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Introduction 

Ordinarily in any local classification problem interest focuses on the generic 
case: classificatio n o f germs of a  generic object o n a  manifold (generi c func -
tion, vector field, differential form , etc.) . Usuall y th e orbi t o f the germ o f a 
generic object a t a  generic point i s an ope n an d everywher e dense se t in th e 
space of germs . Nongeneri c point s (fo r whic h thi s property i s violated) ar e 
said t o b e singular . Whe n classifyin g germ s o f a  generi c objec t a t singula r 
points, we study typica l singularities . Roughl y speakin g typica l singularitie s 
are irremovable under a small perturbation while nontypical singularities may 
be eliminated b y a  suitable smal l perturbation (the y decompose int o typica l 
ones). 

In this monograph we deal with typical singularities of differential 1-form s 
and Pfaffia n equations . Pfaffia n equation s i n moder n term s ar e module s o f 
differential 1-form s generated by one differentia l 1-form . Loca l equivalenc e 
of differentia l 1-form s correspond s t o th e actio n o f th e grou p o f loca l dif -
feomorphisms (reversibl e coordinat e transformations) . Th e classification o f 
Pfaffian equation s ma y be considere d t o b e th e classificatio n o f differentia l 
1-forms: i n addition to a change of coordinates we can multiply a 1-for m by 
a nonvanishing function . 

The problem of classifying differentia l 1-form s and Pfaffian equation s was 
formulated b y Pfaff a t the start of the 19t h century (i n terms of reduction t o 
"simplest" forms). Th e first basic step in this problem was made by Darboux, 
whose theorem can be formulated a s follows: for a generic differential l-form 
(generic Pfaffian equation) on a manifold M  there  exists an open everywhere 
dense subset M  c  M  such  that all germs of the l-form  (Pfaffian  equation) at 
points of  M  are  equivalent to a standard germ. 

Martinet was the first to study singularities (classification of germs at points 
of M)  systematically . Hi s result s ar e collecte d i n [Mar ] which i s both th e 
starting poin t an d a  guide fo r othe r studie s includin g th e presen t one . Un -
fortunately I  knew Professor Martine t onl y by correspondence . M y wish t o 
meet him personally wil l never come true. 

Singularities an d th e classificatio n o f 1-form s an d Pfaffia n equation s ar e 
interesting no t onl y a s a  classica l proble m bu t als o (an d perhap s mainly ) 
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X INTRODUCTION 

because o f thei r application s (i n contac t geometry , th e theory o f partia l dif -
ferential equations , control theory, nonholonomic dynamics , and variationa l 
problems). Som e importan t application s hav e appeare d i n th e las t 10-1 5 
years. Mos t applications in contact geometry are due to the relative Darbou x 
theorem, which was proved by Givental in 1982 . Thi s theorem states that two 
submanifolds of  a contact manifold are  contactly locally equivalent (i.e., their 
germs lie in the same orbit of the group of diffeomorphisms tha t preserve the 
germ of the contact structure) if  and only if the Pfaffian equations obtained by 
the restriction of the contact structure to the submanifolds are  locally equivalent 
(with respect  to the action of the complete group of diffeomorphisms). 

Classification result s fo r Pfaffia n equation s ca n b e reformulate d a s thos e 
for submanifold s o f a  contact manifold . Th e classification o f Pfaffian equa -
tions also leads to the classification o f first-order partia l differential equation s 
since the latter may be considered a s hypersurfaces i n a  contact manifol d o f 
1-jets. 

An application t o control theory i s associated with the fact tha t a  Pfaffia n 
equation generated by a 1-for m w  define s a  module of vector fields v  suc h 
that w(v)  =  0 . O n th e othe r hand , a  differentia l 1-for m w  define s a n 
affine modul e of vector fields v  suc h that w(v)  =  1 . Suc h modules may be 
interpreted a s control systems , linear with respec t t o the control . 

