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Preface 

Asymptotic methods in analysis, and, especially, in the theory of equations 
of mathematical physics are steadily gaining in popularity among a wide range 
of researchers in various areas of natural sciences. Thi s is testified by the rel-
ative increase in the number of articles appearing in the periodic publications 
and the considerable growth in the number o f monographs published o n the 
subject i n th e las t 1 0 to 1 5 years. Man y o f thes e monograph s touc h upo n 
the metho d mentione d i n th e titl e o f thi s book . However , th e exposition s 
available are usually of a fragmentary nature , and scarcel y concern the ques-
tions o f justifying th e asymptotics . A t th e sam e time , i n th e las t 5  t o 1 0 
years a common approac h to a class of smal l parameter problems frequentl y 
arising in widely differen t area s has been developed . W e call these problem s 
bisingular. Th e reade r wil l find  th e precis e definitio n i n th e Introductio n 
below. 

This approac h i s on e o f th e version s o f th e metho d o f matchin g differ -
ent asymptoti c expansion s fo r solution s o f boundar y valu e problems . It s 
description ca n onl y be foun d i n periodi c publications , and , naturally , first 
papers do not provide the best way of presenting the subject. Th e purpose of 
the present boo k is , therefore, t o provid e a  preliminary assessmen t o f thes e 
works an d t o mak e th e metho d availabl e t o expert s i n differen t areas . Th e 
presentation follow s a n inductiv e schem e an d i s based o n th e analysi s o f a 
series o f examples . A s a rule , eac h nex t exampl e i s more complicate d tha n 
the preceding one . 

The idea tha t th e asymptoti c analysi s includes two basic step s has gained 
wide acceptance. Th e first is the actual construction o f the asymptotics. On e 
has to choose the form in which the formal asymptotic expansion of a solution 
(or the forma l asymptoti c solution , th e othe r name s ar e Ansatz , FAS , f.a.s. , 
f.a.e.) i s to be sought , and specif y th e way of constructing thi s f.a.s . 

The second ste p includes the justification o f th e constructed asymptotics , 
i.e., a proof tha t the f.a.s. obtaine d i s indeed an asymptotic expansion o f the 
solution o f th e problem . Thi s i s achieve d b y providin g a n estimat e o f th e 
difference betwee n th e true solutio n an d partia l sum s of the f.a.s . 

Which o f th e tw o step s i s more difficul t depend s o n th e problem . Some -

vii 
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times, one of them i s trivial whil e the other require s a  lot of effort . I n othe r 
cases, the difficultie s ar e distributed mor e o r less evenly. Th e firs t part , i.e. , 
the construction of the asymptotics, is certainly of interest to experts in many 
different areas , e.g., physicists, engineers or anyone who has to deal with large 
or smal l parameters i n hi s or her problems , whil e the secon d par t i s mainl y 
of interest t o a much narrower community o f pure mathematicians . 

With tha t i n mind , th e autho r ha s endeavore d t o satisf y bot h group s o f 
his prospectiv e readers . Th e constructio n o f asymptotic s fo r th e problem s 
in questio n i s given i n th e mai n tex t which , a s fa r a s possible,  i s no t over -
loaded with unimportant details . Th e material necessary for the justification 
of the asymptotics appears in small print. I f the reader's aim is just to master 
the method s o f constructin g asymptoti c expansion s o f solution s o f bisingu -
lar problems , th e mai n tex t i s a  sufficien t reading . Th e ful l text , includin g 
the small print, contains strict mathematical justifications o f the asymptotic s 
which hitherto were to be found onl y in periodic publications . Thi s attemp t 
"to tra p tw o rabbit s i n on e book" seem s to be worth th e effort . Th e reade r 
has to judge whether i t is a success, or the Russian proverb "If you chase two 
rabbits, you won't catc h one" still holds true. Spew  meliora. 

Much of the material appearing in the book has been included in the lecture 
course given at the Bashkir State University. Mos t of it is based on the three-
year university mathematic s course , and fo r th e firs t tw o chapter s eve n tw o 
years of mathematics a t a  university o r a  technical schoo l is sufficient . 

The author did not make it his goal to compile a  comprehensive lis t o f al l 
significant publications on the subject considered in this book. Th e references 
in th e tex t ar e reduce d t o a  minimu m an d refe r mainl y t o th e justificatio n 
of asymptotics . Al l mention o f sources and articles relevant to the subject i s 
relegated t o the end o f the book. 

