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Preface 

The theory of generation of semigroups of linear contractions, which is the 
basis of the evolution equation , was developed by Hille and Yosida i n 1948 . 
Through thi s theory the existence an d uniquenes s fo r a  solution o f Cauchy' s 
problem fo r (d/dt)u(t)  =  Au(t)  wit h w(0 ) =  x  e  D(A)  wer e prove d fo r 
an m-dissipativ e operato r A  tha t ha s a  dens e domai n i n a  Banac h space . 
The theory o f linea r semigroup s wa s further deepene d b y result s o f Phillip s 
and man y othe r mathematicians , an d th e theor y o f linea r semigroup s ha s 
now secure d it s positio n a s a n importan t are a i n th e field  o f analysis . I n 
1953 Kato extended the theory of Hille-Yosida t o the case where A  depend s 
on tim e t . Afterward , th e theor y o f evolutio n equation s o f paraboli c typ e 
was brough t fort h b y Kat o an d Tanabe , an d th e theor y o f linea r evolutio n 
equations ha s made marke d progress . Moreover , durin g th e first  half o f th e 
1960s the semilinea r evolutio n equatio n wit h a  nonlinear perturbatio n ter m 
(d/dt)u(t) =  A{i) +f(t, u(t))  wa s studied by Segal , Browder and Kato , who 
obtained excellen t results . 

Under thi s historica l background , Komur a attracte d muc h attentio n i n 
1967 when h e announce d th e theor y o f generatio n o f nonlinea r semigroup s 
in a  Hilber t space . Th e theor y wa s immediatel y extende d b y Kat o t o th e 
case of a Banach space with a  uniformly conve x conjugate space . Afterward , 
in 1971 , Crandall-Liggett obtaine d th e splendi d resul t tha t "i n a  general Ba -
nach space, an arbitrary m-dissipativ e operator always generates a semigroup 
of (nonlinear ) contractions. " This , togethe r wit h th e wor k o f Komura , ha s 
become th e basi s fo r th e stud y o f nonlinea r evolutio n equations . I n addi -
tion to the problem o f generation, the study of convergence and perturbatio n 
of semigroups , an d concret e application s o f th e theor y t o nonlinea r partia l 
differential equation s hav e been carrie d ou t vigorousl y b y many mathemati -
cians within an d withou t th e country . Development s i n the field have led t o 
remarkable progres s during the las t decade . 

This boo k i s concerne d mainl y wit h th e theor y o f nonlinea r semigroup s 
in a  Banac h space . I n Chapte r 1 , we summariz e th e basi c result s o f func -
tional analysi s tha t ar e necessar y fo r late r chapters ; Chapte r 2  describes th e 
dissipative operator s tha t ar e closel y relate d t o semigroup s o f contractions ; 

vii 



V l l l PREFACE 

Chapter 3  presents severa l propertie s o f th e semigrou p o f contractions . I n 
Chapter 4 , w e discus s th e theor y o f generatio n o f semigroup s o f Crandall -
Liggett (§§4.1-2) , it s application s (§4.4) , an d als o th e theor y o f generatio n 
of Komur a an d it s extensio n (§4.3) . I n Chapte r 5  we examin e th e conver -
gence of the difference approximatio n t o Cauchy's problem fo r the nonlinea r 
evolution equatio n (d/dt)u(t)  e  Au(t) , an d we describe a n extension o f th e 
generation theorem of Crandall-Liggett. I n first half of Chapter 6  we describe 
the theory of convergence and approximation o f semigroups. Th e second half 
contains the perturbation theory of semigroups and its application to the evo-
lution equation (d/dt)u(t)  =  A(t)u(t). A s an application o f the theorems of 
convergence and approximation o f the semigroups given in Chapter 6 , we in-
troduce in Chapter 7  the work of Oharu and Takahashi on Cauchy's problem 
for quasilinea r partia l differentia l equation s o f firs t order . 