In thi s monograp h w e collect result s on th e geometry o f singularitie s an d 
classification o f differentia l form s an d Pfaffia n equations . W e als o presen t 
applications an d closel y relate d classificatio n problems . Al l th e result s ar e 
given with proofs . I n the proofs w e use the technique o f jets on a  manifold , 
the homotopy metho d an d it s modifications , th e transversalit y theorem , th e 
necessary an d sufficien t condition s fo r a  germ's stabilit y an d finit e determi -
nacy, th e relativ e Darbou x theore m an d relate d results , an d theorem s b y 
Belitskii and Roussari e on the solvability o f equations with respect to germs 
of fla t functions . I n Chapte r I I we collect th e relevan t materia l an d th e ba -
sics of singularit y theory . I n Chapter s III- V w e discuss differentia l 1-forms , 
and odd-dimensiona l an d even-dimensiona l Pfaffia n equations . A t th e en d 
of eac h chapte r w e summariz e th e mai n results , tabulat e th e singularities , 
and lis t the normal forms . Th e main result s of the book are also collected i n 
Chapter I . In Appendices A, B, and C we apply the results respectively to the 
classification o f th e first-orde r partia l differentia l equations , t o th e stud y o f 
the geometry o f submanifold s o f a  contact manifold , an d t o some problem s 
of contro l theory . Ou r mai n result s hold relativ e t o th e C°°-equivalenc e o r 
Cr-equivalence fo r arbitrary r  < oo . Nevertheless , we also dwell (on the level 
of formulation, conjecture , an d brief discussion ) o n analytic and topologica l 
classification problem s (Appendices D and F). We present some classificatio n 
results fo r distributions , differentia l system s (module s o f vecto r fields) , an d 
closed differentia l 2-form s (Appendice s E  and G) . 



INTRODUCTION X I 

Some o f th e result s i n th e boo k ar e du e t o Martine t (degeneration s o f 
codimension 1 : firs t occurrin g singularitie s o f 1-form s and odd-dimensiona l 
Pfaffian equation s [Mar]) , some to Lychagin (poin t singularitie s in the even -
dimensional cas e associate d wit h th e vanishin g o f 1-forms ; suc h singulari -
ties correspon d t o firs t occurrin g singularitie s o f first-orde r partia l differen -
tial equation s [LI]) , othe r result s wer e obtaine d b y th e autho r (degenera -
tions of codimension ^  2 , in particular, firs t occurring singularities of even-
dimensional Pfaffia n equation s [Z3 , Z4, Z8 , Z9]) . Som e o f th e result s ar e 
published for the first time (no t taking into account the preprint [Z14]) . Th e 
results i n thi s monograp h giv e complet e answer s t o th e principa l question s 
of the problems of local classification . 

I woul d lik e t o expres s m y profoun d gratitud e t o Professo r V . Arnold , 
to m y teacher Professo r G . Belitskii , t o Professor s Yu . H'yashenk o an d V . 
Lychagin, with whom I  discussed both som e of th e concret e result s and th e 
book as a whole. I  am very thankful t o Professor D . Leites who published the 
preliminary text [Z14 ] in the transactions of his Seminar on Supermanifold s 
and called my attention to related classification question s in superanalysis in 
his introduction t o the text . 



This page intentionally left blank



APPENDIX A 

Local Classification o f First-Order 
Partial Differentia l Equation s 

1. I n this appendix we give some results of [LI ] where first-order  partia l 
differential equation s are considered as hypersurfaces i n the contact space of 
1-jets. Thes e result s ca n b e obtaine d a s corollarie s o f th e classificatio n o f 
1-forms and Pfaffia n equations . 

2. A  germ of a first-order partial differentia l equatio n 

„ / du  du\ 
F[xx,...,xn,u,—,...,—J=0 

is treated as a germ of the hypersurface E : {F{x x, . . . ,  xn, u , y x, . . . ,  yn) = 
0} i n the contac t spac e (R 2n+l, co) , where co  = du  -  ^2y t dx (. Tw o germs 
Ex an d E 2 ar e said to be equivalent i f there exists a germ of a contactomor -
phism sending E x t o E 2 .  B y Theorem 7. 1 they are equivalent i f and only if 
the germs {co\ E =  0 } e PW{2n)  an d {co\ E =  0} e PW(2n)  ar e equivalent . 

3. Assum e that the plane of co  at 0  e R  n+l  i s transverse to an equatio n 
E c  (R 2n+l, co),  i.e. , (dF  A  <o)\0 ?  0 . The n cl{co\ E =  0 } =  In  -  1 , an d 
the germ {co\ E = 0 } i s equivalent t o the germ du  -  y 2 dx2 -  y 3 dx3 

yn dx n (i n th e coordinate s u , x x, x 2, y 2, x 3, y 3, . . . ,  xn, y w ). Therefore , 
by Theorem 7. 1 the germ E  i s reducible to the normal for m 

* = 0 o r ^  =  0 . (A.1 ) 

4. Singularitie s i n th e proble m occu r a t point s wher e d F A w =  0 ,or , 
equivalently, where the restriction co  = co\E vanishes . Th e germ {co  =  0} a t 
other points satisfie s the Darboux conditio n co  A (dm)n~ ^  0 . 

