


Recent Titles in This Series 

104 R . L. Dobrushin, R. Kotecky, and S. Shlosman, Wulf f construction : A  global shap e fro m 
local interaction, 199 2 

103 A . K. Tsikh, Multidimensiona l residue s and their applications , 199 2 
102 A . M . II' in, Matchin g o f asymptoti c expansion s o f solution s o f boundar y valu e 

problems, 199 2 
101 Zhan g Zhi-fen , Din g Tong-ren , Huan g Wen-zao , an d Don g Zhen-xi , Qualitativ e 

theory o f differential equations , 199 2 
100 V . L. Popov, Groups , generators, syzygies, and orbit s in invariant theory , 199 2 
99 Nori o Shimakura, Partia l differentia l operator s of elliptic type, 199 2 
98 V . A . Vassiliev , Complement s o f discriminant s o f smoot h maps : Topolog y an d 

applications, 199 2 
97 Itir o Tamura, Topolog y o f foliations: A n introduction, 199 2 
96 A . I. Markushevich, Introductio n t o the classical theory o f Abelian functions , 199 2 
95 Guangchan g Dong, Nonlinea r partia l differentia l equation s of second order, 199 1 
94 Yu . S . Il'yashenko, Finitenes s theorems for limi t cycles , 199 1 
93 A . T. Fomenko and A. A. Tuzhilin, Element s o f th e geometr y an d topolog y o f minima l 

surfaces i n three-dimensional space , 199 1 
92 E . M. Nikishin and V. N. Sorokin, Rationa l approximation s and orthogonality , 199 1 
91 Mamor u Mimura and Hirosi Toda, Topolog y o f Lie groups, I and II , 199 1 
90 S . L . Sobolev, Som e applications  o f functiona l analysi s i n mathematica l physics , thir d 

edition, 199 1 
89 Valeri i V . Kozlo v an d Dmitri ! V . Treshchev , Billiards : A  geneti c introductio n t o th e 

dynamics of systems with impacts , 199 1 
88 A . G. Khovanskii, Fewnomials , 199 1 
87 Aleksand r Robertovich Kemer, Ideal s of identities of associative algebras , 199 1 
86 V . M. Kadets and M. I. Kadets, Rearrangement s o f serie s in Banach spaces , 199 1 
85 Miki o Ise and Masaru Takeuchi, Li e groups I , II, 199 1 
84 Da o Trong Thi and A. T. Fomenko, Minima l surfaces , stratifie d multivarifolds , an d th e 

Plateau problem , 199 1 
83 N . I. Portenko, Generalize d diffusio n processes , 199 0 
82 Yasutak a Sibuya , Linea r differentia l equation s i n th e comple x domain : Problem s o f 

analytic continuation, 199 0 
81 I . M. Gelfand and S. G. Gindikin, Editors, Mathematica l problem s of tomography, 199 0 
80 Junjir o Noguch i an d Takushiro Ochiai , Geometri c functio n theor y i n severa l comple x 

variables, 199 0 
79 N . I. Akhiezer, Element s of the theory of elliptic functions, 199 0 
78 A . V. Skorokhod, Asymptoti c method s o f th e theor y o f stochasti c differentia l equations , 

1989 
77 V . M. Filippov, Variationa l principle s for nonpotentia l operators , 198 9 
76 Philli p A. Griffiths, Introductio n t o algebraic curves, 198 9 
75 B . S. Kashin and A. A. Saakyan, Orthogona l series , 198 9 
74 V . I. Yudovich, Th e linearization metho d i n hydrodynamical stabilit y theory, 198 9 
73 Yu . G . Reshetnyak, Spac e mappings with bounded distortion , 198 9 
72 A . V. Pogorelev, Bending s of surfaces an d stabilit y o f shells , 198 8 
71 A . S. Markus, Introductio n t o the spectral theory o f polynomial operato r pencils , 198 8 
70 N . I. Akhiezer, Lecture s on integral transforms , 198 8 69 V . N. Salii, Lattice s with uniqu e complements , 198 8 (Continued in the back of this publication) 