As a whole, I have emphasized th e explanation o f the theoretical par t an d 
attempted to prove theorems with care so that the reader with a knowledge of 
functional analysi s a t the level of a  college junior i s able to fully understan d 
the material . (B y doing so , I  am afrai d tha t m y writing migh t hav e become 
wordy.) Becaus e o f thi s an d th e limitation o n th e siz e o f th e book an d als o 
my inability , I  have no t describe d man y examples . Fro m th e standpoin t o f 
keeping th e discussio n focuse d o n Banac h spaces , I  hav e no t touche d o n 
the subdifferentia l evolutio n equatio n a t all . Th e reade r ma y refe r t o th e 
literature quote d i n the postscript o f thi s book . 

Finally, I  wish t o expres s m y profound gratitud e t o Professor s A . Ichid a 
and S . Izum i fo r thei r guidanc e ove r th e year s sinc e m y schoo l days , an d 
my sincer e thank s t o Professo r S . Ito o f th e Universit y o f Tokyo , wh o rec-
ommended tha t I  writ e thi s book . I  a m deepl y gratefu l als o t o m y friends : 
Mr. S . Oharu, wh o has given m e much valuable advice , and thos e who con-
ducted seminar s o n topic s relate d t o evolutio n equation s ever y Thursda y a t 
Waseda University and studied together. I  also wish to thank Mr . K . Yokota 
of th e publicatio n divisio n o f th e Kinokuniy a Publishin g Compan y fo r hi s 
continuous assistanc e i n the publication o f thi s book . 

Isao Miyader a 
January 197 7 



Appendix. Th e Minimax Theorem 

In thi s appendi x bot h X  an d Y  ar e linea r topologica l space s wit h R 
as th e field  o f scalars . (Henc e X  an d Y  satisf y th e Hausdorf f axio m o f 
separation.) 

MINIMAX THEOREM . Let  X  be  finite dimensional,  and  let  both  A  c  X 
and B  cY  be  compact convex sets. If  K(x , y):  Ax  B  — • R  satisfies: 

(at) for  every  y  e  B,  x  •- > K(x,  y)  is  a  lower  semicontinuous convex 
function; 

(a2) for  every  x  e  A,  y n K(x,  y)  is  an upper  semicontinuous concave 
function; 
then (i ) and  (ii ) hold: 

(i) m i n x ^ max yGi? K{x, y)  =  m*xyeB m i n ^ tf(x,  y) . 

(ii) F/zer e exist x Q e  A  and  y Q e B  such  that for all  x  e  A  and  y  e  B 

K(x0, y)  <  K(x0 ,  y0) <  K(x , y 0). 

To prove this , we will use the following lemma . 
LEMMA. Let  A  c  X  and  B  c  Y  be  compact sets. If  K(x , y):  AxB  — • R l 

satisfies 
(bj) Fo r every yeB,  X H AT(X , y) « • /ower semicontinuous. 
(b2) Fo r every X G ^ , yi- > AT(x, y) w  wpper semicontinuous. 

Then (i ) and (ii ) in  the statements of  the Minimax Theorem  are  equivalent. 
PROOF. W e note tha t bot h 

minmaxK(x, y)  an d maxmin K(x,y) 
xeA yeB  yeB  x€A 

exist. I n fact, the upper semicontinuous functions an d the lower semicontinu-
ous functions define d o n compact set s have maximum an d minimum values , 
respectively. Henc e fro m assumptio n (b 2) i t follow s tha t fo r a n arbitrar y 
xeA, max,. e B K(x, y)  exist s (we write this as g(x)).  No w from (b,) , g(x) 
is lower semicontinuou s o n A  an d min xeAg(x) =  min xeAmax eB K(x, y) 
exists. Similarly,  m a x ^ mm xeA K(x , y ) exists . 

Next we note tha t 
max min K(x, y ) <  min max K(x, y ) (1 ) 
yeB xeA  xeA  yeB 

holds. 