Let cb\ 0 =  0. The n th e germ o f co  at 0  can be an arbitrary ger m o f a  1 -
form belongin g to W 2n an d satisfyin g th e condition rankrf5| 0 =  In . Thus , 
the classificatio n o f singularitie s o f first-order  partia l differentia l equation s 
is reduce d t o th e classificatio n o f th e germ s {co  = 0 } e  PW 2n, suc h tha t 
rankdfco|0 =  2n  . Th e following theore m i s a  corollary o f th e result s i n §13, 
and §29. 
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154 APPENDIX A. LOCAL CLASSIFICATION 

THEOREM A.l . A generic germ at  0  e R  n+l of  a first-order partial differ-
ential equation F  {xY, . . . ,  xn ,  u, du/dx x, . . . ,  du/dxn) =  0 satisfying  the 
condition dF\ 0 Adu  =  0 is  reducible to the form 

u - ^V-y,. = 0 lu  = ^ V / ^j ( A-2) 

(generally speaking, in complex coordinates, see  § 13) . /fere k t are  moduli^), 
i.e., two different normal forms (A.2 ) are not equivalent. 

Notice that k t =  1/2 + jut (se e Corollary 13.1) . 
Since codimPW ^ =  In  ,  we can formulate th e following result . 

THEOREM A.2 . y l germ of  a generic first-order partial differential  equation 
on a manifold  M  [considered  as a hypersurface in the set of l-jets  on  M) 
is either stable (at generic points) and  equivalent to the normal form (A.l ) or 
unstable but  2-determined  (at  isolated points) and  equivalent to  the normal 
form (A.2) . 

The cas e o f nongeneri c germ s fro m W^ n an d nontypical singularitie s of 
first-order partia l differentia l equation s is considered i n [Zl, Z5, Z6] . 



APPENDIX B 

Classification o f Submanifolds 
of a Contact Manifol d 

Appendix A is concerned with the classification o f hypersurfaces i n a con-
tact space . I n this appendix we consider submanifolds o f codimension >  2. 
The notion of equivalence of submanifolds o f a contact manifold i s given in 
§7. 

The following theorem shows that singularities from P W2p+ x an d P W2p 

are realized as restrictions of a contact structure on submanifolds in a contact 
space. 

THEOREM B.l . For  an arbitrary germ e  e  PW 2p~x (
e e  PW 2p~*) an ^ 

an arbitrary  contact l-form  co  e  W(ln  +  1) , n > p, there  exists a manifold 
E c  R  n+ such  that  the  germ of  the restriction  {a>  =  0}\E is  equivalent to 
the germ e. 

PROOF. W e can assume tha t co  =  dz  +  xx dyx H  1-  xn dyn .  B y Theo-

rem 16. 3 the germ e  e PW^i i s equivalent to the germ 

ex :{dz +  xldyl +  --- + xp_{ dy p_{ +  fdyp =  0}, / / =  0 

(in the coordinates z , x {, y x, . . . ,  x ,  y ) . By Theorem 24. 1 the germ e  e 

PW2p~* i s equivalent to the germ 

e2: {dz  +  xx dyx +  • • • + xp_2 dy p_2 +  gx dyp_x +  g2 dyp =  0}, j lg. =  0 

(coordinates z,x x,yx, ...  ,  xp_x, y p_x, y p ). 
Let E x b e a manifold give n by the equations 

and let E 2 b e a manifold give n by 

Then {co\ E = 0} = ex, {co\ E =  0} = e2 . Q.E.D . 
The followin g statement s ar e corollaries o f Theore m B.l , Theore m 7.1, 

and classification result s in Chapters IV and V. 
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156 APPENDIX B. CLASSIFICATION OF SUBMANIFOLDS 

THEOREM B.2. Let  l>2,  n>l.  The  germ of a generic (2l+l)-dimensional 
submanifold E  of  the contact manifold  ( R " + 1 , dz  +  xx dy x H  V  xn dy n) 
at a  generic point a  e  E  is  stable and equivalent  to  the  germ of  one of  the 
following manifolds : 

(!) { xi+i=yi+i =  -- =  xn =  yn = °}>' 
(2) {x l+2 =  yl+2 =  ... =  xn=yn =  0, x l+l =  x] -  x { ,y l+l =  y t}; 

(3) {x l+2 =  yl+2 =  • • • =  x n =  yn =  0 , x M =  x^ +x /
2y/ -  x 7, y /+1 =  y t) ; 

(4) {* /+2 =  y /+2 =  •  • • =  x n =  yn =  0, x M =  x lyx+x]^xly
2

l-xl, y /+1 = 

Nongeneric points form a  set of codimension >4  in  E. 

