (C.19 ) 
p-k 

PROPOSITION C.2 . The  solution  of  (C.1) 0-(C17) {or  (C.2) 0-(C18)) is 
given by 

u « =  e itMu0 (resp.  u(t) = — J  1^J2  u k"kW W  •  (C20 ) 

PROOF. Th e first formula i s well known. T o obtain the second, we remark 
that .  .  , 

UJ-k-laW+pjkW i f l < / c < 7 < / , 

I S jkX
 l~l+PjikW i f l<j<k<l, 

where p.  k (X) ar e polynomials of degree at most 1-2.  Fro m this , we have 

1 Ck j~laAk) 

Tsa^-d1"-'*- l s '-*s'- (C21 > 
Therefore, u(t)  define d a s above satisfies (C.18) . • 

D. Bounde d solutions on R  =  (0 , +oo). 

PROPOSITION C.3 . (i ) The  solution of  (C.1) 0-(C17) is  bounded on  R + if 
and only  if  P_u 0 - 0 . 

(ii) The  solution of  (C.2) 0-(C18) is  bounded on  R + if  and only  if  a~(X) 

divides T, k=\ukakW' 
(iii) No solution of  (C.l) 0 (or  (C.2) 0) other  than  0  (or  0 ) is  bounded on 

R. 

PROOF. I f M  =  Ma , we can verify tha t 

(j, fc)-entry  o f (U -  M)~ l =  ^ ^ +  polynomial, (C.22 ) 
a(A) 

and henc e 

(j,k)-entryofP± =  ^- f  k  ** W</A, l<j,k<l.  (C.23 ) 
= ini  J y± a(A) 
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So, (i ) implie s (ii) . Also , (i ) an d (ii ) impl y (iii ) (b y replacin g t  b y -t  fo r 
t <  0). Therefore , i t suffice s t o show (i) . 

For each f  e  o M, w e set 

1
 27 Jl ^=£ (C.24 ) 

NC = ^i {k-Q{U-M)- XdX, 

where £  i s a small positive number. Th e following propertie s of P^  an d N^ 
are known in linear algebra: P^  and N^  commut e with M ; P^  is idempotent 
and N^  i s nilpotent ; 

Assertion (i ) follow s fro m th e last two of these . • 
In wha t follows , w e are interested onl y in bounded solution s on R + .  So , 

we say a solution i s bounded i f i t is bounded o n R + .  Boundednes s i s equiv-
alent to the exponentia l deca y as t  —• +0 0 becaus e n o eigenvalue o f M  (n o 
zero of a(X))  is real. 

Let E + b e the se t of u 0 e  C  fo r whic h u(t)  i s bounded. B y Proposition 
C.3 an d (C.ll) , E + i s a  linea r subspac e o f C  an d i t i s characterize d a s 
follows: 

E+ =  P+Cl =  KerP_ 

= {\eC l; (U  -  M)~ l\ i s holomorphic i n 3A < 0} . (C.25 ) 

Changing the sign , we put E~  =  P_C .  The n we have 

C! =  E+ +  E~ an d E + n  E~ =  {0} . (C.26 ) 

We can also define E  fo r (C.2) 0 b y settin g 

E± =  {\v{, . . . ,  vt) e  C l; a T(X) divide s ] T ^ ( 2 ) } . (C.25' ) 

In any case, (C.13 ) implie s 

/ 

v 

dimE± =  r±. (C.ll) 

So, th e dimensio n o f th e vecto r spac e o f bounde d solution s o f (C.l) 0 o r 
(C.2)0 i s equal to r + . 

E. Dirichle t problem for (C.2) 0 a s r + >  0 . Nex t we solve (C.2) 0 unde r 
the Dirichlet boundary conditio n 

D"~lu(0) =  ca, \<a<r +. (C.28 ) 
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The bounde d solutio n o f (C.2) 0-(C28) i s unique . (I f r~  >  0 , ther e ar e 
infinitely man y unbounde d solutions. ) Analogousl y t o (C.l9) , w e defin e 
iaaW} ty  m e a n s o f a +{X): 

atW =  J2aUk~a for  l  <a<r + ifa +(A) =  ] T ^ A (C.29 ) 
k=a k=0 

PROPOSITION C.4. For  every ( c p . . . , c r + ) e C ,  there exists one and only 
one bounded solution of  (C.2) 0-(C28) and  it  is  given by 

i r p^1 r + 

""'-siJt.TwS'-'-w*- <C30> 

PROOF. Similarl y to the proof o f Proposition C.2 , we make use of 

i<*-l~+t 1 r  r lal{X) . 
^-. -J±-LdX  =  d R  fo r Ka,0<r +. • 
2ni J y+ a

+(X) afS  ~  H  ~ 

(C.31) 

If we set 

S>- = Wif/-i$rM (ort<a<S<P<,, (C.32 ) 
iy u ( A ) 

we have 
r+ 

JD? u{Q)  =  Y,spaDat "«>) , r ++l<p<l (C.33 ) 

for ever y bounded solutio n u(t)  o f (C.2) 0 . O n other words , 

vp=T,spava (r+  + l<p<l) if t(vl,...,vl)eE+. (C.34 ) 
a=\ 

In this way, the Dirichlet data of bounded solution s of (C.2) 0 determin e the 
Cauchy data . 

F. Genera l boundary conditions a s r + >  0. W e now formulat e a  mode l 
of the general boundary value problems studied in Chapter VI . For equatio n 
(C.l), a  general boundary conditio n i s of typ e 

JBU(0 ) =  " C \ (C.35 ) 

where B  i s a given r + x / comple x matrix. Fo r equation (C.2) , the boundary 
condition i s of typ e 

/ 
Bau(0) =  ^2bapD^-lu(0) =  ca, l<a<r\  (C.36 ) 

P=\ 

where b ap ar e given complex numbers (i f we reduce (C.2 ) to (C.l ) a s in par t 

A, (b  )  play s the role of B  i n (C.35)) . Vector s ~c  an d t (cl, . . . ,  cr+) ar e 
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r+ 

given element s of C .  Th e Dirichlet conditio n i s the simples t amon g all 
general boundary conditions for (C.2). On the contrary for (C.l), there is no 
particular one which can be considered as standard 

The matrix B  or {Ba}
r
a=l determinin g a general boundary condition may 

not b e arbitrary bu t should satisf y a  condition fo r the sake tha t th e setting 
be natural . Ther e ar e a number o f versions, equivalen t to one another, to 
represent this : (a)-(e ) fo r (C.35 ) an d (a')-(f' ) fo r (C.36) . W e need furthe r 
notation fo r the latter: 

^ B  i  If  b(X)at(X) 
a j ^ x

 ap  aP
 2T H Jy+ a

+{X) ~  H  ~ 
(C.37) 

Then (b afi) i s a square matrix of order r + . 

DEFINITION. Th e general boundar y conditio n B  (o r {Ba}a=l) i s said to 
satisfy th e Condition  of  Shapiro-Lopatinski wit h respec t to Dt - M  (resp . 
a(Dt)) o r covers D t — M (resp . a(D t)) i f and only if one of (a)-(e) (resp . 
( a H O ) belo w holds: 

(a)(a7) Fo r the bounded solutio n u(t)  o f (C.l) 0 (resp . u(t)  of (C.2) 0), 

£u(0) =  ~Q  implie s u(t)  = 0 (resp . B au(0) =  0 , 1  < a <  r+, impl y 
K(0 = 0). 

(b)(b') Th e inequality 

J2^P\DJ
tn(t)\<K\Bu(0)\ 

j=o R + 

/ r+ 

resp. £>up|Z^«l <  K^\B au(0)\ 
7=0 R + a = l 

holds for bounded solutions , where K  i s a positive numbe r independen t of 
u (resp . u). 

(c)(c ) Fo r every c  (resp . (c x, . .. , cr+)) e  C ,  there exist s on e and 
only one bounded solutio n of (C.l) 0-(C35) (resp . (C.2) 0-(C36)). 

(d)(d') mnk(BP +) =  r+ (resp . det(S a,£\ f i=l *  0). 
(e)(e') Ther e exist s an /  x r+ matri x Q  satisfyin g 

Q = P+Q, QBP + =  P+, an d BQ  = I 

(resp. (b afi)a9fi=1 ha s inverse (p 

(f) {b aW}a=l ar e linearly independen t modul o a  (A) . 

PROPOSITION C.5 . For (C.1) 0-(C35) {or  (C.2) 0-(C.36)), conditions  (a)-
(e) (ras*/? . (a')-(f') ) <zfeov £ <zre equivalent one  another. If  one  of  them is  satisfied, 
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there exists one  and only  one bounded solution and it  is given by 

/^ \ itM  ^ —• 

u(r) =  e Qc 
i r  P

iXt r+  \ 
resp. u(t) =  _  /  £  <,Pa,° +*W** •  (C38 ) 

^ ^  '  a , /?= 1 J 

PROOF. Clearly , (a ) <& (b ) an d (d ) & (e) . Propositio n C. 3 implie s 
/ 

Y^™X>\DJ
tu{t)\<K\P+u{0)\ 

7=0 R + 

for an y bounded solutio n o f (C.l) 0 wit h a  positive number A ^ independen t 
of u . W e can replace  |P +u(0)| b y |#u(0) | o f an d onl y i f (a ) o r (b ) holds . 
And hence (a), (b), (d), and (e) are equivalent. An y one of these is equivalent 
to (c ) by virtue o f the formula (C.38) . Similarly , w e may prove equivalenc e 
of(a') - ( f ) . D 

G. Genera l boundary value problems as r + >  0 . W e are goin g to writ e 
down th e solutio n o f th e inhomogeneou s proble m (C.1)-(C35 ) (o r (C.2) -
(C.36)). Fo r this , we set 

G(t, s)  = K(t -  s)  -  e i,MQ{BK{z -  s)}\ n0, 

g(t ,s)  =  k(t-s)-J2Tt Pjfib^iBT'kiT  -  s)}\ xi0 (C.39 ) 

for t , s  >  0 an d t^s,  wher e 

p°{t) =  2S 7 J, + ^w  g  P ^ W dK  l ^a^r+- ( C 4 0 ) 

K{t,s) (o r k(t,s))  i s calle d th e Green  function fo r (C.1)-(C35 ) (resp . 

(C.2)-(C36)) an d e itMQ (resp . {p a{t)Y*=l) i s called the Poisson kernels). 
The following i s a consequence o f Propositio n C. l an d C.5 . 

PROPOSITION C.6. Suppose  that a general boundary condition B  {or  {Ba} ) 
satisfies the  condition  of  Shapiro-Lopatinski  for  D t -  M  {resp.  a{D t)). 
Then, every  bounded function i{t)  {resp.  f{t))  on  R + and  every  ~c  {resp. 

( c p . . . , c r + ) ) G  C ,  there  exists one  and  only  one  solution u{t)  of  (C.l)-
(C.35) {resp.  u{t)  of '(C.2)-(C36)) and  it  is  given by 

r+oo . 

u(f) =  /  G(t,  s)t(s)  ds  +  e lt Q~c 
Jo 

r+oo r+ \ 

resp.u(t) =  J g(t,s)f(s)ds  +  y}2capa(t)\ .  (C.41 ) 
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H. Cas e where r  =  0 . I n thi s case , the bounde d solutio n o f (C.l ) (o r 
(C.2)) i s unique withou t imposin g any boundary conditio n a t t  =  0 . 

PROPOSITION C.7. For  every bounded function f(t)  {or  f(t)) on  R +, there 
exists one  and only  one  bounded solution xx(t)  of(CA) (resp.  u(t)  of  (C.2) ) 
and it  is  given by  (C.l5) . 

I. Summary . Th e formulas for solutions obtained above are available also 
in the LP  -framework withou t any modification. Therefore , we summarize the 
results of thi s section i n the following wa y by making use of Sobole v space s 
which are defined i n §E. 

