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Preface to the English Edition 

The presen t boo k i s the Englis h translatio n o f m y book originall y pub -
lished i n Japanese by Kinokuniya Compan y Ltd . i n its series "Kinokuniy a 
Sugaku Sosho" (Kinokuniya Mathematical Series) . A s mentioned in the Pref-
ace to the Japanese edition, the aim of this book is to present a self-contained 
exposition, using as little knowledge of functional analysi s as possible, of ex-
istence theorems and results on initial-boundary value problems for parabolic 
equations and elliptic boundary value problems described by second order el-
liptic partial differentia l operator s with variable coefficients . Th e translation 
is faithful t o the original. However , in the Supplementary Remark s and Ref-
erences a t the end of this book, som e of the books written i n Japanese are 
replaced by those written i n English. 

More than ten years have passed sinc e the original (Japanese ) editio n was 
published. Ordinarily , th e translator (i n this cas e the author o f the original 
book) migh t ad d some remarks o f criticism t o such a  classical treatmen t a s 
appears in this book, but it is not always easy for an author to criticize his own 
work. Ther e is an old Chinese proverb "Mountain dweller s cannot recogniz e 
the shap e o f th e mountain. " Th e author/translato r woul d appreciat e an y 
helpful criticis m by the readers regardin g the contents of this book . 

The translato r wishe s t o expres s hi s appreciation t o Professo r Katsum i 
Nomizu o f Brow n Universit y fo r hi s kind hel p i n th e publicatio n o f thi s 
translation and to the American Mathematica l Societ y for their efficient han -
dling of the publication. Finall y i t shoul d be mentioned tha t th e translator 
was partially supporte d b y a Grant-in-Ai d fo r Scientifi c Researc h fro m th e 
Ministry of Education, Scienc e and Culture of Japan. 

Seizo ltd 
Tokyo 

March 1992 
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Preface to the Japanese Edition 

The theor y o f partia l differentia l equation s i s one o f th e field s o f mathe -
matics tha t hav e developed  mos t successfull y i n th e recen t quarte r century . 
This developmen t i s based o n the fac t tha t th e theory ha s been constructe d 
by usin g functiona l analysi s an d th e theor y o f distributions . Thus , i f on e 
intends to write a book on the theory of partial differential equation s or on a 
branch o f thi s theory fro m a  modern poin t o f view; then on e should expec t 
the reader to have a strong background knowledge of functional analysi s and 
distributions, o r the writer shoul d devot e severa l pages to a  summary o f th e 
necessary prerequisites . O n th e othe r hand , som e condition s t o b e se t an d 
some results to be expected in classical problems cannot always be formulate d 
in the framework o f the theory established from a  modern point of view (e.g. 
in the framework o f the function spac e to which the theory i s applicable). 

In thi s book, th e autho r take s diffusion equation s a s the mai n them e an d 
derives th e existenc e theorem s an d result s o n initial - an d boundary-valu e 
problems fo r paraboli c equation s an d ellipti c boundary-value problem s tha t 
are described by using second order elliptic partial differential operator s with 
variable coefficients . Thi s allows for a  self-contained expositio n b y using a s 
little knowledge of functional analysi s as possible. Sinc e both the differentia l 
operators an d th e boundar y condition s treate d i n thi s boo k contai n vari -
able coefficients, i t i s necessary to carry out som e complicated computation s 
(even to prove som e result s corresponding t o well-known fact s i n the classi -
cal case of differential operator s with constant coefficients) ; i n particular, th e 
computation t o construc t th e fundamenta l solutio n satisfyin g th e boundar y 
condition (§6 ) appear s a s a  very tediou s tas k t o readers . However , eve n i f 
one derived the similar result by means of a 'modern theory' , one would have 
to carr y ou t concret e computation s i n mos t case s t o deriv e loca l propertie s 
such a s boundary condition s i n classica l for m (no t i n th e abstrac t for m de -
scribed by using the terminology in functiona l analysis) . Onc e we toil  a t th e 
first step of the construction o f the fundamental solution , we can set forwar d 
the arguments thereafter b y means of a  'physically natural ' method fro m th e 
viewpoint o f diffusion. Example s of such situations will be mentioned i n the 
next paragraph . 