All th e result s presente d i n th e book , wit h th e exceptio n o f Chapte r 1 
which i s o f a n auxiliary , tutoria l nature , hav e bee n obtaine d b y a  group o f 
Russian mathematician s workin g in the citie s of Ufa an d Sverdlovsk , i n th e 
Ural region . I  tak e thi s opportunit y t o than k m y colleague s an d student s 
whose researc h an d discussion s o f result s mad e a n importan t contributio n 
to th e publicatio n o f thi s book . I n writin g th e book I  receive d direc t assis -
tance fro m E . F . Lelikova an d Yu . Z . Shaygardano v wh o helpe d m e i n m y 
work on Chapte r IV , and fro m L . A. Kalyakin, wh o helped with Chapte r V . 
T. N. Nesterova and O. B. Sokolova performed extensiv e work preparing the 
manuscript. T o al l of them I  express my deep gratitude . 



Interdependence o f Chapters 

Provision i s mad e fo r a  selectiv e stud y o f th e book . Fo r th e reader' s 
convenience, th e following diagra m indicate s ho w the differen t chapter s an d 
sections depend o n each other . 
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Notes an d Comments on Bibliography 

Chapter I 

What we now call singular perturbation problems for differential equation s 
have been considere d fo r a  long time going back a t leas t to the las t century . 
References to such works can be found, fo r example , in [85]. Nevertheless, a 
sufficiently genera l theory appeared relativel y recently . Th e Cauchy proble m 
for system s o f differentia l equation s wa s considere d i n [116] , [117 ] (mor e 
details on the development o f thi s line can be found i n [121]—[123] , [127]). 

Rigorous mathematica l analysi s o f singula r perturbatio n boundar y valu e 
problems fo r partia l differentia l equation s appeare d onl y i n th e 1950 s (se e 
[69], [94] , [95], [55]) . A  detailed investigatio n o f boundar y valu e problem s 
of the type considered in Examples 1- 3 ha s been made in [124]-[126] . Prob -
lems o f thi s typ e ar e ofte n calle d boundary laye r typ e problems . Th e sam e 
name is sometimes also applied to the problems considered i n this book an d 
called bisingular . I n [124 ] the situatio n describe d i n Chapte r I  is called tha t 
of regula r degeneracy . Ther e i s n o accepte d terminology . I t i s apparentl y 
convenient t o cal l the problems describe d i n Chapte r I  problems wit h expo -
nential boundar y laye r (o r a  simila r ter m takin g int o accoun t th e fac t tha t 
coefficients o f th e oute r expansio n ar e smoot h functions , whil e th e bound -
ary laye r function s deca y exponentiall y a t infinity) . Th e metho d suggeste d 
in [124]—[126 ] is often calle d the Vishik-Lyusterni k method . It s subsequen t 
development i s described in [119] . Problem s with corner boundary layer s of 
exponential typ e simila r t o Exampl e 4  ar e considere d i n [11]-[14] . Take n 
together, problems with exponentia l boundary layer and bisingular problem s 
can naturall y b e calle d problem s o f boundary laye r typ e thu s singlin g the m 
out amon g a  larg e numbe r o f othe r question s i n th e theor y o f differentia l 
equations with a  small parameter which ar e no t treated i n this book. 

Among other branches of the asymptotic approach to differential equation s 
with smal l paramete r w e not e th e investigatio n o f equation s wit h rapidl y 
oscillating coefficient s an d boundar y valu e problem s i n perforate d domain s 
(see, fo r example , [7] , [129]). Th e Krylov-Bogolyubov-Mitropolski l metho d 
of averaging [9 ] is not considere d a t all . 

There are closer problems, also not considere d here , for differentia l equa -
tions whose coefficients ar e smooth and of slow variation, while the solutions 

269 
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are nevertheles s rapidl y oscillating . Th e metho d use d fo r th e investigatio n 
of these problems i s usually called the WKB method, and , roughl y speaking , 
reduces to the study of the "fast" phase and "slow" amplitude of oscillations. 
The metho d i s describe d i n th e book s [33] , [28] , [71]—[73] . Th e resultin g 
equation fo r th e amplitude als o often turn s ou t t o be bisingular, an d ca n be 
analyzed using the method o f matched asymptoti c expansion s given above. 