PROPOSITION C.8 . Suppose  that  1  < p <  +oo. 
(i) If  r  >  0  and  B  (or  {B a}a=l) satisfies  the  condition  of  Shapiro-

Lopatinski with  respect to D t- M  (resp.  a(D t)), we  have an isomorphism 

(Dt -M, B)from  {W l'p(R+)}1 onto  {LP(R+)}1 x  Cr 

(resp. (a(Dt) ,B l9..., B r+) from W l'p(R+) onto  LP(R+) x  C r+); 

(ii) if  r + =  0, we  have an isomorphism 

Dt-Mfrom {W l'p(R+)}1 onto  {L P(R+)}1 

(resp. a(Dt)from W l'p(R+) onto  L P(R+)). 

§D. Fredhol m operators 

In this section, X , Y , Z  ,  . .. ar e assumed to be Banach spaces (in general 
of infinite dimension) . W e denote by Jzf(X , Y)  th e set of continuous linea r 
mappings from X  t o Y . The n ^f(X,  Y)  i s a Banach spac e equipped wit h 
the operato r norm . Le t 3£(X , Y)  b e th e se t o f compac t (o r completel y 
continuous) linea r mapping s fro m X  t o Y.  3?(X , Y)  i s a  close d linea r 
subspace o f Sf(X,  Y) . Furthermore , le t Jt? f(X, Y)  b e the se t o f element s 
of £?(X , Y)  whic h are of finite rank. £? f(X , 7 ) i s a dense linear subspac e 
of 3?(X,  Y) . W e denote the identity mappin g in X  b y I x . 

DEFINITION D. 1. A  mapping u  i s called a  Fredholm operator  if i t satisfie s 
four conditions : 

(i) ue^f(X,Y); 
(ii) dimKer w <  +o o ; 
(iii) I m u (imag e of X  b y u)  i s a closed linear subspac e o f Y  ; 
(iv) di m Coker u < +oc , where Coke r u = Y/lmu. 
If these are satisfied , th e intege r 

X(u) =  dimKerw -  di m Coker u (D-l ) 

is called the index  o f u  . The se t of Fredholm operator s X  t o Y  i s denoted 
by 4>(X,Y). 
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In thi s way , a  Fredhol m operato r (calle d als o Fredhol m mapping , O -
operator o n O-mapping ) i s a linea r mappin g whic h i s invertible modulo  a 
subspace of finite dimension. Denotin g by Z  th e set of integers, /  i s a Z -
valued functio n define d i n 0 (X , Y) . A s we shall see in Theorem D.3 , x  i s 
continuous. Wha t is interesting in the definition i s that elements of ®(X , Y) 
are classified b y their indices . Tha t is , if we set 

<!>n(X,Y) = {ue<i>(X,Y);x(u) =  n} fo r rceZ , (D.2 ) 

then 0 (X , Y)  i s equal to the disjoint unio n o f ® n(X, Y)  's: 

®{X,Y) =  [ J d>„(X,Y),  <D m(X,F)n<Dn(X,F) =  0 i f m * n. 
n=—oo 

(D.3) 
The structur e o f 0> n(X, Y) wil l be studied in (a)-(f ) below . First , we sum-
marize some of the basic properties of indices. 

THEOREM D.l . An element  u  of  Sf(X , Y)  belongs  to <1>(X , Y) if  and 
only if  there  exists  an  element  u  of  20Y , X)  such  that  u  o  u - I x e 
3f(X, X)  and  that u  o u -  I Y e  J f ( F, Y).  Then,  u  belongs  to 0 ( 7 , X) 
and we have 

X(u) +  X(u') =  0. (DA) 

Analogously, 

THEOREM D.2 . An element  u  of  S?(X,  Y)  belongs  to <£>(X , Y) if  and 
only if there exists an element u  e  ^f(Y, X)  such  that u'ou-I x e  S?AX, X) 
and that  u  o u -  I Y e  £?f(Y, Y).  Then,  u  e®(Y,  X)  and  (D.4) holds. 

The inde x remain s invarian t unde r a  large clas s of perturbations. T o see 
this, we need 

DEFINITION D.2 . W e define 

\u\c =  inf{||K + fc||; k e  3t{X, Y)} . (D.5 ) 

(| \ c i s not a norm but a seminorm because \u\ c = 0 i f u  e 3£{X, Y) . Not e 
also that \u\ c < \\u\\.) 

THEOREM D.3 . Given  an element  u  e  0 (X , Y),  there  exists  a  positive 
number r  (depending  on  u)  such that,  if  w  e  <S?(X,  Y)  and  if \w\ c <  r, 
then u  + w e  <&(X, Y)  and 

X(u +  w)=x(u). (D.6 ) 

From these , we can deduce some results on the question o f classification . 
(a) (D.3 ) is a classification of 0 ( Z , Y)  modulo  Jf(X,  Y). 

(b) Each of  {O n(X, ^)}^!°-o o is  an  °P en subset  °f  ^( x >  Y ) >  and  hence 

0 ( Z , Y)  is  also an open subset of  \Sf(X, Y) . 
The following proposition s and corollaries may be helpful t o compute in-

dices of concrete operators . 
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PROPOSITION D.4. If  ue  0 ( X , Y),  the  transposed operator l u belongs  to 
0 ( F ' , X')  {X r is  the dual space of X)  and  we have 

X(u) + xCu) =  0. (D.7 ) 

PROPOSITION D.5 . Given  u x e  0 ( ^ , 7 ^ and  u 2 e  <E>(X 2, Y2), de-
fine u  =  (u l9u2) by  setting  u{x x,x2) =  {u x(xx), u 2(x2)). Then,  u  e 
0(Xj x  X2 , YX x Y2) and  we have 

X(u) =  x(ux) +  x(u2). (D.8 ) 

PROPOSITION D.6 . If  u  e  0(AT , Y) and  v  e  0 ( 7 , Z),  then  v  o  u e 
0(X, Z ) and  we have 

X(v°u) =  x(u) +  x{v). (D.9 ) 

PROPOSITION D.7 (Theorem o f F. Riesz and J. Schauder) . 

Ix +  k e  %(X, X)  ifk  e  JT(X, X) . 

As is known, Proposition D.7 generalizes the alternative theorem of I. Fred-
holm. Theorem s D.1-D.3 ar e consequences of Proposition D.4-D.7 . Theo -
rem D.3 and Proposition D. 7 imply Corollar y D.8 below and Theorem D. l 
(or D.2) and Proposition D. 6 imply Corollar y D.9. 

COROLLARY D.8. Ifue  £?{X , X)  and  \u\ c < 1, then I x+u e  O0(X, X). 

COROLLARY D.9. Suppose  that u  e <Sf{X, Y) and  v  e  £?(Y, Z ) . If  two 
of u,  v  , and v  o u are  Fredholm operators,  then  the other is also a Fredholm 
operator and (D.9) holds. 

We consider again the question of classification. B y Proposition D.6 , D.8 , 
and Theorem D.l , we see that 

(c) O 0(X 9  X) is  nonempty because  it contains I x; 
(d) if  ® {(X, X)  is  nonempty, then  for every n  eZ, & n(X, X)  is  contin-

uously in one-to-one correspondence with 0> Q(X, X)  modulo  3£{X , X),  that 
is, any two of ® n(X, X)'s  are  homeomorphic; 

(e)ifoneof^{(X,X) and  ® {{Y,Y) is  nonempty, then  {<& n(X,Y)}+™_oo 
has properties analogous to those in (d); 

(f) Q(X,  X)  is  a topological group modulo 5?{X,  X)  with  respect to the 
operator product, and the index x  I s a representation  of this group. 

Here is an important fac t t o notice. Th e index %(u)  is fairly stabl e unde r 
perturbations a s is shown above , while each o f di m Ker u an d di m Coker u 
is not stable. Fo r example, we have 

PROPOSITION D.10 . Suppose that  u  e  <b n(X9 Y), n  >  0  and  that 
dim Coker u >  0 . Then,  for  any  positive  number  e,  there  exists  awe 
&AX, Y)  such  that \\w\\  < e and Coker(u+w) =  {0}. Analogously, ifn <  0 



246 APPENDIX 

and dimKer w > 0, we can find arbitrarily small perturbation w  e £?f(X, Y) 
for which  Ker( w + w) =  {0} . 

The content s of this sectio n ar e collecte d fro m I . C. Gohber g an d M . G. 
Krein [34] , wher e ther e ar e proof s o f the result s state d above . Th e sam e 
authors investigate d i n [35] th e integra l operator s (Wiener-Hopf  operators) 
on the hal f lin e R + define d b y 

r+oo 

f(t)-+Kf(t) =  /  K(t-s)f(s)ds,  t>0,  (D.10 ) 
Jo 

and the y represente d x{K)  by means o f the Fourie r transfor m o f K(t) . 
This is one of the backgrounds of index theor y fo r ellipti c operator s du e to 
M. F. Atiyah an d I . M. Singer [130] . I n §C, we treated ordinar y differentia l 
operators o n the half line . W e ma y restat e th e results obtaine d ther e as 
examples of Wiener-Hopf operator s (th e elementary solutio n of a(D t) ther e 
plays the role of K(t)). 

§E. Sobolev spaces 

As space s of functions wit h th e ai d o f which w e se t u p th e problem s in 
the theor y o f partial differentia l equations , th e larges t possibl e space s are 
those of all distributions or hyperfunctions. However , these are sometimes so 
large that, we are not satisfie d wit h solution s found i n these spaces . Sobole v 
spaces which we are going to study are subspaces of Lp -spaces equipped with 
structures of Banach spaces or Hilbert spaces . Therefore , it is not so difficul t 
to discuss the solutions belonging to these spaces. Hence , Sobolev spaces are 
very frequentl y use d in the theory of partial differentia l equations . Sobole v 
spaces sometimes play essentia l role s not onl y for ellipti c equations but als o 
for paraboli c o r hyperbolic equations . 

A. Definitio n o f Sobolev spaces . Le t Q be a bounded o r unbounded 
domain o f R" and p b e a real numbe r satisfyin g 1  < p <  +oo. Fo r th e 
moment, w e make no assumption o n smoothnes s o f the boundary S  = dQ. 
Denote by L P(Q) th e vector spac e o f complex-valued measurabl e function s 
whose pth  powers are summable in Q. L p(£l) i s a Banach spac e equippe d 
with the nor m 

Nkn)=(/j"Wr^) "  (E.1 ) 

(more precisely , an element of LP(Q) represent s no t an individua l functio n 
but an equivalence clas s of functions obtaine d b y identifyin g al l function s 
which coincide except for values on null sets of Q,). Every element of L p(il) 
is locall y summabl e i n Q , so it defines a  distribution i n Q . Therefore , 
LP(Q.) i s a linear subspac e of 3f'(Q) (se e Chapter I , §1 , part F) . 

Given a nonnegative intege r k  , let W  ,P (Q) be the vector spac e of ele-
ments of Z/(Q) whos e partia l derivative s (i n th e sens e of distributions) up 
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to orde r k  belon g to L p (Si) . Then , W  ,P (S1) i s a Banach spac e equippe d 
with the nor m 

INÎ (Q)=f Ell^li 'w) •  (E-2 ) 
\\a\<k J 

In particular , W°' P(Q) =  LP(Q) an d W ' P{£1) i s a proper subspac e of 
Wk~l'p(Q) if  k>0. 

Let y  be a real number satisfying 0  < y < 1. We denote by W y'p(Q) th e 
vector space of elements u  of LP(Q) fo r whic h the seminor m 

if ) l , P 

M ^ - ^ H / /  '  •'.. ' ..,n+vo dxdy^  (E.3 ) 
\u{x) - u(y)\" 

W'WllnL \x-y\ n+™ 
is finite.  Furthermore, given a nonnegative integer k  , let F T +y ;7 (Q) b e the 
set of element s of W  ,p (Sl) whos e partial derivative s o f orde r k  belon g to 
Wy,p(Sl). Then , W  +y,p(Sl) i s a Banach spac e equipped wit h the nor m 

\\u\\wk+r.P(Q) =  I I |W||^.,( 0 ) + E W^W'-'^)  \  '  ( E*4) 
{ \a\=k  J 

Thus w e defined W a,p(Sl) fo r an y nonnegativ e rea l numbe r a.  Not e tha t 
C0°°(Q) i s contained i n any on e of the W a>p(Sl)'s. Le t W£' p(0) b e the 
completion of C™(Sl)  i n the spac e W a'p{Q). Then , W*' p(Sl) i s a closed 
linear subspac e of W a'p(Sl). (W e may verify tha t W£' p(Sl) =  Wa'p(Sl) i f 
0<a<l/p. Se e Proposition E . 1 0 below. ) Not e that w£' p(Rn) =  W a'p(Rn) 
for an y a  an d p  . 