ix 



X PREFACE TO THE JAPANESE EDITION 

The physica l meanin g o f propertie s o f th e fundamenta l solutio n i s men -
tioned i n th e Introduction . Th e dependenc e o f solution s o n th e domai n 
where the equation i s considered (§11 ) means that , th e neare r the absorbin g 
barrier i s located, th e faste r th e densit y o f th e diffusin g substanc e i s dimin -
ished. Th e fundamental solution s in unbounded domains are constructed us-
ing solutions in bounded domain s that ar e gradually enlarged . Th e existenc e 
of a  fundamenta l solutio n i n a n unbounde d domai n a s th e limi t functio n 
of fundamenta l solution s i n bounde d domain s an d th e limi t proces s o f th e 
semigroup property of fundamental solution s can readily be proved since the 
fundamental solutio n grow s as the domain i s enlarged. Fro m th e viewpoin t 
that th e ellipti c equatio n describe s th e equilibriu m stat e o f a  diffusion phe -
nomenon, th e Gree n functio n fo r th e ellipti c boundar y valu e proble m an d 
the formula fo r the solution o f the problem ar e derived from th e limit of so-
lutions of the diffusion equatio n as time t  tend s to infinity. I n most books on 
partial differentia l equations , several expositions and result s on equations of 
elliptic type are given before treatin g equations o f parabolic type. Thi s book 
follows th e opposit e directio n b y discussing diffusio n equation s a s the mai n 
theme for the 'physical reason' mentioned above . (I n this paragraph and also 
in the las t paragraph , 'physical ' means 'i n th e sens e of physica l phenomena ' 
and not 'i n the sense of physics'. ) 

While this book is written with diffusion phenomen a a s a main theme, the 
contents ar e purel y mathematical . Thus , no t onl y the mai n result s but als o 
the preparatory propositions are given with proof. (Thi s is a matter-of-cours e 
in a  mathematica l book ; th e autho r mention s i t fo r emphasis. ) Thoug h th e 
author intend s t o mak e a s littl e us e o f functiona l analysi s a s possible , i n 
order t o clarif y th e mathematica l argument , h e partl y applie d som e basi c 
facts fro m th e theor y o f th e Lebesgu e integra l an d som e ver y elementar y 
parts o f the theory o f functio n space s and o f integra l equation s (suc h as the 
definition o f Hilbert space , orthogonality, Fourier series, and basic properties 
of integral equations with symmetric kernel). Fo r these items the reader may, 
if necessary , refe r t o th e books mentione d i n th e Supplementar y Note s an d 
References a t th e en d o f thi s book . Excep t fo r thos e elementar y articles , 
proofs o f al l propositions ar e given . S o it i s not necessar y fo r th e reade r t o 
refer t o mor e advance d book s t o understan d proof s o f importan t theorem s 
in this book . 

If on e observe s that , i n thi s book , mos t o f th e mai n classica l result s o n 
partial differentia l equation s ar e generalize d t o th e cas e o f equation s wit h 
variable coefficients by using elementary techniques; then one will have gained 
much informatio n fo r application s i n severa l directions . 

The autho r woul d lik e t o expres s hi s appreciatio n t o bot h Mr . Ken-ich i 
Uzuoka and Mr . Hiroshi Mizuno of the Publication Divisio n o f Kinokuniy a 
for thei r kind help in the preparation o f thi s book. 

Seizo lt d 
In the heigh t o f summer 197 9 



Supplementary Notes and Reference s 

The followin g i s a  lis t o f books an d paper s relate d t o thi s book; i t i s no t 
to be considered complete . 

The prerequisite fo r readin g thi s book i s some basic knowledge o f differ -
ential and integra l calculus . Fo r background informatio n o n function space s 
used in §§ 14 and 15 , it is sufficient fo r readers to refer to any one of the books 
[1-4]. Fo r the theorems o n integra l equations quoted i n §15 , see [4] or [5]. 

