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APPENDIX 1 

Group Analogs o f the Marcinkiewic z Theore m 
and the Lukac s Theore m 

A. 1.1 . Marcinkiewic z (se e [LinO , Chapte r II , §5] ) prove d th e followin g 
theorem. 

THEOREM. Let  P(s)  be  a polynomial, P(0 ) =  0 . If  f(s)  =  exp{P(s)} is  a 
characteristic function then  P(s)  =  -as  +  i/ls, a  >  0, / ? e R , i.e.,  f{s)  is 
the characteristic function of  a Gaussian distribution. 

This resul t was obtained b y Marcinkiewicz a s a  consequence o f hi s mor e 
general theore m tha t gav e a  necessar y conditio n fo r a n entir e functio n o f 
finite order to be characteristic . 

We give a  complete descriptio n o f th e class of thos e groups X  fo r whic h 
a similar theorem takes place. Afte r tha t we consider the group analog of the 
Lukacs theorem, which generalizes that o f Marcinkiewicz . 

A. 1.2. DEFINITION . A  continuous functio n y/(y)  on the group Y  is called 
a polynomia l i f fo r som e m  , 

A?+V00 = 0 (i ) 
for al l h,  y  e  Y  (her e A h i s th e finite  differenc e operator : A hy/(y) = 
y/{y +  h)-y/{y)). 

The degre e o f th e polynomia l y/(y)  i s th e minima l m  fo r whic h (i ) i s 
fulfilled. 

EXAMPLES. 

1. Le t / : Y  - > C b e a  nonzero continuou s homomorphism . The n l(y)  i s 
a polynomial o f degree 1 . 

2. Le t cp{y)  be a  continuou s functio n o n Y  satisfyin g equatio n 5.1(ii ) 
((p(y) ^  0) . The n q>(y)  i s a polynomial o f degree 2. 

Let us establish som e properties o f polynomials . 

A. 1.3. LEMMA . Let  y/(y)  be  a polynomial on  a group Y.  Then 

y/{y + C) = V(y)  (i ) 

for all  yeY,  C e V 

PROOF. Le t y  e  Y  an d le t £  e  Y 0 b e fixed.  Defin e th e functio n P(l) 
on th e group Z  b y the relatio n P(l)  =  y/(y  +  /£), /  e  Z . Suppos e tha t th e 
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174 APPENDIX 1 

degree o f th e polynomia l y/(y)  i s ra.  The n A™ + P(l)  =  0 , an d therefor e 
P(l) =  a0 + a{-i

 ] ra
mlm ( see [Ge , Chapter 5 , §3]) where the coefficients a. 

depend o n y  an d £  • Consider the compact subgrou p M^  generate d b y the 
element C  • The function y/(r\)  i s continuous an d bounded o n the compac t 
set y  +  M^. Therefor e P(l)  =  const , i.e. , y/(y  + C) = V(y)  •  n 

A. 1.4. COROLLARY . Let  Y  be  a compact group. If  y/(y)  is  a polynomial 
on Y , then  y/(y)  =  const . 

A. 1.5. REMARK . Le t y/(y)  b e a polynomial on the group Y . B y Lemma 
A. 1.3 the function y/(y)  i s invariant with respect to the subgroup Y 0. There -
fore y/(y)  define s th e polynomial y/[y]  = y/(y)  o n the factor-group Y/Y 0 . 

The following statemen t i s a generalization o f Proposition 5.4 . 

A. 1.6 . PROPOSITION . Let  JLL  e  ^ X(X) and  let  the  characteristic function 
ft(y) have  the form 

fl(y) =  cxp{y/(y)}, ^(0 ) =  0 , (i ) 

where y/(y)  is  a polynomial. Then  a(/i)cC x. 

PROOF. Le t L  b e a  compac t subgrou p o f th e grou p Y  .  Corollar y A . 1.4 
implies that y/(y)  =  0 o n L  an d s o y/(y)  =  0 o n Y Q. Henc e fi{y)  =  1  o n 
ro .  B y Theorem 1. 9 w e have A(X,  Y 0) = Cx an d Propositio n 2.1 3 implie s 
a{/i) cC x. n 

Let us prove a  group analog of the Marcinkiewicz theorem . 

A.1.7. THEOREM . Let  a  group X  contain  no  subgroup  topologically  iso-
morphic to T.  Let  JLL  e^ (X),  and  let the characteristic function fi{y)  have 
formAA.6(i). Then  jueT{X). 

PROOF. Accordin g t o Propositio n 1. 6 on e ma y assum e tha t X  i s a  con -
nected group. B y Theorem 1.1 5 we may then assume that X  =  Rn +K, wher e 
n >  0 an d K  i s a  connected compac t group . Le t u s prove th e theorem fo r 
the case X  =  K . (Th e general case is similar.) B y Corollary 1.1 0 Y  =  D i s 
a discrete torsion-free group . W e also assume that di m X =  oc ; di m X <  oo 
only simplifies th e argument . 

Set (p{y)  = - R e y/(y),  l(y)  =  Im y/(y).  The n tp{y)  an d l(y)  als o ar e 
polynomials. Le t u s prove tha t th e functio n <p(y)  satisfie s equatio n 5.1(H ) 
and 

Uyl+y2) =  i(yi) +  Uy2) 0 ) 
for al l y x, y 2 e  D . Thi s would sho w that ju  e  T(X). 

Fix arbitrar y element s a {, a 2 e  D . Le t f  :  D -*  R^ ° b e th e continuou s 
monomorphism constructe d i n 5.9 . Sinc e n o subgrou p o f th e group  X  i s 
topologically isomorphic to T , by Lemma 9.7 there exists a subgroup B  c  D 
of a  finite rank q  suc h that a {, a 2e B  an d f(B)  «  R l. Denot e G  = f(B) . 

Let {bj} 9
j=l b e a  maximal independen t syste m o f element s o f f(B)  an d 

{e\q.x th e standar d basi s i n E ^ . Le t th e continuou s monomorphis m 
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g :  f{B) — > R^ b e constructed i n the same wa y as the monomorphism / 
in 5.6 . We have g(bj)  = ^ ,  7 = 1 , . .. ,  # , and g  ca n be naturally extende d 
to a continuous isomorphism o f the groups G  an d R ^ . Let h  = g o  /, A  = 
h{B). Sinc e J\B)  =  G , then A  = Rq . 

Define the function £(a ) = y/(h~ (a)) o n the group A  . Obviously, i t is a 
polynomial. Considerin g the group A  i n the discrete topology , by Theorem 
2.8 exp{£(a) } i s a characteristic function . W e have reduced the theorem to 
the following problem . Le t A  b e a group such that Z g c  A  cQq cR q ,  A = 
Rq, an d f(a) , (2 e ^4 , a polynomial suc h tha t exp{£(<z) } i s a characteristi c 
function. The n the functions Ci(fl ) =  Re £(0 ) an d £ 2(<z) = Im f(a ) satisf y 
equations 5.1(ii ) an d (1), respectively. 

Let //(a ) b e a polynomia l o f degree ra  o n the group A . Conside r the 
restriction of the function t](a)  t o the subgroup Z q c  A  . Since by hypothesis 
A^+1T/(<2) =  0 fo r all a,  b  eZq, the n one can easily verify tha t the functio n 
rf{a) admits the representation 

m 

*(*) = £ E  c ***> ( 2) 

Z* ,  where k  =  (^ ,  . .. ,  k), a  = (nx, . . . ,  n )  e Zq , ak =  nx
x • • • nk«. Henc e 

if F  i s a subgroup of Q q suc h that F  &  Zq and  Z q c  F  c  A  an d */(a ) = 0 
for al l a  e Zq , then //(a ) = 0 fo r all a  e F . 

Let the group A  b e represented as the union of an increasing sequence of 
subgroups Aj : 

00 

A =  \JAj> A i=z^ A J+IDAJ> A.**Z q, 7  = 1 , 2 , . . . . 

Denote by rj(a)  the restriction of the polynomial £(a ) t o the subgroup Z * . 
It was noted abov e tha t th e function r\{a)  may be represented i n the for m 
(2) on Z q .  Thi s relation extend s rj(a)  to a function o n the group R ^ and, 
in particular , on the group A  . This extension wil l be also denoted by rj(a) . 
By construction , th e polynomial 6(a)  =  £(# ) - 77(0) , tf £  ^4 , vanishes on 
Zq. S o <J(a) = 0 whe n ae  A j9 7  = 1 , 2 , . . . , and , hence, S(a)  E0 on the 
group A  . Therefor e th e function £{a)  may be represented i n the form 

m 

f(*) = E E  c ***> ( 3) 
p=0 ||*||=p 

on th e group ^  ,  wher e k  =  (k {, . . . ,  kq), < z = (r t , . . . ,  r )  e  A  , a  = 
k\ K r\'"r

q
q-

Formula (3) extends £(<z ) from A  t o R q :  this extension is also denoted by 
£. Sinc e exp{C(tf) } i s a positive definite functio n o n the group A  an d A  i s 
dense in R ^ , the extended functio n exp{£(j) } o n the group R ^ i s positive 
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definite a s well . B y Theore m 2. 8 i t i s a  characteristi c function . Fro m th e 
Marcinkiewicz theorem A.l. l on e can now easily conclude that exp{C(s) } i s 
a characteristic function o f a  Gaussian distribution . Henc e ^ x{a) an d f 2(a) 
satisfy equation s 5. 1 (ii) and (1) , respectively. • 

A. 1.8 . REMARK . I t follow s fro m Theore m A . 1.7 tha t fo r ever y t  >  0 
the function exp{ty/(y)}  i s the characteristi c functio n o f som e distributio n 
fit e  r(X) . Moreove r ju 0 = E Q9 p { =  ju,  /i t+s =  [i t* JLL S fo r al l t,  s  >  0 
and ju t => E0 a s t  — • 0 . Thu s th e distributio n ju  belongs t o a  continuou s 
one-parameter semigrou p o f Gaussian distributions . 

Theorem A . 1.7 i s sharp. Namely , the following theore m i s true. 

A, 1.9 . THEOREM . Let  the  group X  contain  a  subgroup topologically iso-
morphic to  T . Then  for every  m  >  2 there  exists a  distribution  ju  g T(X) 
with characteristic function of  the form A.1.6(i) , where  y/(y)  is  a polynomial 
of degree m. 

PROOF. Clearly , i t suffice s t o prov e th e theore m fo r th e grou p X  =  T . 
Consider the following polynomial s o f degree m  o n the group Z , 

y/(n) =  -n +  in m ,  neZ,  if m =  2 / + l ; 

y/(n) =  -nm, neZ,  if m =  2/ . 

Set f(n)  =  exp{i//(n)}, n  e  Z . A s J2 n^o f(n) <  *» t^ l e n ^ e f unc tion 
CX D 

P(t)= H  f{n)exp{-int}>0. 
n=—oo 

Therefore th e characteristi c functio n o f th e distributio n / / e  Jf x(T) wit h 
the densit y p  wit h respec t t o m T ha s the for m fi(n)  =  f{n).  Obviously , 
ju e  T(T ) an d the characteristic functio n jl(n)  ha s the desired form . • 

A. 1.10 . REMARK . I f th e characteristi c functio n o f a  distributio n / / o n 
the rea l axi s i s of th e for m A.1.6(i) , where y/(y)  i s a  polynomia l o f degre e 
2, then ju  i s Gaussian. Thi s statemen t cease s to be true fo r genera l groups . 
Namely, o n th e grou p X  =  T  ther e exist s a  distributio n ju  & T(X) wit h 
characteristic functio n o f th e for m A.1.6(i ) wher e y/(y)  i s a  polynomial o f 
degree 2. 

Indeed, se t 
2 2 2 2 2 

if/(n, m)  =  -a(n +  m )  + in(n +m  +  nm), (« , m)  e  Z  , 

where a  >  0 i s such that inequalit y 9.9(1 ) i s fulfilled. Conside r the functio n 
p(t9s)= y ^ Qxp{y/(n,  m)  -  i(tn  +  sm)} 

(n,m)6Z2 

on th e grou p T 2 . B y construction p(t,  s)  >  0 . Therefor e th e distributio n 
p e Jf x(X) wit h density p  wit h respec t t o m x ha s the characteristi c func -
tion ju(y)  = (i(n, m)  =  cxp{y/(n, m)}  .  Sinc e exp{in(n 2 +  m2 +  nm)} i s not 
a characte r o f the group Z  ,  fi  qL T(X). 
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The Marcinkiewic z theore m wa s generalized b y Lukacs , wh o prove d th e 
following assertio n ([Lu , Chapter 7]) . 

A. 1.11. THEOREM . Let  P(s)  be  a polynomial P(0 ) =  0 . If 

f(s) =  e x p ^ ' 5 -  l)+X 2(e~is -  1 ) + P(s)} 

is a  characteristic  function, then  A . >  0 , 7  =  1,2 , and  P(s)  =  -as  + 
ifis, a  > 0 , P  € R . 

Below (Theorem A. 1.14) we completely describe the class of groups X  fo r 
which a  simila r theorem i s true. T o do this, we need the following lemmas . 