Assuming tha t 1  < p < +00, defin e p  t o be p  —  p/(p - 1 ) o r \jp  + 
1//?' =  1  (s o 1 < p <  +00). Fo r a > 0 , let H^~ fl/7(Q) b e th e dua l spac e 
of WQ' P (SI) o r the spac e o f continuous linea r form s o n W£ ,p (SI). So , 
>F~fl,p(Q) i s a Banach space . 

In thi s way, we defined W a,p(Sl) fo r (a , /? ) e R x (1 , +00) o r (a,  p)  e 
[0, +00 ) x [1, +00). An y one of these spaces is called a Sobolev space on Q 
in the L p-framework. Ther e are continuous inclusion s among these: 

Wb'p(G)cWa'p(Q) i f 

( eithe r 1  < p < +00 an d 

< —  0 0 <  a  < b <  + 0 0 , 

[ o r p =  1  and 0  < a < b <  +00; 

WQ'P(Q)C W£' p(Sl) i f 1  < / ? < + o c a n d 0 <a < 6 < + o o . (E.5 ) 

Especially fo r p  = 2, the notation / / i s more popular tha n W  : 

H^'2(ft)=//*(Q) fo r - o c < t f < + o c , 

W^2(Sl) =H%(Sl)  fo r 0  < a < +00. 
(E.6) 
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Ha(Q) an d flJ(Q)  ar e Hilbert spaces . 
The inde x a  o f th e Sobole v spac e W a'p{Q) (o r W^ P(Q)) i s called th e 

order. If a  >  0, thi s means that an y element u  o f H^ ,/7(Q) (o r H^' P(Q)) 
is "a  time s differentiate " i n L P(Q). Th e notio n o f differentiabilit y o f 
fractional orde r i s no t elementar y i n general . Fo r p  =  2 , Q  =  R n ,  an d 
0 < y  < 1 , we have 

. .2 
l//y(R") C(y, / i ) / " | { | 2 y | ^ « ( 0 | 2 ^ . (E.7 ) 

So, the notion is interpreted by means of Fourier transform. Fo r every a  e R , 

(E.8) 

there exis t positive numbers C  =  C . a  ( 7 = 1,2 ) suc h tha t 

ClHWH//*(R") ^  II(^)^ W(^)IIL2(R") ^  C 2llWH//a(R") 

holds for ever y ueH a(Rn), wher e ({ ) =  yjl  +  |£| 2 . 
Spaces W a,p(Q) wit h / ? /  2  ar e no t use d muc h i n thi s book . So , w e 

study mainly the properties of H a(Q) an d HQ(Q)  . Som e results or methods 
of proof whic h we shall present here may no longer be available for th e case 
where p  ^  2 . Also , for simplicit y o f notation , w e denote sometime s by | | | | 
the norm i n L  (Q) . 

B. Inequalit y of H. Poincare. 

LEMMA E.l. Suppose  that Q  is  contained in  the cube Q  = {x e  R n ;  \x.\ < 
a ( 1 < j  <  n)} . Then  the  inequality 

\\Dauf <  Ca2{k~lal) ^  \\D^u\\ 2 (E.9 ) 

holds for every u e H Q (Q) and  \a\  < k with  a positive number C  independent 
of (a,u). 

PROOF. I t suffice s t o prov e (E.9 ) fo r k  =  1  an d a  =  0 . Th e smalles t 
eigenvalue of the Dirichlet problem fo r Laplacia n i n Q  i s equal to 4a  jnn 
(see Chapter II , §5) . Therefore , eigenfunctio n expansio n yield s 

A l  n 

n% 

du 
dx: 

(E.10) 

for ever y u  e  H Q(Q). Sinc e H 0(£l) i s imbedded i n HQ(Q)  (extensio n b y 
0 t o outsid e Q) , (E.10 ) hold s als o fo r u  e  HQ(Q)  .  Consequently , (E.9 ) i s 
proved fo r k  =  1 . • 

Analogously by making use of the Neumann problem , w e may prove tha t 

7=1 

du 
dx; 

+ w\\Lu{x )dx (E.10') 

holds for every u  e H  (Q ) wit h a positive number C  independen t of u  (C = 
4a2/n2 i f Q  = Q). 
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C. Extensio n mapping from H a(£l) t o H a(Rn) fo r a  >  0. Th e restriction 
to Q  o f a n elemen t o f H a(Rn) i s naturall y a n elemen t o f H a(£l). Th e 
following i s the convers e o f this . Suppos e tha t Q.  is a  bounded domai n o f 
R" whos e boundary S  i s a hypersurface o f class C°°  an d that Q  i s in only 
one side of S  a t ever y point o f S . 

LEMMA E.2 . If  a  >  0,  then  for every  positive number  e,  there  exists  a 
linear mapping E  from  H a{Q) to  H a(Rn) satisfying  three  conditions : 

(i) E  is  continuous, 
(ii) (Eu)\ Q =  u  for  every  u  e H a(£l), 
(iii) the  support of Eu  is  contained in  an ^-neighborhood  of Q . 

PROOF. Suppos e that Q  i s the half spac e R n
+ = {x e  R n ;  x n >  0} . Le t k 

be a  positive intege r no t smalle r tha n a . Fo r arbitrar y k  distinc t positiv e 
numbers t x, . . . ,  tk ,  let c x, . . . ,  ck b e real numbers satisfying th e system of 
equations 

k 

^2{-tj)lCj =  1  f o r 0 < / < £ - 1 . (E.11 ) 
7=1 

For u  e II k(Rn
+) ,  we define E Qu b y 

( u(x)  fo r x n >  0, 

* (E.12 ) 
2^CjU(xl9 . . . ,x n_l9 -tjX n) f o r x „ < 0 . 
7 = 1 

Moreover, le t C(x n) b e a  functio n o f clas s C° ° whic h i s equa l t o 1  fo r 
xn >  —e/2  an d t o 0  fo r x n <  -e . Finall y w e pu t Eu{x)  =  C(x n)E0u(x). 
Then, th e mappin g E  ha s th e require d properties . Als o fo r th e genera l 
domain Q , w e ma y construc t a n extensio n mappin g E  b y makin g us e o f 
partition of unity, local change of coordinates which makes S  flat,  an d of E 
constructed fo r th e half space . • 

COROLLARY E.3 . Let  E e {and  E°  )  be even [resp. odd)  extension of  func-
tions in R n

+ to  R n with  respect to x n. If  ue  H {(Rn
+), then  E eue H l(Rn). 

And E°u  e  H l(Rn) if  and only  if  ue  H*(R n
+). 

The proof i s omitted. Se e part G  below. 

D. Theore m of R. Rellich. Th e following i s an L  -versio n of the theorem 
of Ascoli-Arzela (se e R. Rellich [159]) . 

THEOREM E.4 . Suppose  that  Q,  is bounded and  0  <  b  < a <  +oo. Then, 
the imbedding from H^(Q)  into  H 0(£2) is  compact. 

PROOF. W e prove the assertion i n the case where a  = 1  and b  — 0 . (Th e 
idea o f proo f i s the sam e fo r th e genera l case. ) Fo r this , i t suffice s t o sho w 
that the unit ball B  o f H!(Q)  i s relatively compact i n L 2(Q). Le t u  b e an 

{EQu)(x) 
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element o f B  .  Extendin g i t by 0  to outside Q , i t ma y be identified wit h a n 
element o f H l(Rn). 

Taking a positive number R , w e put u  = vR +  wR, wher e 

vR(x) =  (2n)  n  [  e ix'^u(Z)d£, 
J\Z\<R 

wJx) =  (2n)~ n f  e ix'^u{£) d£ . 
J\£\>R 

Then, a t first 

V }  J\l\>R 

< (2*r n r 
~ l+R 2h\ 

\Z\>R 

({>2 |y-M(0|2^<—i-j 
l\Z\>R l+R 

So, \\w R|| i s uniformly smal l for an y u  e B  i f R  i s large. W e fix a large R . 
As for v R ,  it is the inverse Fourier image of functions with support containe d 
in |£ | <  R . No t onl y v R itsel f bu t als o an y derivativ e o f v R i s uniforml y 
bounded i n R n 

\DavR(x)\2 <  (2n)-2n {  [  \C^u{Q\  dA 

< (2n)- 2n f  i n 2 d£  f  Wu{$f  d{  <  CRn+2H . 
J\Z\<R J 

And hence the family {v R(x)\Q; u  e B}  i s uniformly bounde d an d equicon -
tinuous. Therefor e b y th e Ascoli-Arzel a theorem , an y sequenc e o f B  con -
tains a  subsequence whic h i s uniformly convergen t i n Q . Consequently , B 
is relatively compac t i n L 2(Q). • 

An analogous fact holds for the imbedding H a(Q) c  H  (Q)  . We omit the 
proof o f the following corollar y (se e Lemma E.2) . 

COROLLARY E.5 . Let  Q.  be  a bounded  domain  satisfying  the  smoothness 
assumption in  part C. The  imbedding from H a(Q.) into  H  (Q ) is  compact if 
-oo <  b < a <  +oo. 

Neither Theore m E. 4 no r Corollar y E. 5 i s correc t i n genera l i f Q  i s un-
bounded. Fo r example , le t Q  =  R" , <p(x)  e  C™(R n) an d £  b e a  fixed 
unit vector . The n th e se t {q>(x  +  ji)}^  i s bounde d i n //^(R") , bu t n o 
subsequence o f i t i s convergent i n L  (R n). 

E. Inequalitie s of interpolation. W e define a  seminorm i n H k(Q) t o be 

\U\H^= f E i i n̂ ( E-13) 
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for positiv e intege r k . I f O < / c < / < m < + o o , ther e exist s a  positiv e 
number C  =  C(k , / , m)  suc h tha t 

E z 2a ^ e E  z 2a + Cfi-(/"*)/(w"7) £  £ 2a 

\a\=l \a\=m  \a\=k 

holds fo r an y positiv e numbe r e  an d £  e  R n .  Fro m thi s an d th e Fourie r 
transform, w e may prove the followin g 

LEMMA E.6 . Let  k,  / , m  be  integers  satisfying 0  <  k  <  I  <  m  <  +00 . 
Then 

(i) There  exists a  positive number C  = C(k, I , m , ft)  such  that 

M/f'W ^  £ I*V(Q) + Cf i_( /~* ) / (m~ / ) | 'V (Q) (E.14 ) 
holds for any  positive number  e  and  u  e H™(Cl). 

(ii) If  ft  satisfies  the condition in  part C, then  inequality  (E.14 ) holds  also 
for u  e H m(Q) possibly  with  a larger constant C. 

The second assertio n i s also verified b y making use of Theorem E. 4 an d 

LEMMA E.7 . Let  X , Y  and  Z  be  Banach spaces  satisfying X  c  Y  c  Z 
Suppose that  the  imbedding  from X  to  Y  is  compact  and  the  imbedding 
from Y  to  Z  is  continuous. Then,  for every  positive number  e,  there  exists 
a positive number  C{e)  such  that 

\\u\\Y <  elMI^+ C(£)| |M|| Z for  any  ueX.  (E.15 ) 

F. Representatio n of elements of H a(Q) fo r a  <  0. I f ft =  R" , then 

Ha{Rn) =  {ue ^(R n); <£) a9*u{£) e  L 2(Rn)} (E.16 ) 

whatever a  ma y be. I n particular, assum e that a  = -k  an d k  i s a positive 
—k n 

integer. Then , every u  e H  ( R )  i s represented a s 
u = ( 1 - A) kv ,  t ; e  / ^ ( R " ) , (E.17 ) 

by setting v  =  ^_ 1 { ( 1 +  | ^ | 2 ) " V ^ ) } .  O r agai n 
M = E ^ X * ^ e L 2 ( R " ) , (E.18 ) 

by setting v a = y " 1 { « 7 
^2\p\<k % )^ u(€)} Analogous  representations are 

true fo r a  general domain ft  (th e proof i s omitted): 
LEI 

Then, 
LEMMA E.8 . Let  u  be  an  element  of  H  (ft ) for  a  positive integer  k. 

