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Preface to the English Edition 

The theor y o f commutativ e fields  is one o f th e basi c area s i n mathemat -
ics, particularly i n algebrai c theorie s includin g numbe r theory , algebra , an d 
algebraic geometry. Man y books relating to algebrai c theories contai n som e 
exposition o n commutative fields, but very few books contain sufficien t ma -
terial on this area . 

The author wrote the first edition of this book in 196 6 (in Japanese), with 
the aim o f producin g a  useful boo k o n commutative fields containing man y 
topics. I n view of the progress made in the theory of commutative fields, the 
author adde d severa l ne w topics an d reformulate d som e result s fo r th e ne w 
Japanese edition tha t appeare d i n 1985 . 

The autho r wishe s t o expres s hi s thank s t o th e America n Mathematica l 
Society fo r publishin g thi s Englis h edition , whic h closel y follow s th e 198 5 
edition mentione d above . 

Masayoshi Nagat a 
September 199 2 
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Preface to the New Japanese Edition 

It has been 1 8 years since the manuscrip t o f the original Japanese editio n 
was completed. Afte r it s publication , th e autho r notice d severa l point s tha t 
should be improved. Becaus e of this and i n view of the length o f time sinc e 
the publication of the original edition, the author proposed to write a revision. 
The autho r wishe s t o expres s hi s thank s t o th e publishe r fo r acceptin g thi s 
proposal. 

The mai n goa l o f thi s ne w Japanes e editio n i s th e sam e a s tha t o f th e 
original and ca n be stated i n three parts . 

(1) The prerequisites should be as few as possible. (Th e prerequisite results 
on se t theory are stated i n Chapter 0  without proofs. ) 

(2) All results considered by the author to be important an d fundamenta l 
in the theory of commutative fields are included . 

(3) Chapte r I  consists o f the basic result s on group theory an d th e theor y 
of commutative ring s that ar e needed to achieve the purpose state d i n (2) . 

In thi s ne w Japanes e edition , th e autho r ha s improve d severa l point s i n 
the first edition an d adde d som e new topics. 

Masayoshi Nagat a 
March 198 5 
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Preface to the Original Japanese Edition 

The theory of commutative fields is fundamental i n modern algebra . Du e 
to the fac t tha t algebrai c methods are employed no t onl y in algebra but als o 
in a  wide variety o f areas , the theory o f commutativ e fields has become on e 
of the basic areas in modern mathematics . 

However, because of the lack of sufficient tim e in courses for mathematic s 
students in universities, teachers cannot devot e enough time to the theory of 
commutative fields, and often the y must end with a brief introductio n t o the 
theory o f algebraic  extensions of fields. 

Thus, the author aimed in writing this book to provide a treatise for thos e 
who wish to stud y the theory o f commutativ e fields on thei r ow n and a  ref-
erence for thos e attending lectures on the theory o f commutative fields. 

To achieve these aims, the author tried especially to have the prerequisite s 
be as few as possible; the reader is required to have a fundamental knowledg e 
of se t theory and som e knowledge of determinants . (Thes e prerequisites ar e 
stated i n Chapte r 0  without proofs. ) T o mak e thi s book self-contained , th e 
author included fundamenta l result s on groups and commutativ e rings . 

Thus, the main par t o f thi s book consist s o f what the author judges to be 
fundamental i n the theory o f commutative fields, preceded by a preparator y 
part o n groups and commutativ e rings . 

For this reason, the presentation does not go more deeply into applications 
of commutative rings . I n some cases where i t seeme d better , fro m th e vie w 
point o f commutativ e rings , t o trea t materia l unde r mor e genera l circum -
stances, the autho r chos e to presen t th e result s unde r stronge r condition s i n 
order to simplify th e presentation . 

The author wishes to express his heartfelt thank s to several people for thei r 
help related t o the writing and publishing o f this book. 

Masayoshi Nagat a 
December 196 6 
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Answers and Hints 

CHAPTER I 

§1. Exercise . (1 ) {\\\\),  (2 ) {\\\\),  (3 ) {\\\\\), 

§7. Exercise . Whe n H x, ...  ,  Hr ar e submodules o f a  module G  ove r a 
ring R , the n the following i s a necessary and sufficient conditio n for G  t o be 
the direct sum of H x, . . . ,  Hr. G  = H{+--+Hr an d (i? 1 + - •+H i__l)f\Hi = 
{0} fo r i  = 2 , . . . ,  r . 

EXERCISES 

§1 

2. Cf. exercis e 1.2.4 . 
4. Symmetric group of degree 3  . 
7. Since (ab) m =  bm, (ft m) =  (ft) , w e have (ft ) c  (aft) . Similarly , (a ) c 

(aft) an d (a , ft) c (aft) . 
8. If Z  =  (a) , h  =  #(Z)/q , the n th e solution s o f x q =  1  i n Z  ar e a  , 

a 2 * , . . . , * '* . 

§2 

9. Use exercis e 1.2.8 . Sho w that i f G  i s solvable an d T V is a  norma l sub -
group, the n G/N  i s solvable . A s fo r th e solvabilit y o f N , conside r 
G0 =  G , G . =  [G^ , , (?,._,] , Ar 0 =  tf,  N t =  [ A ^ ,  tf.^],  the n w e 
can sho w i^ . c  G t b y inductio n o n / . Not e tha t thi s proo f ca n b e ap -
plied t o sho w tha t i f N  i s a  subgrou p o f a  solvabl e group , the n N  i s 
solvable. 

10. The cente r Z(G { x  •  • • x G n) of  G { x  •••  x G n coincide s with Z(G l) x 
-•'xZ{Gn) an d (G l x  • • • x  G n)/Z(G{ x  .  -. x G„) s (G 1/Z(G1)) x  •. . x 
(G„/z(G„)). 

11. If #((?/// ) =  2 , the n #(//\G ) =  2 ; hence , a  e  G,  a  i  H  implie s 
G = HuHa =  HUaH. Thu s aH  =  Ha. 

12. As for (1) , use exercise 1.1.7 . As for (2) , use (1 ) an d th e hint . 

227 
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§3 

3. (1) (i) If / , /  ar e ideals of a ring R,  the n (I  + J)(lnJ) CIJ  CInJ  . 
(ii) R  = (IX+12)

2 c  l\  +  I2 an d ll  +  I2 =  R. 
(2) Use (1) and an induction argumen t o n n  . 

§4 

2. The rational numbe r field. 

§5 

1. (2) If a,  b,c,  d  e  R,  a  ^  0 , b  ^ 0 , an d ab  = 0, then , settin g /  = 
ax + c, #  = bx  + d , we have deg/ g <  1  < deg/ + degg . 
(3) degC/ j +/2) <  max{deg/;, deg/ 2} ; if de f fx ^  deg/ 2 , then deg(/ j + 

/2) =  max{deg/1 ,deg/2}. 

§6 

4. See the proof o f Theorem 1.6.4 . 

§7 

2. Z/«Z wit h a  natural numbe r n , o r a module containin g thi s a s a sub-
module. 

4. Cf. the Jordan-Holder-Schreier theorem . 
5. First tak e a  compositio n serie s R i =  R i0 D  Rn D  •• • D  i? /c(/) =  {0 } 

of i? rmodule R. . Se t r. ; =  R..  +  U.+ 1 + .. . + ^ ( / =  1 , 2, . . . ,  n ; 
7 =  0 , 1 , . . . , c(i)) . The n conside r a  refinemen t o f i ? =  T lQ D  Tn D 
• " ^  r M . ) =  r 20 => ••• => ^ ( 2) =  ̂ 3 0 ^ •• • 3 r „ c W =  {0}. 