THEOREM B.3 . Le f /  >  3 , n  >  I . 77z e #erw o/ a generic  2p-dimensional 
submanifold of  the contact  manifold  ( R " + 1 , rfz +  Xj d)^ H  \-  xn dy n) at 
a generic point of  this submanifold is  stable {relative to C r-equivalence for an 
arbitrary r  < oo ) and equivalent to the germ of one of the following manifolds : 

(i) {x p =  xp+i=yp+i =  '~ =  Xn = yn =
 0}> 

( 2) {X p+2=yp+2 =  '~  =  X n=yn=0' 
xp+\= x p-\yp ~~  x p-\' y p+\= yp-\  > 

xp=xp_xyp_x{\+X +  xx)} (A G (0,1)) ; 
( 3) { Xp+2=yp+2 =  '-  =  X n=yn=0> 

xp+x=xp_xyp +  xp_xyp_x{2A +  x x)-xp_x, 
xp =  xp_xyp{2X +  xx)- x p_xyp_x, y p+x =  yp_x} {X  e (0 , oo)) . 

Nongeneric points form a  set of codimension >  4. 

We can formulat e othe r corollaries , fo r example , th e norma l form s o f 3 -
and 4-dimensiona l submanifold s o f a contact manifold ca n be distinguished . 



APPENDIX C 

Feedback Equivalence of Control System s 

Consider a  system of ordinary differentia l equation s 

k 

x =  F(x) +  ^2ui(x)Gi(x), (C.l ) 
1 

where x 9 F(x) , G t(x) e  R n ,  u l9 ...  ,  uk ar e scalar functions (controls ) th e 
choice of which must ensure some properties of system (C.l). Whe n studying 
qualitative local properties of a control system it is expedient to replace it by 
an equivalent simpler system. Th e introduction of new controls v x, ...  9 vk, 
i.e., 

k 
ui =  fit*)  +  E  h ijWvi >  ' • = ! > . • . , * , det(A /.) ±  0 , (C.2 ) 

;=i 

and new coordinate s 
x =  * 0 0 , O ' ^ ^ O , (C.3 ) 

leads to another syste m 

1 

that i s also linear with respect to controls . 
Control systems (C.l) and (C.4) are said to be feedback equivalent  if there 

exist transformations o f the form (C.2) , (C.3) sendin g (C.l ) t o (C.4) . 
This definition ca n be simplified b y passing to invariant terms . A  control 

system of form (C.l ) define s a n affine modul e o f vector fields 

K = { / + 5 > f - * i > M|€C°°(/I)L (C.5 ) 

where th e field /  correspond s t o th e syste m x  =  F(x)  an d th e fields  g. 
correspond to the systems x  =  G t(x), i  = 1 , . . . ,  k. 

THEOREM C. l [J] . Two  control systems of  the form (C.l ) are  locally feed-
back equivalent if and only if the corresponding affine modules of vector fields 
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are equivalent, i.e.,  there exists a  diffeomorphism sending  each  vector field of 
the first module into  a vector field of the second one. 

Using thi s theore m w e ca n appl y classificatio n result s fo r differentia l 1 -
forms t o control system s of the for m (C.l ) fo r th e cas e k  =  n - 1 . Assum e 
that k  =  n - 1  an d a  system o f form (C.l ) i s nondegenerate, i.e. , 

dim(F(x), G x(x), . . . ,  Gn_x(x)) =  n, x  e  R n. 

An affine modul e (C.5 ) correspondin g to such system ca n be defined a s 

V =  {v e  Vect(n)\co(v)  =  1}, 

where a ; i s a  differentia l 1-for m suc h tha t co(f)  =  1 , co(g t) =  0 , /  = 
1, . . . ,  n - 1  .  Ther e exist s a  unique 1-for m co  satisfying thes e properties . 
Now, using Theorem (C.l ) an d results of Chapter III we obtain the followin g 
result. 