(i) There  exists one and only  one element v  of  H 0 (ft) such  that 

u =  (1 - A ) v. 

(ii) There  exists a  family {v a; |a | <  k}  of  L  (ft ) such  that 

u = y  D av . 
\a\<k 
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G. Trace s on hyperplanes. I f u(x)  belong s to S*(R) , w e have 

2nu(x) =  / 
J—< 

eix'\g +s 2)-a/2{(Z2 +  s2)a/2$ru(Z)}dZ (E.19 ) 

for an y positive number s.  Suppos e tha t a  >  1/2. The n we have a boun d 

\u{x)\<CKus, (E.20 ) 

where 

4n2K2
us =  r ° V + s 2 ) V " ( £ ) | 2 ^ , C 2 =  [ +OC(Z2 + s 2)-adZ. 

J — oo J— oo 

If 1/2  <a<  3/2 , the n 

\ e +  s2)-a\em -  l\ 2d£ <  A2mm(\t\2a'1, s 1'20) (E.21 ) 
/ 

+o o  2 

for S  > 0  an d t  e  R,  wher e A  —  A a i s a  positive numbe r independen t o f 
(t, s).  W e represent u(x)  -  u(y)  a s in (E.19 ) and make use of (E.21) . The n 

\u(x)-u{y)\<AKus\x-y\a~112 forx.yeR.  (E.22 ) 

Inequalities (E.20) and (E.22) hold for every u  e H a(R). Tha t is, if a  >  1/ 2 , 
each element of H a(R) i s a bounded continuous function (afte r a  correction 
of values on a null set if necessary). Moreover , if 1/ 2 <  a  <  3/2, i t is Holder 
continuous o f exponen t a  - 1/2 . I n particula r i f a  =  1 , (E.20 ) an d (E.22 ) 
can be rewritten a s 

\u(x)\2<^(^\\u\\2+s\\u\\2^j f o r * > 0 , 

\u(x) -  u(y)\  <  \/\x-y\  \\u\\  fo r x , y  e  R  (E.23 ) 

(\u(x) -  u(y)\  i s in fac t o f o(y/\x  —  y\)). 
Let us generalize this to n  variables . I n R " , we identify th e generic point 

on th e hyperplan e x n =  0  wit h x  =  (x {, . . . ,  xn_x) o f R" _ .  Give n a 
W(JC)GC0°°(R"), w e defin e 

yjU(x) =  li m Z> J K(JC) fo r ;  =  0 , 1 , 2 , . . . .  (E.24 ) 

Also for W(JC ) G  C0°°(R"), we set 

y.u(x) =  lim Dju(x) fo r j  =  0, 1 , 2 . . . . (E.24' ) 

y. i s said to be the trace  operator of orde r j  . 

PROPOSITION E.9 . Let  j  be  a  nonnegative  integer  and  let  a  be  a  real 
number satisfying  a  >  j  +  1/2.  Then,  the  trace  operator y.\  C™{R n) —• 
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C™(Rn l ) can  be extended to  a continuous linear  mapping from H a(Rn) to 
Ha-J-l/2{Rn-lh 

PROOF. I t suffice s t o prov e th e cas e wher e j  =  0 . Fo r u  e  H a(Rn), 
let ^'u{£ , x n) b e th e partia l Fourie r transfor m wit h respec t t o x  .  Sinc e 
{i)a^u(i) i s square summable with respect to £ n fo r almos t every £ ' , there 
exists a null set N  i n R^ _1 suc h that SF'u{£,  x n) i s finite as long as £ ' £  N 
and 

e^Putf ,S n)dSn. 
-oo 

Applying (E.20 ) with s  = (?)  ,  we have 

/

+oo 
{Z)2a\sru(0\2dtn 

-oo 

if £  $  N  ( C i s a positive numbe r independen t o f (w , £', x n)). Sinc e the 
right-hand side  i s integrabl e wit h respec t t o £' , th e left-han d sid e i s als o 
integrable. Thi s shows by (E.8 ) that u(- , x n) i s an element o f H a~l/2(Rn~l) 
and tha t 

with a  positive number C'  independen t o f (u,  x n). B y putting x n =  0 , w e 
see that v  ca n be extended to a continuous linear mapping from H a(Rn) t o 

/ / a~1 / 2(Rw _ 1) . Sinc e C 0°°(R") i s dense in H a{Rn), thi s continuous extension 
is unique. • 

REMARK E.l . y.  i s no longer defined o n H j+x'2{Rn). Fo r example , 

"w^"'{({).o8('+«»h"l/;'R»-
However u(0)  —  -foo . 

PROPOSITION E.10 . 

(i) HZ(R n
+) = Ha(Rn

+) if0<a<\/2. 
(ii) If  a  >  1/2 , an  element  u  of  H a(R\) belongs  to H^R^)  if  and only 

if 
yjU = 0  for  every  integer j  satisfying  0  < j  <  a - 1/2 . (E.25 ) 

PROOF. Fo r simplicit y o f description , w e restric t ourselves  t o th e one -
dimensional case . W e set V  =  {(p(x) e C£°(R) ; 0  £  supp$? } . 

For the case 0  < a  <  1/2 , i t suffices to show that an element /  o f H~ a(R) 
is equa l t o zer o i f /  annihilate s V  (se e par t C  above) , I f f\V  =  0 , the n 
/ i s a  linea r combinatio n o f a  finit e numbe r o f derivative s o f th e Dira c 8 
function, s o &  f(£) i s a  polynomial . Sinc e ^)~ a^f{^) e  L 2(R), &  f{&) 
should be identically equa l to zero . Therefore , /  =  0 . 

Suppose that a  >  1/2 .  I f v  e  H a(R) an d i f v(0)  /  0 , the n v  canno t b e 
approximated, eve n in L  (R) , by a sequence of V  becaus e v  i s continuous 
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(see (E.22)) . Therefore , w(0 ) =  0  i f u  i s an extensio n t o R  o f a n elemen t 
of # 0

a(R+) (als o M W ( 0 + ) =  0  fo r 0  < j  <  a - 1/2) . 
Conversely, suppose that u  e H a(R+) an d uV\o+)  =  0  fo r all j  suc h that 

0<j<a-l/2. Begi n with the case where a<3/2.  Then , u  e  H a~l(R+) 

and H a~l(R+) =  HQ~ 1(R+) b y (i) . So , there exist s a  sequence {(p k}™=x o f 
C~(R+) whic h tends to u  i n H a~l(R+) a s k  - + oc. W e set 

V * M = /  V kit)dt. 
Jo 

Then {^}^= i * s a^so a  sequenc e i n C^°(R +) an d tend s t o u  i n // f l(R+). 
(Note tha t f+™<p k(x)dx =  0.)  Therefore , u  belong s t o H% (R+). Fo r th e 
case where a  >  3/2 , we can proceed by induction with respect to the integral 
p a r t o f a - 1 / 2 . • 

Next, we prove that y.  i s in fac t surjective . 

PROPOSITION E.ll . Suppose  that  a  >  1/2 and  let  k  be  an integer  satisfy-
ing k  <  a - 1/ 2 <  k  +  1 . Then,  for every  positive number  X,  there  exists a 
linear mapping 

Rx: l[H a-j-l/2(Rn-l)^Ha(Rn) 
7=0 

satisfying three  conditions : 
(i) For every l?(x')  =  (<p0(x

f), . .. ,  <pk{x')) e  n * ^ " ' " 1 ' 2 ^ " " 1 ) > 

7jRxT =  <Pj for0<j<k. 

(ii) For  any b  satisfying  0  < b  < a, £/* e inequality 
k 

II^VIIJ^R") <  C(A + i^E^"172!!^!!//^-1/^-1) ( E-26) 
7=0 

/zoWs vwf/i a  positive number C  = C(a, b)  independent  of  {lp  , A). 
(iii) 77z £ support of R xlp is  contained in  {\x n\ <  1/A} . 

PROOF. Choos e a function £(* ) o f class C° ° o f a single variable satisfyin g 
C = 1  fo r |; | <  1/ 2 an d C  = 0  fo r |; | >  1  .  W e defin e 

k 1 

7=0 J' 

where & 1 i s the partial Fourier transform wit h respect to x  .  Then, R x ha s 
the required properties . • 

Let Q  b e the interior o r exterior o f a  bounded hypersurfac e S  satisfyin g 
the smoothness condition i n part C . Then we define the trace operator y.  o f 
order j  t o be 

y.u(x') =  li m D J u(x) fo r x  e  S,  (E.27 ) 
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where D v —  -id  /dv  an d v  i s the interio r uni t norma l vecto r t o 5  a t x ' . 
Similarly t o Proposition s E.9-E.11 , w e ma y prov e that , i f a  >  j  +  1/2 , 
then v  :  C°°(Q) — • C°°(S)  i s extended to a continuous linear mapping fro m 

Ha(Q) ont o H a~j~l/2{S). A n elemen t u  o f H a{Q) belong s t o H^(Q)  i f 
and onl y i f y.u  -  0  fo r al l j  satisfyin g 0  <  j <  a-  \/2.  T o construc t a 
mapping i? A a s above, we take X  sufficientl y large . 

H. Sobole v spaces on compact manifolds. Le t M  b e a n n -dimensional, 
compact oriented manifold o f class C° ° withou t boundary. Le t {U k}k=l b e 
an ope n coverin g o f M  consistin g o f loca l coordinat e neighborhood s an d 
{£k)k=\ ^ e a  partitio n o f unity subordinat e to this covering : 

CkeC°°(M), supp£ kcUk an d X X =  1  o n M . 

A distributio n u  o n M  i s sai d t o belon g t o H a{M) i f an d onl y i f C, ku, 
regarded a s distributio n o n R n ,  belongs t o H a(Rn) fo r ever y k . Th e se t 
Ha(M) depend s o n th e choic e o f neithe r th e coverin g no r th e partitio n o f 
unity. W e have H£(M)  —  Ha(M) fo r a  >  0 becaus e the boundary o f M  i s 
assumed to be empty. Th e imbedding from H a(M) int o H  (M)  i s compact 
if a  > b . 

If M  i s endowe d wit h a  Riemannia n metri c g , w e ca n defin e Sobole v 
spaces i n anothe r wa y withou t makin g us e o f partitio n o f unity . First , th e 
metric g  determine s a  volume element dv  ,  so the space L  (M)  i s defined . 
The Laplace-Beltrami operato r A  i s defined, to o (se e §G). /  -  A  i s revealed 
to be essentially selfadjoint an d strictly positive definite. Denot e also by I-A 
the selfadjoint extension . Then , by means of spectral decomposition, we may 
define comple x power s ( / -  A) c fo r c  e  C . Th e spac e H a(M) i s equa l t o 
the domai n o f definitio n o f ( / -  A) a/2 i f a  >  0  an d t o th e dua l spac e o f 
H~a{M) (o r image of L 2{M) b y ( / -  A) a/2) i f a  <  0 . 