REMARK 1 . length y i?; =  s,c(z) . 
REMARK 2 . B y using 7 . a s above, we can see that length y R = ^c{i) = 

£ length y R r 

§8 

1. The if par t i s obvious . A s for th e onl y i f part , whe n x , x  ar e odd 
permutations, xx  ,  T ~ V are in A n , and xx  f -  f,xf=  x  f. Thus , 
# =  f—xf  i s independent of r  , and xg  =  xf-f =  -g .  Hence , g  i s an 
alternating form. / * = f+xf  i s a symmetric form, and /  =  (h/2)+(g/2) . 

6. g/f  i s expresse d i n th e for m k/h  wit h / z a  symmetri c form . The n 
k i s als o a  symmetri c form . I f ther e i s a  commo n irreducibl e facto r 
/?, the n th e produc t o f mutuall y distinc t element s o f {op\o  e  S n} i s 
a commo n facto r an d k/h  ca n be reduced . Her e i s anothe r solution . 
{eg)/{of) =  g/f (fo r all a  eSn), an d we see that of  =  cj, ag  =  cag 
with c a e  K . Fo r a , i e ^ , c ax =  c ffcT. I f c r is a  transposition , 
then c ^ = ±  1 ,  which show s tha t eithe r bot h o f / , g  ar e symmetric or 
alternating. Th e latter case is impossible by Theorem 1.8.2 . 
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CHAPTER II . EXERCISE S 

§1 

3. Cf. Theore m 2.1.4 . 
4. If a  e M , the n ther e ar e c l9 . . . ,  cn e  L,  a n +  cn_xa

n~ H  y  cn =  0 ; 
hence, [K(a , q  ,  . .. ,  cn) :  K] = [K(a, c x, . . . ,  cn) :  A"(q ,  . .. ,  cJ][A:(c1 

, . . . ,  cn) :  Â ] < oo . Thus , K(a , c x, . . . ,  cn) i s algebrai c ove r K  an d 
every element o f M  i s algebraic over K  . 

5. Cf. Theore m 2.1.3 . 

§2 

1.(1) Q(v /5, v 7-?) [I n finding the roots, the equality x 4 -  x  +  4 = (x 2 + 
2 ) 2 - 5 x 2 i s useful.] (2 ) CXv 711?) (3 ) (Q( v

/ Z 3, v^ ) 
2.(1) 4  (2 ) 2  (3 ) 6 

§3 

1. (1) I t has a multiple root i f the characteristic i s 2  ( 1 i s a 4-pl e root); no 
multiple roo t otherwise . (2 ) I t ha s a  multipl e roo t i f th e characteristi c 
is 22 9 (-4/ 3 i s a  doubl e root) ; n o multipl e roo t otherwise . (3 ) I t ha s 
two doubl e root s i f th e characteristi c i s 2  (squar e root s o f tw o root s o f 
x2 +  x +  1  ar e the double roots); one multiple root i f the characteristic is 
3 ( 1 i s a 4-ple root); one double root if the characteristic is 13 9 (- 7 i s a 
double root) ; no multiple roo t otherwise . (4 ) N o doubl e roo t i f d  ^  0 ; 
it has at least one multiple roo t o f multiplicit y >  p , if d  —  0  . 

3. Find a  contradiction assumin g that t llp e  K(t) . 
6. If a  i s not separable, then the minimal polynomial for a  i s a polynomial 

in x p, s o (degre e o f a p) <  (degre e of a)  ,  an d hence , K(a p) ^  K(a) . 
Conversely, i f K(a p) ^  K(a) , the n a  i s not separabl e ove r K(a p), an d 
hence, a  i s not separabl e ove r K  . 

§4 

1. Take a  e Z  suc h that a  + pZ i s a generator o f th e cycli c group consist -
ing o f nonzer o element s o f Z/pZ  (suc h a n a  i s called a  primitive root 
modulo p) . The n th e orde r o f a  + pnZ (i n the multiplicativ e group  U 
of invertible elements of Z/p nZ) i s a multiple o f p  - 1  .  Hence , there is 
an a  e  U  o f order p  - 1  .  Se t P  = (p + l)+p nZ e  U  . Then the order of 
P i s p n~l .  Sinc e #{U)  =  pn~\p -  1) , we see that aft  generate s U  . I f 
p = 2, the n th e group i s the direc t produc t o f the cycli c group (o r orde r 
2) consistin g o f th e residu e classe s o f 1 , - 1 an d th e cycli c grou p (o r 
order 2 n~ )  generate d by the residue class of 5 . 

2. Use exercise 1.2.12 . 
3. We define multiplication on the set of 8 elements, the identity 1 , / :, j :, k , 
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2 2 2 ^ 

- 1 , - / , -j,  -k,  a s follows : /  —  j -k  = - 1 , /  = ( - 1 ) / =  - / , 
/ =  (-1) 7 =  - ; , k 3 =  (-l)f c =  -k,  ij  =  k,  jk  =  / , ki  =  j , 
ji =  -k , kj  =  -i , /A : = -j . The n thes e 8  elements for m a  group , i n 
which the solutions o f x  =  1  ar e 1  and - 1 only . 

§5 

1. Let t,  u  be  algebraically independen t element s ove r a  field  k 0 o f char -

acteristic p  ^  0 , an d consider k  =  kQ(t, w ) an d pt h root s / p ,  u p o f 
- i - i 2 

£, w . The n fc(r ,  u )  i s an extensio n o f degre e p  ove r /: , an d i s 
not a  simple extension . Fo r the proof, first  show that th e extension i s of 
degree p  ,  and the n adap t th e las t par t o f th e proo f o f Theore m 2.5.5 . 
For the degree part, cf . th e hint fo r exercis e 2.3.3 i n the cases: 

(i) Apply it to k 0(t, u)  = k0(t)(u) an d obtain [k Q(t, u p~ )  : k0(t, u)]  = 
P, 

(ii) Apply i t to k Q(t, u p )  = k 0(u
p )(t)  an d obtai n 

[k0(t
p~\i/~l):k0(t9i/'~

l)]=p. 

2. Let L  =  K(a) , an d consider the minimal polynomial f(x)  =  n"=\( x~ai) 
for a.  Fo r eac h intermediat e field  M,  th e minima l polynomia l f M(x) 
for a  ove r M  i s a  facto r o f / ( x ) , an d th e se t S M o f root s o f / M i s 
a subse t o f {^ , . . . ,  an) .  I f M  /  M 1, the n S* M / S^/ , an d therefore , 
the numbe r o f intermediat e fields <  (th e numbe r o f nonempt y subset s 
of{al,...,an}) =  2 n-l. 

§6 

1. (2 ) Le t t,  u  b e algebraicall y independen t element s ove r a  field  k 0 o f 
characteristic p  ^  0 , an d se t / C = & 0(/, u).  Fo r simplicity , w e assum e 

that p  #  2 . Se t Z ^ =  #(>/? ) an d L  =  L s((V~t + uf~').  The n L s 

is a  Galoi s extensio n o f K  an d L  i s purel y inseparabl e ove r L s. Bu t 

(-Vi +  u) P i s a  conjugat e o f (Vi  +  u) p ove r K  an d i s no t i n L. 
Thus L  i s not norma l ove r K  . 

3. Assume tha t L  —  K(a)  an d tha t th e minima l polynomia l fo r a  ove r K 
is f(x)  =  FI/LiO * ~ fl ,) •  Then th e degree of a t ove r /i f (a,, . . . ,  a(._,) i s 
at mos t n  - i  + 1 . 

5.(1) Q(V2) , {l.ff } (<r>/ 2 = -%/2) . 
(2) Q(\/2 , V3),  {I,  a,  x,  ax}  (o 2 =  x2 =  1 , ax  =  xa ;  ay/2  =-VI, 

aVl =  V3,  xV2  =  V2,  TV /3 = - V / 3 ) . 

