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Preface to the English Edition 

The theory of singular perturbations i s not at present a  settled direction in 
mathematics, and the path of its development is , in our view, a dramatic one. 
On on e hand, man y practica l problems , suc h a s the mathematica l boundar y 
layer theor y o r approximatio n o f solution s o f variou s problem s describe d 
by differentia l equation s involvin g larg e o r smal l parameters , certainl y ar e 
in nee d o f creatio n o f a  genera l theory . Fro m th e purel y theoretica l stan d 
such a  theory i s necessary to a t leas t achieve a  deeper understanding o f how 
smoothness i s preserved i n th e presenc e o f degeneracy . O n th e othe r hand , 
if on e look s a t th e plans o f mathematica l development , on e i s lef t wit h th e 
impression tha t suc h a  problem did no t exist—i t i s absent from thos e plans. 
I hav e in mind , primarily , th e plans i n ou r country—th e USSR . Bu t I  have 
the impressio n tha t th e situatio n i n othe r countrie s i s not muc h different — 
judging by the published paper s and monographs o n the subject . 

It i s known tha t mathematicians , physicists , mechanic s hav e developed  a 
multitude o f variou s asymptoti c method s which , a t present , constitut e th e 
basis of the theory o f singula r perturbations . I n 1984 , however, o n the 80t h 
anniversary o f L. Prandtl's boundary layer theory, the well-known researche r 
K. Nickel said the following i n his review article [1*] t : "Man y fundamenta l 
problems (o f existence, stability and instability , etc. ) have been solved in the 
mathematical theor y o f boundar y layer . However , ther e i s n o satisfactor y 
theory whatever o f the phenomenon o f boundary layer. " 

This circumstance i s explained, i n our view, by the incorrect extensio n o f 
the notio n o f Poincar e asymptoti c serie s to function s wit h dua l dependenc e 
on the variable. An d the functions describin g boundary effects an d generally-
nonuniform transfer s ar e of thi s type. 

At th e basi s o f ou r boo k w e pu t a  ne w notio n o f asymptoti c serie s fo r 
solutions of singularly perturbed problems—fo r solution s that depend duall y 
on the perturbation: regularl y and singularly , which i s well illustrated by the 
following elementar y example : 

ey + ey =  e2t, y(0,  e)  = y°, e  -+ 0 , (0.1 ) 

Note: An asterisk following a  reference numbe r indicates a supplementary reference , to be 
found a t the end o f the References chapter . 

xi 
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a solution o f which is the functio n 

y(t, €) =  e {i~et)/e[y° -i+ e] +  e-e. (0.2 ) 

Here e  appear s singularl y i n th e first  exponen t (th e latte r doe s no t exis t a t 
e =  0) , an d i n th e res t th e dependenc e o n e  i s regular. Investigation s hav e 
shown that there is a unique possible description o f the singular dependenc e 
on the perturbation (i n this case on e) , i n which the sum o f the asymptoti c 
series in powers of e  ma y potentially coincid e with the exact solution . Suc h 
series are called regularized i n the book . 

With th e earlie r notio n o f asymptoti c serie s th e phenomeno n o f coinci -
dence o f th e su m wit h thi s exac t solutio n wa s lost , th e descriptio n o f th e 
singular dependenc e was non-single-valued, a  consequence o f which was the 
development o f man y asymptoti c methods . Th e function s describin g th e 
boundary laye r ar e pseudoanalyti c i n s  (i n "viscosity" , a s on e woul d sa y 
in hydrodynamics) , i.e. , the y ar e analyti c with respec t t o the regula r depen -
dence o n a  fo r fixed  e  i n th e singula r dependence . I n th e abov e exampl e 
the function (0.2 ) i s a pseudo-entire functio n o f e , sinc e the expressio n 