I. Imbeddin g theorem of Sobolev. Inclusion s of type W a,p(Q) c  W  ,q (£l) 
are collectivel y calle d th e imbedding  theorem  of  Sobolev. Thi s i s one o f th e 
most important properties of Sobolev spaces in applications. W e have proved 
in part G that elements of H  ( R )  ar e bounded and Holder continuous func -
tions of exponent 1/2 . Correspondin g results for 2 - and 3-dimensiona l case s 
are as follows : 

Hl(R2) c  L q(R2) fo r an y q  satisfying 2  < q  <  + oo; (E.28 ) 

Hl(R3)cL6(R3). (E.29 ) 
1 2 

(Elements of H  ( R )  ar e not bounded i n general. A  counter-example i s 

U(X) =  ^~l {  —j 1  , 
\(£>2log( ! + (£» ] 
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for which w(0 ) = +00 . Se e Theorem E.1 5 below. ) 
Let us verify (E.28 ) and (E.29) . I f u{t)  e  C™(R l), bot h o f 

imf<kf \f\ k-x\f'\dt, \f{ t)\
k<k r °° \ f \ k - \ f \d t 

max 1/(01* < | l l / l l L 2 | l / l l^ -2 fo r k  >  2. (E.30 ) 

hold. So , 

m a x | / ( 0 | * < 2 

PROOF O F (E.28) . Suppos e that u(x)  e  C^°(R 2). The n by (E.30) , 

IMI^p <  (  /  ma\\uf  dx l )  I  /  max\uf  dx 2 1  <  -T-Wd^W^l^uW^WuW^-i 

for p  =  2, 3 , . . . .  Repeate d us e of this yields 

IMI?* < 4i-^!2(ii5lW|iL2||92W|iL2r
inW|ii2 

for p  =  1 , 2 , . . . .  This holds for u  e H l (R 2), proving (E.28) . • 
PROOF O F (E.29) . Pu t /  =  I M I ^ ^ fo r u  e  C 0°°(R3). Agai n by (E.30) , 

we have 

1/2 

J <  I  max|w | dx 3 J  (  /  max|w | dx 2) dx x 

< -  \  <  ( / / \u\  dx 2dxA I  / / \d 2u\ dx 2dx3) 

' (  / / l̂ 3 wl dx 2dxA >  dx x 

< 9 - (^11  max\u\ 4 dx 2dx3^j ||0 2K||L2||a3K||L2 <  \  Vjf{  \\djU\\ L2, 

or 

3 

i 
3 

\\u\\le<lY[\\djUh>' 

This i s correc t als o fo r u  e  H l(R3). (E.29 ) i s proved . Se e (E.39 ) belo w 
applied t o n  =  3 , p  =  2  fo r inequalit y wit h th e bes t possibl e constan t 
factor. • 

To state a comprehensive version of the theorem, we need some notation . 
In addition t o W a,p(Q), w e introduce th e spaces & a t o treat th e case p  = 
H-oo . In what follows, let k , /  b e nonnegative integers and y , S  b e fractions : 
0 <  y , 8  <  1 . W e defin e 

& (ft) : the  set of  functions in  ft  whose  derivatives of order up to k  are 
bounded and continuous in  ft ; 

^°~(f t ) =  L°°(ft) : the  set of bounded measurable  functions in  ft; 
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33k~(G) (k  >  1) : the  set of  elements  of  & k~l{£l) whose  derivatives of 
order k  -  1  are  uniformly Lipschitz  continuous  in  Q ; 

^h+y =  c k+7(£iym fa  set  of  elements  of  & k(Q.) whose  derivatives  of 
order k  are  uniformly Holder  continuous of  exponent y  on  Q  (see  §H, part 
A below). 

DEFINITION. Le t Q  b e a  (bounde d o r unbounded) domai n o f R " . Q  i s 
said to have the cone property C(T,  N)  (T  i s a positive number or +o o an d 
TV is a positive number) i f and only if there exists an R n -valued function *¥ 
defined i n Q  satisfyin g tw o conditions : 

(a) ¥ e ^ ~ ( f i ) ; 
(b) x  +  tz  +  f¥(x)  e  Q.  if x  e  CI , z  i s in the open uni t bal l o f R n ,  and 

if te[0,  T]. 
This i s a  smoothnes s assumptio n o n th e boundar y o f Q . I t i s mor e re -

laxed tha n an y differentiabilit y condition . Now , th e imbeddin g theore m o f 
S. L. Sobolev ([165 ] and [116] ) i s 

THEOREM E. 12. Suppose  that the domain Q  has the cone property C(T,  N) 
for a  sufficiently  large N.  Let  k , / , y,  8  be  as above. Supposing  that  1  < 
p <q <  +oo, we  set 

2 -  H  n 

~ P  q' 

Then, the  imbedding 

Wa'p(a)c W b'q{Q) (E.31 ) 

is continuous if 

either a-b  >  X, 
a-b =  X, a  = k, and  1  < p <  q <  +oo, 
a- b  = A, a  = k +  y, b  = I, and  1  < p <  q <  +oc, 

or a-  b  = A, a  = k +  y, b  = I + S, and  1  < p <  q <  +oo. 

The imbedding 

Wa'p(Cl)c^b(Q) (E.32 ) 

is continuous if 

either a-  b  > n/p , 
a- b  = n/p, b  - I  + 8 , and  1  < p <  +oo, 

or a-  b  = n/p, a  = k + y, b  = I+ S,  and  1  < p <  +oo. 

The imbedding 

is continuous if'k  +  y - I  > n/p . 

REMARK E.2 . I f we replace W a'p(Q) b y W£' p(0), th e imbeddings hol d 
without assumin g con e property o n th e boundar y becaus e the n th e proo f i s 
reduced to that i n the case where ft =  R " . 

Wk+y'p(0)c&1 (Q ) (E.33 ) 
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REMARK E.3 . I f a  -  b  >  A , th e imbedding s i n (E.31 ) an d (E.32 ) ar e 
compact. O n the contrary , i f a-  b  = A , none o f the imbedding s i n (E.31) -
(E.33) ar e compact . 

SKETCH O F PROOF O F THEOREM E.12 . W e restrict ourselves to the simplest 
case where a  = k , b  = I , an d a-  b  >  A. Le t £(x)  b e a  function o f clas s 
C°° wit h suppor t containe d i n th e ope n uni t bal l B  o f R " an d satisfyin g 
fBCdx =  1 . Give n a  functio n u(x)  e  C°°(Q ) an d a  multi-inde x / ? wit h 
\fi\ = I, w e may prove the following equalit y (se e Chapter I , §1 , (1.12)) 

i'dx) u ^ =  j l I  Cp(z>yMx  +  Tz +  Ty)dz 

•u{x +  tz +  ty)dz, (E.34 ) 

where y  i s a fixed point o f R " an d 

/ 1  /  ft \* l+P 
Cp(z,y)^(-l)1 £  -A-)  {(z  + yftiz)}, 

(oa(z,y) =  (-l)k-l^(z +  y) at;(z). a: 

(E.34) represent s th e derivative s o f orde r /  b y mean s o f u  itsel f an d th e 
derivatives o f orde r k.  Le t u s substitut e her e y  —  *F(A; ) . Then , th e right -
hand side  is the sum of a  finite number o f V(t , x)  ' s (an d the integrals o f i t 
with respec t t o / ) defined t o be 

V(t, JC ) = f  (p{z)v{x  +  tz +  W(x)) dz  ,  (E.35 ) 
JB 

where /  > 0  an d tp(x)  e C™(B) . A  key estimate i s 

Wv(t> 011^(0) ^  Ct~ x\\v\\LP{a) fo r 1  <p <  q <  +oc, (E.36 ) 

where A  =  n/p  -  n/q  an d C  i s a  positive numbe r independen t o f (t,v). 
(If thi s i s proved fo r tw o cases q  =  p  an d q  =  +oo, the n th e intermediat e 
cases follow by interpolation.) Th e first term on the right-hand side of (E.34) 
is of type V(T,  x)  an d each one o f the other terms may be written a s 

W(x)= [  t k~l~XV{t,x)dt. (E.37 ) 

Since we are assuming that k  -  I  > A, it i s easy to see from (E.36 ) tha t 

These two inequalitie s giv e the proo f o f (E.31 ) o r (E.32 ) fo r th e case where 
a = k ,  b  = / , an d k  -I  >  A. 
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The proofs fo r othe r cases are more complicated . Especiall y if a-b  =  A, 
we need delicate considerations based on the theory of interpolations. I n any 
case, th e proo f start s fro m (E.34) . Fo r detail s se e T . Muramat u [92] , [93 ] 
andR. A . Adams [127] . • 

The most popular version of the theorem is the assertion applied to H a(Q). 

COROLLARY E . 13. Let  k  be  an integer  greater than n/2.  Then, 

Hk(Q)cCb(Cl) if  n  is  odd, 

where b  — k -  n/2. 

Hk(Cl)c&b (Q)  if  n  is  even, 
(E.38) 

The origina l proo f o f Theorem E.1 2 by S . L. Sobolev [165 ] was based o n 
an estimate o f an integra l o f typ e 

/ / 
f(x)g(y)h(x-y)dxdy 

with th e ai d o f Steiner' s symmetrizatio n (se e als o G . H . Hardy , J . E . Lit -
tlewood, an d G . Poly a [40] , Chapte r 10) . Man y author s hav e investigate d 
alternative proofs an d generalizations of the theorem. Som e of these contain 
the finest results in real analysis (see Sobolev [116] , J. Necas [96], D. Gilbarg 
and N. S. Trudinger [141] , and H. Triebel [174]). Th e theorem was one of the 
motivations of the theory of interpolation o f spaces (see A. P. Calderon [17], 
J. L . Lion s an d J . Peetr e [75] , and Lion s an d E . Magene s [73]) . Recently , 
T. Horiuch i [147 ] prove d th e imbeddin g theorem s fo r weighte d Sobole v 
spaces in very general domains . 

G. Talenti [168] established the best possible constant factor i n the typical 
inequality o f imbedding . Hi s proof i s based o n Schwar z symmetrizatio n o f 
functions, geometri c integratio n theory , an d calculu s o f variations (se e als o 
§1 below). Th e constan t facto r i n inequalit y (E.39 ) belo w i s the bes t whe n 
applied t o u  e  WQ' P{QL) whateve r Q  ma y be . Se e als o T . Aubi n [131] , 
Chapter 2 , §8 for the corresponding result s for Sobole v spaces on manifolds . 

THEOREM E.14 . Suppose  that n>2  and  1  < p <  n. Then,  the  inequality 

\\u\ L«(R' n, <C 
• r  n  ,„ ?y> 2 y / p 

(E.39) 

holds for every  u(x)  e  W  ,p (Rn), where 

np 1 

y/lZ \n-p) 

P P 
1/p'f r(») m +  f) l/n 



260 APPENDIX 

The equality sign holds in  (E.39 ) if  and only  if  u(x)  =  (a  + b\x\ p )  p,q  with 
positive numbers a,  b. 

On th e othe r hand , b y virtu e o f th e remar k afte r (E.28) , element s o f 
HQ(Q) ( Q i s a  bounded domai n o f R 2) ar e no t necessaril y bounded . Th e 
following theore m o f N . S . Trudinger [176 ] an d J . Mose r [154 ] show s tha t 

2 2 

exp{47r|w(x)| /||gradw| | }  i s integrable in Q  (se e also T. Aubin [131] , Chap-
ter 2 , §17 and R. A. Adams [127] , §8.25). 

THEOREM E.15 . Suppose  that  Q  is  a bounded domain  of  R n .  Then,  the 
inequality 

C exp{a n\u(x)\r/Kr
u}dx <  c„vol(Q) (E.40 ) L 

holds for every  u  e W 0
 ,n(Q.), where 

K = 
du 

a 
A 
0 

2 \ n l2 

dXj r = r  ,  a-  —  n\ 
'2nnll\W«-

? i - r n  ^ r ( f ) 

and c n is  a positive number depending  only on n  . 

§F. HSlde r spaces and Schauder spaces 

Let Q  b e a  bounded o r unbounde d domai n o f R " . I n thi s section , w e 
introduce tw o kind s o f space s o f function s whic h ar e sufficientl y smoot h 
in Q  i n th e ordinar y sense . Throughou t th e section , fc,  / , m , p , . . . ar e 
nonnegative integer s and y , 8 , . . . ar e fractions ( 0 < y , S  <  1) . 