(3)Q(v / 2,v / z 3) , {I,o,a 2,r,TO,TO2} (a 3 =  1 , T 2 =  1 , TCT T = 
<x_l ;  < r ^ 3 =  ^ = 3 , a(^2 ) =  co(V2)  wit h < u = (- 1 +  v / r 3) /2 , 
T(V /2) =  V / 2, T V ^ 3 =  - V / Z 3 ) 

(4)Q(^2 , v 7^!) , {l ,a,(T 2 ,<T3 ,T,Ta,T(T2 ,Ta3} (a 4 -  1  ,  T 2 = 1  , 
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TC7T =  (J" 1; Oy/^X  =  y/^T,  <T«/2)  =  </l  •  yf=\  ,  l ( v / 2) =  A/ 2 , 

§7 

1.(1) {1} . (2 ) Se e exercis e 2.6.5 , (4) . (3 ) {1 } i n th e characteristi c 2 
case: {1 , cr} (cr 2 -  1 , ax  =  - x ) ; otherwise . (4 ) I f K  ha s a  roo t 
a; ^ 1  of x 3 - 1 , then {1 , a, a 2} (a 3 =  1 , (T X = COX ) ; otherwise {1 } . 

2. (1 ) Q(^2) . (2 ) Q . (3 ) K(x)  i n th e characteristi c 2  case; otherwis e 
K(x2). (4 ) K(x 3) i f A : ha s a root co  ^  1  o f x 3 -  1 ; tf(jt)  otherwise . 

3. If w e conside r th e matri x o f th e transformatio n wit h bas e b[ , . . . ,  b' n 

instead o f b x, . . . ,  bn , i t i s o f th e for m AT  p(a)A  wit h a  regula r ma -
trix A  o f degre e n  . Therefore , th e trac e an d determinan t o f th e trans -
formation matri x d o no t chang e (th e invarianc e o f th e trac e follow s 
from tha t th e trac e o f p{a)  i s (th e coefficien t o f x" - 1) x  ( -1)" - 1 o f 
det(/?(a) -xE) (wher e E  i s the unit matrix)) . Therefore , w e can choose 
a bas e b x, . . . ,  bn a s follows . Le t x r +  c xx

r~l +  •  • •  +  c r b e th e mini -
mal polynomia l fo r a  ove r K  an d le t d x, . . . ,  dv b e a  linearl y inde -
pendent bas e o f L  ove r K(a)  (rv  =  n) . Now , le t b x, . . . ,  bn b e 1 , 
a, . . . ,  d~ ,d l,dla9 ...  ,  dxd~ ,  . .. ,  dta\ ...  ,  dv, d va, ...  ,  dvd~ . 

(5) In the case where L  i s separable over K  ,if  [L  : K]  i s not a  multiple o f 
the characteristic p  o f K , then , with nonzero element b  o f K  ,  we have 
TrL/A: b = nb ^  0.  S o we consider th e cas e where [ L :  ^] i s a  multipl e 

of p  .  Take a  suc h that L  =  K(a) , an d let / (x ) =  x n +  Cjx"- H  h  cw 

be th e minima l polynomia l fo r a  ove r K.  Th e conjugate s o f a  ar e 
tjjfl =  0 j , . . . ,  aw<z = a n .  Sinc e a  i s separable, there i s one /  suc h tha t 
ct i s not 0  and /  i s not a  multiple o f p.  Le t j  b e the smalles t suc h / . 
Set p k =  a { +  •  • • +  a n fo r k  <  j . Then , b y th e relationshi p between 
elementary symmetri c form s s { =  -c x ,  s 2 =  c2, ...  ,  sn =  (-l) ncn an d 
pk (se e exercise 1.8.5) , we see that p k =  0 i f k  <  j an d p j, ^  0 . (W e 
have another proo f b y using Lemma 2.9.9. ) 

§8 

1. The inseparabl e cas e i s obvious . I n th e separabl e case , appl y exercis e 
1.2.11 to the smalles t Galoi s extension containin g L  . 

2. (i ) In the Q(\/2 , y/3 , y/5)  case ; the Galois group  G  =  { 1 , < 7 , T , / C , C T T , 

TK , KG , GTK]  i s commutativ e an d ever y elemen t ^ 1 i s o f orde r 2 . 
Therefore, ther e are 7  subgroups o f order 2 , and 7  subgroups o f orde r 4 . 
By adding th e numbe r o f {1 } , G , tota l numbe r o f subgroups , namely , 
the number o f intermediat e fields is 7  + 7 + 2 = 1 6 . 
(ii) I n th e Q(wv /2) case , th e Galoi s grou p i s th e symmetri c grou p o f 
degree 3 , i.e. , {1 , a, a  ,  T  , xo , TO  }  (c r =  1 , r  =  1 , rcr r —  a ) . 
There are 3  subgroups of order 2  and there is only one subgroup of orde r 
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3. Th e tota l numbe r o f subgroups , namely , th e numbe r o f intermediat e 
fields is 3  + 1 + 2 =  6 . 
(iii) In the Q(v^2 ) case , the smallest Galois extension containing this field 
is Q(v^2 , V^T), whos e Galoi s group  G  i s {1 , cr, cr ,  cr ,  T, 
TO , TO ,  XG }  (< 7 =  1  , T  =  1  , TO T = G~ \  a{\T-Y)  =  y/^A ,  o{\/l)  = 
yTA-<f2, T ( V ^ I T) =  -yfA,  T{</2)  =  </2).  Th e subgrou p H  corre -
sponding to Q(^2 ) i s {1 , r} . Th e subgroups containing H  ar e H,  G, 
and {1 , T , T O , TOT } . Thus , the answer i s 3. 

§9 

3. If we can prove this in the case K  =  Q (th e rational number field),  then 
the genera l cas e ca n b e prove d a s i n Theore m 2.9.4 . Th e K  =  Q cas e 
follows fro m Theore m 2.9. 5 an d exercis e 2.4.1 . I f n  =  2 s wit h natura l 
number s  > 2 an d i f K  =  Q , the n the extension i s not cyclic . 

4. Take a  suc h tha t L  =  K(a) . The n 1 , a , . . . ,  an~ for m a  linearl y 
independent bas e o f L  ove r K . O n th e othe r hand , det(cr(a 7)) ^  0 , 
because 

A 2  H - I X 

, 2  « - l 
det |  x 2 x 2 " ' x 2 

* 2  «— 1 / 
1 x„  x„  •-  x„  J 

=n<*/-*A 
'>7 

6. (2 ) I f O^M , . . . ,  anu for m a  norma l base , the n o xu, . . . ,  anu for m a 
linearly independent bas e of L  ove r AT , and hence , de t A ^  0  (cf . exer -
cise 2.9.4). Conversely , i f det^ 4 ^ 0 , the n a {u, . . . ,  onu for m a  linearly 
independent base ; hence, a {u, . . . ,  onu for m a  normal base . A s for th e 
existence o f a  normal base , see exercise 2.9.5. 

7. (1 ) T o prove the only if part, set x t =  x*(ax)  •  • •  (a l~ x)  (i  — 1 , 2 , . . . , 
n). The n ox t =  x~ {xi+l (i  <  n) , x n =  1 , ox ^ =  1  = x"" 1^ .  B y 
Lemma 2.9.9 , w e se e tha t y  =  ^2x ta

lu ^  0  fo r som e u  e  L.  The n 
ay =  yx~\ x  =  y/{ay). 