THEOREM C.2 . Let  k  =  n  - 1 . A  germ of  a nondegenerate control system 
(C.l) at  a  generic point x  e  R n is  stable and feedback equivalent  to  one  of 
the germs 

{x. =  ut, y.  =  ut{i =  1 , . . . ,k),  z  =  1  -x lul x kuk] 

(w = 2fc+l) ; 
{Xj =  Uj , y t =  ( 1 +  x {)ui (j  =  1 , . . . ,k,i  =  2 , . . . ,k), 

z =  (1 +xx)u, y x =  1/( 1 +x x) -  x 2u2 x kuk ±  zu) 

(n = 2k+l); 

{xj =  uj9yi =  (l+x l)uiU =  l,--  ,k,i  =  2,... ,k), 

3>1 = i/(.\+ Xi)-x2u2 x kuk] 

(n = 2k); 

{xi =  u i (i=  1 , . . . ,k),yj  =  (l±xx)Uj (j  =  2, . . . / : ) , 

yx =  1/( 1 ±x x) -x 2u2 x kuk} 

(n = 2k); 

where u,  u r u i are  functional control  parameters {functions  in n  variables). 

Nongeneric point s for m a  se t o f codimensio n 2 . Eac h stabl e (wit h re -
spect t o th e feedbac k equivalence ) ger m o f a  nondegenerat e contro l syste m 
is feedback equivalen t t o one of the germs given above . 



APPENDIX D 

Analytic Classificatio n o f Differentia l 
Forms an d Pfaffian Equation s 

1. I n thi s appendix w e consider germs of real-analyti c and holomorphi c 
1-forms and Pfaffian equations , i.e. , germs of the for m 

w = '%2ai(x)dxi> e:  w2 aAx)dxt =  °}> 

where th e a t(x) ar e germ s o f function s i n n  variable s x  =  (x {, , . . ,  x n) 
that are real-analytic at 0 (of functions i n n  comple x variables, holomorphi c 
atO). 

Two analyti c (holomorphic ) germ s o f 1-form s ar e sai d t o b e equivalen t 
if ther e exist s a  ger m a t 0  o f a n analyti c (holomorphic ) diffeomorphism , 
sending one germ into another. Tw o analytic (holomorphic) germs of Pfaffia n 
equations {co l =  0} , {a> 2 =  0 } ar e sai d t o b e equivalen t i f ther e exist s a 
germ H  a t 0 of an analytic (holomorphic) functio n suc h that the forms Hco l 

and co 2 are equivalent . 
For th e analyti c cas e al l th e singularit y classe s considere d i n Chapter s 

III-V ar e defined . Fo r th e holomorphi c cas e th e classe s PW 2k~i'1' an d 
PW2k+l'l'e C 0 i n c i d e -

2. Th e Darbou x an d Martine t analyti c classification s coincid e wit h th e 
smooth classification. W e mean that Theorems 12.1 , 12.2, 17.2, and Darboux 
theorems (§§10 , 16 , 24) hold als o in the analytic category. Th e holomorphi c 
classification i s the same, but the normal form o> + i s equivalent to the normal 
form co~  (se e Theorems 12. 1 and 12.2) . 

The result s o n th e preliminar y norma l form s (Theorem s 10.2 , 16. 3 an d 
24.1) hol d fo r analyti c and holomorphi c case s as well. 

Proofs o f al l these statements are exactly the same as for the smooth case . 

3. Analyti c an d holomorphi c classification s o f singularitie s fro m th e 
2k— 1 1  2k— 3 

classes PW 2k+x '  an d PW 2k diffe r essentiall y fro m th e smoot h classi -

fication. Firs t le t us consider th e singularity clas s PW\ 'l. 
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THEOREM D.l . For  an arbitrary holomorphic germ X  of  a vector  field on 
a plane with  3-jet  of the form 

there exists a germ of  a holomorphic Pfaffian equation e  e PW3' such  that 
Xe — X (to  within orbital  equivalence). 

Theorem D. l show s tha t th e holomorphi c classificatio n o f singularitie s 
from PW 3 '  include s the holomorphic orbita l classification o f germs of res-
onance vector fields on a plane with a 3-jet of form (D.l) . Suc h classificatio n 
was obtaine d i n [MarRa] , [EI] . It follow s fro m thes e work s tha t th e orbit s 
of th e holomorphic classificatio n ar e parametrized no t only by a real num -
ber (th e only invarian t o f the forma l an d smoot h classifications) , bu t als o 
by functiona l moduli . W e do not know if these functiona l moduli , togethe r 
with th e mentioned invarian t o f the smooth classification , giv e a  complet e 
system o f holomorphic invariant s o f germs o f Pfaffian equation s belongin g 
to PW^ 1 ;  supposedly, thi s is true. 

We have obtained the following result . 