A. 1.12 . LEMMA . Let  X  =  R" , and  let  P(s)  be  a polynomial defined  on 
the group Y,  P(0 ) =  0 . If 

f(s) =  exp{A 1(^'5 > -  1 ) + k2(e-i{t«>s) -  1 ) + P(s)} 

is a characteristic function, then  A ; >  0 , 7  = 1,2 , and  P(s)  =  —(As,  s)  + 
i(fi, s),  where  A  is  a symmetric positive  semidefinite matrix  and  / ? e R n . 

We omi t th e proo f sinc e i t follow s fro m Theore m A . 1.11 i n a  standar d 
way. 

A. 1.13. LEMMA . Let  x Qe X  be  an element of  infinite order, and  let 

fiy) =  e x p U ^, y)  -  1 ] + A2[(-*0, y)  -  1] } (i ) 

be a characteristic function. Then  X.  >  0, j  =  1 , 2 . If  x 0 is  an element  of 
order n,  n  >  2, then  there  exists a  characteristic function f(y)  of  form (i ) 
with k x >  0, A 2 < 0 . 

PROOF. Conside r th e subgrou p F  =  {a  e  T  :  a =  (x 0, y),  y  e  Y}  c  T. 
Since x 0 i s an element of infinite order , then by Lemma 6.4 the subgroup F 
is dense i n T . Defin e th e function O(a ) =  f(y) , a  =  (x0, y),  on  F  .  Thi s 
definition i s meaningful becaus e if (x Q j j) =  (x 0, y2), the n f(y x) =  f(y 2) • 
The relatio n 

O(a) =  exp{A 1(a - 1 ) + X2{a - 1)} , aeF,  (1 ) 

extends th e functio n O  fro m F  t o th e whol e grou p T . Thi s extensio n i s 
also denoted by 0 . Sinc e the function O(a ) i s positive definite on the group 
JF an d F  i s dense in T , th e extended functio n <&(£ ) i s positive definite o n 
the grou p T  a s well . Therefor e b y Theore m 2. 8 0(£ ) i s a  characteristi c 
function o n T . Thi s immediately implie s A , > 0 , 7  = 1,2 . 

Let x Q b e a n elemen t o f orde r n . Withou t los s o f generalit y on e ma y 
assume tha t X  =  Z(n). Le t {1 , r\, . . . ,  rjn~~1} b e the elements of the group 
Z(/i), Y\  =  exp{^p} , A  G R. Conside r th e charg e e(XE  )  o n th e group 

Z(w). Sinc e ^(£ ??)({r//c}) > 5 > 0 , fc =  0 , 1 , . . . ,  n -  1  (se e Propositio n 
6.6) an d e{XE  )  =>  E x a s A  -• 0 , the n fo r sufficientl y smal l A 2 <  0  th e 
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convolution v  =  e(E  )  * e(A2E n -i) e  J£  (Z(«) ) an d v{y)  =  f(y),  wher e 
kx =  1  an d X 2 < 0 . D 

We now prove the group analog of the Lukacs theorem. 

A. 1.14. THEOREM . Let  a  group X  has  no subgroup topologically isomor-
phic to  T,  let  ft  e  Jf l(X), and  let  the characteristic function ju(y)  have  the 
form 

ju(y) = exp{Xx[(xQ, y]  - 1 ] + A2[(-x0, y)  -  1 ] + y/(y)} , ^(0 ) =  1 , (i ) 

where y/(y)  is  a polynomial. Then  exp{^(y) } is  the characteristic function 
of a Gaussian  distribution.  If  x Q is  an element  of  infinite  order,  then  A . > 
0, ; = 1 , 2 . 

PROOF. I f C x =  {0}, then b y Corollar y 1.1 0 Y 0 =  Y . The n b y Lemm a 
A. 1.3 i//(y)  =  0 o n Y  an d the assertion of the theorem follows from Lemm a 
A.1.13. 

Let C x ±  {0 } . B y Theorem 1.1 5 C x «  R n +  K , wher e n>  0  an d K  i s 
a connected compac t group. W e shall confine ourselve s to the case C x =  K . 
The general case is quite similar. The n by Corollary 1.1 0 D  = K* i s a discrete 
torsion-free group . Assum e als o tha t dimK  =  q <  oo. Then , accordin g t o 
Theorem 1.13 , r(D)  =  q.  Th e cas e dimA ^ =  o o i s simila r (compar e wit h 
the proof o f Theorem A . 1.7). 

Let /  :  D  — > R ^ b e th e continuou s monomorphis m constructe d i n 5.6 . 
According to Remark A. 1.5, the function y/(y)  define s the function y/([y])  = 
y/(y) o n the factor-group Y/Y 0 .  B y Theorems 1. 6 an d 1. 9 we have Y/Y 0 « 
D. W e shall keep the notation [y]  fo r element s of the group D  an d assum e 
that th e functio n y/([y])  i s define d o n D.  Le t A  =  /(£> ) an d £(a)  = 
C(f(\y])) =  Vi[y])  9  a —  f([y])  G  A  • The functio n ((a ) i s a  polynomial o n 
the group A  . As was established in the proof of Theorem A. 1.7, the functio n 
C(a) admit s th e representatio n A . 1.7(3). Thi s representatio n extend s £(a) 
from th e group A  ont o R q . 

Since n o subgrou p o f C x i s topologicall y isomorphi c t o T , then , du e 
to Remar k 5.18 , th e subgrou p A  i s dens e i n R ? . Se t p  =  f 9 p  :  Rq —• 
Cx. The n b y 1.2 0 p  i s a  continuou s monomorphism . Denot e b y it  th e 
embedding n  :  Cx - » X, i.e. , 7r(x ) = x  ,  x e Q . 

The following thre e cases are possible : 
(1) Fo r al l n  e  Z , n  /  0 , w e hav e nx 0 £  p(R q). I n thi s cas e x 0 i s 

an elemen t o f infinit e order . Le t u s exten d th e monomorphis m p  t o th e 
continuous monomorphism p { :  R^ + Z -> X b y setting /?j(f , fc) = n(p(t))  + 
/:x0, (/ , fc) G  R*7 + Z , an d conside r th e adjoin t homomorphis m p t :  y  —• 
R^ + T. W e have 

({t,k),pl(y)) =  (pY{t,k),y) =  (n(p(t)) +  kx 0, y ) 

= (7r(/7(0) , y)(kx0, y)  =  (t, f([y]))(x 0,y)k. 

Therefore p  (y)  =  (f{[y]), {x 0,y)). 
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Observe no w tha t i f p x{yx) =  P x(y2) >
 t h e n y x -  y 2 e  Y Q an d (x Q9 yx) = 

(xQ, y 2). Therefore , b y Lemm a A . 1.3 fi(y x) =  fi(y 2). Defin e th e functio n 
®(P\(y)) =  My)  o n th e grou p /^ (F) . I t follow s fro m th e above-sai d tha t 
this definition i s meaningful. Th e relation 

4>(a,a) =  exp{A 1(a- 1 ) +A2(a -  1 ) + f(a)} , (a , a ) =  ^ ( y ), (1 ) 

extends the function 0 (a , a)  fro m th e subgroup p x(Y) t o the whole group 
R^+T. Thi s extension also is denoted by <E> . The mapping p x i s a monomor-
phism. Therefore , accordin g to 1.2 0 the subgroup p x(Y) i s dense in R ^ + T. 
The functio n O(0 , a)  i s positiv e definit e o n th e grou p p x(Y). Henc e th e 
extended function <I>(s , £), ($ , £) € R* 4- T, i s positive definite o n the group 
Rq +  T and , du e t o Theore m 2.8 , 0 ( s , £ ) i s a  characteristi c function . B y 
2.10(h), 0 ( s , 1 ) =  exp{C(^) } i s a  characteristic functio n o n R q .  Theore m 
2.8 implies now that exp{y/(y)}  i s a characteristic function an d then, accord-
ing to Theorem 1.7 , exp{y/(y)}  i s the characteristi c functio n o f a  Gaussia n 
distribution. Sinc e 0(0 , £)  =  expfA ^ -  1 ) + A2(<f - 1) } i s a  characteristi c 
function o n T , the n A  >  0 , 7  = 1,2 . W e have proved the theorem for thi s 
case. 

(2) Let , fo r som e natura l n  >  2, the relations x 0,...,(«- l)x Q £  p(R 9) 
and nx 0 e  p(R q) hold . Suppos e nx Q -  p(t 0). Se t x x =  x Q -  7t{p(^)). 
Then x t i s a n elemen t o f orde r n . Le t u s exten d th e monomorphis m p 
to a  continuous monomorphis m p x :  R*7 + Z(w) -* X b y setting p x{t,r\ )  = 
7r(p(f)) + foc0, (f, */* ) G R* + Z(w). Th e elements of the group (R * +  Z(AI)) * « 
R*+Z(w) wil l be denoted by (5 , ^ ), where J  =  e x p { ^ } , /  = 0 , 1 , . . . ,  n-
1. On e can easily see that the formula p x{y) =  (f(\y\) , (JC J , y)) define s th e 
adjoint homomorphis m p x :  Y  - > R ^ + Z(«) . Not e tha t p xCf9 y)  =  x 0. 
Let p ^ ) =  p x{y2). The n y } -  y 2 e  Y Q an d ( ^ ,y {) =  (x x, y 2). Sinc e by 
Theorem 1. 9 we have Y Q =  ^ ( 7 , C^ ) an d p(R* ) c  C x ,  then {n{p{t))  ,yx) = 
{n{p(t)), y 2) fo r al l teR q. Therefor e 

(*o> *) = (xi + * (P ( £ )) > *) =  (*, , ^) (* (/> ( £ )) , y ^ 

= (x, ,y2) (* (p (^))  9 y2) = (̂ XJ+TT (p ^J J  ,y 2J = (x0,y2). 

Therefore, b y Lemma A . 1.3 My\)  =  My2)  • Define th e function 0(p t(y)) = 
/i(y) o n th e grou p p x(Y). I t follow s fro m th e argument s give n abov e tha t 
this definition i s meaningful. Th e relatio n 

(a, *')=/>,00 (2 ) 



180 APPENDIX 1 

extends the function <I > from th e subgrou p p x{Y) t o the group R g +  Z(«) . 
We shall keep the same notation 4 > for the extended function. Th e mappin g 
px i s a monomorphism. Therefore , accordin g to §1.20 , the subgrou p p x{Y) 
is dense in R ^ + Z(n). Th e function <&(a , 8  )  i s positive definite o n p x{Y). 
Hence the extended functio n <P(s , S  ) , (s , S  )  e  R q +  Z(n), i s positive def -
inite o n th e grou p R q +  Z(« ) and , b y Theore m 2.8 , O  i s a  characteristi c 
function. Accordin g to 2.10(h) , 

<D(s, l ) =  expJA 1 f e x p { z 7 ^ , s \ } - l ) 

is a characteristic functio n o n R ^ . According to Lemma A. 1.11 thi s implie s 
that, i n particular , exp{C(s) } i s a  characteristi c functio n o n R ^ . The n b y 
Theorem 2. 8 exp{^(y) } i s a characteristic functio n an d by virtue o f Theo-
rem A . 1.7 exp{^(y) } i s the characteristi c functio n o f a  Gaussia n distribu -
tion. 

Let x 0 b e a n elemen t o f infinit e order . The n t 0 ^  0 . Applyin g Lemm a 
A. 1.12 t o th e characteristi c functio n 0 ( s , 1) , we obtain tha t X  >  0 , j  = 
1, 2 . W e have proved th e theorem fo r th e case 2 as well. 

It shoul d be note d tha t whe n x 0 i s an elemen t o f finite  orde r n  >  2 , i t 
follows fro m Lemm a A . 1.13 that , i n general , A . ma y b e negative . Bu t i f 
n = 2 , the n x 0 =  -x 0 an d the initia l characteristi c functio n ha s the for m 

ft(y) =  exp{A[(x0, y)  -  1 ] + y/{y)} , X  = kx +  k v 

In this case the fac t tha t 

0 (0 , ( - l / ) =  exp{A(exp{/7T/ } - 1) } 

is a characteristic function o n th e group Z(2 ) implie s X  > 0 . 
(3) x 0ep(Rq). I n this case x 0 i s an element of infinite order . Exten d the 

monomorphism p  t o th e continuou s monomorphis m p x :  R^ — • X  settin g 
p{(t) =  n(p(t)) . Th e adjoin t monomorphis m p x :  Y  — • R^ ha s th e for m 
px(y) =  f([y]) . A s i n th e case s 1  and 2  on e ca n verif y tha t i f p x{yx) = 
px(y2), the n fi(y x) =  fi>(y2) • Thi s permit s th e definitio n o f th e functio n 
®(P\(y)) =  Ky)  o n th e grou p p(Y) . Th e res t o f th e argumen t i s the sam e 
as in the cases (1) and (2) . • 
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On Decomposition Stabilit y of Distributions 

A.2.1. Le t d  b e som e metri c o n J[  (X) , an d F(p)  th e se t o f al l divi -
sors o f a  distributio n p.  Th e distributio n p  i s sai d t o posses s decompo -
sition stabilit y wit h respec t t o th e metri c d  i f fo r an y sequenc e o f distri -
butions {p n}, p n e  Jf  (X) , suc h tha t d(p n ,  p) — • 0 a s n  - > oo , an d fo r 
every sequence {v n}, v n e  F(p n), n  = 1,  2,  3,  ...  ,  ther e exist s a sequence 

{?«} > ^  e  F ^)> s u c h t h a t d ^n '  y» ) "> ° a s n  " * °° • 
To measure the decomposition stability of distributions with respect to the 

metric d  on e may use the following quantity , introduced by Zolotarev [Z2]: 

Pd(/i9e)= su p su p in f d(a,0) 9 

where B g(p) =  {v  e  ^ l(X) :  d(p,  v)  <  e}  i s th e bal l o f th e radiu s e 
centered a t the point p . 