(2) To prov e th e onl y i f part , se t x t =  x  +  ax  +  •  • •  +  a l~ x . The n t  = 
X ĉr'w ^  0  fo r som e u  £  L.  Se t z  =  5Z* ~ x to

lu. The n z  -  az  — 
E ,— 1 /  v- ^ *— 1 / \  *+ l 

£ Xj.c r w - 2 ^ t (x /+1 -  x) a w  =  x  . 
§10 

1. Use exercise 1.2.6 . 
3. (2 ) Le t H i b e th e subgrou p o f G  = G(L*/K)  tha t correspond s t o K (. 

Then G  =  H Q D  H { D  H 2 D  •  • • D H r D  { 1} i s a  norma l chai n an d 
f]aeG

a^ra~l =  {* } • The solvability of G  follow s fro m thi s and the fac t 
that HJH iX i s a  cycli c grou p fo r eac h / . A n exampl e o f L* , whic h 
is different fro m L , i s obtained b y taking K  =  Q (th e rationa l numbe r 
field), L  =  Q(^2 ) =  K2, K {= Q(v^) . 
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4. (1 ) The direct produc t o f three cyclic groups of orde r 2 . 
(2) I f n  = 2, the n i t i s a cyclic group of orde r 2 . I n the general case , let 
Un b e th e grou p o f invertibl e element s i n Z/n Z ( Z bein g th e rin g o f 
rational integers) , and le t Z n =  {1, b, . . . ,  bn~1} b e the cycli c group o f 
order n  . Then the Galois group is isomorphic to the group generated by 
Un an d Z n wit h defining relatio n aba~ l =  bd i f a  = d +  nZ  e  U n . 
(3) Th e symmetri c group  o f degre e 3 . [Th e discriminan t o f th e polyno -
mial i s 31 , and therefor e vT T =  (th e difference produc t o f the roots ) e 
the minimal splittin g field.  Hence, the Galoi s group cannot b e the cycli c 
group of orde r 3 . Thi s fact an d the irreducibility impl y the answer. ] 
(4) The symmetric group o f degree 3  by a  similar reason a s above. 
(5) Th e cycli c group  o f orde r 2 . [Th e minima l splittin g field  i s Q(co) 
with a n imaginary cubi c root co  of unity. ] 
(6) Th e direc t produc t o f tw o cycli c group s o f orde r 2 . [Th e minima l 
splitting field is Q{co,  v^T) =  Q(>/ =IT, V^S) .] 

§11 

1. Use Theorem 2.11.5 . 
3. Consider a factor x 2 +  ax + b o f x 4 +  x+l wit h a,  b  i n a splitting field. 

Then x  +  x +  1 = (x  +  ax +  b)(x -  ax  +  b~  ) ; hence , a  —b  + b~ , 
i i 2 1 1 2 1 

a =  b -  b  . Thus , 2b  =  a -  a  , 2 6 =  a +  a an d therefore , 
a —a~  = 4 , a  -4a  -  1  = 0 . Thi s shows that the minimal polynomia l 
for a 2 i s X 3 -  4X  -  1 . Sinc e a 2 i s in th e minima l splittin g field,  th e 
order o f the Galoi s group must be a  multiple o f 3 . 

§12 

3. Take a  natura l numbe r n  >  1  an d conside r finite fields  K { suc h tha t 

#(K() =  p" .  The n K x c  K 2 c  •  • • , and K  =  \J ( Kt i s a  field such tha t 
#(K) =  oo. Tak e a  natura l numbe r m  >  1  whic h i s relatively prim e t o 
n , and le t a  b e an elemen t o f degre e m  ove r n  , then a  i s not i n an y 
Kt, consequentl y a  i s not i n K.  Thus , K  i s not algebraicall y closed . 

CHAPTER III . EXERCISE S 

§2 

3. To find a  counterexampl e t o (iv ) implie s (iii) , tak e L  =  K(</2) , M  = 
K(C • v 7^) wit h th e rationa l numbe r field  K , a  primitive nlh  roo t £  o f 
unity and a n odd numbe r n  >  1 . 

§3 

2. One remark: I t i s not a  right answer that , considerin g a  prolongation D' 
of D  t o L , w e tak e th e restrictio n o f D ' t o M , becaus e D fMCM 
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may not be true. 
If M  ha s a  separatin g transcendenc e base , the n th e existenc e o f th e 

required prolongation i s obvious. So , the characteristic 0  case is finished, 
and w e assum e tha t th e characteristi c i s p  /  0 . I n general , i f w e fix a 
p-base B , the n there is a one-to-one correspondence between derivation s 
of L  an d element s of Hom se t(5, L)  (th e se t of mapping s o f B  t o L). 
Now, we choose B  s o that L P{K) =  Lp{KnB), L P{M) =  LP(M n  B) . 
We define a  prolongation D'  o f D  b y letting D'b  b e Db  i f b  e K  n  B 
and an y element o f M  otherwise . 

§4 

2. We can reduce the problem to the case where L x, L 2 ar e finitely gener-
ated. The n we can use separating transcendence bases . 

3. [K x :  K]  <  i{L/K)  i s eas y b y considerin g L® KKX. i(L/K)  <  [L  : 
— oo 

K(xx, . . . ,  xn)]t follow s from Theorem 3.4.3 and the fact that [L(K P ) : 
— CO 

Kp (x x, . . . ,  xn)] >  [L : K(xx, . . . ,  xn)]s. Fo r thi s las t fact , us e Theo-
rem 2.7.3 , (ii) . 

§5 

2. To prove sufficiency, not e that L  i s separable because L® KL* i s an inte-
gral domain fo r an y purely inseparable extensio n L'.  K  i s algebraically 
closed i n L , becaus e L  ® K L'  i s a n integra l domai n eve n whe n L'  i s 
separable ove r K . Cf . Theore m 3.5.2 , (ii) . 

3. Use Corollary 3.4.5 . (an d Theorem 3.5.2 , (ii)) . 
4. Use exercise 3.2.2 . 

§6 

3. (i ) For a counterexample, let x  ,  y  b e algebraically independent element s 
over a field  K  ,  and set R  =  K[x, y , yjx , y/x  ,  . .. ,  yjxn ,  . .. ]. Then , 
y,y/x9 . . . G  xJR =  / , an d i? / / ^  K.  (ii ) Fo r (* ) i n th e cas e I n = 
{0}, w e shal l sho w tha t R/I s i s Noetheria n b y inductio n o n s.  I t i s 
so i f s  =  1 , an d w e assum e tha t s  >  1  .  Le t J  b e a n idea l o f R/I s 

and le t 0  b e th e natura l homomorphis m o f R/I s t o R/I s~ .  The n 
by ou r inductio n hypothesis , / ' =  </> / i s finitely  generated , an d ther e 
exist b x, . . . ,b te J,  /  =  £  ^{b^R/I 5'1). The n J  -  T,b l(R/Is) + 
(J n  {I s~l/Is)). Sinc e J 5"1//5 i s finitely  generated a s a n i?//-module , 
its submodul e /  D  (Is~ /1 s) i s finitely  generated . Thus , J  i s finitely 
generated. 

4. /  i s not a  primary ideal , because x y e  7 , x  £  / , y n £  I  fo r al l n  . 
5. M/I i s the unique prime ideal of R/I.  Hence , x  £  M  (x  e  R)  implie s 

x mo d I  i s invertible i n R/I . 
6. Let /  =  Q j f l •  • •  n  Q w b e a  shortes t expressio n o f I  a s a n intersectio n 

of primar y ideals . Fo r the onl y i f part , P  =  \/Q[  implie s ther e i s c  e 
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Q2 n  •  • •  n  Q n , c  £  Q x . Then , /  :  c =  Q x :\c  an d ^/(G i :  c) =  ^  •  T a k e 

d suc h tha t d  e  (Q x :  c) :  P, bu t d  £  Q j :  c. The n tak e b  = cd. Fo r 
the i f part , I:  b  = fl(Gz

 :  b) an d ther e exist s i , P  = Qt: b  . 
7. (iii ) Fo r th e onl y i f part , tak e a  se t o f generator s f x, . . . ,  fm o f th e 

ideal M  =  Y%1\  ^t  s u c ^ ^ a t ever y f t i s homogeneous . W e sho w 
Rj Q  Ro[f\  9  •  • • > / m] b y inductio n o n 7  . Thi s i s obviou s i f j  =  0 . 
Assume tha t j  >  0. g  £  Rj  implie s g  e  M  =^  g =  J2figi wit h ^  ho -
mogeneous. Sinc e deg^ . =  j-(degf t) <  j, we have g, . e i? 0[./j, . . . ,  f m] 
and g  e  R0[fx, . . . ,  f m]. 