1. S. Ito, Introduction to  Lebesgue integral,  Shokabo , 1963 . (Japanese ) 
2. H. L. Royden, Real analysis,  2nd ed. , Macmillan , New York, 1963 . 
3. W. Rudin , Real  and  complex  analysis,  2n d ed. , McGraw-Hill , Ne w 

York, 1974 . 
4. A. N. Kolmogorov and S. V. Fomin, Reelle Funktionen und  Funktional-

analysis, VEB Deutscher Verlag der Wissenschaften, Berlin , 197 5 (orig-
inal in Russian , 1972) . 

5. K. Yosida, Lectures on differential and integral  equations, Interscience, 
New York, 196 0 (origina l i n Japanese, 1950) . 

A brief expositio n o f the Besse l functions an d Legendr e polynomial s tha t 
appear i n th e examples  o f eigenfunctio n expansion s i n §  16 can be foun d i n 
Chapter 1  of [5] ; the boo k [6 ] i s a  hand y an d scrupulou s prime r t o Besse l 
functions. 

6. F. Bowman , Introduction  to  Bessel functions, Dover , Ne w York , 195 8 
(Longmans, Green &  Co., 1938) . 

In thi s book, i n orde r t o mak e the argumen t clear , w e occasionally quot e 
basic theorems i n th e theor y o f Lebesgu e integral s .  Th e reade r ma y glanc e 
over such parts without caring about the conditions stated in integration the -
ory an d stil l understan d th e subsequen t part , an d ma y refe r t o an y on e o f 
[1-4] as necessary . 

Among th e content s o f thi s book , th e "physica l backgroun d o f diffusio n 
equations" in § 0 was written b y consulting Chapte r 1  of 

7. J. Crank , The  mathematics  of  diffusion, 2n d ed. , Oxfor d Univ . Press , 
London an d Ne w York, 1975 . 

However, i n § 1 an d thereafter , al l o f th e statement s ar e se t i n th e pure -
mathematical theory . I f on e i s interested i n solution s o f diffusio n equation s 
from th e viewpoint o f applied mathematics , se e [7]. 

221 



222 SUPPLEMENTARY NOTES AND REFERENCES 

Most o f thi s book i s constructed b y rearranging an d elaboratin g th e con -
tents of the papers [20-23] , and i s illustrated mainl y by classical methods— 
(partial) differentia l calculus , estimates of partial derivatives, and integratio n 
by parts, etc.—by using almost no knowledge of modern functiona l analysis . 
The author previously wrote the book 

8. S. Ito, Partial differential equations,  Baifukan, 1966 . (Japanese ) 
In Chapter s 2  and 3  of [8] , the autho r treate d th e sam e result s a s thos e o f 
the present work for the diffusion equatio n o f the form du/dt  =  Au - q(x)u 
in bounded domains , and, assuming the existence of a fundamental solution , 
mentioned th e propertie s o f solution s o f th e diffusio n equatio n an d relate d 
results. I n the present work, the form o f the partial differential operato r (dif -
fusion operator ) an d also the form o f the space-domain ar e more generalized 
than thos e i n [8] , th e proo f o f th e existenc e o f a  fundamenta l solutio n i s 
mentioned i n detail, and severa l results (includin g those of [8] ) are shown in 
greater depth . 

The theor y o f th e genera l equatio n o f evolution , includin g th e cas e o f 
diffusion equations , is discussed by the method of functional analysi s in many 
books, e.g. 

9. K. Masuda,Equation of  evolution, Kinokuniya, Tokyo, 1975 . (Japanese ) 
10. H. Tanabe , Equations  of  evolution,  Pitman , Ne w Yor k an d London , 

1979 (origina l in Japanese , 1975) . 
The theory o f nonlinear evolutio n equation s i s treated i n e.g. 

11.1. Miyadera , Nonlinear  semigroups,  Transl . Math . Monographs , vol . 
109, Amer . Math . Soc , Providence , RI , 199 2 (origina l i n Japanese , 
1977). 

There are several references in which the theory of elliptic and/or parabolic 
equations (an d als o equations o f th e othe r types ) i s fully discussed,  thoug h 
not necessaril y i n relation t o diffusio n equation s directly . Her e we list som e 
of them . 