215 



216 APPENDIX. THE MINIMAX THEOREM 

(ii) => (i). Fro m the right half of the inequality in (ii) , we have K(x 0, y Q) 
< min ;cG/4 K(x, y Q) <  max yeB min^ ^ K(x , y) . Next , fro m th e lef t hal f o f 
the inequality in (ii) , we have min^ ^ m a x^ K(x , y)  <  max^GJ? K(x0, y)  < 
K(x0, y 0). Therefore , m i n ^ max yG5 K(x, y)  <  m a x^ m i n ^ K{x , y) . 
From this and (1) , we obtain (i) . 

(i) = > (ii). W e se t max yeB m i n ^ K(x , y)  =  m i n^ m a x ^ K(x , y)  = 
a. The n ther e exis t x Q e  A  an d y 0 e  B  wit h ma x B  K(x0, y)  =  a  = 
minxGyi AT(x, y0) . Henc e fo r arbitrar y xGv 4 an d y  e  B  , #(x 0 ,  }/) <  a  < 
K(x, y 0) . I n particular, K(x 0, y 0) <  a  <  K(x0 ,  y0); that is, a  = K(x0, y 0). 
Hence (ii ) holds . • 

PROOF O F MINIMA X THEOREM . Fro m th e abov e lemma , w e nee d onl y 
to sho w (i) . Sinc e X  i s finite  dimensional , w e le t th e dimensio n b e d. 
Then X  i s isomorphic with the ^-dimensiona l Euclidea n space R d a s linear 
topological space . Whe n x  (e  X)  <- > ( ^ ,  £2 , . .. ,  £d) ( £ Bd) >  we defin e 

\\x\\ = tf  +  zl + ...+Z 2
d)

1'2. 

Then th e function ||x|| 2: X -+  Rl i s a strictly conve x (continuous ) functio n 
(that is , for arbitrar y x,  x  e  X  (x  #  x)  an d 0  < t  <  1 , \\tx  + (1 - t)x\\ 2 < 

^||x||2 + ( l -0II^H 2 ) . 
Now let e  > 0 an d se t 

Ke(x,y) =  K(x,y) +  e\\x\\2 (xeA,  y  e  B) . 

Then fo r eac h y  e  B,  sinc e x  i- » ^ ( x , ^ ) i s a  lowe r semicontinuous , 
strictly convex function , ther e exist s a  unique x  e  A  suc h that K e(x ,  y) — 
min^^ K e(x, y) . Sinc e x ' depend s on y  e  B  , we denote this .x ' b y E(y) . 
Hence 

/e00 = *e(£0;),y) (y e B). 
Next fo r eac h x  e  A , sinc e y  »- • Ke(x, y)  i s a n uppe r semicontinuou s 

concave function , f £ i s a n uppe r semicontinuou s concav e function . Fro m 
this, f e(y) (y  e  B)  ha s a maximum value . No w we choose y*  € B  suc h tha t 
fe(y*) =  max B  f e(y). Sinc e y  *-+  Ke(x, y)  i s a concave functio n 

K£(x, ( 1 - 0 / +  ty)  >  (1 - 0* e (* , / ) +  ** e(*, y) 

>(l-t)fe(y*) +  tKe(x,y) (xeA,  yeB,  0  < t <  \). 

If we set x  =  £(( 1 -  ̂ )y * + ty)  i n the abov e inequality , the n 

f£(y*) >  /£((1 -  t)y*  + ty)>{l- t)f £(y*) +  tK£{E{{\ -  t)y*  + ty), y). 

Hence we obtain 

ftf)>Kt{E{{\-t)y* +  ty),y) (y  e  B,  0  < /  <  1) . (2 ) 
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Now 

for arbitrar y y x, y 2 G  B , E((  1 -  0 ^ +  0> 2) "> £0>i) a s J  -> 0 + .  (3 ) 

To show this, we let y {, y 2e B  an d set x t =  E((l-t)yl+ty2) ( 0 < t  <  1) . 
Then fo r ever y x  e  A  an d 0  < t  <  1 

tfe(*,, ( 1 - 0)> i +  ty 2) =  / e((l -  O^ i +  0> 2) < * e ( * , (1 - t)y x +  0> 2). (4 ) 

If we take an arbitrary sequence {t n} suc h that l i m ^ ^ t n =  0 an d 0  < t n < 
1, the n sinc e x t G  A an d A  i s compact , ther e i s a  subsequenc e { f # } o f 

{f }  an d a n elemen t z  e  A  suc h tha t x t; - » z  a s « ' — • oo . Fro m (4 ) an d 
the fact tha t y  \-^>  K(x ,y)  i s a concave function , w e have 

(1 - t n,)K£{xtni, y {) +  V* e(x,, ,  y2) <  Ke(xt,m, ( 1 - t n,)yx +  ^ 2 ) 

<*«(*> ( i - V ^ i +  ' i . ^ ) 
( X G , 4 ) . 