One can easily see that the distribution p  possesse s decomposition stabil -
ity with respec t t o the metric d  i f and onl y i f ji d{p, e)  —• 0  a s e  —• 0 . 

Suppose that X  i s a complete separable metric abelian group. Le t us verify 
that an y distribution o n X  i s stable with respect t o any metric realizing the 
weak topology. 

Denote by n  th e Levy-Prokhorov metri c in the space JH X{X): 

n(p ,u)=  in f {e  : p(A) <  v{A*) + e , u(A)  <  p(Ae) +  e}  , 

where A £ =  {x :  p(x,y)<e 9 y  £  A}, p  i s the metric in the group  X. 

A.2.2. THEOREM . Let  X  be  a  complete  separable  metric abelian  group. 
Then for every  / / e / 1 (X), 

jffw(//, c ) —• 0  as  e  -• 0 . 

PROOF. T O prov e th e theore m i t suffice s t o establis h th e following . Le t 
{pn} b e a  sequenc e o f distributions , // n e  Jf x{X), p n =  p nl *  /^2 , «  = 
1 , 2 , 3 , . . . ,  an d le t n(p n ,  p) - > 0, #  —• oc . Then : 

(a) the sequences {p nl} an d {/z,̂ } ar e shift-compact , 
(b) the limit distributions corresponding to these sequences are divisors of 

the distribution p . 

181 
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Statement (a ) immediately follows from Theore m 2.2 . Th e proof o f state-
ment (b ) i s simila r t o tha t i n th e one-dimensiona l case . W e shal l assum e 
that al l distributions fi nX an d \x n2 ar e already shifted i n such a way that th e 
sequences {{i nl} an d {jLt n2} are compact . Le t 

7i(jun • , v t) — • 0  a s k  — > oo , i  = 1 , 2. 

We show that v x, v 2 e  F(ju) . Indeed , accountin g fo r th e weak regularity o f 
the metric n  , we obtain 

n{yx *v 2,ju)< n{y x *  u2 , ju^) +  7r(//^ , /i) 

^ ^ 1 " % ,  1) + n (U2 >  J % ,2) +  n ^nk >  / O ->  ° 

as / c —> 00 , i.e. v x *  z/2 = // . • 
Let d j an d d 2 b e metric s i n ^ ^ X ) . I n som e case s t o measur e th e 

decomposition stabilit y o f a  distributio n ju  i t i s convenien t t o us e anothe r 
quantity, als o introduced by Zolotarev [Z2] : 

PA A  ill J  e) —  su p su p in f d-,(a , /?) , 

where # e(//) =  {v  e  ^X(X) :  d x(ju, v)  <  s} . 
Let X  b e a  locally compact abelia n group satisfying th e second axio m o f 

countability. Choos e the metri c 

o{/i, 1/) = su p {\/i(A)-i/(A)\} 

as the metric d x an d th e metri c 

X0(/i> v)  =  sup{\(i{y)-i>(y) | } 

as the metric d 2. 
Our ai m i s t o giv e a n estimat e fo r B  (e(O) , e) , wher e th e measur e 

<J> e Jfx{X) satisfie s the conditions of Theorem 6.13 . The following theore m 
plays the main rol e in this respect . 

A.2.3. THEOREM . Let  O  e  ^ +(X) and  let  the  measures  <£* " and  0* w 

be pairwise singular for all  natural n,  m,  n  /  m  . Let  distributions  jUj , j  = 
1,2, be  such that 

a(fix *// 2, e(O) ) <  e , 0<£<<?~ 2 . (1 ) 

r/ze« r/z^r e exisf elements  x x, x 2 e  X,  x x +  x2 =  0, depending  on the  distri-
butions jUj  only and such that jUj({Xj})  > c0, j  =  1 , 2  and 

X ^ e ^ ^ E ^ K c ^ ^ - , 7  = 1,2 , 
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where Q>j is  the restriction of the measure {/ij({Xj}))  l (/ij *.E_ X) to  the set 
A{ on  which the measure. 4> is  concentrated and the constants c 0 >  0, c { >  0 
depend on the distribution e(&)  only. 

PROOF. Withou t los s o f generalit y w e assume tha t e  >  0  ( e <  g(O)) i s 
sufficiently small . I n wha t follow s al l positive constant s tha t depen d o n th e 
distribution e(O ) onl y are denoted by c . Estimat e (1 ) obviously yield s 

(//1*//2)({0})>iexp{-O(X)} =  c 0. 

Since the number o f points x  e  X  fo r whic h 

max^({*}) , i* 2({-x})) >  \c 0 

is finite  an d depend s o n th e measur e <t> , one ca n easil y verif y tha t ther e 
exists an element x 0 e  X  suc h that fi {({x0}) >  c, ju 2({-xQ}) -  c  •  Without 
loss of generality we assume tha t x Q =  0; otherwis e we go over to the shift s 
//, *  E_Y ,  //9 *  E„ .  Usin g estimate (1) , we obtain th e relatio n 

c/ij(A)<e(<l>)(A) + e9 7  = 1,2 , (2 ) 

for an y A  e  B(X)  (compar e wit h Lemm a 4.8) . Le t th e measure s <!>* " b e 
concentrated on the sets A n ,  n  =  1 , 2 , 3 , . . . .  By hypothesis these sets may 
be chosen t o be pairwise disjoint . Denot e th e restriction o f th e distributio n 
Hj t o A n b y v nj, n  = 1 , 2 , 3 , . . . ;  j =  1 , 2 . 

One ca n easil y se e that inequalit y (2 ) an d th e fac t tha t O* " ar e pairwis e 
singular yield that the measures i / .  posses s the propert y 

cuHj(X) <  e x p { - 0 ( X ) } ^ p^ +  «, * = l , 2 , 3 , . . . . (3 ) 

Consider the measure s 
T 

Vj =  Yl V nj > %  =  ^({°}) £0 >  T  = 
n=0 

Set 

BT =  U  An' 
n=0 

By inequality (2 ) we obtain 

a(/ij, n))  <  fij(BT) <  c(e{9)(BT) +  e) 

( ~  MX))"  \  i  (4 ) 

Consider the function s 
T 

<pj(z,y) =  J2znKj(y)> zeC,  yeY,  j=\,2.  (5 ) 
n=0 

1 h ( i ) 
2lnln(i; 

; =  i , 2 . 
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Inequalities (3 ) yield the estimat e 

| p / z , ) 0 | < e x p ( c | z | ) , y e r , 7  = 1, 2 (6 ) 

in the disk \z\  <  j. S o we have 

27" 

<pl(z,y)<p2(z,y) =  Y,z"b
n(y)> z e C > y eY-

n=0 

The quantities b n{y), n  =  0, 1 , . . . ,  2T satisf y th e inequalitie s 

(4>00)"| 
^OO = ^ ( y ) - e x p { - 0 ( X ) } -

n\ ^H0ml(y)K-m,2^ 
m=0 

- exp{-<D}(X)^ ^ +  £  I  *ml(y) I I >n-m.l<y)  I  • 
{0<m<«-r}u{r<m<A2> 

From this , with the aid o f th e inequalitie s (l)-(3 ) an d takin g into consider -
ation the mutua l singularit y o f the measures <J>* " , we obtain 

\0<m<n-T\u\T<m<n\ V  '  V 

e + (*W)" 
, x  (n  — m)\ 

{0<m<n-T}u{T<m<n} X  '  \  .  \  > 

< C(&(X) + 1)" (Te  + •(r .+M) 

(?) 

where y(n)  =  0 if n < T and y(w ) = 2 " i f T <  n < IT. 
From thes e inequalities fo r a  =  (e5(F(X)) - h i ) - 1 , y e F , w e obtai n 

T IT n 

Z(«T)\(y) <  cT(amX) +  l)T) 2Te +  £ ( 2 ° W ) +  D) 

< exp{-3r} . 

We will also need the following inequalit y (i t may be checked directly ) 

£ ( a r ) " M ^ < e x p { - 3 r } . (8 ) 
n=2T+\ 

From inequalitie s (7 ) and (8 ) we obtain th e estimat e 

| <p l (z, y)<p 2(z, y) - exp{z<J>(>0 - 6(0)} | 

< E l ^ r « „ 0 ' ) + £  e x p { - < D ( X ) } ^ p H z f <  2exp{-3r } 
n=0 n=2T+\ 

for al l \z\  <  aT,  y  e Y. Fo r thes e value s o f z  an d y  w e also hav e th e 
obvious lower estimat e 

|exp{z4>(y) -<t>(0)} | >  exp{-2<f>(0)ar} >  exp{-T} . 

Comparing the two last estimates , we obtain 

| Vl(z, y)(p2{z, y)  - txp{z®(y)  -  6(0)} | < ±|exp{z6(j; ) -  6(0)} | 



APPENDIX 2  18 5 

for al l z,y  unde r consideration . Therefor e 

i|exp{z6(y)-<!>(0)} |< | 9l (z,y)q>2(z9y) \<  \\ exp{zO(j; ) -  O(0)} | (9 ) 

in the disk \z\  <  aT. 
For an y fixed  characte r y  e  Y  th e function s tp.(z 9y), j  =  1,2 , ar e 

analytic wit h respec t t o z  i n th e whol e comple x z-plan e an d i n vie w o f 
(9) the y d o no t vanis h i n th e dis k \z\  <  aT . Therefor e fo r \z\  <  aT  th e 
functions <pj(z,y)  admi t the representatio n 

<Pj(z, y)  =  exp{//z9y)}9 f d(09y)<09 7  = 1,2 , 

where the functio n f.(z 9y) i s analytic i n th e dis k \z\  <  aT. W e expan d 
fj(z,y) int o a  Taylor serie s 

oo 

fj(z >  y) =  Y, a nj(y)zH >  7  = i 5 2 

in this disk . B y estimate (6 ) we have 

R e / . ( z , y ) < c ( | z | +  l ) , \z\<aT,  yeY 9 7  = 1,2 . 

Let us apply the following analytica l resul t (se e [LinO, Chapter VHI,§2]) : 
If a  functio n 

oo 

n=\ 

is analytic in the disk \z\  < R an d Re/(z ) <  A , \z\  <  R, the n 
\bn\<-^, n  = 1 , 2 , 3 

Setting f(z)  —  f.{z, y)  -  a 0J(y), R  =  <x\ ,  A =  cT  w e obtain 

\anj{y)\<{jf-\ yeY,  / i = 2 , 3 , . . . . 

These estimates imply the following representation for the functions <p.(z  ,y): 

<Pj(z9y) =  exp{a0.(y) +  axj(y)z}(l +  Hj(z9 y)) 9 7  = 1,2 , (10 ) 

for \z\<cT,  y  eY.  Her e the functions H.(z , y)  (// y(0, y)  =  J/J(0 , y)  = 
0) ar e analyti c i n th e dis k \z\  <  cT  fo r ever y fixed  y  e  Y  an d admi t th e 
estimate 

\Hj(l,y)\<j, yeY. 

Comparing relations (5 ) and (10 ) a s functions o f z  w e conclude tha t fo r al l 
y&Y, 

exp{flo;00} =  0/{O}) . ^9{%{y)}  •  axj{y) =  u^iy).  (11 ) 

By estimate (4 ) we have 

1 ^ ( 1 , 0 ) - l | <c«* ; 
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therefore relation s (10 ) fo r z  —  1 , y  =  0 , an d (11 ) yield 

l^ (0) +  / / /{0})ln/ / . ({0}) |< | ;. (12 ) 

Now relations (4 ) and (10)-(12 ) lead  to the inequalitie s 

^-^t <Y> y eY> 7  = ^ 2 , 

that prove the theorem. • 

A.2.4. COROLLARY . Let  O  e  ^£ +(X) and  let  the  measure  O  satisfy  the 
conditions of  Theorem  A.2.3. Then  the  following estimate  is  valid: 

where the constant c  depends  on the distribution e(O ) only. 

PROOF. W e use the notation o f Theorem A.2.3 . A s in the proof o f Theo-
rem A.2.3 , positiv e constant s dependin g o n th e distributio n e{<5>)  onl y wil l 
be denote d b y a  singl e lette r c , regardles s o f thei r magnitude . T o prov e 
inequality (13 ) i t suffice s t o verify tha t 

Q>j(A)<<!>(A) + ce, 7  = 1,2 , (14 ) 

for al l A  e  *B(X) . Arguin g as in the proof of Theorem A.2.3, we may assume 
jUj({0}) >  c, j  =  1 , 2 , withou t los s of generality. Fro m the definition o f th e 
measures v n., n  =  1 , 2 , 3 , . . . ,  j =  1 , 2 , th e pairwis e singularit y o f th e 
measures O* " fo r differen t n  an d inequalitie s (1 ) and (2 ) we easily obtai n 

/i2{{0})"iM) +  ^ ( { O } ) ^) <  exp{-0(X)}0(^) +  ce 

for al l A  e*&  an d als o 

l^({0})^2({0})-exp{-O(X)}|<ce. 