Chapter II 

The metho d o f matche d asymptoti c expansion s arose , unde r differen t 
names given in the Introduction , i n mechanics , and mad e i t possible to con-
struct th e first  terms o f th e asymptotics , t o solv e the arisin g paradoxes , etc . 
We only note the article s [56] , [57], [63], [103]. Th e history o f the questio n 
can b e foun d i n th e monograph s [121] , [15] , [85] , [62] . Fo r ordinar y dif -
ferential equations , the method ha s been use d i n differen t situation s in [19], 
[101], [83] . Fo r partia l differentia l equation s a  rigorou s justification o f th e 
asymptotics ha s bee n obtaine d relativel y recentl y (se e [1] , [40] , [42] , [65] , 
[77], [113] , [27] et al.) Fo r the problems of short-wave diffraction mentione d 
above a rigorous mathematical investigatio n wa s carried ou t i n [2]-[5 ] et al . 

§1. Exampl e 5  is of an educationa l natur e and i s provided fo r th e expla -
nation o f th e technique develope d i n th e las t 1 0 to 1 2 years (se e [35] , [36], 
[40], [42], [47], [49], [65], [66], [90]-[92], [109]-[111]). Thi s method i s quite 
close to the one described i n [121] , [29] , but i n ou r view is much mor e con-
venient an d consistent . Another , bu t essentiall y clos e approach i s developed 
in[77H81]. 

For ellipti c partia l differentia l equation s th e proble m mentione d i n th e 
Remark to § 1 is considered i n [45]. 

§2. Problem s simila r to Example 6  are considered i n [22]. 

§3. Thi s sectio n describe s th e content s o f th e researc h thesi s o f F . M . 
Sattarova mad e a t the Bashki r Stat e University i n 1979 . 

Chapter III 

§1. Th e proble m i s o f a n auxiliary , illustrativ e nature . I n [36 ] the con -
struction o f the asymptotics of solutions having singularities a t a  point i s set 
forth in the form convenient for the purposes of the problem under considera-
tion. Muc h earlier, the asymptotics of Green's function ha s been constructe d 
in a somewhat differen t for m i n [32] . In the case where the singularity o f the 
solution i s located nea r th e boundary , th e asymptotic s o f Green' s functio n 
for a n ellipti c second orde r equatio n wa s studied i n [47]. 

§2. Th e section presents , in a  somewhat simplifie d form , th e paper [35]. 
This paper considers the problem in the case of a general elliptic second order 
equation. Th e two-dimensiona l proble m o f th e flow past a  thin soli d bod y 
was treate d i n detai l i n [121] . Exterio r boundar y valu e problem s fo r thi n 
solid bodies have been considere d i n [78] , [80], [81], [106], [25W27]. 
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§3, Th e expositio n follow s tha t o f [36 ] where th e sam e problem i s con -
sidered fo r th e equatio n wit h variable coefficients . Th e metho d ca n als o be 
applied to elliptic problems of higher order, as well as to other problems with 
singular perturbations i n boundary conditions . Problem s o f these kind hav e 
been studied i n [31] , [77], [79]. In the so called critical cases , as in the prob-
lem o f §3 , rational function s o f ln e appea r a s th e gaug e functions . Not e 
that suc h gauge functions ar e typical fo r a  rather genera l situation (se e [120, 
Chapter 9 , §3]). 

§4. Th e section presents , in a  simplified form , th e result s of [38]. 

Chapter IV 

§1. Th e result s of thi s section hav e been obtaine d i n [42] . However , th e 
approach used in [42] is far from perfect . Th e treatment in this book is based 
on the method s developed  i n [66 ] which i s more natural . Suc h an approac h 
makes i t possibl e t o obtai n th e asymptotic s fo r a  wid e rang e o f problems . 
The analysi s o f boundar y valu e problems , fo r whic h th e characteristi c o f 
the limi t first  orde r equatio n coincide s wit h a  par t o f th e boundary , wa s 
conducted i n [66 ] fo r th e three-dimensiona l case , an d i n [48] , [49 ] fo r a 
system of elliptic equations. Not e that the asymptotics of the boundary value 
problems (1.1) , (1.2) fo r constan t coefficient s wa s earlier investigated i n [16 ] 
by directly analyzin g the explici t formula s fo r a  solution . 

§2. Th e exposition mainl y follows the article [67] . In the examination o f 
the inner expansion the methods of [43] are used. Fo r domains with the non-
smooth boundary, the asymptotics of the solution of an elliptic equation with 
a smal l parameter wa s studied i n [115 ] (wher e there i s no "inner" boundar y 
layer), in [68] , [77], [86], [87]. 