Here if we let « ' — > oc , then from th e lower semicontinuity o f x  i- > AT£(x, y) 
and th e uppe r semicontinuit y o f y  i- > Ke(x, y) , fo r a n arbitar y i G i w e 
have 

^ ( z ^ J (<liminf# e(x,, ,y x)\ <  limsupA: e(x, ( 1 -tn,yx +t n,y2)) 
\ n  -^oo "  /  n'-^oo 

<K£(x,y{). 

From this , K £(z,y{) =  min xeAKe(x, y {) an d thu s z  =  £ 0 ^ ) . Sinc e w e 
have shown that an arbitrary subsequence {x  }  (o f { x }) ha s a subsequence 

n 

that converge s t o th e sam e limi t E(y l)9 i t follow s tha t x t -+  E(y{) a s f  — > 
0+ .  Therefore , (3 ) i s proved. 

Now, letting J  -> 0+ i n (2) . I t follow s fro m (3 ) tha t 

fB{f) ( > limin f Ke(E((\ -  t)y*  + ty) , y)^  >  Ke(E(y*), y)  (y  G  B) . 

Also fro m th e definitio n o f f £, w e have tha t f £(y*) <  K(x,  y*)  (x  e  A). 
Hence 

K£(x*, y ) <  ( / e ( / ) = ) * e(x*, /) <  ^ ( x, / ) ( x G  ^, y  G  B), (5 ) 

where we have se t x * =  E(y*).  I f we set 

d 

M =  max{||x|| 2 =  £ K z | 2 : x G , 4 } , 

then fro m th e definition o f K £ w e have 

K{x ,y)-Me<  K £(x ,  y) <  K{x ,  y) +  Me ( x G / l , ) ' e 5 ) . 



218 APPENDIX . THE MINIMAX THEOREM 

From thi s and (5) 

minmax#(.x, y)  - Me  <  minmaxiC (x , y) < maxKix*, y ) < K(x*, y* ) 
XG ^ )>£ # ~  JCG ^ y<EB e yeB e V  e 

< minK(x,y*)<mdixmmK(x,y) 
x€A e  y€B x€A E 

< ma x min K(x, y ) + Me . 

Since e  > 0 i s arbitrary, we have 

min max A^(x, y) < max min K(x, y) . 
xG^ y€B y£B  x€A 

Combining this with (1) , we obtain 

min max K(x, y)  =  max min K(x, y) . • 
x€A yeB  yeB  x<EA 



Postscript 

One o f th e subject s tha t w e hav e no t touche d upo n a t al l i n thi s boo k 
is the subdifferentia l evolutio n equation s (i n Hilber t spaces) . Fo r this , se e 
Brezis [16 ] an d Barb u [7] , and als o Watanab e [125 ] fo r recen t result s an d 
for th e reference s quote d by them. Also , [16 ] is an excellen t expositor y tex t 
that summarize s th e theor y o f nonlinea r semigroup s i n Hilber t space s an d 
its applications. I n the following w e describe briefly th e main reference s fo r 
each chapte r an d supplementar y items . 