These two inequalities imply (14 ) and hence also (13) . • 
A.2.5. REMARK . Estimat e (13) is sharp in the following sense. Le t X  =  R , 

and let O  b e a degenerated distribution concentrate d a t the point x  =  1 . I n 
[Ch3] sequences o f distribution s JLL-  e J£  (R) , n  =  1 , 2 , 3 , . . . , 7 =  1,2 , 
are constructed suc h tha t 

°^n\ *l in2> *(*) ) <exv{-c xnlnn}, (15 ) 

where the constan t c { depend s o n the measur e O  onl y and i s independen t 
of n  . Th e characteristic function s o f the distributions ju nl hav e the for m 

finl(s) =  ex p ^X(eu -  1 ) + ^(e 2is -  1 ) J ,  ^ 1 , 
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where A  =  <1>(R) and 5(A ) > 0  i s a sufficiently smal l constant that depends on 
A only. Theore m 6. 5 implies that th e characteristi c functio n o f a n arbitrar y 
divisor v  o f the distribution e(Q>)  ha s the for m 

i>(s) =  exp{A 0(^" - 1 ) + i/$ 0s}, 0  < A0 < A, -o o <  / ? < oo. 

Clearly the characteristic function s pL nl{s) and 0(s)  satisf y th e inequalitie s 

jnf sup|/i nl(-y) — i>(^)| > -^ , / i = 1 , 2 , 3 , . . . ,  (16 ) 

where th e constan t c 2 >  0  depend s o n th e measur e <t > onl y an d i s inde -
pendent o f n . Comparin g th e estimate s (15 ) an d (16 ) w e obtain th e lowe r 
estimate 

where c 3 >  0 i s a  constan t dependin g o n th e measur e O  onl y an d i s inde-
pendent o f n  . Thi s proves that the estimate (13 ) i s sharp i n the clas s of al l 
locally compact abelia n groups . 
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Structure of Infinitely Divisibl e Poisson Distribution s 

A.3.1. Le t X  b e a  nondiscret e grou p an d / / e l (X)  b e a n arbitrar y 
distribution. I t wil l be convenient fo r u s to writ e the decomposition 5.13(i ) 
of ju  in the for m 

p, =  a xn +  a 2ju +  a 3ju \  (1 ) 

where a xp^ =  p ac, a 2p^ =  /i 5, a3 / / , /fi)  e  jt l(X). Therefor e a.  >  0 , 
a j + a2 +  a3 =  1 . W e introduce the following notation . 

& =  <S?{X)  —  the se t of al l Levy measures on the group  X  (se e 2.21) ; 
Jẑ  =  S? x (X) —  the set of all absolutely continuous Levy measures on the 

group X\ 
2 -  3f(X)  —  the se t of al l discrete Levy measures on the group X  . 
The famil y o f singula r Lev y measure s o n th e group X  wil l be subjecte d 

to further , mor e detailed , classification . T o thi s en d denot e U m =  {x  : 
p(x, 0 ) >  ^ } , where p  i s the distanc e o n the group X . Le t O  e  3?  .  Se t 
<bm(A) = <${A  n  U m) <  oo . W e hav e <& m(A) <  o o fo r ever y A  e  &{X) , 
and th e measure s <t> m , m  =  1 , 2 , ... , weakl y converg e t o O  o n ever y se t 
A e  3S(X) wit h boundary o f O-measur e zero . 

A measur e O  e  Sf  belong s t o th e clas s ^  =  J? ± (X), n  >  2 , i f th e 
n n 

(n -  l)-fol d convolutio n o f eac h measur e O m i s singular , bu t fo r som e m 
the rt-fold convolution of 4> m contain s a nonzero absolutely continuous com-
ponent i n it s representation o f type 5.13(i) . 

We denote by 3? 0 = 3f0(X) th e class of all singular measures <J > e S?  suc h 
that an y convolution powe r of $> m i s also singular . 

It should be noted that in the case O  e ^+{X) w e may replace O m b y O 
in definition o f the classes JZ M an d 3? 0 . 

We have 

Consider a n infinitel y divisibl e Poisso n distributio n ju , i.e. , distributio n 
with characteristi c functio n o f the for m 

p(y) =  ex p \ \  [(x , y)  -  1  -  ig(x , y)]d&(x)  \ 
{Jx\{0} J 

189 
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(see 2.21) . I n thi s cas e we use the notatio n ju  = Il(O) . Ou r purpos e i s t o 
describe the possible structure (i.e. , decomposition (1) ) of the distribution / / 
subject t o the properties o f the Levy measure O . 

We say that a  product [ ]^ i S ) ° f comple x numbers #. , y  = 1 , 2 , 3 , ... , 
strictly converges if for som e natural n  th e product n ^ „ gj  converge s to a 
nonzero value. 

A.3.2. LEMM A ([Par]). Let  £ . be  independent random variables with values 
in a group X  and  with  distributions jUj  . The  series J2T=\  £,• converges  with 
probability 1  if  and only if the product Yi%\  fij(y) strictly  converges for every 
character y eY. 

A.3.3. LEMMA . Let  a distribution ju  e  ^# (X)  be  a convolution of infinitely 
many discrete  distributions 

oo 

ju =  *  a.. 

Then ju  may only  be either absolutely continuous or  singular or discrete. 

PROOF. W e split the proof int o severa l steps. 
(a) Suppos e tha t som e characteristi c functio n f(y)  i s a  produc t o f in -

finitely many characteristi c function s f(y) , j  =  1 , 2 , ... , i.e. , 

oo 

f(y) =  Ufj(yy 

Denote by Y x th e se t of characters y  eY  on  which the product nj= i //Cv ) 
strictly converges . W e shal l prove tha t Y x i s an ope n subgrou p o f Y . Le t 
yx, y 2 G  Yx. The n there exis t numbers n x an d n 2 suc h tha t 

oo 

j=ni 

Let n  > max{nx, n 2} .  Se t jl(y)  —  \fj(y)\  i n inequality 2.13(1) . W e have 

i -  \fj(y x +y 2)\
2 <  2[(i -  Ifjiyjl 2) +  ( l -  \fj(y 2)\

2)]. 
This implies tha t 

oo oo 

£ ( i - I  /,(y, +y2) I
2) < 2 £ [ ( i- |  y^ ,) | 2) + ( i- |  fj(y2) |

2)]. 
j=n j=n 

So j ^ +  y2 e  Y x. Sinc e the product s ]TjL n //OO» w  =  1 , 2 , 3 , ... , ar e con -
tinuous, Y x i s an open set . 

(b) Le t jUj  e  Jf x(X), j  =  1 , 2 , 3 , ... , b e an arbitrar y sequenc e o f distri -
butions and suppos e that th e infinite convolutio n 

oo 
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exists. Suppos e als o tha t ^. , j  =  1 , 2 , 3 , ... , ar e X-value d independen t 
random variable s wit h distribution s / / .  Le t u s prove tha t th e sequenc e o f 
the partia l sum s C n = ^  +  •  • •  +  €„ > « =  1 , 2 , 3 , . . . , i s compac t wit h th e 
probability 1 . 

Denote the characteristic functions o f the distributions ju  and / / b y f(y) 
and fj(y),  respectively . Accordin g to part (a ) the se t of character s 

( O O \ 

Yx =  <  y  :  JJ./)-(y) strictl y converges > 

is an open subgroup of Y . Therefor e th e factor-group Y/  Yx i s discrete. Se t 
Xx =  A(X,  Y x). B y Theorem 1.6 , X x «  (Y/Y x)*. Henc e b y Theore m 1. 7 
Xx i s a  compact group . Accordin g t o Theore m 1. 6 Y x &  (X/Xx)*. I f x  — 
x +  Xx e  X/X x an d y  e  Y x, the n (x , y) =  (x , y) . Th e relations £ n =  ^n + 
Xx, n  =  1 , 2 , ... , defin e a  sequenc e o f independen t rando m variable s wit h 
values i n th e factor-grou p X/X x .  Observ e tha t E(£ n , y) =  E ( ^ ,  y), y e 
F j . Henc e the produc t f j^ i E(^« , y), y  € y j o f characteristi c function s 
strictly converges . B y Lemma A.3.2 , th e sequenc e o f th e rando m variable s 
Cw =  £ i +  •  • • +  £ „ converge s wit h probabilit y 1  to som e rando m variabl e 
i e  X/X x. 

Let U  b e some neighborhood o f zer o in the group  X  wit h compac t clo -
sure. W e have 

( oo o o \ 

| J ft{t n-£eU}\ =  \, U  = {x + X x,xeU}. 
k=\n=k J 

The latte r mean s tha t fo r almos t ever y elementar y even t co  e Q  ther e 
exists a number N  =  N(co) an d element s b n =  bn{co) e  a(co)  +  Xx, n  >  N , 
such that C W(GJ) + 6w(w) G  [ / fo r n  > N. Sinc e X x i s a compact grou p an d 
U ha s compac t closure , th e sequenc e {C n} i s compact wit h th e probabilit y 
1. 

(c) Suppos e no w tha t th e se t o f value s o f eac h rando m variabl e £ n i s a t 
most countable . Accordin g to part (b ) there exists a sequence £ n=£x-\ \-
£>m , mn <  mn+x, convergin g with probability 1  t o a random variable £  wit h 
distribution ju . Le t M  b e th e algebrai c grou p generate d b y th e element s 
£n, n  =  1 , 2 , 3 , .. . .  Clearly , th e grou p M  i s a t mos t countable . Le t E 
e 3\X)  b e an y fixed  set . On e ca n easil y verif y tha t th e set s A k = 
(££*(C;+ 1 -C;) converge s and E~*(C; +1 -£j) e  E  + M) ,  fc = 1 , 2 , 3 , ... , 
coincide. Accordin g t o th e zero-on e criterion , th e measur e o f th e se t A x = 
A2 =  ... i s either zer o or one . Therefor e i f fi(E)  >  0, the n pi(E  + M) =  1 . 
This implies the assertion o f the lemma. • 

A.3.4. THEOREM . Let  O  e  &(X),  V  =  <S>(X).  Then the  structure  of 
the distribution ju  -  n(<J> ) (se e in A.3.1(l) ) depends  on the  properties of the 
measure O  in  the following way. 
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V <  oo 

F =  o o 

O e ^ 
a, =  l - a 3 

a 2 =  0 

C*j =  1 

O e ^ / „ , n > 2 
a, > 0 

a2>cxp{-V}rkZH 
a 3 =  exp{-K } 

a3 =  0 

O G ^ o 

QJJ = 0 

#2 =  1  ~" ^3 

< D € ^ 

a 3 =  1 

( l - a , ) 

• ( l - a 2 ) =  0 

PROOF. 1 . Th e case K  < o o . Considerin g the function g(x,  y) , on e can 
ensure that there exist s an element z~  e X  suc h tha t 

(z0, y ) =  ex p 
{ Jx\{0} 

g(x, y)d<b{x) 

Hence 

fi = n(0) =  exp{-V}Ez * <t> *2 

) 

o* 
u 2! rc! 

Since a convolution of an absolutely continuous distribution with an arbitrary 
one is absolutely continuous , we obviously have : 

if < D € -2J, the n 

aj =  1  -  exp{-F} , a 2 =  0 , e* 3=exp{-F}; 

if <J > G  -2s! , «  >  2 , the n 

a3 =  exp{-K} ; 

a3 = e x p { - F } ; 

«! >o, « 2^exp{-F}X,xr 

if < D G -2£ , then 

aj =  0 , a 2 =  1  -  exp{-F} , 

if O  G  ,̂ the n 
a 1  =  ^ 2 =  ^ , 

2. Th e case K  = o o ; 
(a) $ € o ? J . Le t £ / b e a neighborhood o f zero in the group  X  suc h tha t 

the boundary o f U  ha s zero O-measure . Le t us represent ju  =  U(Q>) a s the 
convolution 

n(<D) =  i/ ! * i/2, 

where the distribution v.  ar e defined b y their characteristi c function s 

a3= 1 . 

0l (y) =  exp{ [{x,y)-l-  ig{x , y  )]<afO(x) V , 
IM{0} J 

i>200 =  (z 0, ;/ ) exp M [{x,  y)  -  l]d®{x)  \  , 
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{ Jx\u 
(z0, y)  = exp I -i J  g(x , y)d<t>{x)  >. 

Let u s prove tha t i f / z € ^  ,  the n / / =  Il(O ) i s absolutely continuous . 
Indeed, denot e V  =  Q>(X\U) , an d define th e distribution F 0 e J? X(X) b y 
FQ(A) = V~ lQ>{A n (X\C/)), A  e  ^ ( Z ) , an d verify tha t a 2 =  a3 =  0 i n 
expansion A.3.1(l ) o f the distribution / / = IK^) •  We have 

f>2 i-.* 2 f>/ i r^*n 

i/2 = exp{-V}Ez * 

Consider expansio n A.3.1(1 ) for v. 