A. Holde r spaces . Le t C  (Q ) b e th e vecto r spac e o f complex-value d 
functions whos e derivative s o f orde r u p t o k  ar e bounded an d continuou s 
on Q . Le t C k+7(Q) b e the vector spac e of element s o f C k(Q) whos e fcth 
order derivatives are Holder continuous of exponent y  uniforml y o n Q . Le t 
us define seminorm s an d norm s in these spaces as follows : 

\UWy 

H =  ^2  —  sup{|£>aw(x)| ; X E Q } , 

\a\=l ^ 

^ 1  (\D au(x)-Dau(y)\ (  .  n  n . . \ _ n > -rSup< M y-  wn \ (x,y  € Q x Q \ A ;  F. l 
,V/ a ! I  \ x-y\ J 
|a|=/ 

k 
Mk =  E M / > IMI*+ y = W Uh + \ U\k+y ' ( R 2 ) 

/=0 

C (Q)  endowe d with the norm | | || ^ an d C  +y (£2) endowe d with the norm 
|| \\ k ar e Banach algebra s too because 

\\uv\\k <  \\u\\ k\\v\\k, \\uv\\ k+y <  |M|, + y |M|,+ y . (F.3 ) 

The most usefu l inequalitie s o f interpolatio n ar e (se e [23]) . 
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LEMMA F.l . Suppose  that  Q  has  the cone property C(T , 0 ) (see  §E, part 
I). Then,  for a  sufficiently small e 0 >  0, the  inequalities 

(i) \u\ x < e\u\2 + C\u\ Q/e, 
(ii) \u\ x <e\u\ l+y +  Ce~ l/y\u\0, 

(iii) \u\ y <e\u\ l +  Ce~ y/{l~y)\u\Q, 

(iv) \u\ y < e\u\s +  Ce~ y/(*~y)|wlo ( 0 < 7  < & <  1 ) > 
hold for every  u  and  0  <  e  < e0, where  the C  's  are positive numbers  inde-
pendent of  (u,  e). 

PROOF, (i ) and (ii) . We may assume that u  i s real valued. Fo r an arbitrary 
point X ° G Q , ther e exists an a  e R n suc h that x°  +  t(a + B) c  Q  a s long as 
0 < t  < T, wher e a  ma y depend o n x  bu t T  ( > 0 ) i s independent o f x 
(B i s the uni t bal l of R " centere d a t the origin) . Pu t C  =  Uo</<r t(a +  B) • 
Choosing a n s 0 >  0  an d a  uni t vecto r co  suc h tha t s Qco e C , w e defin e 
v(s) =  u(x° +  sco) fo r 0  < s < sQ . 

By the mea n valu e theorem , ther e exist s a  a  satisfyin g 0  <  a  <  s0 an d 
v(s0) -  v(0)  =  s 0v'(a), s o |?/(cr) | <  2\u\ 0/s0 a t thi s point . Next , \v'(s)  -
^'(cr)| <  c\s  - o\ y\u\XJry <  csl\u\x+y i f 0  <  s  <  s0, wher e c  depend s onl y on 
(n, y) . Therefore , 

|t/($)| <  c^|w| 1+y +  - | M | 0 ( 0 < s  < s0) so 
0 

holds fo r al l s 0 an d a>  a s long as 5 0 w e C , moreove r x  e  Q  i s arbitrary , 
too. Thi s applie d t o s  =  0  implie s (ii ) b y puttin g e  = cs^ . Th e reasonin g 
remains availabl e a s y  |  1 , s o (i ) holds . I n (i ) an d (ii) , e Q ma y depen d o n 
T. 

(iii) an d (iv) . Fo r arbitrary x°  e  Q , w e set 

A \\u(y)  -  u(x°)\  ^  o v o. l 
^ =  SUP { [ y . ^ y y ' ; y ^ \ { ^ } | -

Then, there exists a y ° G Q  suc h that \u(y  )  - w(x°)|//? 7 >  A y/2 wher e / ? = 

|y° - x ° | . So  A y< 4\u\ 0/p
y o r p  < (4\u\0/Ay)

i/y. O n the other hand, A 3 > 

\u(y°)-u(x°)\/ps >  (A y/2)py~s, s o A y <  2p s~yAs. Eliminatin g p  fro m 

the two inequalities , A  <  2 ~ yAy
s\u\0~

y. Sinc e A g <  \u\ s, w e have A y < 

c\u\y
s\u\s

0~
y, where c  depend s only on (y , S) . Agai n x ° bein g arbitrary, we 

obtain \u\  <  c\u\ y
s\u\0~

y, provin g (iv) . Th e reasonin g i s availabl e als o a s 

d t  1 , so (iii ) holds , (iii ) an d (iv ) hold fo r an y positive number e  . • 
Repeated us e of Lemma F . 1 yields the following : 
(v) \u\ l < e\u\m +  C(e)\u\ k i f 0  < k  <  I < m , 
(vi) \u\ m<e\u\m+y +  C(e)\u\ 0, 
(vii) \u\ k+y <  e\u\m +  C(fi)|«| 0 i f 0  < k  <  m . 
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l*V/+y 

B. Schaude r spaces . I n thi s part , w e introduc e norm s an d seminoma s 
involving weights defined by means of powers of the distance function p(x)  = 
dist(;c, dSl): 

2 ^ —  su p \  mm(p{x) , p{y)Y  x - \ ' \  ; 
,^ /«!(x,y)GQxQ\A I  \x-y\ 7 J 

(F.4) 
k 

Nip,* =  E  \ U\P,l > Nlp,*+ y =  Nip, * + Mp,*+ y ' ( R 5 ) 
7=0 

Let C 5 (Q ) b e the set of complex-valued function s u(x)  o f class C k i n Q 

for whic h \\u\\ pk <  -hoc. Also , le t CS* + y (0 ) b e the set of u(x)  e  CS p(Q) 
for whic h ||w| | k  <  +oo . Th e boundedness assumptio n o n u  i s mor e 

relaxed here than in part A. In fact, CS  +y (Q.) contain s unbounded function s 

if p  >  0 . I f k  >  0  an d u  e  C S Q ( Q ) , the n w  itsel f i s bounded . Bu t 

Dau (\a\  < k) ma y diverge by 0(p~^)  nea r th e boundary . 
CS (Q)  an d CS  +y (Cl) ar e Banach spaces . Moreove r w e have 

IIW^ H/7+4, A: —  H Wllp,*IÎ Htf ,* » H WHp+# , *+y 

So, CS 0 (Q) an d CS 0
+ , , (Q) ar e Banach algebras . W e again hav e inequalitie s 

of interpolation . However , w e assume no smoothness o n the boundary o f Q : 

LEMMA F.2 . 

(i) \u\ p>l <e\u\ p2 +  C\u\ pJi/e; 

(ii) \u\ Ptl<e\u\Pti+y +  Ce- l,7\u\p>0; 

(hi) \u\ p^<s\u\pJ +  Ce- y/{l-y)\u\p<0; 

(iv) \u\ p>J <  e\u\PtS +  C e - ' ^ - ' V l p . o ifO<y<S<l. 

P R O O F . Firs t w e prove (ii) . For an arbitrary x  e  Q  an d unit vecto r co , 
we pu t v(.s ) = M(JC ° +  5w) ( 0 < s  <  p) , wher e p  =  p(x°) . I f 0  <  s 0 <  p, 
we hav e V ( J 0 ) -  v(0)  =  s0v'(cr) fo r a c r satisfyin g 0  < a  <  s0 . So , \v r(a)\ < 
(\v(so)\ +  l v(0)l)/^o •  Multiplying / / + 1 t o both sides , we see that 

P n  /  . , \P 2P 

pP+l\vf(o)\<(-^-) £(p-s 0ft\v(s0)\ +  \v(0)\)< 

Therefore, b y setting X  = p/(p -  s Q) an d p  =  sQ/p ,  we have 

P \v(o)\<—-\u\  0 . 
r1 

%,o-
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Next, if 0 < s < s0 , we can rewrite p p+ \v(s)  -  v\a)\  a s 

\p+l+y f\s-a\\\  ~ +i+y\v
f(s)-v'(a)\ 

( ^ ) ( ^ ) < > - , > < \s-a\y 

So 
/ \v  (s)  - v  (tr)\  < X V l " l p , i + r 

From these two, we have 

2XP 
P + 1 ! ' / M   ̂ i P + i + y 7\  \  ,  ~ " i  i 

P \V{S)\<X  11  \u\ pA+y +  — M„, 0 

for 0  < s < s0. If 0 <  s 0 <  p/2, the n 1  < X  < 2 an d 0  <  ji  <  1/2 . S o by 
setting e  = 2p+l+7juy, w e have in particular tha t 

/+ 1 | t ; ' (0) |< e |M | / ) ; 1 + } , +  c e-1 / , ' |M |P ; 0 , 

where c  depends onl y on (/? , y) . Thi s proves (ii) . (i ) follow s fro m thi s by 
the limit procedure y  | 1 . W e can prove (iii ) an d (iv ) analogously . • 

Readers may refer to A. Douglis and L. Nirenberg [23] and D. Gilbarg and 
L. Hormander [140] . Ou r spaces CS a

p{oj) ar e denoted a s H^ ] in [140] and riP) 
•u. a s i~ 

defined als o in the case where p < 0 an d p  +  a >  0. 

§G. Geodesi c distance 

Let M  be an oriented Riemannian manifold o f class C° ° . Our discussion 
being local , we do no t assum e compactnes s o f ¥ . A t an y poin t p  of M, 
the tangen t spac e T  (M) an d cotangen t spac e T*(M)  ar e endowe d wit h 
scalar products induced by Riemannian metri c g  o n M . Both of the scalar 
products are denoted by (  , )  .  Let x  = (xl, . . . ,  xn) be a local coordinat e 
system i n an open subse t C / of M. Identifyin g p  e U wit h it s coordinate s 
x, w e have a basis {d/dx j}n

j=l o f Tp(M) an d a basis {dx j}n
j=l o f T*(M). 

If we denote 

gjk(x) =  (dx J ,dx k)p, ^ W = ( r 7 ' r i ) >  l<j,k<n, 
\ ox ox  Ip 

(G.l) 
the covarian t tenso r (g jk(x)) represent s th e metri c g , that is , the lin e ele-
ment i s given by 

ds =  gjk(x) dx J dx  (G.2 ) 
(only i n thi s sectio n d o w e make us e o f th e summatio n conventio n o f Ein -
stein). Matrice s {g jk(x)) an d (g j (JC) ) ar e symmetric , positive definite an d 
inverse to each other (th e entries are functions o f class C° ° i n U). 

A Geodesic on M  is an integra l curve of a  system o f ordinary differentia l 
equations whic h i s represented a s follow s b y mean s of a local coordinat e 
system: 

d2xJ _ / , .dx k dx1 . 

^ =  -r*' (x)^7^F' 1 £ ^ " ' ( a 3 ) 
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rj (y\  -  1  a jm ( dglm ,  dg km 

where T J
kl stand s for th e Christoffel symbo l 

dxm 

If we introduce a  vector £  = (<!;,, . .. ,  £n) e  T X{M) an d a  quadratic for m 

*(x,Z) =  gJk{x)SjZk, (G.4 ) 

the system (G.3 ) i s reduced t o the first order one 

dxJ \dX.  - , dij  1 
- ^ =  2 ^( X ' ^ ^  =  - 2 ^ 7 ( x ' ^ ' 1 ^ ^ « - ( a 5 ) 

We denote by (x(s ; y , */) , £(.s ; y, 1;) ) th e solution subject to the initial con-
dition 

(x9£) =  (y9ri) at * =  0 . (G.6 ) 

Then fo r an y positive number k  , the equalit y 

Lx(/Ls;j;, -7/ J ,  £ U s ; y, ->/J J =  Lx(s;y , t]) 9 jt(s>y>  >/) ) ( G-7) 

holds a s long as both side s mak e sense . Equalit y %?{x , £) =  (£ , ^)x hold s 
if £  i s identified wit h g jk{x)£k(d/dxj)p e  T(M) . O n the integra l curve of 
(G.5)-(G.6), we have 

^(x(s;y,ri)9Z(s9y9Ti))= X[y , r,)  (G.8 ) 

because the left-hand sid e is constant alon g the curve. W e sometimes denot e 
the x-componen t o f the solution a s 

x(s,y, rj)  =  Exp(5^)y . (G.9 ) 

Local existence, uniqueness and smoothness of geodesies may be summarized 
as follows : 

LEMMA G . 1. Let  p 0 be  an  arbitrary  point of  M . If  we  choose a small 
closed neighborhood V  of  p 0, any  two  points x  and  y  of  V  can  be joined 
in V  by  one  and only  one  geodesic {Exp(sr])y,  0  <  s  <  1 } such  that  x  = 
Exp(r])y. The  mapping  (y 9x)eVxV-^rje T  (M)  is  of class C°°  and 
x e  V  —• r\  e  T  (M)  (for  fixed y)  is  one-to-one. 