Chapter 2. I n §2. 1 and §2. 2 we summarized th e result s based mainl y o n 
Kato [50 , 51] ; see also Crandall-Ligget t [36 ] and Ohar u [102] . W e referre d 
to Brezi s [16 ] fo r Exampl e 2. 2 an d t o Crandal l [31 ] fo r Exampl e 2.3 . W e 
sometimes cal l a  strictl y dissipativ e operato r " a dissipativ e operato r i n th e 
sense o f Browder. " I n §2. 3 we summarized th e result s o f Kat o [51] , Brezis-
Pazy [20] , Brezis [14] , Debrunner-Flor [41] , Crandall-Pazy [38] , and Mint y 
[88, 89] . Theore m 2.2 0 i s based o n [20] ; Theorem 2.2 3 an d Corollar y 2.2 4 
on [14] . Theorems 2.2 5 and 2.2 6 an d Corollar y 2.2 7 ar e based o n [41] , [38] 
and [88 , 89]. Example 2. 6 is given by Crandall-Ligget t [37] . 

Chapter 3 . I n §3. 1 w e summarize d th e result s o f Crandall-Paz y [38] , 
Miyadera [94] , and Kat o [51] . Theore m 3. 5 i s based o n [94 ] and Corollar y 
3.7 on [51] (see also [38]). Exampl e 3.1 is given by Komura [64] and Example 
3.2 by Webb [126]. Th e contents of §3.2 are based on the results of Crandall -
Liggett [36] , Komur a [65] , an d Kat o [52] ; i n particular , Theore m 3.1 3 i s 
obtained by Komura [65] . Also, the proof given here is due to [52]. Theore m 
3.11 is based on [36] ; Lemma 3.1 5 of §3.3 on Miyadera-Oharu [95] . Se e also 
Brezis-Pazy [20] . Theore m 3.1 7 i s based o n Crandall-Paz y [38 ] for th e cas e 
of a  Hilber t space , an d o n Kobayash i [60 ] an d Kobayas i [63 ] fo r th e cas e 
of a n extensio n t o a  Banac h space . Theorem s 3.1 8 an d 3.1 9 ar e base d o n 
[63] (see also Miyadera [93]) . Also , the estimation (3.44 ) use d fo r th e proo f 
of Theorem 3.1 9 is given by Crandall-Liggett [36 ] when they prove Theore m 
4.2 (generatio n theore m o f semigroups) . Th e way we apply inductio n i n th e 
proof i s due to Rasmussen [115] . 

Chapter 4. I n §4. 1 and §4.2 , we described generatio n theorem s o f semi -
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groups based  o n Crandall-Ligget t [36] . Se e also Miyader a [93 ] on Theore m 
4.5 and Crandal l [32 ] on Theorem 4.7 . I n §4. 3 we summarized mainl y thos e 
results on generation theorems of semigroups given by Komura [64 , 65], Kato 
[50, 51],  Crandall-Pazy [38] , Dorroh [43] , Martin [81] , and Miyader a [94] . 
Theorems 4.13 , 4.14 , an d 4.1 6 ar e base d o n [94] ; Corollary 4.1 7 o n Brezi s 
[14]; Theorem 4.1 8 on [81] . Theorem 4.2 0 is the so-called Komura theorem . 
See also [38] and Komura [66] . Examples 4.5 , 4.6, and 4. 7 o f §4. 4 are based 
on Crandall-Ligget t [36] ; Examples 4. 8 an d 4. 9 o n Crandal l [34] ; Exampl e 
4.10 o n Crandal l [31] . I n thi s book , w e hav e no t considere d th e questio n 
of compactnes s o f th e contractio n semigroup s {T(t):  t  >  0 } generate d b y 
m-dissipative operator s (i f fo r eac h t  >  0 , T(t)  map s a  bounde d subse t 
of D(A)  int o a  sequentiall y compac t set , the n thi s semigrou p i s said t o b e 
compact), and we have not covere d the generation o f semigroup s in Banac h 
lattices. Se e Konish i [72 ] an d H . Brezis , New  results  concerning monotone 
operators and nonlinear  semigroups,  Analysi s o f Nonlinea r Problems , Res . 
Inst. Math . Sci. , Kyoto Univ. , 197 4 for th e characterization o f compactnes s 
of semigroups . Se e Konish i [67 , 69 ] and Calver t [25 ] fo r th e generatio n o f 
semigroups in Banach lattices . 