Wulff Constructio n 
A Global Shap e 
from Loca l Interactio n 



Translations o f 

MATHEMATICAL 
MONOGRAPHS 

Volume 10 4 

Wulff Constructio n 
A Global Shap e 
from Loca l Interactio n 

R. Dobrushi n 
R. Koteck y 
S. Shlosma n 

10.1090/mmono/104



P. JI . AOBPyiDHH, P . KOTE11KH , C . B. UIJIOCMA H 

KOHCTPYKUiHfl BYJIOA : 
OOPMA OnPE^EJIflETCf l 

JIOKAJIBHMM B3AHMO^EftCTBHE M 

Translated fro m th e Russian by the author s 

1991 Mathematics Subject  Classification.  Primary 82B05 , 85B20; 
Secondary 60K35 . 

ABSTRACT. Crysta l growt h i s a  commo n physica l phenomenon , an d physicist s coul d describ e 
various aspects of this and simila r processes rather well . However , until recently rigorous proof 
of variou s propertie s o f thes e processe s wer e no t known . Th e presen t boo k fills one o f thes e 
gaps. Th e author s conside r th e so-calle d Wulf f constructio n (date d bac k t o th e beginnin g o f 
the century), which predict s the final (equilibrium) shap e o f a  crystal . Fro m th e mathematica l 
point o f view , th e analysi s o f th e Wulf f constructio n i s based o n a  carefu l stud y o f th e gran d 
canonical ensemble for certain two-dimensional lattice spin models in statistical mechanics (the 
most famous amon g these models being the well-known Isin g model). 

To obtai n th e mai n result s i n th e boo k (th e theore m tha t predict s th e final  shap e o f th e 
crystal fro m th e optimalit y consideration s fo r contour s o n th e lattice),  th e author s develop , 
using mainly probabilisti c technique , severa l interestin g approaches , which may become usefu l 
in various problems of mathematical statistica l mechanics . 

Library of Congress Cataloging-in-Publication Data 

Dobrushin, R . L., 1929 -
[Konstruktsiia Vulfa . English ] 
Wulff construction : a  globa l shap e fro m loca l interaction/R . Dobrushin , R . Kotecky , S . 

Shlosman. 
p. cm.—(Translation s o f mathematica l monographs , ISS N 0065-9282; v. 104 ) 
Translation of : Konstruktsii a Vulfa . 
Includes bibliographical references . 
ISBN 0-8218-4563- 2 
1. Wulf f constructio n (Statistica l physics ) 2 . Phase transformation s (Statistica l physics) — 

Mathematical models . I . Kotecky, R. (Roman ) II . Shlosman, S . III . Title. IV . Series. 
QC174.85.W85D6313 199 2 92-920 0 
530.1/3—dc20 CI P 

Copyright ©  199 2 by the American Mathematica l Society . Al l rights reserved . 
The American Mathematica l Societ y retains al l right s 

except those granted t o the United State s Government . 
Printed i n the United State s of Americ a 

Information o n Copyin g and Reprintin g can b e found a t th e back o f thi s volume. 

The pape r used in this  book i s acid-free an d fall s within the guidelines 
established to ensure permanence and durability . @ 

This publication wa s typeset using A/^S-T^X, 
the American Mathematica l Society's TgX macr o system. 

10 9 8 7 6  5  4  3  2 1  9 7 9 6 95 94 93 92 



Contents 

Preface i x 

CHAPTER I . Introductio n 1 
1.1. A physical background 1 
1.2. Gran d canonica l ensembl e 3 
1.3. Canonica l ensembl e 5 
1.4. Phas e separatio n 6 
1.5. Surfac e tensio n 7 
1.6. Definitio n o f the Wulf f shap e 9 
1.7. Separatio n o f phases along a Wulff shap e 1 0 
1.8. A  detailed characterizatio n o f separate d phase s 1 0 
1.9. Shap e of the large contour 1 1 

1.10. Statistica l propertie s o f configuration s insid e and outsid e th e 
large contour 1 2 

1.11. Remarks 1 3 
1.12. Pla n o f the proof 1 5 
1.13. Result s concerning the Wulff constructio n 1 8 
1.14. Result s about limi t theorems an d larg e deviations 2 0 
1.15. Result s about surfac e tensio n 2 1 

CHAPTER II . Extremal Propertie s o f the Wulff Functiona l 2 3 
2.1. Definitions 2 3 
2.2. Triangle inequalit y 2 4 
2.3. Minimality o f the Wulf f functiona l fo r th e Wulff shap e 2 5 
2.4. Stability o f the Wulf f shap e 2 5 
2.5. A generalization o f the Bonnesen inequalit y 2 6 
2.6. Lemma 2 7 
2.7. Proof o f Theorem 2, 5 3 1 
2.8. Proof o f Theorem 2. 4 3 2 
2.9. Stability o f the Wulff functional—th e cas e of familie s o f curve s 3 3 