eK '  [ y - l + e ] +  e - £ 

is a n entir e functio n wit h respec t t o e . Suc h ar e th e specific s o f th e solu -
tions i n th e presenc e o f a  singula r poin t e  =  0  i n equation s simila r t o th e 
equation (0.1) . Investigation s hav e als o show n tha t th e uniquel y possibl e 
description o f th e singula r dependenc e i s determined b y th e spectru m o f a 
pencil o f operator s correspondin g t o th e singularl y perturbe d proble m con -
sidered. Th e variable spectrum o f bounded an d unbounded operator s cause s 
additional difficulties i n developing a general theory. However , these difficul -
ties hav e becom e tractable ; afte r th e first  publicatio n o f thi s boo k a  theor y 
of asymptotic integration i n the presence of certain spectra l singularitie s ha s 
been develope d (se e [2*]) . Thi s refine s Section s 1  and 2  o f Chapte r 6  o f 
the boo k an d i s a  developmen t o f th e theor y o f inne r boundar y layer . I n 
the extensio n o f th e metho d t o noncompac t domains , wher e th e additiona l 
singular poin t t  —  o c appears , a  certai n developmen t o f the theory ha s als o 
been obtained (se e [3*]). 

New problem s wit h continuou s spectru m o f th e penci l o f operator s (se e 
[4*]) an d problem s wit h periodi c solution s tha t ar e analyti c wit h respec t t o 
the perturbatio n (se e [5*] ) hav e bee n solved . Th e theor y o f analyti c an d 
pseudo-analytic solutions has been developed more fully (se e [6*], [7*]), and 
a ne w concep t o f analyti c integratio n ha s bee n formulate d (se e [8*]) . I n 
the surve y articl e [9* ] th e regularizatio n metho d fo r bounde d operator s o f 
simple structure , an d als o fo r operato r wit h Jorda n structure , i s presented . 
The existence o f pseudo-analyti c solution s also fo r nonlinea r singularl y per -
turbed ordinary differential equation s was proved in [10*], where the method 
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of norma l form s fo r asymptoti c integratio n o f th e correspondin g nonlinea r 
problems, bot h i n th e resonanc e an d resonance-fre e cases , wa s developed . 
However, there remain , a s always, many unsolved problems . 

Moscow, December 199 1 
S. Lomov 
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Preface 

In the intensive development of science and technology mathematical mod-
els of the real world become more complex , and , therefore , i n thei r analysi s 
it i s natura l t o us e asymptoti c methods . However , th e asymptoti c analysi s 
for differentia l operator s has a developed theor y mainly fo r th e case of regu-
lar perturbations, when the perturbations carr y a  subordinate characte r wit h 
respect t o the unperturbed operator . A s concerns singularly perturbed prob -
lems, i.e. , problems with perturbations o f the principal part s of the operato r 
or, i n anothe r terminology , problem s wit h a  smal l paramete r a t th e highest 
derivatives, unti l recentl y method s o f asymptoti c integratio n o f the m hav e 
been worked ou t individually fo r differen t classe s of problems. 

There i s no doubt a s to the importance o f result s of investigations o f sin -
gularly perturbe d problems . Suc h problem s aris e naturall y wher e ther e ar e 
nonuniform transition s fro m certai n physica l characteristic s t o others . I t i s 
known, fo r example , tha t i n problem s connecte d wit h th e solutio n o f th e 
Navier-Stokes equation s fo r a  smal l viscosit y thes e nonuniformitie s creat e 
a boundar y laye r zone . Withou t a  thoroug h asymptoti c analysi s i t i s diffi -
cult t o creat e a  mathematica l theor y o f th e boundar y laye r o r t o carr y ou t 
numerical computation s o f singularl y perturbe d problems . Man y problem s 
of the theor y o f nonlinea r oscillations , the theory o f automati c control , an d 
the theory of gyroscopes can be described by means of differential equation s 
containing a small parameter at the highest derivatives. Therefore , the theory 
of asymptoti c analysi s i s of majo r importanc e bot h fo r th e developmen t o f 
fundamental investigation s an d fo r th e solutio n o f concret e practica l prob -
lems. 

In the present monograph a  general approach i s developed fo r solutio n o f 
singularly perturbed problems . Thi s approach i s based o n a  general metho d 
proposed b y th e autho r o f regularizin g singularl y perturbe d problem s b y 
means o f passin g t o a  spac e o f highe r dimension , whic h i s induce d b y th e 
original problem . Thi s induce d spac e i s determine d b y th e spectra l char -
acteristics of the origina l operator , whic h afford s th e possibility o f using the 
spectral theory of operators. Th e last circumstance allowed the author to clas-
sify singularl y perturbed problem s into discrete and continuou s types and t o 

XV 



XVI PREFACE 

study the m b y a  unifie d scheme . Singularit y o f th e origina l proble m call s 
forth th e occurrenc e o f a  nonzero kerne l o f th e leadin g operato r o f th e in -
duced problem . A  correc t choic e o f th e spac e o f solution s o f th e induce d 
problem make s i t possibl e to use methods o f functiona l analysi s to describ e 
both norma l an d unique solvabilit y o f suc h problems . 