Chapter 5. Theore m 5.1 of §5.1 is based on Brezis-Pazy [20]. The concept 
of the integral solution of Cauchy's problem i s introduced by Benilan [9 , 10]. 
The proo f o f Theore m 5. 2 i s quote d fro m Kobayash i [61] . Sectio n 5. 2 i s 
based mainly on Benilan [10] , Takahashi [121] , and Kobayash i [61] . Par t (i ) 
of Theorem 5. 7 (th e convergence) i s based o n [121 ] and [61] . The proof (o f 
the estimatio n (5.11) ) give n i n thi s boo k i s show n i n [61] . Als o th e proo f 
of uniquenes s o f th e integra l solutio n i n thi s sam e theore m i s du e t o [10] . 
Theorem 5.1 0 of §5.3 and Theorem 5.1 2 (generatio n theorem o f semigroups ) 
are based on [61]. Theorem 5.1 5 is due to Martin [82 ] (see also [61]). Sectio n 
5.4 i s an applicatio n o f Theore m 5.10 . Theore m 5.1 8 i s an extensio n o f th e 
result give n i n [10] . Also , Kenmochi-Ohar u [57] , Crandal l [34] , Crandall -
Evans [35] , Kobayashi-Kobayasi [62] , and Pierr e [112 ] are closely related t o 
the contents o f thi s chapter . 

Chapter 6. Theore m 6. 5 o f §6.1 , Theorems 6. 8 an d 6.1 2 o f §6. 2 are du e 
to Miyadera-Kobayash i [96 ] (Theorem 6.1 2 hold s eve n i f X n i s not conve x 
(see [96])). Corollarie s 6.9 and 6.13 are summaries of the results obtained by 
Kurtz [76] , Brezis-Pazy [19] , and Goldstein [47] . Corollar y 6.1 1 i s shown by 
Benilan [8] . Also , it s extension i s given i n H . Brezis , New results  concerning 
monotone operators  and nonlinear  semigroups,  Analysi s o f Nonlinea r Prob -
lems, Res . Inst . Math . Sci. , Kyoto Univ. , 1974 . Theorem s 6.1 5 an d 6.1 7 o f 
§6.3 are due to Pierre [112] . Par t (iii ) o f Corollary 6.1 9 i s given by Barbu [6 ] 
(for part s (i ) an d (ii ) o f th e sam e corollary , se e also Kobayash i [61]) . Also , 
Kato [51] , Brezis [16] , and Kobayashi-Kobayas i [62 ] ar e amon g thos e con -
cerned with perturbation theorem s in the form o f the Corollary 6.1 9 (tha t is, 
the question as to whether or not A+B  i s an m-dissipativ e operator, when an 
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operator B  i s added to an m-dissipativ e operato r A).  (d/dt)u{t)  e  A(t)u(t) 
is one of the topics that we have not discussed in this book, even though it is 
related to the evolution equation (d/dt)u(t)  e  A(t)u(t)  whic h we considered 
in §6.4 . Here , the operato r A{t)  i s not necessaril y single-value d (no t eve n a 
continuous operator) . Regardin g thi s subject , se e Kat o [51] , Crandall-Paz y 
[39], Evan s [46] , and als o Masud a [86] . Ther e i s als o th e produc t formul a 
of semigroups which is related to this chapter. Fo r this, see Brezis-Pazy [18], 
Webb [127 , 128] , Kobayashi [59] , and Miyadera-Kobayash i [96] . 

Chapter 7 . Followin g Oharu-Takahash i [107] , w e explained a  construc -
tion of the difference approximatio n o f the solution o f Cauchy's problem fo r 
quasilinear partial differential equation s of first order . Furthermore , concret e 
applications o f the theory o f nonlinea r semigroup s to the partia l differentia l 
equations hav e bee n carrie d ou t recentl y b y man y scholars . Fo r example , 
Aizawa [1-3] , Brezis-Straus s [21] , Crandal l [33] , Konish i [69-71 , 73 , 74] , 
Kurtz [76] , and Ohar u [105 , 106 ] are among those who deal with nonreflex -
ive function space s (besid e those quoted i n §4.4) . 
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