An alternative version i s 

LEMMA G.l ' . Let  p 0 be  an arbitrary  point of  M . If  we  choose a small 
closed neighborhood W  of  p Q and  a neighborhood W  of  Q  in T p (M),  then 
the equation x  =  Exp(t])p 0 defines  a diffeomorphism: x  — • r\  of  class C°° 
from W  onto  JV. 

Let ST X(M) b e the uni t bal l o f T y(M): 

STy(M) =  {r,e T y{M)9(r,9 r,) y=^(y9 r,)  = 1}.  (G.10 ) 
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Then, fo r ever y (x  9 y)  e  V  x  V  9 the equation s 

x =  Exp(rt])y9 r > 0 , an d r\  G  STy(M), (G.ll ) 

determine a  nonnegative rea l number r  whic h is called the geodesic distance 
from y  t o x  an d is denoted by r(x 9y). B y virtue of uniqueness of solution 
of (G.5)-(G.6) , we have y  =  Exp(-r£ ) x ,  where Z  = Z(r;y, q)  e  ST x(M), 
so 

r(x9y) =  r(y9x). (G.12 ) 

We ar e no w goin g t o deduc e a  numbe r o f equalitie s involvin g geodesi c 
distance. First , we introduce a  new covector 

xj =  gjkZk =  \^r(x>Z)  >  l<j<n 9 (G.13 ) 

and a  quadratic for m 
^ ( x , x ) =  £ . , (*) ;cV \ (G.14 ) 

Then .S^JC , x ) =  ^ ( x, f ) . S o 2?{x , i: ) i s constant o n an integral curve of 
(G.5). An d (G.5 ) i s equivalent t o 

.j dx j d  idS* ( .A  d& t t  . 
x =^7' ^ \ ^ ( x ' x ) r ^ ( x ' x ) ' 1 -7-** (ai5 ) 

If w e mak e use of a new parameter a  = s/r instea d of 5 , we have by (G . 11 ) 

x\tts0 =  y, x\ a=l=x. (G.16 ) 

Setting x'  =  dx/da ( = rx),  (G.15 ) i s rewritten a s 

dt{WJ{X'X)f =  ~dx7 {X,X)' l * J * » > ( G - 1 5 ) 
and 

r(x9yf =  [  &{x{p) 9x\o))do. (G.17 ) 
Jo 

Given two points x  an d y  sufficientl y clos e to each other, consider all curves 
{x(o)\ 0  <  a  <  1 } satisfyin g (G.16) . Amon g them , th e curv e minimizin g 
the integral on the right-hand side of (G.17) shoul d be a solution o f (G.15') . 
Conversely, i f x{o)  i s a  solutio n o f (G.15 7), the n 3*  i s constan t o n thi s 
curve, and i t also minimize s 

/ ' 
Jo 

>]&{x{p)9x\o))do9 
/o f 

and hence i t i s the geodesic joining y  an d x  . 

LEMMA G.2 . Let  r  = r(x, y).  Then 

jk, .  dr  dr 

dxJ dx k 
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And for a  scalar function f,  we  have 

PROOF. Perturbin g the end point x  b y Sx  ,  we compute the first variation 
of the functiona l o n the right-hand sid e of (G.17) . The n we can verify tha t 

So, the left-hand sid e of (G. 18) is equal to &{x , <J ) or 1 . And (G. 19) follows 
from (G.5 ) an d (G.20) . • 

Now, le t u s represen t r(x , y)  b y mean s o f x  an d y . Fo r a n arbitrar y 
point y , le t x  b e given by (G. l 1). The n (G.3 ) an d (G.6 ) impl y 

xj=yj +  rr,j-±r2rlq(y)r,pr,q +  0(r3), wher e if  =  gjk(y)r,k .  (G.21 ) 

Solving these with respect to rrj J an d substituting them into r 2 =  %?{y , rr\) , 
we obtain a n approximation u p to the third orde r 

r{x, yf  =  gjk(y)(xJ -  y J)(xk -  / ) 

j j  dx j 

zJ =  rrf =  r—r-
as 

+ gjmiyKiiy)^  -  y J)(* -  y)(*  -  y)  +  o(\x  -  yf) . 
(G.22 ) 

Therefore, r(x , y)  i s a function o f clas s C° ° wit h respect to (x , y) . 
Taking account o f r\ J = dx J/ds\s==0 (se e (G.21)) , we set 

l<j<n. (G.23 ) 
15=0 

z =  (z 1 , . . . ,  zn) ar e called the normal  coordinates  of x  wit h origi n a t y . 
Representing x j b y means of z  , we have x j =  yj - f z j +  0(|z| 2) b y (G.21 ) 
so that 

f4| =K-  (G-24 ) 
o z 

Let (g jk(z)) b e the metric tensor with respec t t o z . The n 

#,*(0) =  S;*00 . (G.25 ) 

If x  i s another local coordinate system near y  an d z  i s a normal coordinate 
system wit h origi n a t y  define d above , the mappin g z  — • z  i s linear . Th e 
first of th e remarkabl e propertie s o f a  normal coordinat e syste m i s that an y 
geodesic issue d fro m y  become s a  straigh t lin e passin g throug h th e origi n 
z =  0 , an d vic e versa . Second , th e Christoffe l symbo l vanishe s a t z  =  0 . 
More precisely , i f a  given coordinat e syste m x  i s suc h tha t g Jk(y) =  S jk, 
then 

ijkW =  S jk +  \^j lkm(0)z'zm +  lR jlkm/p(0)z'zmzp +  0(\z\4), (G.26 ) 
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where R jikm i s the curvature tenso r represented b y means of z : 

n _  ~  J  &  ~  a  0  ~  a  y*  a  y<  b  p  0  p 6  1 
Kjlkm -  £ja  1 gTP" 1^  ~ ^ T 1 lm +i bm l Ik ~ l  bk l Im  f 

and R jlkm/p(0) =  (dR jlkm/dzp)(0) (se e E. Cartan [135] , Chapter X , §226) . 
A metri c g  o n M define s a  particular operato r A  = A,M ,  o f second 

order which is called the Laplace-Beltrami operator.  It has local expressio n 

Au =
 TTJCT/T7 W~^gJk^~^\ '  wher e g^ =  de 8(£/*(*))-

(G.27) 
For M  — Sn~ ,  the unit sphere endowed with the standard metric , we repre-
sented it by means of the polar coordinate system in Chapter II, §3, (3.11) (we 
denoted A  by A there). If M i s the Euclidean space R " , then G jk(x) =  Sjk 

and hence A  i s nothing but the ordinary Laplacian . W e have constructed a n 
elementary solutio n o f A in Chapter III , §5 . Ther e w e hav e mad e us e o f 
Lemmas G.2 , G.3 , and G. 4 below: 

LEMMA G.3 . If  r  —  r(x, y), 

A(r2) = 2/i + r^{log£(z)} = In + 0{r2). (G.28 ) 

PROOF. I n a general coordinate syste m x , 

A, 2 , 2  d  (  r-  dx j\ 

However in a normal coordinat e system , we have z J = rdxJ jdr  s o 

A(r2) = *  *  ( v ^ ) =  2n +  z j^-logg. 
VgdzJ dz J 

Since z Jd/dzJ =  rd/dr, w e hav e first  equality . An d (G.26 ) implie s th e 
second. • 

LEMMA G.4. If  r  — r(x, y) and  y  is  a fixed point, then  for every  function 
f{f) of  a single variable and another  function u(x) , we have 

A{f(r2)u(x)} =  f(r2)Au +  4rf(r 2)^ 

+ {f(r2)A(r2) +  4r2f(r2)}u. (G.29 ) 

PROOF. Thi s follows fro m Lemm a G. 2 an d 

A/ x  A  ^  jk  du  dv 

A(uv) =  vAu +  2g r— -r +  uAv. • 
dxJ dx K 



268 APPENDI X 

See M. Ries z [104 ] an d othe r textbook s o n differentia l geometr y fo r th e 
contents of this section . 

§H. Lemm a for approximation of domains 

We state a lemma for approximation o f domains which was used in Chap-
ter VII, §2. Let Q  b e a bounded domain of R " whos e boundary is a hypersur-
face o f class C  + y wher e k  i s an integer not smalle r than 2  and 0  < y  <  1 . 
Suppose that Q  i s in only one side of S  a t every point o f S . Then , 

LEMMA H.l . If  V  is  an appropriate neighborhood of S  and  e  is  a small 
positive number, there  exists a mapping  x  satisfying  four conditions: 

(i) x  I s a one-to-one  mapping from R n onto  itself x  —  I  {identity)  outside 
V and  the  Jacobian of x  I s equal  to \  + O(e) in  R n ; 

(ii) x  is  of class C k+y in  R n ; 
(iii) || * -/He* =  O(<0 ; 
(iv) The  image  X  of  S  by  x  is  of class C° ° . 

PROOF. Le t p(x)  b e the signed distance fro m x  to  S: 

( dist(x,S ) if  x  eft, 

I -  dist(x , S)  i f x  <£  Q . 

In what follows , w e denote F a =  {x e  R n; \p(x)\  <  a} fo r a  >  0. Sinc e S 

is of class C  +y , ther e exis t a  8  >  0 an d a  function f(x)  suc h tha t 

f{x) € C k+y{Rn); f{x)  >  0  i f an d onl y if x  e  Q ; 

f(x) =  -1 i f x  i s very far fro m Q ; -  <  |  grad/(x)| <  2  i n F%3 . 
(H.2) 

Given e  >  0, w e can find a  function /  e  C°°(R n) suc h tha t ll/ll c^+>'(R«) < 
2H/llc^(R") a i l d Wf-fWc k(Rn)^e- T h e n ' 

\f(x) -  f(x)\  +  | grad/(x) -  grad/(x) | <  e  i n R n .  (H.3 ) 

We will define a  /  whic h maps Q  ont o the se t 

2f =  {xeRn\ f(x)  >  0}. (H.4 ) 

For this , we again modif y / . Le t cp(x)  be o f clas s C°°(R" ) wit h values i n 
[0, 1 ] suc h tha t 

<p(x) =  1  i n F 4S , ^)(x ) = 0  outsid e F 5d , 

|grad^(jc)| <  |  i n R \ (H.5 ) 

We set 
F(x) =  (P(x)f(x) +  (1 - «*(*))/(* ) •  (H.6 ) 
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We ar e goin g t o construc t a  x  whic h map s leve l surface s f(x)  =  c  ont o 
level surface s F(y)  =  c  fo r ever y c  wit h smal l absolut e value . Firs t not e 
that F  e  C k+y(Rn) n  C°°(F4S). Second , \\F  - /|| C*(RW) =  O(e) , 

\F(x)-f(x)\<e, \gradF(x)-gmdf(x)\<  ( l +  f ) *  (H.7 ) 

in R n .  So , if e  i s so small that 0  < e  < S/($ +  46) , w e have 

| g radF(x) |>± i n F M . (H.8 ) 

Now, we defin e 

^ ) = n ^ d W ) f 8 r a d i r ( x ) inF **- (H -9) 

Then W[x)  € C k~l+y(F&s) n  C0 0 ^ ) . Le t Y{6,  x)  b e the integral curve of 
W: 

^Y{d,x) =  W{Y{d,x)),  Y(0,x)  =  x. (H.10 ) 

Then, 7(0 , JC ) € Ck~x+y{[-S, S]  x F7<5) n C°°([-d, S]  x F M ) . 
Next, there exists a value ©(* ) o f 0  fo r whic h 

F(Y(e(x),x)) =  f(x) inF ls. (H.ll ) 

In fac t b y (H.8) , w e hav e dF(Y(6,  x))/dO  >  1/ 4 fo r x  e  F u. S o w e 

may find  one an d onl y on e 6(x ) satisfyin g (H.ll) , &(x)  € C k~l+r(F73) n 

C +y (F23) an d moreove r 

\e(x)\<4e mF 13, &(x)  =  0 mF 13\F6g. (H.12 ) 

A mapping x  satisfyin g th e condition s o f th e lemm a ca n b e defined i n th e 
following way : 

x: x  _ > y{x)  =  Z(x)Y(G(x) , x)  +  (1 - C(*))* > (H.13 ) 

where £(x ) i s of clas s C°°(R n) wit h values  i n [0 , 1 ] an d satisfyin g £  = 1 
in F s, C  =  0  outsid e i ^ an d |  gradCI <  2/S  i n F 2d\Fs. Not e tha t #  i s 
equal to /  outsid e 

V =  F2S =  {xeR n;\p(x)\<2S}. 