§3. Th e problem considere d i n thi s sectio n wa s discussed bac k i n [124] , 
some estimate s wer e give n i n [20] , bu t a  complet e solutio n wa s obtaine d 
only i n [65] . A  similar analysi s fo r a n ellipti c equatio n o f highe r orde r wa s 
conducted i n [110] . 

§4. Th e asymptotic s o f th e solutio n o f th e proble m considere d i n thi s 
section wa s first obtained i n [40] , where both th e exposition an d technique s 
are fa r fro m perfect . I n thi s sectio n w e use the techniqu e develope d i n th e 
subsequent paper s ([66] , [109] , etc.). Fo r an elliptic equation o f higher orde r 
the asymptotic s wa s studied , i n a  simila r situation , i n [111] . Th e explici t 
formulas mentione d i n the remark t o § 4 were obtained i n [37]. 

§5. Th e estimates o f subsectio n 2  of thi s section were obtained i n [110] . 
We also not e tha t th e metho d o f matche d asymptoti c expansion s i s use d 

not only in the case of elliptic equations but for a  wide range of other bound-
ary value problems. Th e asymptotics of solutions of pseudodifferential equa -
tions was studied i n [93] , in particular , fo r singula r integra l equation s i t was 
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considered in [91], [92], for hyperbolic equations in [89]. Tw o other examples 
are considered i n the las t chapter s o f the present book . 

Chapter V 

In the case where the initial data decay a t infinity faste r tha n an y polyno-
mial, a  problem whic h i s slightly more genera l than (0.1) , (0.2 ) wa s studie d 
in [50] . I n thi s pape r th e metho d o f averagin g [9 ] was used , whic h yield s 
only the first terms of the asymptotics . Earlier , the method o f averaging was 
applied t o th e analysi s o f th e asymptotic s o f solution s fo r simila r problem s 
with periodic initia l data (se e [52] , [54], [105], [112]) . 

For solution s exhibitin g asymptoti c stability  a t infinity , th e metho d o f 
matched asymptotic expansion in the form demonstrated in the present chap-
ter proved more convenient. A  detailed presentation o f these results for gen-
eral hyperboli c system s i s given i n [51] , for othe r problem s i n [53] . Thes e 
papers include the assumption that initial functions ten d to their limits faste r 
than an y polynomial . Th e analysi s o f th e asymptotic s i n Chapte r V  in th e 
case where initia l function s ten d t o thei r limit s a t infinit y a s powers i s due 
to L. A. Kalyakin an d i s published her e for th e first time. 

Chapter VI 

The proble m formulate d i n thi s chapte r attracte d mathematician s fo r a 
long tim e (se e [34]) . Th e mos t comprehensiv e stud y o f th e Cauch y prob -
lem fo r th e limi t equatio n i n th e mos t genera l cas e was made i n th e work s 
by O . A. Oleinik ([96] , [98]) . Her e th e limi t transitio n fo r th e solution s o f 
perturbed equation s fo r e  —• 0  wa s considered an d justified. However , th e 
construction o f th e complet e asymptoti c expansio n o f th e solutio n require s 
stronger restriction s o n th e initia l function . Thi s proble m ha s been consid -
ered from differen t standpoint s i n the papers [6] , [46], [104], [114] , [8 ] etc.). 
The asymptotic s i n th e vicinit y o f th e discontinuit y lin e o f th e limi t equa -
tion, a s wel l a s the so-calle d soliton-lik e solutions , wa s recentl y studie d fo r 
a wide range o f problems ([74]-[76] , [18] , et al.) . Thes e problems ar e mor e 
difficult tha n th e on e considere d i n Chapte r VI , stil l mor e s o becaus e on e 
usually considers the effects o f smal l dispersion instea d o f smal l dissipation . 
However, th e analysi s o f th e behavio r o f th e solutio n i n a  neighborhood o f 
the "gradient catastrophe" point is much more complicated, and has not been 
done yet. 

§1. Th e result s o f thi s sectio n ar e wel l know n an d ar e o f a n auxiliar y 
nature. 

§2. Th e problem presente d i n this section was published i n [46] , [88]. 

§3-6. Thes e sections present th e results of [39]. 

§7. Th e results of these section were obtained jointly with S. I. Khudyayev 
[41]. 
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