VZF* V nF* 
(1) 

It follows from (1 ) that p  =  exp{-F} . From the "smoothness preservation " 
principle i t follows (afte r measur e convolutio n i s performed) tha t a { >  Px. 
Since V  —• oo a s U  shrink s to zero, we obtain a { —  1. 

(b) O  € o? 0. Th e only assertio n her e i s that a 3 =  0 . T o prove this , 
consider expansion A.3.1(1 ) for v 2 , 

where fl. >0,  fi x+fi2 +0 3= I.  It  follows fro m (1 ) that p 3 = exp{-K} . 
From this , by the "smoothness preserving " principle , unde r convolutio n of 
measures, it follows tha t a 3 <  exp{-F} an d hence a 3 = 0. 

(c) 0  e  3. Le t the measure Q>  b e concentrated on the set S = {ax, a 2, 
<z3, . . . } . Le t us choose a  zero neighborhoo d U  whos e boundary i s free of 
points of S . Defin e th e measures Q> { an d 02 b y the condition: 0 2({<z}) = 
<D({a}) i f <D({a} ) < 1 , and 02({a}) =  1  if ®({a})  >  1, a  e S, an d ^ = 
0 -  0 2 . In its turn, the measure 0 2 ma y be represented as a sum of the two 
measures 0 2 = 03-h04 wher e 0 3(^) = 02(^nC7), 0> 4{A) =  ® 2(An(X\U)), 
Ae&(X). Obviously , 

n(O) = n(*i) * n(a>3) * n(o4). 
Denote v  =  0>2(X\U) an d define a  distribution G  € e/#*(X) b y setting 

G(A) = v~l®4(A), A  e 3S{X). Le t us show that 

vnG*n({a})<vn~l, / ! = 2 , 3 , 4, .. . 

for ever y point A G I . Indeed , in the case n  — 2 w e have 

i;2G*2({a}) =  /  vG{a  -  u)d{{vG){x))  <  v, 
Jx 

since, by the construction of G, vG(a-u)  <  1. The rest is by induction. Ap-
plying representation (1 ) to the distribution II(0 4) , we obtain the resulting 
inequality 

n(04)({a}) <  e * + / —r 
n-ll 

n=l 

<e +  - . 
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Since th e measur e 0 2 i s unbounde d i n a  neighborhoo d o f zero , on e ma y 
contract th e chosen neighborhood U  t o make e~ v - f £  a s small as desired . 
Hence a 3 =  0 . O n th e othe r hand , denotin g G k(A) =  $>(A  n  {a k}), A  e 
3S[X), fc =  1 , 2 , 3 , ... , we have 

n(0) =  n(G 1)*n(G 2)*--- . 

Each distributio n H{G k) i s discrete. Accordin g to Lemm a A.3. 4 the distri -
bution n(O ) i s either absolutely continuou s o r singular . • 

A.3.5. COROLLARY , (a ) For  the distribution  II(O ) to  be  continuous it  is 
necessary and sufficient that V  =  oo . 

(b) For  the  distribution  n(O ) to  be  discrete it  is  necessary  and sufficient 
that the  Levy measure  of  O  be  discrete and V  <  oo . 

(c) If  the  Levy measure  of  Q>  is  absolutely continuous and  V  -  oo , then 
n(O) is  absolutely continuous. 
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On Distributions with Mutually Singular Powers 

Let X  b e a  nondiscrete locall y compact abelia n group, satisfying th e sec-
ond axiom of countability. I n this Appendix we give a proof of the Lin-Saeki 
theorem (Theore m 6.15 ) o n th e existenc e o f a  distributio n wit h mutuall y 
singular powers . W e used this result i n the stud y o f the problem o f whethe r 
a generalize d Poisso n distributio n belong s t o th e clas s I 0 (Theore m 6.1 3 
and Lemm a 7.9 ) an d i n the proo f tha t th e clas s I 0 i s dense i n th e clas s o f 
all infinitely divisibl e distributions on a nondiscrete group (Propositio n 8.3) . 
Some related subject s ar e considered a s well. 

A.4.1. Le t Jt(X)  denot e th e convolutio n algebr a o f al l finite  regula r 
Borel complex-value d measure s o n th e grou p X . W e shal l us e a  descrip -
tion of the maximal ideal space A(Jt(X))  o f ^(X)  i n terms of generalized 
characters [Sr] . Defin e a  generalized characte r o f J?(X)  t o b e a n elemen t 
/ =  (fn\ej?(x)  o f t h e P^duc t spac e U^ e^(X) L ° ° ( x > /* ) satisfyin g th e fol -
lowing conditions: 

(i) i f v  i s absolutely continuou s wit h respec t t o // , the n f v{x) =  f^x) 
(z/-a.e.), 

(ii) f^u  +  v) =  f^u)f^(v) (/i  x //-a.e.), 

(iii) S U P ^ W I I /„ Hoc= l • 
Any complex homomorphism of Jf(X)  ha s the form ju  —> f x f  (x)dpt(x) , 

where (f)  i s a generalized characte r o f J£{X) , an d conversely , an y gener -
alized characte r o f J£(X)  generate s a  complex homomorphis m define d b y 
this relation . Th e Gelfan d topolog y o n th e maxima l idea l spac e A(^(X)) 
corresponds t o th e topology induce d o n th e se t o f generalize d character s b y 
the product o f the a(L°°(X,  ju) , L l(X, ft))  topologie s (ju  e Jt(X)) . 

A local base {U n}™=x at zer o in X  i s called admissibl e i f (1 ) each U n i s 
a compac t neighborhoo d o f zer o and (2 ) U  x  c  U n fo r al l n  . A  sequence 
{(an ,  bn , cn)}™=l of triples of nonnegative rea l numbers is called admissibl e 
if a n +  b n + cn =  1  fo r al l n  . 

In what follows, we fix an arbitrary admissibl e loca l base {U  }™ =l a t zer o 
in X  an d a n arbitrar y admissibl e sequenc e {(a n, b n, c n)}™={ .  Le t U n = 
n^Li U n *

 a n d l e t L  denot e the se t of al l limit point s of {{an , bn , cn)}™=l in 

195 
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[0,1] .  Fo r each x  =  (x{, x 2, . . . ) e  U , w e write 

»n=anE0 +  b nEx + CnE-x„ 

For each x  e  ( 7 th e convolutio n 

^ i/(x) 
oo 
* V 

«=1 « 
converges in ^(X) , a s will be shown in Lemma A.4.2. W e define y_ ~ t o be 
the weak* closur e of Y  i n L°°(X,  z/~) . The set of all constant function s i n 
Y£ i s denoted by S^  . 

The group X  i s called an /-grou p if every neighborhood o f zero contains 
an elemen t o f infinit e order . Le t 3  b e the close d uni t dis k 3  =  {z  e  C  : 

1*1 <  r} -
We shall say that some property holds for quasi-al l x  e  U  i f this property 

holds everywhere on U  except , maybe, a set of the first  category. 
To prove the main resul t we need the following assertions . 
A.4.2. LEMMA . For  any  given  x  e  U,  the  convolution  product *™ =l vn 

converges to  some v k e  Jt(X) . Moreover,  the mapping (x , y)  - > 0^(y) is  a 
continuous function on  U  x Y . 

PROOF. Le t x  e  U , an d y  e  Y . Give n natura l numbers r , p  ,  r  > p, w e 
have 

A / „ \ A 

A Z = 1 H = l 

= | / " ( ( * , y ) - l ) < / ( *  !/ „ 

n ^ ) - i 

(X) < su p 
xeu-u 

(x9y)-l\ 

n+1 c  [/ „ fo r al l n  >  1 . Sinc e {C/,,} ^ i s a local base a t zer o because (2 ) U f 

in X,  i t follow s tha t th e sequenc e (*^ =1^n)(3
;) converge s uniforml y wit h 

respect t o (x,  y)  e  U  x A  fo r an y compact subse t A  o f Y . Therefor e th e 
product *£l j i/ n converge s to some v % e J[{X)  fo r an y x  e  U  (notic e tha t 
all th e measure s unde r consideratio n ar e concentrate d o n th e compac t se t 
2U{ -  2U {). Th e secon d assertio n o f ou r lemm a i s obviou s b y th e abov e 
arguments. • 

Let us choose and fix an arbitrary countabl e dense subset i ^ } ^ o f Y  . 

A.4.3. LEMMA . Let  a  e  3 and  v  e  Jt(X) . Suppose  that  for each  N  >  1 
there is an y N eY  such  that \av^¥ k) -  i>{y N + ^ )| <  j, for all  1  < k  <  N . 
Then the  constant a  belongs  to the weak* closure  of Y  in  L°°(X , v). 

PROOF. Le t {y N}™=l b e as above. The n we have 

lim f  (x,y N)(x, V k)dv{x) =  f  a(x,V k)dv(x). (1 ) 
N-+OG Jx J x 
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We get 

lim /  (x,y N)(x,y)du(x) =  /  a(x , y N)dv(x) 
*-<*> Jx Jx 

for al l y  e  Y  b y (1) , since the se t { ^ j ^ i s dense in Y . Henc e we have 

lim /  (x,  y N)l{x)dv{x) =  /  a(x)du(x) N->°° Jx Jx 

for any l(x)eL l{X,v) ,  since the linear subspace of functions o n X  gener -
ated by {{x 9 y)  :  y e  Y}  i s dense in L X{X, v)  (cf . [HeRa2 , §31]) . I n othe r 
words, the sequence {(x , y N)}N=l converge s to a  i n the weak* topolog y of 
L°°{X9v). D 

A.4.4. LEMMA. Let  (a,  b , c)  e L,  \z\  =  1  and a  = a + bz + cz be  given. 
Then the set 

E(«, N)  =  f| ( J \xe  U:  l ^ ( ^ -^ +  ^ )| >  ±\  ,  N  =  1, 2, .. . 
y6Yk=l l  } 

is closed in U  and  E(a , N)  has  no interior point. 

PROOF. B y Lemma A.4.2 , O^iy)  i s a  continuous functio n o f x  e  U  fo r 
each y  e  Y . Therefor e E(a , N)  i s closed in U . 

Now suppose that X  i s an /-group . T o force a  contradiction, assume that 
E(a, N)  ha s nonempt y interior . The n ther e exis t finitely  man y nonempt y 
sets V ncUn, 1  < n  < M -  1 , suc h tha t 

oo 

^ ^ . • • x F ^ x J ] U ncE(a,N). 
n=M 

We may assume that M  satisfie s th e following condition s 

_1 
ON 

ma\{\a-aM\, \b-b M\, | c - c M | } < — . (1 ) 

sup \{x,V k)-l\<-±;, l<k<N.  (2 ) 

Choose any points x n e  Vn , 1  < n  < M -  1 . Sinc e X  i s an /-group , we can 
find x M e  U M an d y  e  Y  suc h tha t 

l{X"'y)-ll<SMN' l<n<M-l,  (3 ) 

\(xMy)-z\<^. (4 ) 

Setting x  =  (x l, x 2, ...,  x M, 0 , 0 , ... ) e  E(a,  N)  an d v % =  * ^ , ^ n , w e 
have 
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l ^ T O -  >M(y+ **)l <  \^u^k) -  i} l 

Af A T 

+ | a + fez + cz - a M -  b M{xn ,  y) -  c M{xM, y)\ 

by (2) , (1 ) an d (4) , since a  =  a + bz +  cz an d z> M(y) =  a M +  bM(xM, y)  + 
cM(xM, y).  I t follows fro m (3 ) that , 

hnw-n".̂ **) 
I n=\  n=\ 

M-\ 

^ E l ^ T O - ^ + ^I^W^TO-^O' + l̂ 
«=1 

M - 1  _7 _ J _ 
K SMN  +  SN <~N 

1 < k  <  N. Henc e x  £  /s(a, AQ , which contradict s ou r choice of x . • 
A.4.5. PROPOSITION . If  X  is  an I-group,  then,  for quasi-all  x  € U,  S% 

contains the  multiplicative  compact  semigroup  in  2'  generated  by  the  set 
{a + bz +  cz :  (a, b,  c)  e  L  and  \z\  =  1} . If  X  is  not  an  I-group  , this 
conclusion fails for  some  admissible  local  base -{U n}™=l at zero  in  X  and 
some admissible  sequence  {(a n ,  bn , c n)}™=l. 

PROOF. Suppos e X  i s an /-grou p and take any countable dense subset A 
of the se t 

{a + bz +  cz :  (a, b,  c)  e L  an d \z\  =  1} . (1 ) 

If x  e  U  doe s no t belon g t o \J{E(a 9 N)  :  a e  A  an d T V > 1} , then w e 
have ^ c ^ b y Lemma A.4.3 . O n the othe r hand , i t i s easy to se e that S . 
is a  compact semigrou p i n 3  fo r ever y x  e U.  Therefore , fo r eac h x  a s 
above, S^  contain s th e compac t semigrou p generate d b y se t (1) . Thu s th e 
first assertio n o f Propositio n A.4. 5 follows fro m Lemm a A.4.4 . 