(iv) For the if part, we show that f.  e  R i, gj  e  R. , (Etc  > / ) ( E ^ *; ) 
€ Q>  Ylft  £  P  implie s Y^gj  ^  Q  b y a  double inductio n o n s  an d £ . 
Note tha t w e may disregar d thos e g.  whic h ar e i n Q . Th e s  =  0 cas e 
is easy , becaus e ^ g ar e i n Q.  Th e £  = 0  cas e i s similar . So , w e 

assume tha t s  >  0, t  >  0 . Sinc e f cgd e  Q,  Y.%+ Xfcg} =  YL%f cg} 

(mod Q) . Thi s implies that ( £ . . / -XE^+i / C ^ ) € Q  • By our induction 

on t , w e have Eyw+ i f cgj e  Q>  which shows that each / cg7 e  Q  ; hence 

(X£c+i fd&ffig t)eQ. If  f ceP, the n w e can us e thi s las t relatio n 
and a n induction o n s  ; otherwise, that f cg. e  Q  fo r ever y j  . 

(v) Using the result (iv) , adapt ou r proof o f Theorem 3.6.10 . 

§7 

1. I f a  prime idea l P  o f S  contain s / , the n ther e i s a  P' , a  prime idea l 
of R , suc h that P f f)S  =  P. Applyin g this to P  suc h tha t h t / =  h t P , 
we have htl  =  h\P =  htPf >h\IR.  Conversely , sinc e /  c  IR  n  S, w e 
have h t IR =  ht(IR n  S) >  ht / . 

2. Tak e a  prim e idea l P^  o f heigh t 0  an d containe d i n P' n . The n appl y 
Theorem 3.7.1 2 t o R/PQ. 

5. Fo r th e first  half , X 2 -  2  i s irreducibl e ove r Z[2\/2] . Bu t X 2 -  2  = 
(X -  y/2)(X  +  y/l)  ove r it s field  o f fractions . Fo r th e latte r half , i f 
f{X) =  n"=i( ^ _  a t) w^ h integra l element s a t ove r R  an d i f /  = 
g(X)h(X) wit h monic polynomials g,  h  ove r its field of fractions, the n 
the coefficients o f g  , h  ar e integral ove r R , becaus e they are expresse d 
as polynomials i n a (. 

6. For th e first  half , i f f(x)  =  (a Qxm +  •  • • + aj(b 0x
n~m +  •  • • + b n_J 

with n  >  m  >  0 , the n ^ , . . . ,  am ,  bx, . . . ,  bn_m ar e i n pR , becaus e 

/ (x) =  c Qxn( mo d p ). The n c n =  ambn_m e  p2R ,  a contradiction . 

§8 

1. Fo r the last part , we can choose z x, . . . ,  z t fro m linea r combinations o f 
ax, . . . ,  an wit h coefficient s i n K  . 

2. Fo r th e first  half , assum e tha t P  ^  aR.  x  e  P  implie s x  =  ax x (fo r 
some x x e  R) , s o x x e  P  (becaus e a  £  P).  Thus , P  =  aP , an d 
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x =  anxn {x n_x -  ax n) (fo r som e x n e  R).  x xR c  x 2R c  •  • • an d fo r 
some m  , x mi? =  x m+xR •  Then x m =  ax m+x —  axmz (fo r som e z  e  R) 
and x w(l —flz ) =  0 . Sinc e aR^R,  1  -az ^  0 , an d therefore, x m =  0 . 
Thus, x  =  0 . Fo r th e latte r half , i f a  =  px- -p m wit h prim e element s 
pt, the n there exist s an /  fo r whic h p { e  P  an d P  = piK[Xx, . . . ,  X n]. 

3. It i s advised t o star t wit h th e latte r half . I f P  i s a  maximal ideal , the n 
consider th e fiel d K[X X, . . . ,  Xn]/P. Le t a t b e th e residu e clas s of X i 

modulo P  an d se t K t =  K(a x, ...  ,  at_x). Le t f t{X) b e th e mini -
mal polynomia l fo r a { ove r K t an d le t g i{Xl, . . . ,  Xt) b e th e moni c 
polynomial i n X t obtaine d fro m f t b y replacin g coefficient s b y thei r 
representatives i n K[X X, . . . ,  Xt_x] an d X  b y X r The n P  i s gen -
erated b y g x, . . . ,  gn .  Fo r th e firs t half , w e ca n assum e tha t r  >  0 . 
Let Yj , . . . ,  Yn b e th e element s obtaine d b y applyin g Theore m 3.8. 2 
to K[X]  an d P.  The n K[X]  =  K[X {, . . . ,  Xr, F + 1 , . . . ,  Y n] an d 
PK(Yr+l, . . . Yn)[X{, . . . ,  Xr] i s a  maxima l ideal . W e appl y th e latte r 
half t o this maximal ideal . 

4. If I f i s a  prim e ideal , the n trans , deg^ R'/l' =  trans . degKR/(If n  P ) , 
which implie s h t / ' =  ht(/ r n  P ). I n th e genera l case , we can adap t ou r 
proof o f Corollar y 3.7.3 . 

§9 

1. R[h]  c a~ lR an d a~ lR i s a finitely generate d P-module . 

§10 

1. For the firs t half , use the zero-point theorem o f Hilber t an d the fact tha t 
V(I(A{) +  I(A 2)) =  A{ n  A2 .  Fo r th e las t part , conside r th e polynomia l 
ring P  =  R[x {, . . . ,  xn] (n  >  2) ove r th e rea l numbe r field  R . Then , 
with A x =  V{x x)9 A 2 =  ^ ( -xf +  E L ^ + n ^ w e h a ve I(A {) +  I(A2) = 

*ip +  (E?= 2 A +  ! ) p =  > / ^ i ) +  ^ 2 ) ' b u t ^ i n ^ 2 i s empty . 
2. Let W  b e a  componen t o f V  n  H,  an d le t / z b e a n elemen t whic h 

defines H.  W e appl y Theore m 3.8. 7 t o Q,[X {, . .. ,  *„] / / (K), an d w e 
have htI(W)/I(V)  <  1 , because I(W)/I(V)  i s a minimal prime divisor 
of th e principa l idea l generated b y h  modul o I(V).  Hence , htI(W)  < 
hlI{V) +  1  by Corollary 3.8.5 . 

4. (i ) I t has sufficiently man y point s i n R  i f r  > 0. I f r  — 0 , the n ther e i s 
no R-rationa l point , (ii ) I t has sufficiently man y points in R . 

§11 
2 2 

1. Consider x { -\  h  xn . 
2. Set K  -  R( f j , . . . ,  t t) an d L  =  C(t{, . . . ,  t () wit h algebraically indepen-

dent element s t x, . . . ,  t i ove r the rea l number field  R . Her e C  denote s 
the comple x numbe r field.  K  i s no t a  C n -field fo r an y n  an d L  i s a 
C.-field bu t no t a  C._ {-field. 
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§12 

1. Use exercise 3.12.1 . 
2. For the only if part, i f (p , q)  i s a AT-rationa l point, then K(x , y)  =  K(t) 

with t  = (x-p)/(y-q). (Indeed , x  =  p+t(y-q); hence , a(p+t(y-q))  + 
2 2 2 

by =  c = ap +  bq .  Fro m thi s relation , w e have y  e  K(t) .) I f (p , q) 
2 2 1 

with p  ^  0  i s a  nontrivia l solutio n o f ax  +  by =  0 , the n (g/ ? ,  0) 
2 2 1 

is a nontrivial solutio n of  a  + bY =  cz (wit h x  =  z  ,  y  =  xY) , w e 
see the existenc e o f simila r f  an d K(z , 7 ) =  A^(x , y). Fo r the i f part , 
assume that x  =  f(t)/g(t), y  =  h(t)/k(t) wit h polynomials f,g,h 9k. 
If fo r som e peK,  g(p)  ^  0 , /c(/> ) / 0 , the n {f(p)/g(p) 9 h(p)/k(p)) 
is a  A^-rationa l point . I n the othe r case , factor g  , k  a s g(f ) =  t s g x(t), 
k(t) =  tukx(t) wit h g j , fcj  suc h that ^ ( 0 ) , fcj(0)  ar e different fro m 0 . 
We can assum e tha t s  >  u  >  0 ( > 0  follow s fro m th e nonexistenc e o f 
p). The n /(0 ) /  0  an d a(f(t)/g x(t))