2.10. Stability o f the Wulff functional—th e cas e of self-intersectin g 
curves 3 6 

2.11. Stabilit y o f the Wulf f functiona l wit h respec t t o weak 
interactions between contour s 3 7 



vi CONTENT S 

2.12. Lemma 3 8 
2.13. Lemma 3 9 
2.14. Lemma 3 9 
2.15. Lemma 4 2 
2.16. Lemma 4 3 
2.17. Proof o f Theorem 2.1 1 4 4 
2.18. A reformulation o f the main resul t 4 5 
2.19. Continuous dependenc e o n the function F  4 6 
2.20. Sharp triangle inequality 4 7 

CHAPTER III . Limi t Theorem s 4 9 
3.1. Contour s 4 9 
3.2. Grand canonica l ensembl e 5 1 
3.3. Cutof f ensemble s 5 2 
3.4. Bounds on the probabilities o f admissibl e contour s 5 4 
3.5. Bounds on the probabilities o f nonadmissibl e contour s 5 5 
3.6. Comparison o f ensembles with differen t cutoff s 5 6 
3.7. Asymptotic comparison o f ensembles with differen t cutoff s 5 8 
3.8. Standard cluste r expansion 6 0 
3.9. Basic expansion o f partition function s fo r comple x h  6 1 

3.10. A bound o n a  sum o f exponents o f d w(A) 6 7 
3.11. Dependence o f partition function s o n the shap e of th e 

volume 6 8 
3.12. Expansion o f the mean value and the variance o f the tota l 

spin 6 9 
3.13. Dependence o f the mean value an d variance o n the field  h  , 

the volume V , an d th e cutoff paramete r co  1 1 
3.14. Conditiona l distribution s wit h given w-larg e contours 7 3 
3.15. Mean value and variance o f the tota l spi n fo r ensemble s 

including nonadmissible contour s 7 4 
3.16. Positivity o f variance 7  8 
3.17. Central limi t theorem fo r th e total spin 7 8 
3.18. Local central limi t theorem fo r th e total spin 7 9 
3.19. Moderate deviations—the standar d cas e 8 2 
3.20. The case of slowl y growing cutoff 8 3 
3.21. A lower bound fo r moderat e deviation s 8 6 
3.22. An estimate o n the probability o f larg e contours under a 

condition o f given total spin 8 7 
3.23. Proof o f Theorem 3.1 9 abou t moderat e deviation s 9 2 
3.24. Moderate deviations : the case of a n ensemble withou t cutof f 9 2 
3.25. An estimate o f large deviations 9 6 
3.26. A uniform boun d o n the distribution o f the tota l spi n 9 7 
3.27. Bounds on tota l spi n conditioned b y a family o f al l w^-larg e 

contours 9 8 



CONTENTS vi i 

CHAPTER IV . Surfac e Tensio n 10 3 
4.1. Definition o f surface tensio n 10 3 
4.2. Existence o f surface tensio n 10 4 
4.3. Basic representation o f surface tensio n 10 5 
4.4. Animals 10 9 
4.5. Ensemble o f tame animals 11 2 
4.6. Polymer representatio n o f the partition functio n o f th e 

ensemble o f wild animals 11 5 
4.7. An estimate o f polymer weights 11 6 
4.8. Analyticity o f the free energ y and it s expansion 11 9 
4.9. Evaluation o f the mean value and the variance o f the heigh t 

of the endpoint o f a  phase boundary 12 1 
4.10. Local centra l limi t theorem fo r th e heigh t o f the endpoin t 

of a  phase boundary 12 3 
4.11. Compariso n o f canonica l and grand canonica l ensembles 12 7 
4.12. Existence o f surface tensio n 12 8 
4.13. An estimate o f the mean value and th e variance o f the length 

of phase boundaries 12 9 
4.14. Estimate o f large deviations o f the phase boundary i n the 

grand canonica l ensembl e 13 0 
4.15. Estimate o f large deviations o f the phas e boundary i n the 

canonical ensemble 13 6 
4.16. The main resul t 13 8 
4.17. Lemma 14 0 
4.18. A lower bound 14 0 
4.19. An upper boun d 14 3 
4.20. Asymptotics o f the Wulf f shap e a t lo w temperatures 14 5 
4.21. Shar p triangle inequalit y 14 6 
4.22. Estimates on a  torus 14 9 