This approac h enable d S . A. Lomov t o creat e th e foundation s o f genera l 
asymptotic analysi s o f singularl y perturbe d problems . Th e book i s devote d 
to a  description o f thi s approach an d it s application t o a  broad clas s of var -
ious problems , bot h linea r an d nonlinear . Thi s clas s o f problem s include s 
the Cauchy problem an d a  boundary value problem fo r ordinar y differentia l 
equations and systems of equations, for partia l differentia l equations , as well 
as the general case of abstract operator equations in Hilbert space . Thi s class 
of problem s als o include s operator s wit h continuou s spectrum . I n spit e o f 
the multitud e o f problem s differen t i n nature , th e metho d o f solvin g the m 
remains the same. Amon g the solved examples we note the complete solution 
of the one-dimensional linearized problem o f the Navier-Stokes equations in 
an interio r domai n an d th e solutio n o f a n inhomogeneou s equatio n wit h a 
turning point . 

There is no doubt tha t the method presented wil l receive further develop -
ment an d wil l encompass a  broad circl e of stil l unsolved problems . 

A. N. Tikhono v 



Author's Prefac e 

Many physica l processe s connecte d wit h nonunifor m transition s ar e de -
scribed by differentia l equation s with larg e or smal l parameters . If , i n prob-
lems arisin g i n thi s manner , th e rol e o f th e perturbatio n i s playe d b y th e 
leading terms of the operator (o r a  part o f them), then the problem i s called 
a singularly perturbed problem . A n example where a small parameter occur s 
in a  natura l manne r i n fron t o f th e leadin g par t o f th e differentia l operato r 
is th e Schrodinge r equatio n i n whic h th e quantit y o f a  quantu m o f actio n 
occurs a s th e smal l parameter . I f thi s quantit y tend s t o zero , the n certai n 
laws o f quantu m mechanic s g o ove r int o law s o f classica l mechanics . Fo r 
the approximat e solutio n o f singularl y perturbe d problem s ther e i s a  larg e 
collection o f asymptotic methods , each of which makes  it possible to solve a 
particular circl e of problems . 

At the present time on the basis of the regularization method, which makes 
it possible to reduce a  singularly perturbe d proble m t o a  regularly perturbe d 
problem, i t i s possibl e t o develo p th e foundation s o f a  genera l theor y o f 
singular perturbations . Thi s book i s devoted t o an exposition o f these foun -
dations. Th e first  chapter is , on th e on e hand , a  survey an d brie f histor y o f 
the developmen t o f th e theor y o f singula r perturbation s and , o n th e othe r 
hand, a n expositio n o f th e basi c idea s o f th e regularizatio n metho d o n thi s 
background. Chapter s 2- 7 contai n th e foundation s o f th e asymptoti c inte -
gration o f variou s problem s fo r ordinar y differentia l equations , bot h linea r 
(Chapters 2-6 ) an d nonlinea r (Chapte r 7) . Fo r partia l differentia l equation s 
the theor y o f asymptoti c integratio n i n th e cas e o f discret e spectru m o f th e 
limit operato r i s presented i n Chapter s 8  and 9 . Som e singularl y perturbe d 
evolution equations , both with discrete and continuous spectrum o f the limit 
operator, ar e studie d i n Chapte r 10 . Th e conten t o f th e book i s reflected i n 
more detai l i n the table of contents . 

The majo r par t o f th e result s presente d i n thi s boo k hav e no t bee n pub -
lished i n a  detailed exposition . Som e result s are presented fo r th e first  time. 
In writing this book the author strov e that i t be accessible no t onl y to math -
ematicians an d physicists , but als o to engineers , students , and al l those wh o 
use applied mathematic s i n their work . 
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