Now assum e tha t X  i s no t a n /-group . The n X  contain s a n ope n sub -
group of the form R n +  K, wher e n  >  0 an d K  i s a compact group . Sinc e 
X i s not an /-group , then n  =  0 an d the group K  i s periodic [HeRal , §25]. 
So K  i s a  compac t ope n periodi c subgrou p o f X . Le t n Q b e a  positiv e 
integer suc h tha t n 0x =  0  fo r al l x  e  K.  Se t a n =  0  an d b n =  c n =  \  fo r 
all n  >  1 ; then L  =  { ( 0 , ^ , ^ ) } , an d the multiplicative compac t semigrou p 
in 3  generate d b y the se t {a  + bz  +  cz  :  (a, b , c)  e L  an d \z\  =  1} i s the 
segment [ - 1 , 1] . I f y  e  Y  an d x  e  K,  the n w e have eithe r (x , y)  =  1  o r 
| R e ( x , j / ) | < | c o s ( ^ ) | , sinc e (x , y) n° =  (nQx, y)  =  1 . Le t {U n}™=l bean y 
admissible loca l base a t zer o in K . Then , fo r ever y x  e  U  an d y  e  Y , w e 
have O^u)  =  n^L i R&( x

n > y)  •  Therefore eithe r 1^(^) 1 = 1  (i f n 0 =  2), o r 
l̂ xOOl <  I C 0 S TTI (i f fl 0 >  2) . Henc e ever y S~  i s disjoin t fro m th e ope n 
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interval ( -1 ,1 ) i f n 0 =  2  an d fro m ( | co s^ | , 1 ) i f n 0 >  3 . Thi s prove s 
Proposition A.4.5 . • 

A.4.6. PROPOSITION . Suppose  that  X  is  not  an  I  -group, and define  q  -
q(X) as  the largest natural number such that every neighborhood of zero in X 
contains an element  of  order q . Then,  for quasi-all  x  e  U,  S^  contains  the 
compact semigroup in 2J  generated  by all complex numbers of the form a+bz 
+ cz  ,  where (a,  b,  c)  e L  and  z q =  1 . 

The proof o f Proposition A.4.6 is almost the same as the proof o f the first 
assertion o f Proposition A.4.5 , and we omit th e details . • 

A.4.7. THEOREM. Let  X  be  an arbitrary group. Suppose  that the sequence 
{(a

n> b n, c n)}™=l has a  limit  point  (a,  b 9 c)  such  that  max{<z , b, c}  <  1 . 
Then: 

(i) If every neighborhood of zero in X  contains  either an element of infinite 
order or an element  of  order  >  4 , then  quasi-all  x  e  U  have  the  property 
that, for any  t  e X,  v*™  *  Et is  singular with respect to v™  for n  / m . 

PROOF. Suppos e tha t th e hypothesi s o f Theore m A.4. 7 holds . Then , fo r 
quasi-all x  e  U,  S^  contain s a  complex numbe r a  wit h 0  <  |a | <  1 . B y 
Propositions A.4. 5 an d A.4. 6 ther e exist s /  e  A[.J r(X)] suc h tha t f  (u)  = 

X 

a(i/je)-a.e. 
Suppose tha t ther e exis t differen t positiv e integers  m  an d n  , an elemen t 

t e  X  an d a  distribution ju  e -# (X)  absolutel y continuou s wit h respec t t o 
both v* m *  Et an d i/* " . We have 

fvr*Et{t) =  f^u) =  fvV(u) (//-a.e. ) (1 ) 

by A.4.1(i). O n the other han d 

f^E(u) =  amf{Et) (u; m *  iya.e.) (2 ) 

and 
fvAu) =  an (i/^-a-e. ) (3 ) 

Since \f(E t)\ =  1  fo r all  t  e  X  an d sinc e \a m\ ^  \a n\ unles s m  =  n, 
relations (l)-(3 ) prov e Theorem A.4.7. D 

A.4.8. Assum e no w tha t X  =  R . W e give som e result s abou t Bernoull i 
convolutions with mutually singular powers. Le t A  b e the class of symmetric 
Bernoulli convolutions , i.e. , distributions / / e / (R ) o f the for m 

oo 

/i =  *  \\. E-x + E
X1> * „ e R > (! ) 

where Y^L\  x
n <  °° > a n ^ ^ et B  b e th e clas s o f antisymmetri c Bernoull i 

convolutions 
oo 

/i= *  h[E 0 + Ex], x neR, x n>0, (2 ) 
n=l n 
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where X^l i x
n

 <  ° ° • O f c o u r s e ther e i s a  clos e connectio n betwee n 
these tw o classes . I n fact , i f J^=\ x

n ~
 x ' the n (1 ) * s t ^le s hift ° f 

*n^i it^o +  E 2x ]  b y x . I t i s eas y t o verif y tha t th e distribution s i n A 
and B  ar e continuou s unles s x n =  0  fo r al l sufficientl y larg e n . W e shal l 
consider onl y continuou s Bernoull i convolutions , s o that A  an d B  consis t 
solely of continuous distributions . 

A.4.9. THEOREM . Let  JU  belong  to A  or  to B . Then  either  //* " e  l /(R ) 
for some integer  n  or  ju* m * Ex is  singular with respect to ju* n for all  x  e  R , 
unless m  =  n. 

In order to make this result workable, we require necessary conditions fo r 
Ll(R) t o contai n a  powe r o f // . On e suc h necessar y conditio n i s tha t th e 
support a(ju)  o f ju  contains a  basis fo r R . Thi s follows fro m th e equalit y 

a{iTn) =  {n)a{ju) 

and from th e fact tha t every set of positive Lebesgue measure contains basis 
for R . Sreide r [Sr] gave necessary conditions for certain perfect subset s of R 
to contain a  basis. I n our case when ju  belongs either to A  o r to B  ,  support 
a (ft) doe s not contain a  basis if l i m ^ ^ ^  =  0 . Usin g this fact, we obtain 
the following result . 

A.4.10. COROLLARY. Let  JU  be  as in A.4.8(1) or  A.4.8(2), and  suppose that 
lini^oo ^  =  0 - Then,  for any  x  e  R , //* m *  Ex is  singular with  respect  to 
ju*n , unless n  =  m. 

Another necessar y conditio n fo r som e power o f ju  to belong to L l(R) i s 
that th e Fourier-Stieltje s transfor m o f ju  vanishes a t infinity . Thi s give s us 
a resul t fo r distribution s o f th e for m (A.4.8.1) , wher e x n =  a~ n an d a  i s 
a Piso t numbe r (i.e. , a  i s a n algebrai c intege r al l o f whos e conjugate s li e 
inside the unit circle ) and a  /  2 . Sale m has shown that the Fourier-Stieltje s 
transforms o f suc h distribution s d o no t vanis h a t infinit y [Sal , Chapte r 4] . 
From these remarks we obtain th e following result . 

A.4.11. COROLLARY . Let  ji  be  the measure 

CO 

where a is  a Pisot number and  a  ^  1 , 2 . Then,  for any  j c e l , fi* m * Ex is 
singular with respect  to ju* n , unless n  = m . 

As a special case of this result we see that the Lebesgue- Stieltjes distribu -
tion o f the Canto r se t 

CO 
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must hav e th e propert y tha t ever y shif t o f jj^ m i s singula r t o n™  unles s 
m =  n . Thi s follows sinc e ju 0 i s the shif t b y \  o f 

oo 

n * i [ £ _ ( i r + % « ] . 

Unsolved problems 

1. Prov e o r disprove tha t an y Gaussia n distributio n o n th e group T° ° i s 
either absolutely continuous or singular (with respect to ra Too). (Se e §§5.13-
5.15.) 

2. Prov e o r disprov e tha t an y tw o Gaussia n distribution s o n th e group 
X ar e eithe r mutuall y absolutel y continuou s o r mutuall y singular . (V . V . 
Sazonov and V . N. Tutubalin [ST] . (See Propositions 5.1 6 an d 5.19. ) 

3. Prov e or disprove that any symmetric Gaussian distribution o f the class 
IQ o n a connected infinite-dimension grou p X  i s a continuous monomorphi c 
image o f a  Gaussia n distribution , concentrate d o n som e linea r subspac e o f 
R°° . (Se e Proposition 5.29. ) 

4. Le t y  e i(X)  an d a(y)  b e a connected infinite dimension subgroup of 
X an d let it  b e a Poisson distribution o n X  .  I f y , n  e  / 0 ,  then y  * n G 7 0 . 
(See Proposition 7.5. ) 

5. Le t the group X  b e such tha t dimC ^ =  o o an d le t y  b e an arbitrar y 
symmetric Gaussia n distributio n o f th e clas s / 0 o n I . Prov e o r disprov e 
that ther e exist s a  continuous measur e </>  e  M +(X) suc h tha t y  * e(</>) e  I 0 . 
(See Theorem 7.13. ) 

6. Le t X  =  R  + D , wher e D  i s a discrete group , y  e  T(X) , <f>  e  M +(X) 
and y*e((j))  e 7 0 . Mus t the measure <f>  b e discrete? (Se e the Linnik theorem 
7.6.) 

7. Fo r a  given group X  describ e these sets of integer s {<z,} 7 a n d {bj}™ 
admissible for X  tha t have the following property : i f £ . ar e X-value d inde-
pendent rando m variable s wit h distribution s / / suc h tha t th e linea r form s 
Lx =  ax£>x +  •  • • +  a m£>m and L 2 =  b {£{ +  h  bm£m ar e independent , the n 
jUj € 7(AT) * T(X), 7  = 1 , ... , m  . (Se e Theorem 10.5 , 10.9. ) 

8. Fo r a  given group X  describ e those set s of integer s {a.}™  and {b.}™ 
admissible fo r X  tha t posses s th e followin g property : i f £ . ar e X-value d 
independent rando m variable s with distribution s / / ,  satisfyin g 

m 

for an y y  G  T, an d i f th e linea r form s L { =  a x£x +  •  +  a s£s an d L 2 = 
b\€\ ^ • • bs£>s ar e independent, the n \i.  e  T(X) . (Se e Theorem 10.1 3 and 
10.15-10.17.) 

9. Describ e those groups X  fo r whic h the relatio n 

{/i G  r , ( *) :  fHy) * 0  for an y y e  Y}  c  T(X ) (1 ) 

holds for an y A  G  J^(AT). 
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10. Fo r a given group X  describ e those sets A  es^(X)  fo r which equality 
11.4(3) holds . (Se e Theorem 11.9. ) 

11. Fo r a given group X  describ e those sets Aesrf  (X)  fo r which relation 
(1), Problem 9 , holds. 

12. Exten d the main result s of §1 1 to the case of two linear forms havin g 
the sam e distribution s instea d o f a  monomia l an d a  linea r for m wit h th e 
same distributions . 

13. Develo p a  techniqu e fo r obtainin g estimate s o f distributio n decom -
position stabilit y fo r groups . (Se e Theore m A.2.3. ) I n particular , le t y  b e 
a Gaussia n distributio n o f th e clas s 7 0 . Estimat e th e value /? . .  (y, e ) fo r 

pairs of metric s d x, d 2 o n Jf  {X) . 
14. Investigat e problem s o f stabilit y fo r characterizatio n problem s o n 

groups. (Se e Chapter III. ) 
15. Investigat e the structure of an infinitely divisible distribution JLL  , whose 

characteristic functio n ha s representation (x 0, </> , cp) (see §2.22) , subjec t t o 
the propertie s o f th e Lev y measur e (/>  an d th e functio n <p . In particular , 
determine th e structur e o f th e distributio n 11(0 ) i n th e cas e V  =  oo , </ > e 
-2^/„ 9 n  >  2 , 0  G  <5 ^ (se e Appendix 3 ) (V . M. Zolotarev , V . M . Kruglo v 
[ZK]). 



Comments 

Section 4 

Theorem 4. 1 and the group analogs of the Khinchin theorem s (Theorem s 
4.3 and 4.4 ) wer e proved b y Parthasarathy , Rao , an d Varadha n i n [PRV1] . 
Our exposition follow s thi s article . 

There are many sufficient condition s for a  distribution o n the groups X  = 
R an d X  =  Rn t o be indecomposable [LinO , Chapter III , §3] . Fo r a  surve y 
of results obtained up to 197 4 see [LivOCh]. 

The mai n result s o n indecomposabl e distribution s o n topologica l group s 
satisfying th e secon d axio m o f countabilit y wer e obtained by Parthasarathy , 
Rao, and Varadhan i n [PRV2] . We present here the most importan t ones : 

THEOREM CI . Let  X  be  an infinite  complete  group satisfying the  second 
axiom ofcountability,  perhaps  nonabelian. Then  the set of all indecomposable 
distributions is  a dense G 8 set  in  J[  (X) . 

Under th e additiona l assumptio n tha t X  i s nondiscrete , th e se t o f al l 
nondiscrete indecomposable distributions taking positive values on open sets 
is also a dense G s se t in Jt x(X). 