2 +  b(ts~uh(t)/kx(t))
2 =  cf 5. B y 

setting £  = 0 , w e have a  nontrivial solutio n fo r ax 2 +  6y2 =  0 . 
REMARK. Th e proof above shows that if #(K)  i s infinite, then ax  +by  = 

c ha s a  AT-rationa l point if f for som e t  e L.  L  =  K(t). 
3. Use the preceeding exercis e and th e fac t tha t K(z)  i s a C^-field . (Con -

2 2 ? 

sider the homogeneous form f l(z)X +f 2(z)Y -f 3(z)U in  X  9  Y, U  .) 
§A 

1. Take a valuation rin g V x o f K(x x, . . . ,  xr) containin g K  an d such tha t 
Vx ha s prim e ideal s P x D  P2 D  •  • • D P r D  {0 } wit h th e propert y tha t 
Pj =  x^V^p  fo r eac h / . The n adap t Lemm a 3.A.2 , considerin g V x n 
A \^X | , .  . .  ,  X y_ j  J . 

2. Here i s a  proo f o f th e theore m state d i n th e hint . I f n  =  r , the n ther e 
is nothin g t o prove . Assum e tha t n  >  r . W e us e th e normalizatio n 
theorem fo r polynomia l ring s using exercise 3.8.1 , an d w e see that ther e 
are linear combinations y x, . . . ,  yn_r o f x x, . . . ,  xn wit h coefficients i n 
K suc h tha t L[x x, . . . ,  xn] i s integra l ove r L[y x, . . . ,  yn_r]. Choos e 
ax, . . . ,  as e  L  suc h that L  =  K(a x, . . . ,  as). Then , x x, . . . ,  xn ar e in-
tegral over K[a x9 ...  9  as , y { 9 ...  9  y n_r]. Ther e is c  € ^ suc h that, when 
we write a x, ...  9  as i n fractional form s o f x x, . . . ,  xn ,  no denominato r 
is divisible by y y-c. Conside r the ring V  = K[x] , . . . ,-xJ,, , _,^ r v r , . 

i i  n  \y  ^  C J A [ A | ,  . . . , x w j 

Since a x £  V  9 V  contain s K[a x, . . . ,  as, x x, . . . ,  xn]. Se t P  = 
(yx -  c)V  n  K[a {9 ...  9 as9xx, ...  9 xn) an d 2  =  (y x -  c)V  n 
^ [ ^ j , . . . ,  as, 3;j , . . . ,  yn_r] •  Sinc e th e field  o f fraction s o f 
R =  K[a x, . . . ,  as, x x, . . . ,  xn]/P i s V/(y x -  c)V  ,  w e se e tha t 
trans, deg^ R =  n  -  I  . R  i s integra l ove r 5  =  AT[t f j, . . . ,  as, y x, . . . , 
y„_r] an d trans.deg^ S =  n  -  1  .  No w fo r T  =  K[a x, ...  ,  as]/ 
(Q D  ^ [ ^ j , . .. ,  as]), trans , deg^ 7" >  ( « —  1 ) — ( « —  r  —  1) , becaus e 
yx -  c  e  Q.  But , trans , deg^ K[ax, . . . ,  as] =  trans . deg^L =  r , an d 
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we have Q  n K[ax, . . . ,  as] = {0} . Thus , L  i s regarded a s a  subfield o f 

W , - c ) ^ ^ vi) -
CHAPTER IV . EXERCISE S 

§1 

1. (i) a>\.  (ii ) c=  1  .  (iii ) c > 0 . 
2. If < 2 is a  nonzero element , the n ther e i s a  natura l numbe r n  suc h tha t 

fl" = l . 

§2 

1. Similar to the proof o f Theorem 4.2.1 , (ii) . 
2. (ii ) Assume that a n +  c xa

n~l +  •  • • + cn =  0, v(c t) <  1  .  I f va  >  1 , the n 
u(tf") >  v^a"" 1 ') an d 0  = v(a n +  q a " - 1 +  •  • • +  cn) =  v(an) >  1  ,  which 
is a contradiction . 

§3 

1. (i) Let M  b e a set with a t least two elements and le t open set s on M  b e 
only the empty se t and M  itself . 
(ii) With M  a s above, let the open sets on M  b e M  itsel f and all subsets 
not containing a  fixed element a  . 
(iii) Le t M  b e a set containing infinitely man y element s an d defin e tha t 
a subset S  i s an open set iff either S  i s the empty set or the complemen t 
of S  consist s of a  finite number o f elements . 
(iv) We fix a line L  an d a  point A  whic h is not on L , o n the Euclidea n 
plane P . Then , a  new topology is defined o n P  b y letting the followin g 
family C  o f subsets be a subbase of open sets . C  = BluB2uB3, wher e 
^i =  {Ml- * ^  P>  x  ^  A,  x  <£  L} , i? 2 =  {C/|C 7 i s an ope n se t i n th e 
usual topology no t containing A}  ,  B 3 =  {P - (L u U)\U  i s the union of 
a finite  numbe r o f circula r disks} . The n L  i s a  closed set , an d ther e i s 
no pair o f neighborhoods o f L  an d o f A  separatin g each other . 
(v) O n th e plan e P,  w e se t U(a,  b,  e,  S)  =  {(x,  y)  e  P\a  <  x <  a  + 
6, 6 < y < 6 +  <5 } wit h rea l number s a,  b 9 e,  S.  W e defin e a  ne w 
topology o n P  b y lettin g th e famil y o f al l o f suc h U(a,  b,  e,  S)  b e a 
subbase o f ope n sets . Then , o n th e lin e L  :  y  =  -x , th e se t E { o f 
rational point s (i.e. , E { =  {(a , -a)\a  i s a rational number} ) an d the se t 
E2 o f irrationa l point s (i.e. , E 2 =  L -  E {) ar e close d sets . Bu t ther e i s 
no pair o f neighborhoods o f E { an d o f E 2 separatin g each other . 

4. Use exercise 4.3.3 . 

§4 

2. The space is not a  T x -space. Indeed , there i s P  e  G , suc h that P  <£  H , 
and an y neighborhoo d U(P)  o f P  meet s H.  Thi s implie s tha t an y 
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neighborhood o f f(P)  contain s the identity element . 
3. Consider th e two-dimensiona l vecto r spac e V  =  {(a,  b)\a,  b  eR}  ove r 

the rea l numbe r field  R . Thi s i s a  topologica l grou p unde r th e usua l 
topology (a s a Euclidean space) . H  =  {(0 , b)\b  e R} i s a closed norma l 
subgroup. The n th e mappin g /  define d b y f(a,  b)  =  a  i s the on e a s 
stated. F  =  {(a,  b)\Q  <  a <  1 , b  = a~l(\ -  a)~ 1} i s a closed subse t o f 
V, bu t fF  i s not a  closed set . 

4. Each sU  =  {su\u e  U}  i s an open set . 

§5 

3. (i ) a,b  eR,  a-b  e  n sR {s  > 1 ) impl y a p-bp e  n s+ lR, an d therefore , 
apn-bp" en s+nR. 