THEOREM D.2 . None of  the  germs from the  singularity class  PW^ 1 is 
finitely determined  (in  the holomorphic category). 

This statement hold s in the real-analytic categor y as well. 

4. Le t us consider the singularity class PW lk~x '  ,  k >  2 . For the smooth 
classification, ther e exis t stabl e norma l form s (18.1) , (18.2) . W e announce 
the following result . 

THEOREM D.3 . None  of  the germs from the  singularity class  PW^ k~
x ' l is 

finitely determined  (in  the analytic or  holomorphic category). 

The scheme of the proof i s as follows. 
(1) I f a germ e  e  PW^ k~x'

x i s finitely determined i n the analytic (holo -
morphic) category , then by Theorem 18. 1 the germ (18.1 ) or the germ (18.2 ) 
is 3-determined i n the analytic (holomorphic ) category . 

(2) Let {co  = 0} be the normal form (18.1 ) or (18.2). I f the germ {cb  = 0} 
is 3-determined in the analytic (holomorphic) category , then the infinitesimal 
equation (6.2 ) with co  = co  has an analyti c (holomorphic ) solutio n (h,  v) 
for eac h right-hand side  with vanishing 3-jet . 

Arguments proving this statement ar e close to those used in [II] . 
(3) Th e infinitesima l equatio n (6.2 ) wit h co  = co  is unsolvabl e i n the 

analytic (holomorphic ) category . 
To prove statement (3) we reduce the infinitesimal equatio n to an equation 

of the form Xu  +  bu = T , where X  i s a vector field,  b  an d r  ar e function -
germs, and u  i s the unknown function-germ . Suc h a reduction wa s realized 
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It i s noteworthy tha t fo r a  generic germ e  e PW 2k+x '  th e correspondin g 
vector field  X e i n suitable coordinates looks like 

xx- x 2-—+ x xx2-— +  ••• o r x x- x 2-— +  (x{ +x 2)-—+ 
xdxx

 z dx2
 l  2 dx3

 l dx2
 2 dxx

 l  2  dx 3 

d d  d  d  d  ,  2  2 X d 

( D * 2 ) 

where •  • •  denote s terms of the form x xz^f{xx, . . . ,  x2h), a+/ ? >  3  . Thes e 
terms ca n b e "killed " i n th e smoot h category ; bu t fo r th e analyti c o r holo -
morphic classificatio n o f germ s (D.2) , one ca n poin t ou t functiona l modul i 
close to those obtained i n [MarRa] , [EI], [She] (S . M. Voronin, private com-
munication). Thi s can be done by reduction t o the problem that wa s solved 
in [Vo]. 

5. No w consider the case of 1-form s co , OJ\ 0 = 0. Usin g the notation o f 
§ 13 we state the following result . 

THEOREM D.4 . Suppose  that  for some  constants  C , v  >  0  the  invariants 
A> = j  +  fii9 i  = 1 , . . . ,  k, and  k-  = \  -  ii t, /  = k  +  1 , . .. ,  Ik, of  the l-jet 
of an analytic  (holomorphic)  l-form  co  e W 2k satisfy  the  estimate 

(axkx +  .-. +  a2kk2k-\)>C\a\-v (D.3 ) 

for all integers ai >  0 such that \a\  = ax-\ \-a 2k >  3. Then  co  is equivalent 
to the normal  form (13.1 ) (for  the holomorphic  case co  is equivalent to the 
normal form (13.3)) . 

This result was announced in [Z4] , where the case co  e W2k+X wa s consid-
ered as well. A  similar result in terms of 1-orde r partial differential equation s 
was proved by Webster [W]: if the invariants {k x, . . . ,  k2k} =  {l/2±ju i, /  = 
1, . . . ,  k} o f a  2-je t o f a  holomorphic partia l differentia l equatio n 

F (x x, . . . ,  xk ,  u, du/dx x, . . . ,  du/dxk) =  0 

(see Appendix A ) satisf y th e estimate s (D.3 ) fo r som e C , v  >  0,  the n th e 
equation i s reducible to the form u  = kxxx du/dx x +  h  kkxk du/dx k . 