THEOREM C2 . Let  X  be  a locally compact noncompact abelian  group sat-
isfying the  second axiom of  countability.  Then  the  set  of  all  absolutely  con-
tinuous (with  respect to m x) indecomposable  distributions is  a dense G s set 
in the  set of  all  absolutely  continuous distributions  on  X  endowed  with  the 
Ll(X,mx) topology. 

In [UU1] , [UU2 ] V . G.  Ushako v an d N . G . Ushako v prove d tha t fo r a 
wide class of group s X  th e se t o f al l indecomposable distribution s i s dense 
in Jt l(X) wit h respec t t o th e variatio n distance , i.e. , wit h respec t t o th e 
norm | | • | | (se e 2.26). 

THEOREM C 3 ([UU1] , [UU2]) . Let  X  be  an uncountable  metric  group, 
satisfying at  least  one of the following conditions: 

(I) X  is  noncompact and any  distribution is  dense on X. 
(II) X  is  nonbounded. 

(Ill) X  is  separable. 

203 
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Then the  set  of  all  indecomposable  distributions  on  X  is  dense  in  ^£  (X) 
with respect to the variation distance. 

The article [UU2] also contains conditions that ensure a mixture of discrete 
and continuou s distribution s t o be indecomposable . Le t X  b e a n arbitrar y 
metric group . Followin g [UU2 ] denot e b y W(X)  th e clas s of al l function s 
q> o n J£  (X)  tha t satisf y th e following conditions : 

1. Ever y function (p  e  W(X)  take s only two values 0  and 1 . 
2. I f cp(ju)  =  <p(v) =  0, the n <p(ju  * v) =  0 . 
3. I f <p(fi)  =  1 , then <p(ju  * v) -  (p{v  *  ju) =  1  fo r an y v  e  ^# (X). 
4. I f <p([i)  =  1 , the n <p(aju  +  ( 1 -  a)v)  =  1  fo r an y v  e  Jf l(X), 

0<a<l. 

THEOREM C4 [UU2]. Let  v x be  a discrete and v 2 a  continuous distribution 
such that for some  cp  e  W{X)  q>{y x) =  1  and  <p(v 2) =  0- For  the mixture 

pi =  av x +  ( 1 -  a)v 2 ,  0  <  a  <  1 , 

to be indecomposable it is necessary and sufficient that v x and  v 2 do  not have 
common right  or left nondegenerate divisors. 

Among example s o f applicatio n o f Theore m C 4 tha t ar e considere d i n 
[UU2], we note tha t fo r th e group X  -  R  th e mixtur e o f a  Gaussian distri -
bution with an y discrete infinitely divisibl e distribution i s indecomposable . 

Two theorem s b y L . S . Kudin a relate d t o indecomposabl e distribution s 
should als o be noted. Thei r group analogs are stil l unknown . 

1. Fo r any closed subse t ^ c E M tha t contain s a t least two points ther e 
exists an indecomposable distribution pi  such that G(JU)  =  A [Kudl] . 

2. Th e weak closure of the se t of al l indecomposable distribution s sup -
ported o n A  ca n differ fro m th e se t of al l distributions ju  such tha t 
o{ii) =  A [Kud2] . 

Proposition 4. 6 wa s proved b y G . M . Fel'dman . Decompositio n 4.16(ii ) 
was mentione d b y Heye r i n [Hel] . Theore m 4.1 7 wa s prove d b y G.  M . 
Fel'dman i n [F2] . 

Section 5 

Parthasarathy, Rao , an d Varadha n define d a  Gaussia n distributio n a s a 
distribution satisfyin g condition s 5.30(i) , (ii ) and then proved tha t thi s class 
coincides with the class defined i n 5.1 . This equivalence is an important ste p 
in thei r proo f o f formula 2.22(i) . 

It was noted i n [PRV1 ] that Gaussia n distribution s appea r naturally fro m 
the poin t o f view o f limi t theorems . Le t {® n} b e a  sequence o f finite  mea -
sures on a  group X  satisfyin g th e following conditions : 

1. lim n^oo^>n(X\U) =  0 fo r an y neighborhood U  o f zero in X  . 
2. Th e distributions e(Q> n) converg e to a limit after being appropriately 

shifted. 
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If the sequenc e {O n} i s unbounded an d the limit o f e(O n) i s nondegen-
erate, then thi s limit i s a nontrivial Gaussia n distribution . 

Consider th e clas s o f distribution s ju  tha t ma y b e include d int o a  one -
parameter distributio n semigrou p (ju t), t  >  0 , ju Q =  E Q, i.e. , ther e exist s 
such a  semigroup fo r whic h ju x = ju. Fors t [Fo ] (see also [BeF]) proved tha t 
Gaussian distribution s o f this class admit th e following description . 

THEOREM C5 . Suppose  a  distribution  fi  e  J£  (X)  may  be  included  in 
a one-parameter  distribution semigroup  (//,) , t  >  0,  ju 0 = E Q. Then  the 
following statements  are  equivalent: 

(i) neT(X); 
(ii) lim t^0[jut(X\U) /0 ] = 0  for any  neighborhood  of zero in X . 

Remark 5. 2 an d Proposition s 5. 4 an d 5. 5 ar e due t o Parthasarathy , Rao , 
and Varadhan [PRV1] . We follow [He2 ] in the proof o f Proposition 5. 4 an d 
[ST] in that o f Proposition 5.5 . Remar k 5. 3 is due to G.  M. Fel'dman . 

Propositions 5. 6 an d 5. 9 wer e prove d b y G . M . Fel'dma n i n [F3] . Con -
cerning th e linea r space s E° ° an d E^ ° se e [RR] . I t shoul d b e note d tha t 
the group M̂ ° i s not locally compact an d doe s not satisf y th e second axio m 
of countability . Therefor e R^ ° i s nonmetrizable. Nevertheles s in [Se ] it was 
proved that if s  i s a limit point of a set B  c  M̂ ° , then there exists a sequence 

of elements {s {k)} c  B  suc h that s {k) - > s . 
Remarks 5.1 1 an d 5.1 2 belon g to Parthasarathy , Rao , and Varadha n an d 

were proved i n [PRV1 ] by a different method . 
Proposition 5.1 4 was proved in [F3]. Earlier  Siebert had proved in [Si] that 

absolutely continuou s Gaussia n distributio n exis t onl y o n connecte d locall y 
connected groups . 

Let ju  b e a n infinitel y divisibl e distributio n withou t nondegenerat e di -
visors, an d le t it s characteristi c functio n hav e representatio n ( 0 , 0 , <p). 
V. M . Zolotare v an d V . M . Kruglo v [ZK ] pose d th e proble m o f studyin g 
the structur e o f ju  subjec t t o propertie s o f O  an d (p  and solve d thi s prob-
lem in the case cp  =  0 (se e Appendix 3) . Propositio n 5.1 4 may be viewed as 
a partia l solutio n o f thi s problem fo r th e case 0  =  0 . 

Gaussian distribution s o n a  finite-dimensional  toru s T " wer e studie d b y 
Siebert [Si ] (see also [He2, §5.5]). The detailed investigation of Gaussian dis-
tribution ju  on an infinite-dimensional toru s T° ° correspondin g to a diagonal 
matrix A  i n Proposition 5. 9 was carried ou t by Berg [Be]. 

The comment s t o Chapte r 5  i n [He2 ] contai n a  complet e bibliograph y 
related t o those aspect s of Gaussia n distribution s tha t ar e no t considere d i n 
the present book . 

Propositions 5.16 and 5.19 were proved in [F3]. They give a partial answer 
to the question (posed by V. V. Sazonov and V. V. Tutubalin in [ST]): are two 
Gaussian distribution s o n the group X  eithe r mutually singula r or mutuall y 
absolutely continuous ? Lemm a 5.1 7 was proved by G.  M. Fel'dman i n [Fl] , 
[F3]. 
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In 1936 , answerin g a  questio n o f Levy , Crame r prove d tha t an y diviso r 
of a  Gaussia n distributio n o n R n i s Gaussian . Thi s wa s the first  resul t o n 
distribution arithmetic . Somewha t late r Marcinkiewic z note d [Mark ] tha t 
any Gaussian distributio n o n T  ha s non-Gaussian divisor s (Theore m 5.20) . 
This theorem together with the Levy theorem on decomposition o f a Poisson 
distribution o n th e group  T  (se e th e commen t o n § 6 below) wa s th e first 
result concernin g distributio n arithmeti c fo r group s differing fro m R n .  Th e 
Marcinkiewicz theorem was reproved by Martin-L6f (se e [Gr, Remark 4.5.1] ) 
and Carna l [C]. 

Theorems 5.22 and 5.23 were proved by G. M. Fel'dman in [Fl]. I t should 
be noted that the fact that a Gaussian distribution on the group X  =  R+Z(2 ) 
belongs t o th e clas s I 0 wa s prove d b y V . M . Zolotare v [Zl] . Proposition s 
5.28 and 5.2 9 were proved by G. M. Fel'dman an d A. E. Fryntov [FFr2] . 

It wa s Urbani k [Ur ] wh o studie d distributions , satisfyin g condition s 
5.3l(i), (ii) . T o be more precise , instea d o f conditio n (i ) h e considered th e 
condition: 

(i;) ju  can be included into a continuous one-parameter distribution semi -
group (p t), t  >  0, V 0 = E 0. 

It was mentioned in Proposition 5.31 , that the class of distributions, satis-
fying condition s (i) , (ii) , is the same as T(X) . A t the same time an exampl e 
was constructed in [Ur] of a non-Gaussian distributio n o n the group X  =  T 2 

satisfying conditio n 5.3 1 (i). Thi s work stimulate d investigatio n o f distribu -
tions Gaussian in the Urbanik sens e (see Definition 5.32) , that proved usefu l 
in th e stud y o f characterizatio n problem s o n group s (se e Chapte r III) . Th e 
results of §§5.32-5.3 7 ar e due to G. M. Fel'dman . 

Section 6 

The proble m o f whethe r th e generalize d Poisso n distributio n ju  = e(O ) 
belongs to the class I 0 i s important fo r distribution arithmeti c on the groups 
X =  R  an d X  =  R n .  Th e first  resul t i n thi s directio n wa s obtaine d b y 
D. A. Raikov (1937 ) who got the affirmative answe r for X  =  R. Fo r furthe r 
results on this subject fo r the groups X  =  R  an d X  =  Rn se e the monograph 
[LinO] and als o the surveys [04] , [02] by I. V. Ostrovskil . 

The proble m o f decompositio n o f a  Poisso n distributio n o n a  group dif -
ferent fro m R " wa s first  considered b y Lev y [Levy2] , who proved tha t th e 
Poisson distributio n / / =  e(y/(E x)), y/  >  0  o n th e grou p X  =  T  belong s 
to the clas s I 0 i f x  i s either o f infinit e orde r o r o f orde r two . Propositio n 
6.6 tha t generalize s thi s resul t wa s proved b y A. L. Rukhin [Ruh2] , [Ruh3]. 
Theorems 6. 5 an d 6. 6 wer e proved b y G . M . Fel'dma n [F2] . I t shoul d als o 
be noted that using Proposition 4.1 8 one may reduce the Rukhin theorem i n 
the case of an element x  o f infinite orde r to Ralkov's theorem. I t suffices t o 
consider the monomorphism p:  Z  —> X  define d by the relation p(nx)  =  nx , 
n e Z . 
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The statement tha t th e generalized Poisso n distributio n ju  =  e(O), wher e 
<J> =  y/ xEx +  y/ 2Ex ,  x ( e  R , y/ t > 0, /  =  1 , 2 , belong s to th e clas s I Q o n 
the group R  wa s obtained b y D . A . Raikov [Ra ] in th e cas e when x x an d 
x2 belon g t o th e sam e semiaxi s an d ar e independent , an d b y Levy [Levy2 ] 
in th e cas e whe n x x an d x 2 belon g t o th e sam e semiaxi s an d ar e depen -
dent. Therefore , Theore m 6. 7 in the case of dependent element s x x, x 2 i s a 
generalization o f the Levy theorem. 

If the elements x x an d x 2 belon g to different semiaxes , then the inclusion 
e(0) e  I Q i s a  consequenc e o f th e Linni k theore m [LinO , Chapte r I , §1] . 
Theorem 6.1 0 was proved by G.  M. Fel'dman an d A. E. Fryntov i n [FFrl] . 

Theorem 6.1 3 was proved by G.  M. Fel'dman i n [F4] , [F6]. The proof i n 
the book belongs to G. P. Chistyakov [Ch2]. This theorem is new even for the 
case X  =  R. I t implies, for example , that i f O 0 =  *™=x ^(E Q + E,2,3y) i s the 
Lebesgue-Stieltjes distributio n o n th e standar d Canto r set , the n e(Q> 0) e  I 0 

(the pairwise singularity of powers of the distribution O 0 i s a consequence of 
a resul t o f A. M. Vershik [V] ; see also [BrMl] ) an d contain s the Ostrovskii -
Cuppens theore m [LinO , Chapte r VI , §4 ] statin g tha t e(O ) e  I Q i f O  e 
J? (R n) an d tha t th e measur e 3 > i s concentrated o n a n independen t se t o f 
points. Th e Ostrovskii-Cuppen s theore m i n it s tur n complete d a  serie s o f 
results tha t involve d som e additiona l assumption s (se e [LinO , Commen t t o 
Chapter VI]). For more details on distribution with mutually singular powers 
on a  group X , se e Appendix 4 . 