CHAPTER V . Larg e Contours 15 1 
5.1. The shape of the large contour 15 1 
5.2. Main step s of the proof 15 2 
5.3. A lower bound i n the grand canonica l ensembl e 15 2 
5.4. Construction o f the se t of regula r contour s 15 3 
5.5. Geometric lemma 15 5 
5.6. An estimate o f the total spi n unde r the condition o f a  given 

regular contou r 15 6 
5.7. The estimate o f the probability o f regula r contours 15 8 
5.8. An upper bound i n the grand canonica l ensembl e 16 3 
5.9. An estimate o f the total length o f o^-larg e contour s 16 3 

5.10. Contou r skeleton s 16 5 
5.11. Lemm a 16 5 



viii CONTENT S 

5.12. Skeleton s of collections o f contour s (skeleton s o f 
configurations) 16 7 

5.13. Comparison o f phase volumes of collections of contour s an d 
their skeleton 16 8 

5.14. Reduction t o contour s with a  given skeleto n 16 9 
5.15. Regular and irregula r edge s of a  skeleton 17 0 
5.16. Probability o f a  skeleton 17 1 
5.17. Reduction t o Wulff functiona l 17 3 
5.18. An estimate o f the functiona l 2^(11 ) 17 4 
5.19. An estimate o n the probability o f a  skeleton unde r th e 

condition o f fixed total spin 17 5 
5.20. A bound o n the number o f skeletons 17 7 
5.21. A bound o n improbable values  of the functiona l W^(Y\)  17 7 
5.22. A bound o n improbable phase volumes of skeleton s 17 8 
5.23. A bound o n improbable phas e volumes of configurations 18 0 
5.24. Existence and shape of the large contour 18 2 
5.25. Properties o f the large contour 18 4 
5.26. Proof o f Theorem 5. 1 18 5 

CHAPTER VI . Proo f o f the Main Result s 18 7 
6.1. A program o f the concluding consideration s 18 7 
6.2. Nonexistence o f contours o f an intermediat e lengt h 19 0 
6.3. Mean values in a  pure phase in canonica l ensembl e 19 1 
6.4. Mean values for coexistin g phases 19 2 
6.5. The law of large numbers fo r coexistin g phases 19 3 
6.6. Proof o f Theorem 1. 7 19 8 

Bibliography 201 



Preface 

The present boo k contains , essentially , a  proof o f on e theorem (Theore m 
1.9) abou t th e asymptoti c shap e o f a  droplet . Tha t alon e account s fo r th e 
long time i t took to write down the proof: w e found tha t when the length of 
a proo f doubles , th e tim e neede d t o writ e i t dow n increase s b y a  facto r o f 
four. Th e starting moment of this project took place in Tfebon, i n September 
1986, durin g th e symposiu m "Statistica l Mechanic s o f Phas e Transitions — 
Mathematical an d Physica l Aspects" , wher e Professo r H . va n Beijere n wa s 
talking abou t th e Wulf f construction . Anothe r reaso n wh y i t too k s o lon g 
to finish  th e manuscrip t wa s spatia l separatio n betwee n authors . Bu t th e 
travelling we underwent i n the meantime improve d (w e hope) th e quality of 
the book, sinc e i t was discussed a  lot with man y colleagues . 

The author s woul d lik e t o expres s thei r gratitud e t o variou s institution s 
where part o f this work was done: 

Rutgers University , CP T CNR S Marseille , Eidgenossisch e Technisch e 
Hochschule Zuric h (al l thre e authors) , Cornel l Universit y (R.D . an d 
S.S.), Harvar d Universit y (R.D . an d R.K.) , Rom e Universit y "L a 
Sapienza" (S.S. ) an d "To r Vergata " (R.D . an d R.K.) , Ecol e Polytech -
nique Federate Lausann e (R . K. and S . S.), Technion (R . D. and S . S.). 

We benefitted a  lot fro m discussion s with man y colleagues , among whom 
we would like to mention especiall y 

M. Aizenman, P. M. Bleher, L. and J. Chayes, J. Frohlich, G. Gallavotti, 
K. Gaw§dzki , J . L . Lebowitz , R . A . Minlos , E . Presutti , C . Pfister , 
F. Rezakhanlou , D . Ruelle , Ya . G . Sinai , H . Spohn , D . Stroock , S . 
Varadhan, an d als o untimely passe d Professo r M . Donsker . 
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