12. N. Shimakura, Partial differential operators of elliptic type, Transl. Math. 
Monographs, vol . 99 , Amer. Math . Soc , Providence , RI , 199 2 (origi -
nal in Japanese, 1978) . 

13. H. Kumano-go, Partial differential equations, Kyoritsu-Shuppan,Tokyo, 
1978 (Japanese) . 

14.1. G.  Petrovskii , Lectures on  partial differential  equations,  Interscience, 
New York, 195 4 (origina l in Russian , 1953) . 

15. A. Friedman, Partial  differential equations  of  parabolic type,  Prentice -
Hall, Englewood Cliffs , NJ , 1964 . 

16. S. Mizohata, Theory  of partial differential  equations,  Cambridge Univ . 
Press, London an d New York, 197 3 (origina l in Japanese, 1965) . 

17. O. A . Ladyzhenskaia , V . A . Solonnikov , an d N . N . Ural'ceva , Linear 
and quasilinear equations of parabolic type, Transl. Math . Monographs , 
vol. 23 , Amer. Math . Soc , Providence , RI , 196 8 (origina l in Russian , 
1967). 
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For the ergodic theory related to the contents o f §2 0 of this book, reader s 
may refer to : 

18. H. Totoki , Introduction  to  ergodic  theory, Kyoritsu-Shuppan , Tokyo , 
1971. (Japanese ) 

19. Y. It o an d T . Hamachi , Ergodic  theory  and  von  Neumann  algebras, 
Kinokuniya, Tokyo , 1992 . (Japanese ) 

Chapter 1  of this book is due to [20 ] and [21] ; most of Chapters 2 , 3 , and 
4 are written followin g [22 ] and [23]. 

20. W. Feller , Zur  Theorie  der  stochastischen Prozesse, Math. Ann . 11 3 
(1936), 113-160 . 

21. F . G . Dressel , The  fundamental solution  of  the  parabolic equation,  I , 
Duke Math. J . 7 (1940), 186-203 ; II, Duke Math. J  1 3 (1946), 61-70 . 

22. S. Ito , Fundamental  solutions  of  parabolic differential  equations  and 
boundary value problems, Japan. J . Math . 2 7 (1957), 55-102 ; 

23. S . Ito , On  Neumann  problem  for  nonsymmetric  second  order  partial 
differential equations of elliptic type, J. Fac . Sci. , Univ. Tokyo , Sec . I , 
10 (1963), 20-28. 

The Stron g maximum principl e fo r diffusio n equation s mentione d i n §1 0 
was originally proved (b y an entirely differen t method ) i n 

24. L. Nirenberg , A  strong  maximum  principle  for parabolic  equations, 
Comm. Pur e Appl. Math . 6  (1953), 167-177 . 

The author intended t o add som e topics on superharmonic function s an d 
the uniqu e continuatio n theore m fo r solution s o f ellipti c equation s t o th e 
contents o f this book (th e original Japanese edition) , but he had t o give this 
up for wan t of space . Som e basic properties o f superharmonic function s ar e 
treated in : 

25. S . Ito , Superharmonic  functions  and  ideal  boundaries,  Kinokuniya , 
Tokyo, 1988 . (Japanese ) 

The boo k [25 ] wa s writte n jus t afte r th e publicatio n o f th e origina l 
(Japanese) editio n o f th e presen t work . Fo r th e uniqu e continuatio n the -
orem, readers may refer t o §5. 6 of [13 ] or any one of the following papers . 

26. N. Aronszajn , A  unique  continuation  theorem  for solutions  of  elliptic 
equations or  inequalities  of  second  order,  J . Math . Pure s Appl . 3 6 
(1957), 235-249 . 

27. H. O . Cordes , Uber  die eindeutige  Bestimmtheit  der  Losungen  ellip-
tischer Differentialgleichungen durch  Anfangsvorgaben, Nachr . Akad . 
Wiss. Gottinge n Math.-Phys . Kl . Ila , 1 1 (1956), 239-258. 
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