APPENDIX E 

Distributions and Differential System s 

Let w  e  A  (M)  b e a  1-for m whic h doe s no t vanis h a t an y point o f M . 
Then a  ger m o f a  Pfaffia n equatio n {co  = 0 } ca n b e treate d a s a  ger m o f 
an (n  - 1)-distributio n i n l " (n  = dim M) [VG1] . An (n  - 1)-distributio n 
in R n ca n b e give n b y (n  -  1 ) vecto r fields  X x, . . . ,  Xn_x i n R n suc h 
that co(X () = 0 an d ran k (Xx \a, . . . ,  Xn_x\a) =  n - 1  fo r each point a . Fo r 

example, one can treat the contact structure (E 2 + 1 , dz+x x dy x-\ \-x k dy k) 
as a  modulus o f vector fields over a  ring of smoot h functions ; thi s modulu s 
is generated by the 2k  vecto r fields 

d d  d  d_  _d__  d_ 
dxx '  " • '  dx k' dy {

 X{ dz' '"  '  dy k
 Xk dz' 

Similarly, the quasicontact structure (R 2 ,  dy x +  x2 dy 2 -\  h xk dy k) i s the 
distribution generate d by 

d d  d  d  d  d 
dxx '  *• • '  dx k '  dy 2

 Xl dyx "'•  '  dy k *
kdyx ' 

and the normal for m (18.1 ) ca n be treated a s a distribution generate d by 
d d  d  d  d  d  d__  2  ,_d_ 

dxx"" '  dx k
9 dy 2

 Xl dyx"" '  dy k
 Xk dyx> dz  ^ y2 +  x xz^dyx' 

For n  =  3 an d n  =  4 th e Darboux conditio n (c l {co =  0} = maximum = 
3) ca n b e formulate d i n term s o f vecto r fields.  Le t X x, . . . ,  Xn_x b e a n 
arbitrary syste m o f vecto r fields  suc h tha t (o(X t) =  0 , i  =  1 , . . . ,  n -  1 , 
and rank^X^ , . . . ,  Xn_x\a) =  n  -  1 . Le t u s denot e b y V, Qy =  V  th e 
modulus consistin g o f germ s o f vecto r fields  of th e for m J Z Pi%i where /i t 

are arbitrar y functions . The n V  =  {V\ a} wher e V a c  T aR
n i s a  hyper -

plane. W e us e [V,  V]  t o denot e th e modulu s generate d b y vecto r fields 
[vl,v2]9vl,v2eV. Fo r n  =  3  an d n  =  4 th e Darbou x conditio n ca n be 
formulated a s 

dim[V,V]\0 =  n. 

In term s o f vecto r fields  w e ca n formulat e othe r condition s fo r a  ger m 
{co =  0} t o belong to various singularit y classes : 

{co = 0} ePW^°  i f S(co)  is transversal t o V{(0=Q} a t 0 , 
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{co =  0} G PW^Re U  PWllm i f D(co)  i s transversal to K {(y=0} at 0 . 

Here S(co)  an d D(co)  ar e the firs t degeneratio n manifolds^ 1) 
At the sam e time, fo r n  >  5  eve n the Darboux conditio n canno t b e for -

mulated in terms of the growth vector of a  distribution [VG1] . 
It i s also interesting to consider differentia l system s V  =  (XX, ...  ,  X n_x) 

which diffe r fro m distribution s onl y by the possibility o f linea r dependenc e 
of X x\a, . . . ,  Xn_l\a a t som e points a  e  M.  Variou s question s connecte d 
with singularitie s o f differentia l system s were studie d i n [JP2 , Morl-Mor3 , 
MorRo]. A  2-tuple o f vector field s i n R 3 an d 3-tupl e o f vector field s i n R 4 

were studied in detail . Her e we formulate tw o classification result s from th e 
mentioned works . Le t S n b e th e se t o f germ s a t 0  e  R n o f differentia l 
systems V  = (X l9 ...  ,  Xn_x) suc h that rank (X{\Q, . . . ,  Xn_l\0) =  n  - 2 . 

THEOREM E. l [JP2] . A  generic  germ V  e  S 3 is  reducible  to the  normal 
form (d/dx,xd/dz  +  zd/dy). 

THEOREM E.2 [MorRo]. A generic germ V  e  S 4 is  reducible to the normal 
form (d/dx,d/dy,xd/dz  +  yd/du). 