(ii) I f w e tak e a n ,  b n fo r a,  be  R/nR,  a s i n (i) , the n a nbn i s a 
_ —n 

representative o f (ab) p . 
(iii) i s easy. 
(iv) i s difficult, an d the reader is advised to see some book, for instance , 

N. Jacobson, Lectures  on abstract algebra, III. 
REMARK. I n general , Wit t vector s an d Wit t ring s ar e define d ove r a n ar -

bitrary commutative ring K  wit h f m ,  g m i n (iv) , which define the addition 
and multiplication . I t i s know n tha t th e Wit t rin g o f lengt h infinit y i s a 
valuation rin g if and only i f K  i s a perfect field. 

4. Show tha t m i =  Ey= i atjuj ( aij e  K)  (* ' = 1  > 2 , . . . ) for m a  Cauch y 
sequence whic h converge s t o 0  if f a tj (i  =  1 , 2 , . . . ) for m a  Cauch y 
sequence whic h converge s t o 0 , fo r eac h j  =  1 , . . . , « . Th e i f par t 
follows fro m | | £&/" ;" <  E l l ^ - l l =  E^(^) l l^ l l (not e tha t th e in -
equality follow s fro m th e fac t tha t M  i s a  metri c space) . Fo r th e onl y 
if part , use an induction argumen t o n n  . Assume that a { {, . . . ,  anl, . . . 
is not a  Cauchy sequenc e converging to 0 . The n ther e i s a positive num -
ber e  suc h tha t v(a n) >  e  fo r infinitel y man y / . Choosin g a  suitabl e 
subsequence o f {m t}, w e ma y assum e tha t v(a n) >  s  fo r al l i . The n 
{a~x m-} i s a  Cauchy sequenc e convergin g t o 0 , where the coefficien t o f 
ux i n eac h ter m i s 1 . Thus , w e may assum e tha t a n =  a 2{ =  •  • • = 1 . 
Let t(i)  b e natura l number s suc h tha t t(\)  <  t(2)  <  The n d t = 
mt(i) ~~  m i e  Y^]=2^ uj >  an< * i^i)  * s a Cauch y sequenc e convergin g to 0 . 
Therefore, b y ou r inductio n hypothesis , {c . =  a t,t)j -  a tj\i =  1 , 2 , . . . } 
is a Cauchy sequence converging to 0 for each j  >  2 . I t follows now that 
{atj\i =  1 ,2 , . . . } i s a  Cauch y sequence . Se t a*  =  lim^^a^.  The n 
u< +  cuu~,  +  •  • •  4 - a*u„ = lim . m . =  0 , whic h contradict s th e linea r 

1 £  £  ft  FT  I  ^  OC I 

independence o f 

§6 

1. Let B  b e a  transcendenc e bas e o f C  ove r Q . Sinc e #{B)  i s infinite , 
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Q(B) =  Q(B, t) . Hence , there is an injection o f C(t)  t o C . 
2. Either it s cardinality i s greater tha n th e cardinalit y o f continuu m o r th e 

characteristic i s different fro m 0 . 

§7 

1. Let R  b e suc h a  valuation ring , an d le t P  b e a  nonmaximal , nonzer o 
prime ideal . Le t 0  ^  a  e  P , an d le t b  b e a n elemen t o f th e maxima l 
ideal tha t i s no t i n P . The n b~ na e  R  an d aR  c  b~~  aR  c  •  • • c 
b~naRcb-n~laRc-" . 

2. The intersectio n o f integrall y close d integra l domain s i s a n integrall y 
closed integra l domain . 

3.a-beP iff  a>b. 
4. For the first half, use Theorem 4.7.2 , (vi ) and the fac t tha t R  C  S nK c 

K. Fo r th e latte r half , sho w tha t i f P  i s a  prim e idea l o f R , the n 
y/PSnR =  P. 

6. Consider P  =  {a\va  >  h fo r al l h  e H)  fo r a n isolate d subgrou p H. 
7. (i ) Use exercise 4.7.1 fo r th e only i f part . 

(ii) For th e onl y i f part ; tak e a i e  P t suc h tha t a tRp —  P^Rp . Fo r eac h 
element b  o f the field of fractions o f R , le t m x, . . . ,  mn b e the integers 
such tha t bR p =  a™ { •  • • a™lRp (i  =  1 , . . . , « ) . The n th e mappin g 
wb — • ( m p . . . ,  mn) give s the required isomorphism . 

8. (i ) Use an induction argumen t on n  . Let w x b e the valuation define d by 
Rp .  Let B  b e a subset of P x suc h that {w xb\b e  B)  i s maximal amon g 
linearly independen t subset s of w {(P{) ove r Q . Conside r th e valuatio n 
v define d b y R/P l .  Ou r inductio n hypothesi s show s tha t ther e i s a n 
order isomorphis m (/> l fro m th e valu e group  o f v  int o th e (n  -  l)-pl e 
direct sum R e •  • -eR. The n we define 0  a s follows. Le t x  b e a nonzero 
element o f K  .  Sinc e w xx i s linearly dependen t o n {w xb\b e  B}  ,  there 
is a natural numbe r m  suc h w {(x

m) =  w{(b[[ • • • bl
s
s) with b i e  B  . Now 

</>(wx) =  (w{(b[l--bi>)/m, (j) l(v(xm/bl
{^'-bl; modul o P {))/m). 

9. It suffice s t o show that x x, . . . ,  xm (e  R)  ar e algebraically independen t 
if (i ) wx x =  •  • •  = wx r =  0  an d x x mo d P , . . . ,  xr mo d P  ar e alge -
braically independen t ove r k  an d i f (ii ) wx r+x, . . . ,  wxm ar e linearl y 
independent ove r th e rationa l numbe r field.  Assum e fo r a  moment tha t 

5>i - i ^I 1 • •  mXm =  °  ( ci ..- i G  fc )• D e n o t e b y £*^..., - ^l 1 • • •^" t h e 

\ m  \  m  \  in 

partial sum on the terms such that w(c.  .  x! 1 ---X1™) i s the least. The n 
l\' " lm /  m 

we have a  contradiction fro m w;(X^ * c/ ... / ^J 1 • •  "xm) >  w ( o n e t e r m i n 

this partia l sum ) (thi s inequalit y follow s fro m th e fac t tha t wa  <  wb 
implies w(a  +  b)  = wa) . 

§8 

1. If i  ^  j , then /?,-[/?• ] = A' . (I n thi s case , we say that R {, ...  ,  Rn (or , 
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vx, . . . ,  vn) ar e independent  o f each other. ) 

1. We fix an algebraically closed field Q  o f characteristic 0  with sufficientl y 
large cardinality . Conside r a  subfield M  whic h ha s a  discrete valuatio n 
vM suc h that p  generate s the maximal ideal of the valuation ring R M o f 
vM an d such that there is a homomorphism <p M fro m R M t o K  whos e 
kernel is pRM .  Let F  b e the set of all such (M , v M, (f> M). We introduce 
an order > o n F b y ( ¥ , ^ , </> M) >  (M f, v M,, <f> M,) if f M  D  Mf, v^ 
is a prolongation o f v M>, and <f> M i s a prolongation o f 4> M> .  Then i 7 i s 
an inductive set and has a maximal member ( M*, v M*, <j> M*). The n the 
residue class field of v M* i s isomorphic to K . Hence , the completion of 
t>M* i s the required one . 

§10 

1. Show, on the one hand, tha t we have a contradiction i f there i s a v  e  V L 

such tha t n o membe r o f V'  i s equivalen t t o v  .  Show , o n th e othe r 
hand, i f V'  =  {v^ v\v e  V L] contain s v {, v 2 suc h tha t t(v x) ^  t(v 2), 
then sinc e the product formul a hold s with respec t t o {v t<<Vl)\v e  V L}, w e 
obtain anothe r V'  wit h n o member equivalen t t o v { . 

§11 

3. Adapt th e proof o f Theorem 4.11.5 . 
4. (i ) Use Theorem 4.11.13 . 

(ii) Theorem 4.11.1 3 show s tha t suc h a  valuatio n rin g R'  contain s R  = 
K[[X]] o r i s containe d i n R . I f R'  contain s R  properly , the n K  = 
K((X)). R f, i n the latter case, is obtained as {a Q + a{X\a0 e  R Q, a x e  R} 
with a  Hensel valuation rin g R 0 o f K  . 