We prove that , i f e  i s small, x  satisfie s th e requirements o f the lemma . 
(ii) Obvious . 
(iv) Let c 0 b e so small that 0  < e 0 < 5/(8 + 45) an d \f(x)\  >  \p(x)\/4 i n 

Fsd (se e (H.l)) . I f p^(x)  i s the signe d distance from x  t o 1  =  x(S) > 

\pL(x)-p(x)\<4e (H.14 ) 

in R " i f 0  <  e  <  e 0. Therefore , y{x)  e  3  =  /(Q ) i f /?(* ) >  5 . 
(In fact , i f p(x)  >  d , the n /?(y(.x) ) >  8  -  4e  becaus e (H.13 ) hold s an d 
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\y(x)-x\ <  4e . S o p z(y(x)) >  d - 8 e > 0  b y (H.14). ) Similarly , y{x)  $  ~3 
if p(x)  <  -8.  Therefor e y(x)  e  Z  onl y i f x  e  F s. Howeve r o n F s, w e 
have y(x)  —  Y(@(x),  x) , s o (H.ll ) i s equivalent t o f(y(x))  =  f(x) there . 
When x  i s fixed, the curve Y{6 , x)  passe s through X  onc e and only once, 
Consequently, x  e  Q  i f an d onl y i f y(x)  e  2!  an d x  e  S  i f an d onl y i f 
y(x)ex. 

(i) (H.13 ) implie s 

where 

wj =  W j(Y(e(x),x)), Y J = Y j(e(x),x). 
dYi 

J'k dx, 

This implies dy.jdx k =  djk +  0(e). S o the Jacobian \dy/dx\  neve r vanishes 
in R n i f e  i s small. 

(iii) Similarly , we can estimate higher order derivative s of y(x) . 
Lemma H. l i s proved. D 

§1. A  priori estimates of Talenti 

Consider the Dirichlet problem in a domain Q  o f R " (wit h finite volume 
if n  =  2): 

~ E  ^{ aJ^x^)+c^u =  f^ i n Q ' u  = 0  o n aQ (LI ) 
j ,k=  1  ^  V , i  J 

We denote the left-hand sid e by - V •  (aVu)  +  cu  fo r brevity . Al l function s 
appearing i n thi s sectio n ar e assume d t o b e real  valued.  I n particular , w e 
suppose tha t th e coefficient s a jk(x), c(x)  ar e measurabl e function s o n Q 
satisfying 

E ^ A ^ M fo ra lUGR " an d c(x)  >  0 (1.2 ) 
j,k=l 7 = 1 

almost everywhere in £2 . Our basic assumption on /  an d u  i s the following: 

feLp(Q) an d ueH l
0(£l), 

where 
2n 

1 < / ? < + O O ifn  =  2,  p  =  if  n  >  3.  (1.3 ) 
n + 2  ~  v  } 

So, th e existenc e an d uniquenes s o f solutio n ar e guarantee d b y maximu m 
principle. 

Let fi*  b e th e A2-dimensiona l bal l centere d a t th e origi n wit h th e sam e 
volume a s Q . Give n a  measurable functio n /  i n Q , a  function / * i n Q * 
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is said to be the Schwarz symmetrization (o r spherically symmetric rearrange-
ment) of /  i f f*{y)  i s nonnegative, depends only on \y\ , nonincreasin g with 
respect to \y\  an d moreove r 

measjj; e  ft*;  f(y)  >  t} =  meas{x e  ft;  \f(x)\  >  t) 

for almos t ever y t  >  0. (1.4 ) 

(see (1.11) below). 
G. Talenti was the firs t who made a  systematic use both of rearrangemen t 

and isoperimetri c inequalit y i n th e stud y o f equation s wit h variabl e coef -
ficients. On e o f hi s idea s wa s t o evaluat e th e Schwar z symmetrizatio n u 
of th e solutio n u  o f (LI ) b y mean s o f th e solutio n v(y)  o f th e Dirichle t 
problem i n ft*: 

-Av(y) =  f{y)  i n ft*;  v  =  0 o n 9ft* . (1.5 ) 

Note that v(y)  i s nonnegative, nonincreasing , an d radial . 

THEOREM 1. 1 (G . Talent i [169]) . Under  the assumptions  above,  we  have 
two inequalities : 

w*(j>) < v(y)  almost  everywhere  in ft*;  (1.6 ) 

(1.7) 
Both (1.6 ) and  (1.7 ) hold  with  the  equality  sign  if  and  only  if  ft  is  a  ball, 
ajk(x) =  djk ,  c(x)  =  0 , and  if  f  (or  —f)  is  nonnegative, nonincreasing, and 
radial 

A rigorous proof o f the theorem i s based on geometric integration theory . 
We canno t presen t i t her e i n detail . However , w e shal l sketc h th e proo f 
supposing that the boundary 9ft , th e coefficients a jk, c , th e inhomogeneous 
term / , an d th e solution u  ar e sufficiently smooth . 

We begin by introducing som e notation. W e denote 

Et =  {xeCl; \u(x)\  <  t}, 

fi(t) =  meas(2s, ) fo r t  >  0, p(0)  =  meas[supp u]. (1.8 ) 

p, i s nonincreasing an d right  continuous . Le t u*(s)  b e the inverse functio n 
of p : 

u*(s) = mf{t>0',p(t) <s},  0<s  <  -hoc. (1.9 ) 

u i s said to be the decreasing  rearrangement of u . Furthermor e se t 

1 f s 

u(s) =  -  u{p)do,  0<s<+oc.  (1.10 ) 
s Jo 
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u i s called th e Hardy-Littlewood  maximal  function  o f u  . Now , th e Schwar z 
symmetrization o f u  i s given by 

nn'2 

u*(y) =  u*(c n\y\n), wher e c n =  (volum e of the unit ball) . (1.11 ) 

The basic properties o f vt  an d u  whic h we need ar e as follows : 

I \uf  dx  =  /  u*(s) pds= /  u*(y) pdy fo r 0  < p <  + o o ; 
Jo. Jo  Jo* 

(a) 

ess. sup \u\  =  u*(0) = ess. sup u =  ess. sup u  ;  (b ) 

f f ]Al * 
J \u\dx  <  I  u  (s)ds  fo r ever y A  c Q,.  (c ) 

J A Jo 

The solution v  o f the symmetrize d problem (1.5 ) is revealed to be 

v(y) =  n' 2c-n
2ln /*'" ' r 2/n-lf(r)dr. (1.12 ) 

Therefore, 

|v«00l =  ^ 7 ( < g y f ) . (1.13 ) 
Let e  b e the se t o f noncritica l value s o f \u\ , tha t is , £  e e  i f an d onl y if 

gradw =  0  nowher e o n dE t. Then , R\ e i s o f measur e zer o by a  theore m 
of Sard . dE t i s the unio n o f a  finite  number o f smoot h close d surface s o f 
dimension n  - 1  i f t  e e  an d we have the isoperimetric inequalit y 

nclJnn(t)l-l/"<\dEt\, (1.14 ) 

where \dE t\ i s the area (o r (n  - 1)-dimensiona l Hausdorf f measure ) o f dE t. 
Moreover, 

We introduce auxiliar y function s <!>(* ) an d ^ ( y ) b y settin g 

0 ( 0 =  /  (tfVw , Vw)^ /2 rfjc, V  ( 0 =  /  |  VK|* </JC fo r 0  < #  < 2 . 
^ *  JE t 

By virtue o f the hypothesis o f ellipticity , 

Vq(t) <  %(t) , V q(t) -  V q(t +  A ) <  * , (0 -  * q(t +  A) 

hold fo r al l t  >  0, h  >  0. B y Holder's inequality , we have 

* , ( 0 -  %(*  +  h)< W)  -  tit  +  h)} l-q/2{%(t) -  <& 2{t + />)}* /2 (e ) 

if /  > 0 , A  > 0  an d the analogous inequality hold s for * F . 
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Now, le t u s evaluat e -Q>' 2 by mean s o f / . Sinc e u  solve s (1.1 ) an d 
ueHhn), 

/ {(aVu , Va ) +  (cu  - f)a}  dx  =  0 

holds for ever y a  e  H Q(Q) .  A  particular choic e a  =  (sgnu)max(\u\  -  t,  0 ) 
gives 

3*2W =  /  d wl ~  t)(fsgnu  -  c\u\)dx. 
JEt 

This implie s 

®2(t) -  & 2(t +  h) = h /  ( /sgnw-c |w|)d x +  i?, , 

with 

Rfi~ (\u\-t  -  h)(fsgnu-c\u\)dx. 
JEt\Et+h 

The error term i? A i s of 0(h  ) . Therefore , <J> 2 i s Lipschitz continuous an d 

-*2<0< f  (\f\-c\H\)dx<  J  \f\dx 
JE, JE, 

(because c  > 0), so by (c ) 

-*'2(t)</i{t)f(ji(t)). (f ) 

Next, w e evaluate u*  an d - O ' b y means o f - 0 ' 2 . B y (d) , (e) , and (f) , 
0 i s absolutely continuous an d 

_ 0; ( , ) £ V („{^|p, _„; (()<V(()j^}"2
 (g ) 

almost everywhere . Sinc e - ^ ( 0 =  \dE t\, (g ) with q  = 1  an d (1.14 ) yield 

- « 2 c „ 2 / V « <  -M02/""V2(0 <  -n(tf"-2<s>'2(t) (h ) 
almost everywhere . Substitutin g this into (g) , we have 

* i /» -W, ? 

-<«). V« ) -"W-«i(o , .  (i ) • . - - - < | „ , . / . 

PROOF O F (1.6) . (f ) an d (h ) impl y 

n2c2J" <  -fi'(t)n(t) 2/n-lf(n(t)) 

almost everywhere . Integratin g both side s with respec t t o t , w e have 

u (s)  < n c n I  r  f[r)  dr 
J s 

(see (1.9)) . W e obtain (1.6 ) by putting s  = cn\y\n (se e (1.12)). 
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PROOF O F (1.7) . Substitutin g (f ) int o (i ) an d integratin g bot h sides , w e 
have 

f mi  /*I QI f  r l/n -  Y 

This is nothing but (1.7 ) (se e (1.13)). 
EQUALITY SIGNS . Suppos e tha t ft  i s a ball, a jk(x) =  Sjk ,  c(x)  =  0, an d 

/ i s a nonnegative , nonincreasin g radia l function . Then , th e solutio n u(x) 
is also radial, in fact equa l to v(x  -  a)  i f ft  i s centered a t a  . So , (1.6) and 
(1.7) hold with equality signs . 

Conversely, suppos e tha t (1.6 ) holds with equalit y sign . The n a t first,  (f ) 
should be equality . So , c(x)  =  0, /  shoul d be a  monotone radia l functio n 
of constan t sign . Next , (h ) shoul d als o b e equality . An d fo r thi s i n turn , 
the isoperimetri c inequalit y (1.14 ) shoul d b e equality , tha t is , E t shoul d 
be bal l fo r al l t . Thi s mean s tha t u  (o r -u)  i s radia l an d nonincreasing . 
Consequently, ft  shoul d be ball and a jk(x) —  S jk .  • 

REMARK 1.1. (1.6 ) combined wit h (b ) and (1.12 ) yield in particula r 

ess. sup |u\ < n~ c~  r  ' n~ f(r)dr.  (1-15 ) 
./o 

Equality take s plac e unde r th e sam e condition s a s i n th e theorem . Sinc e 
f(r) <  ess. sup 1/ |, w e have 

ess. sup |wl < —  (-— - )  ess . sup l/l. (I-15' ) 

Equality hold s i f an d onl y i f /  i s a  constan t functio n i n additio n t o th e 
conditions in the theorem . 

Talenti [169 ] proved als o a  number o f a  priori estimate s fo r solution s o f 
(1.1) in the Z/-framewor k wit h precision of the best possible constant factors . 
He generalized the results to equations with first order terms (se e [171]) an d 
some quasilinear equation s o f divergence form (se e [170]). 
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