The proble m o f th e classificatio n o f germ s o f /^-distribution s i n R n i s 
not "wild " onl y fo r th e followin g thre e cases : k  =  1  ( a directio n field), 
k =  n — 1  (Darboux' s case) , and k  =  2, n  = 4 . Th e normal form o f generic 
germs of 2-distributions i n R 4 wa s obtained by Engel in 188 9 [En] (see also 
[VG2]). Th e wor k [Z10 ] i s devote d t o th e classificatio n o f singularitie s o f 
2-distributions i n R 4 . I f 2  < k  <  n - 2  an d (k , n)  /  (2 , 4) , then the orbi t 
of a  generic germ of a  ^-distributio n i n R n ha s an infinite codimension.( 2) 
Preliminary normal forms with functional modul i can be found in [Zl 1]. Th e 
classification o f germs of regula r distributions with a  fixed (but no t generic ) 
growth vecto r [VG1 ] ca n b e foun d i n [KR] , [Z12] . Fo r th e growt h vecto r 
(k,k+l9k +  2,... ,  n), n-  k  <  3 , a  germ is reducible to a stable norma l 
form. I f the growth vector has another form, the n the classification proble m 
remains "wild" . 

Singularities of differential system s (X x, . . . ,  Xk) i n R n wer e considered 
in [JP2] . 

(l)i.e. th e manifolds {a  e  M\dim[V {Q)=Q}, V {(0=Q}]\a =  n  - 1 } . 
(2)This fact was proved in [JP2], then also in [VG2]; moduli appear not only in formal series 

but also in the C 1-classification, se e [Va]. 
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Topological Classificatio n o f Distributions 

Consider a ^-distributio n E  i n R n (i t can be given either by (n—k)  differ -
ential forms w v..., w n_k o r by a k  -tuple of vector fields  V  =  (Xv..., X k)). 
A differentiable curv e y  = 7( 0 suc h that y(t)  e  E  (i.e. , y(t)  e  Kerco.\, t, & 
y(t) e  spanKL^ ) i s sai d t o b e a  trajectory  of E . Two  germ s E x, E 2 o f 
/^-distributions ar e sai d t o b e topologically  equivalent i f a  ger m o f a  home-
omorphism map s th e germ s o f th e trajectorie s o f E x int o th e germ s o f th e 
trajectories o f E 2 [JP2] . 

In [JP1,JP2] the classes of the topological equivalence were discussed. W e 
announce the resul t fo r 2-distribution s i n R 3. 

THEOREM F.l . The  germ at  each point of  a generic 2-distribution  on  a 3 -
manifold is  topologically  stable and topologically  equivalent to  one  and  only 
one of the germs 

dx' ~d^~ {xy +  x2z) ~dy) ; 

(4) j ^ +  ^ - f ^ + x z 2 ) dz  =  o}*(jL, ^ - ( ^ f « 2 ) i ) . 

In orde r t o prov e Theore m F . 1 it suffice s t o prov e th e topologica l equiv -
alence o f ger m (19.1 ) t o ger m (3 ) an d o f ger m (19.2 ) t o ger m (4 ) (fo r a n 
arbitrary b  eR). 

As for th e globa l classificatio n o f 2-distribution s o n a  3-manifold , i t wa s 
shown i n [Ben ] tha t ther e exist s a  contac t structur e ( R ,  w) whic h i s no t 
equivalent t o the standard contac t structur e ( R ,  dz +  x dy) . 
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Degenerations of Closed 2-Forms in E 

In thi s appendi x w e giv e th e lis t o f norma l form s o f close d 2-form s i n 
R ,  k  >  2 . The normal form o f first occurring singularitie s 

xx dx x A  dyx +  dx 2 A  dy2 H  h  dxk A  dyk (G . 1) 

was obtained b y Martine t [Mar ] who als o announced th e norma l form s fo r 
the next degeneration (o f codimension 3) : 

d I  xx -  -±  I  A dyx +  d  I  xxx2 ±  yxy2 -  -j-  J  A  dy2 +  ^  dx t A  dy.. (G.2 ) 

The theore m o n reductio n t o thes e norma l form s wa s proved b y Roussari e 
[Ro]. Th e germs, corresponding to the next degeneration (o f codimension 4 ) 
are unstable [GT2 ] and, supposedly , they are not finitely  determined . 

At generic points of a 2fc-dimensiona l manifol d a  germ of a generic closed 
2-form i s stable and equivalent eithe r to the standard Darbou x mode l dx x A 
dyx H  +  x k dy k ,  or t o th e ger m (G.l) , o r t o th e ger m (G.2) ; nongeneri c 
points form a  set of codimension >  4 . 

The descriptio n o f degeneration s ca n b e foun d i n [AG , Mar , Ro , GT2] . 
The Darboux and Martinet normal forms hold in the analytic (holomorphic ) 
category as well. A t the same time, analytic germs that are C°°-equivalen t t o 
the germ (G.2 ) ar e no t (generall y speaking ) analyticall y equivalen t t o (G.2 ) 
(arguments are similar to those used in Appendix D) . 
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