Theorem 6.18 , Lemm a 6.21 , and Propositio n 6.2 3 wer e prove d i n [F4] . 
Theorem 6.1 8 i s the grou p analo g o f Ostrovskii' s theore m tha t wa s prove d 
in connectio n wit h a  proble m pose d b y Yu . V . Linni k o n th e existenc e o f 
distributions o f th e clas s I 0 o n th e grou p X  =  R  wit h nondiscret e Lev y 
measure. 

Section 7 

The fac t tha t th e convolutio n o f a  Gaussia n an d a  Poisso n distributio n 
on th e grou p X  —  R  belong s t o th e clas s I Q wa s proved b y Yu . V . Linni k 
[LinO, Chapter VI , §1]. The corresponding resul t for the group X  =  R n wa s 
obtained b y I . V. Ostrovskii an d Cuppen s [LinO , Chapter VI , §3] . Theore m 
7.2 was proved by G.  M. Fel'dman an d A . E. Fryntov i n [FFrl] . 

Theorem 7.13 as well as Lemmas 7.7-7.12 were proved by G. M. Fel'dman 
in [F7] . I t shoul d b e note d tha t Lemm a 7. 7 follow s fro m a  resul t b y I . V . 
Ostrovskii [03] on the Cartesian product of one-dimensional distributions of 
the class I 0 .  The construction i n Lemma 7.1 2 i s a generalization o f the con-
struction use d in [LinO , Chapter VI , §6] to prove that, fo r th e case X  =  R n , 
both image s an d preimage s o f Bore l set s i n th e isomorphis m H  o f semi -
groups M +(A) an d M +(Af) ar e Bore l sets. 
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Section 8 
The fac t tha t th e clas s 7 0 i s dens e i n th e clas s o f al l infinitel y divisibl e 

distributions on the group X  =  R  wa s proved by I. V. Ostrovskii and on the 
group X  =  1" b y L. Z. Livshits and I . V. Ostrovskii [LinO , Chapter VI, §4]. 

Lemma 8. 2 i s a  consequence o f Rudin' s theore m [Rud ] o n th e existenc e 
of a  perfect independen t se t on a  group any neighborhoo d o f zer o in whic h 
contains an element o f infinit e order . Proposition s 8. 3 an d 8. 6 wer e prove d 
by G.  M. Fel'dman i n [F2] , [F6]. Lemm a 8. 4 i s due t o Parthasarathy , Rao , 
and Varadhan [PRV1 ] and Lemma 8. 5 to Dugue [LinO] , [Fr]. 

The fac t tha t an y infinitel y divisibl e distributio n o n th e group  X  =  R n 

may be represented a s a finite or infinite convolutio n o f distribution s o f th e 
class I 0 wa s proved b y I . V . Ostrovski i [Ol] . Theore m 8. 8 wa s proved b y 
G. M. Fel'dman [F6] . 

Section 9 

The problem o f extending the Bernstein characterizatio n o f Gaussian dis-
tribution t o groups was considered by A. L. Rukhin [Ruhl] , [Ruh3] and in -
dependently by Heyer and Rai l [HR] (see also [He2 , Chapter 5 , §3]). Propo -
sition 9. 5 wa s prove d b y thes e authors . Equalit y (9.5.2 ) wa s obtaine d b y 
A. L. Rukhin [Ruhl] , [Ruh3] under the assumption that Y  i s a Corwin group 
and by Heyer and Rai l under the assumption tha t X  i s a Corwin group and 
condition 9.1 1 (i) holds. 

Theorem 9.1 0 an d Lemma s 9.6-9. 9 ar e du e t o G.  M . Fel'dma n [F8 ] a s 
well as the results of 9.13-9.16 . Som e sufficient condition s for a  group X  t o 
satisfy 9.13(i) , 9.15(i ) an d 9.16(i ) ar e mentioned i n [HR]. 

Theorems 9.1 9 an d 9.2 1 an d Propositio n 9.1 8 wer e prove d b y G.  M . 
Fel'dman [F8] . I t shoul d als o b e note d tha t A . L . Rukhi n prove d [Ruhl] , 
[Ruh3] that the assertion o f Theorem 9.1 9 i s true under the assumption tha t 
X an d Y  ar e Corwin groups. 

Let T : X —>  X  b e th e mappin g define d b y th e equalit y z(x {, x 2) = 
(x{ +  x2, x { -  x 2). Corwi n [Col ] considered finite complex-valued measure s 
on a  group X  satisfyin g th e conditio n 

r(// ®  ju) = {ju* 2) ®  {ju * -ft) (1 ) 

and studied thei r properties [Co2]-[Co4] . I n the case fi  e Jf l(X) conditio n 
(1) is the same as ju  e  F B(X) (se e [He2]). 

Section 10 

The results of this section ar e due to G.  M. Fel'dman. I t should be note d 
that in the proof o f Theorem 10. 3 the group analog of the following Marcin -
kiewicz theorem was used: i f ju  e  Jf  (R ) an d the characteristic function ju(s) 
has the form ft(s)  =  exp{P(s)} wher e P(s)  i s a polynomial, then JLL  e  T(R ) 
[LinO, Chapte r II , §5] . Th e complet e descriptio n o f thos e group s X  fo r 
which this analog is valid i s given in [F13] . 
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Section 11 
The result s o f thi s sectio n ar e du e t o G . M . Fel'dma n [Fll] . Theore m 

11.9 an d th e lemma s i t use s were prove d i n [F14] . Theore m 11.1 6 fo r th e 
case ra =  2  wa s prove d i n [F10] . Thi s proo f i s based  o n th e result s o f 
11.18-11.20. Th e results of 11.25-11.3 2 were obtained i n [F12] . 

It should be noted that the problem of constructing a  theory of equidistri -
bution o f form s o n algebrai c structure s wa s posed b y A. M. Kagan , Yu . V . 
Linnik, an d Ra o in [KLR]. 

Appendix 1 

The results of Appendix 1  were obtained by G. M. Fel'dman [F13] . 

Appendix 2 

Theorem A.2. 2 was proved by A. P. Ushakova [Ush] . Th e firs t estimate s 
of the decomposition stabilit y were obtained by N. A. Sapogov (for Gaussia n 
distributions on the group X  —  R), see [LinO, Chapter VIII] . On the furthe r 
development o f thi s subjec t fo r th e group s X  =  R  an d X  =  R n se e th e 
survey article [53 ] by G. P. Chistyakov . 

The result s o f A.2.3-A.2. 5 wer e obtaine d b y G . P . Chistyako v i n [Ch2] . 
This i s the only articl e known t o th e autho r tha t give s estimates o f stabilit y 
for distribution s o n general locally compact abelia n groups . 

Appendix 3 

The results of this Appendix are due to V. M. Zolotarev and V. M. Kruglov 
[ZK]. I t shoul d b e note d tha t Lemm a A.3. 3 i s a  grou p analo g o f th e well -
known resul t of Jessen and Wintner [JW] . Examples constructed i n [ZK ] fo r 
the group  X  =  R demonstrat e tha t th e classes <&[.  for an y n  > 2 an d Jz ^ 
are nonempty . 

Appendix 4 

Infinite convolution s o f discret e distribution s appea r naturall y i n man y 
parts o f analysis , numbe r theory , probability , ofte n a s a  sourc e o f variou s 
examples an d counterexamples . W e shoul d singl e ou t th e pape r b y Brow n 
and Moran [BrM2] among a number of investigations devoted to this subject . 
They studied the Bernoulli convolution on the circle group T . Li n and Saek i 
[LiSa] prove d som e analog s o f th e mai n resul t i n [BrM2 ] fo r nondiscret e 
metric locally compact Abelia n group . Th e result s of A.4.2-A.4. 7 belon g t o 
them. W e give an accoun t o f thei r result s following [LiSa] . I t was Theorem 
A.4.7 tha t enable d u s t o prov e th e densit y o f th e clas s I Q i n th e clas s o f 
infinitely divisibl e distributions on a nondiscrete group  X  (Propositio n 8.3) . 

In [BrMl ] Brown and Mora n considere d mor e a  general class of distribu -
tions, whic h the y calle d ergodi c distribution s an d use d t o prov e tha t som e 
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symmetric Bernoulli convolutions and antisymmetric Bernoull i convolution s 
have relatively singula r powers. 

Let D  b e a  countabl e subgrou p o f X  an d le t X  e  ^  (K)  b e quasi -
invariant unde r th e actio n o f D  o n X,  i.e. , i f N  e  3S{X)  an d X(N)  =  0 , 
then k(d  +  N) =  0  fo r ever y d  e  D.  Suc h a  distribution X  i s called ergodic 
with respect to the action of D  i f whenever T V is a Z>-invarian t Bore l set of 
X (i.e. , d  + # =  T V for al l d  e  D) , the n eithe r A(JV ) = 0  o r A(iV ) = 1 . 

A group G  i s called a  refinement o f X  i f G  i s algebraically isomorphi c 
to X  bu t ha s a finer locally compact topology . 

The main resul t o f the paper [BrMl ] i s the following . 

THEOREM C.6 . Let  X  be  ergodic with respect  to the  action of  a countable 
subgroup D  of  X . Then  either 

(i) A* m is  singular to  A* " unless  m-  n,  or 
(ii) there  are a  refinement  G  of  X  and  a  positive integer  p  such  that 

XeJtl(G) and  X* p eL l(G). 

Theorem A.4. 9 follow s fro m thi s theorem . Theore m A.4. 9 an d Corol -
lary A.4.1 1 ar e du e t o Brow n an d Mora n [BrMl] . Corollar y A.4.1 0 i s du e 
to Kaufma n [Kau] . W e not e tha t th e relativ e singularit y o f power s o f th e 
Lebesgue-Stielties distributio n /z 0 o n th e standar d Canto r se t follow s fro m 
the Vershik's result s [V]. 

Detailed reference s concernin g thes e problem s coul d b e foun d i n th e pa -
pers [BrMl] , [LiSa] , and [BrM2]. 
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Notation 

A(Y, G)  -  annihilator o f a  subgroup, 7 
. 4 / 0 , 1 9 , 2 0 
Ax +  A2 -  arithmetic sum , 5 
£,( / ! ,«) , 18 1 
^ , 2( | i , fi ), 18 2 
J / (X) ,152 
# r , 2 0 
^ ( X ) -  cr-algebr a o f Bore l subset o f X,  1 0 
C^ -  component o f zero of the group X , 7 
C -  complex plane , 2 
T(X) -  Gaussian distribution s o n a  group X , 3 4 
TS(X) -  symmetric Gaussian distribution s o n a  group X  ,  34 
T / * ) , 1 5 1 
TB(X) -  Gaussian distribution s i n the Bernstein sens e on a 

group X , 12 1 
TS

B(X) -  symmetric Gaussian distribution s i n the Bernstei n sens e on a 
group X  ,  121 

rt/(vV) -  Gaussian distribution s i n the Urbanik sens e on a  group X , 5 2 
^ ( ^ , 1 6 5 
D(Z) -  degenerate distribution s o n a  group  X  ,  11 
£>(//), 5 8 
dim X -  dimension o f a  group X  , 8 
A -  additive group of al l /7-adi c integers, 6 
Ah -  finite difference operator , 14 5 
Ex -  degenerate distribution , 1 1 
E -  (mathematical) expectation , 12 1 
e(<D), 1 5 
F(N) -  set of al l divisors o f elements o f TV , 11 

/ , . * 
/ , * / 2 , 8 2 
.T\82 
/(A") -  idempotent distribution s o n a  group X , 1 4 
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/ , ( * ) , 15 2 
IB(X),\22 

IS
B{X),\29 

/« , (*) , 16 5 

V 2 4 

|| k || , 2 0 
Lh,53 
M(A), 5 8 
M+(A), 5 8 
M x , 7 
Mf{r),\% 
mK -  the Haar distribution o n a  group .£ , 1 4 
^+(X) -  finite measures on a  group X , 1 0 

J£ (X)  -  distributions o n a group X , 1 0 
/}(>>) -  the characteristic functio n o f the measure / i , 1 2 
IX* v -  convolution o f measures , 1 0 
/Mo 
jB, 10 

P,9 
p{ix), 1 2 
Q -  additive group of rational numbers , 6 
M - additive group of rea l numbers , 6 
K°° -  space of al l real sequences, 37 
R^ -  space of al l finite real sequences, 37 
r(G) -  rank o f the group G , 8 
Za -  a-adic solenoid , 6 
a{fi) -  the suppor t o f the measure // , 1 0 
T -  the group of rotations o f the uni t circle , 6 
T°°,40 
X* -  the group of character s o f the group X , 6 
X°°,5 
X0 -  the se t of al l compact element s of a  group X,  1 
Xn,5 
X\5 
X{n), 5 
pivx, >  5 

[x],5 
(x,y),6 
(x ,4> ,p) , 1 7 
XA{x) ,  31 
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Z -  additive group of integers , 6 
Z(n) -  multiplicative grou p of primitive root s of degree n  , 6 
Z(p°°), 6 

« -  topological isomorphism o f groups , 6 
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