CHAPTER V . EXERCISE S 

§1 

1. When b  >  0, d  >  0, w e have a/b  >  c/d if f ad  >  be. 
3. 1  > 0  becaus e 1  =  1  .  Consequently , ever y natura l numbe r >  0 . 
4. Cf. th e proof o f Theorem 4.7.5 . 
5. (i ) x  e  K , a  e  L , a  > x <  0  implie s x  e  R. 

(ii) (a  + P) <  (b + P) implie s there i s a d  e  L  suc h that b-a>  d  >  0. 
7. Use Exercise 5.1.6 . 

l.Cf. Theore m 5.2.9 . 
4. For the first half, le t L  an d A ^ be the rea l numbe r field and Q(v /2) ( Q 
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being the rational number field).  Let K  b e an ordered field with an order 
such that y/1  < 0. 

§4 

2. Adapt th e proof o f Theorem 5.4.2 . 

CHAPTER VI . EXERCISE S 

§3 

2. Let x , y  b e algebraically independent elements over a field  k  o f charac-
teristic ^  3 , and se t K  =  k(x,  y) , R  =  k[x, y] . Le t z  b e an algebrai c 
element over K  define d by z  +xz+y  =  0 , and set L  =  J f (z) =  fc(*,  z) , 
RL =  k[x, y , z ] = /c[x , z ] . 

(i) P  =  (J C - 1)U L , P'  =  (x -  l)R L +  zi? L . 
(ii) p  =  (z- ax)R L wit h a  root a  o f X 2 +  X + 1 , and we assume tha t 

a € fe , P ' =  x P L +  zR L . 

§4 

1. The condition (i ) implies that the order of the Galois group G  i s a mul-
tiple o f 3  and th e conditio n (ii ) implie s tha t #(G ) i s a n eve n number . 
Since G  i s a subgroup o f S 3, w e have G  = S 3. 

§5 

2. An example is / (* ) =  x 5 +  6x4- 12JC 3 + 1 5 X 2 - 17x+1 4 fro m x 5 +  x-\ 
(mod 3) , x(x A+x+l) (  mod 2 ) an d (x 2-x+3)(x-hi)(x- l)x( mo d 7) . 
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Well-ordered, 4 
Witt 

ring, 185 
vector, 18 5 

Zariski-Castelnuovo theore m of , 13 3 
Zero, 7 
Zero point, 11 3 
Zero-divisor, 2 0 
Zorn's lemma, 4 



This page intentionally left blank



Recent Titles in This Series 
(Continued from the  front of  this publication) 

90 S . L. Sobolev, Som e applications o f functional analysi s in mathematica l physics , third 
edition, 199 1 

89 Valeri i V. Kozlov and Dmitri! V. Treshchev, Billiards : A  genetic introduction t o the 
dynamics of systems with impacts, 199 1 

88 A . G. Khovanskii, Fewnomials , 199 1 
87 Aleksand r Robertovich Kemer, Ideal s of identitie s of associative algebras , 199 1 
86 V . M. Kadets and M. I. Kadets, Rearrangement s o f series in Banach spaces , 199 1 
85 Miki o Ise and Masaru Takeuchi, Li e groups I, II, 199 1 
84 Da o Trong Thi and A. T. Fomenko, Minima l surfaces , stratifie d multivarifolds , an d the 

Plateau'problem, 199 1 
83 N . L Portenko, Generalize d diffusio n processes , 199 0 
82 Yasutak a Sibuya, Linea r differentia l equation s in the complex domain: Problem s of 

analytic continuation, 199 0 
81 I . M. Gelfand and S. G. Gindikin, Editors, Mathematica l problem s of tomography, 199 0 
80 Junjir o Noguchi and Takushiro Ochiai, Geometri c function theor y i n several complex 

variables, 199 0 
79 N . I. Akhiezer, Element s of the theory o f elliptic functions, 199 0 
78 A . V. Skorokhod, Asymptoti c methods of the theory of stochasti c differentia l equations , 

1989 
77 V . M. Filippov, Variationa l principle s for nonpotentia l operators , 198 9 
76 Philli p A. Griffiths, Introductio n t o algebraic curves, 198 9 
75 B . S. Kashin and A. A. Saakyan, Orthogona l series , 198 9 
74 V . I. Yudovich, Th e linearization metho d i n hydrodynamical stabilit y theory, 198 9 
73 Yu . G . Reshetnyak, Spac e mappings with bounded distortion , 198 9 
72 A . V. Pogorelev, Bending s of surfaces an d stability of shells , 198 8 
71 A . S. Markus, Introductio n t o the spectral theory o f polynomial operato r pencils , 198 8 
70 N . I. Akhiezer, Lecture s on integral transforms, 198 8 
69 V . N. Salii, Lattice s with unique complements , 198 8 
68 A . G. Postnikov, Introductio n t o analytic number theory, 198 8 
67 A . G. Dragalin, Mathematica l intuitionism : Introductio n t o proof theory , 198 8 
66 Y e Yan-Qian, Theor y o f limi t cycles , 198 6 
65 V . M. Zolotarev, One-dimensiona l stabl e distributions, 198 6 
64 M . M. Lavrent'ev, V. G. Romanov, and S. P. Shishat skii, Ill-pose d problems of 

mathematical physic s and analysis , 198 6 
63 Yu . M . Berezanskii, Selfadjoin t operator s in spaces of functions o f infinitely man y 

variables, 198 6 
62 S . L. Krushkal7, B. N. Apanasov, and N. A. Gusevskii, Kleinia n groups and uniformizatio n 

in examples and problems , 198 6 
61 B . V. Shabat, Distributio n o f values of holomorphic mappings , 198 5 
60 B . A. Kushner, Lecture s on constructive mathematica l analysis , 198 4 
59 G . P. Egorychev, Integra l representatio n an d the computation o f combinatoria l sums , 

1984 
58 L . A. Aizenberg and A. P. Yuzhakov, Integra l representation s an d residue s in 

multidimensional comple x analysis , 198 3 
57 V . N. Monakhov, Boundary-valu e problem s with fre e boundarie s fo r ellipti c systems of 

equations, 198 3 
(See the AMS catalog for earlie r titles ) 



This page intentionally left blank



COPYING AND REPRINTING. Individua l reader s of this publication, an d non -
profit librarie s acting for them, are permitted to make fair use of the material, such as 
to copy a chapter for use in teaching or research. Permissio n i s granted to quote brief 
passages fro m thi s publicatio n i n reviews , provided th e customar y acknowledgmen t 
of the source is given. 

Republication, systemati c copying , o r multipl e reproductio n o f an y materia l i n 
this publication (includin g abstracts)  i s permitted onl y under license from th e Amer-
ican Mathematica l Society . Request s fo r suc h permissio n shoul d b e addresse d t o 
the Manage r o f Editoria l Services , American Mathematica l Society , P.O . Box 6248 , 
Providence, Rhode Island 02940-6248. 

The owne r consent s t o copying beyond tha t permitte d b y Sections 10 7 or 10 8 of 
the U.S . Copyrigh t Law , provide d tha t a  fe e o f $1.0 0 plu s $.2 5 pe r pag e fo r eac h 
copy b e pai d directl y t o th e Copyrigh t Clearanc e Center , Inc. , 2 7 Congres s Street , 
Salem, Massachusetts 01970. Whe n paying this fee please use the code 0065-9282/9 3 
to refe r t o this publication . Thi s consent doe s not exten d t o other kind s o f copying , 
such as copying for genera l distribution, fo r advertisin g or promotional purposes , fo r 
creating new collective works, or for resale . 




		2014-11-07T17:05:41+0530
	Preflight Ticket Signature




