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Preface 

The idea o f studying smooth manifold s b y means o f level curves of func -
tions define d o n the m goe s back t o Poincare , an d eve n t o Mobius . Bu t it s 
systematic developmen t i s du e t o Marsto n Mors e wh o first  observe d tha t 
the numbe r o f critica l point s o f differen t indice s o f a  smot h functio n o n a 
manifold ca n b e mad e us e o f i n orde r t o stud y th e geometri c propertie s o f 
the manifold . Mors e prove d certai n inequalitie s connectin g th e numbe r o f 
critical point s wit h th e rank s an d torsio n order s o f th e homolog y group s o f 
the manifold [102] . A t various times, the development o f thi s line o f topol -
ogy has been carrie d forwar d b y L . A. Lyusternik , L . G.  Snirel'man , G . S . 
Chogoshvili, L. E. Elsholz, E. Pitcher, and G. Reeb [78, 20, 21, 44, 113 , 121]. 

In 1960 , Smal e showe d tha t o n an y smoot h simpl y connecte d manifol d 
Mn ( n >  5 ) ther e exist s a  Mors e functio n wit h th e minima l numbe r o f 
critical point s o f eac h index . Amon g man y corollarie s theret o w e mentio n 
the generalized Poincar e conjecture an d the /z-cobordis m theore m [143] . 

Morse theory plays an important rol e in modern topology . Mors e surgery , 
the theory o f Smale' s handles , provides flexible tools fo r th e analysi s o f dif -
ferentiable manifolds . Th e effectiveness o f the theory was repeatedly demon-
strated in the works of Milnor , Kervaire , S . P. Novikov, and Browder on the 
classification o f manifold s [108] . O n th e othe r hand , despit e th e intensiv e 
studies of non-simply-cpnnecte d manifold s mad e by Novikov, Wall , Farrell , 
Cappell, A . S. Mishchenko, Siebenman n an d others , the questio n o f th e ex-
istence o f a  minima l Mors e functio n o n a  non-simply-connecte d manifol d 
remained ope n [105 , 108 , 155]. 

Another aspec t o f th e Mors e function s applicatio n shoul d b e mentioned . 
While studying families o f smooth functions o n simply connected manifolds , 
Cerf proved that the equivalence relations of isotopy and pseudo-isotopy fo r 
simply connected smooth manifolds o f dimension greate r than five coincide. 

A new impulse was given to Morse theory in 198 1 by the work of Novikov 
about multivalue d Mors e functions . Th e situatio n i n thi s cas e differ s qual -
itatively fro m th e classica l one . Thi s are a i s no w bein g investigate d ver y 
actively. 

IX 



X PREFACE 

The presen t monograp h consider s Mors e function s o n finite-dimensionai 
smooth manifolds . 

Chapter I includes the necessary material from the theory of Frechet spaces 
and manifolds, which is then applied to the stratification o f smooth function s 
on a  manifold . Th e mai n resul t o f Chapte r I I i s a  necessar y an d sufficien t 
condition fo r tw o minima l Mors e function s o n a  simpl y connecte d smoot h 
manifold o f dimensio n greate r tha n 5  to b e homotopic , isotopic , an d con -
jugate. Chapte r II I i s devote d t o th e algebrai c techniqu e use d t o construc t 
minimal chai n complexe s over s-rings . I t also contains a  necessary an d suf -
ficient conditio n fo r th e existenc e o f a  minima l chai n comple x i n a  give n 
homotopic type . 

Chapter I V consider s th e homotopi c theor y o f chai n complexe s whic h 
is applied t o th e stud y o f Mors e function s o n non-simply-connecte d cobor -
disms. Th e existenc e o f minima l Mors e function s fo r a  wide clas s o f non -
simply-connected cobordisms is proved in Chapter V. New numerical invari -
ants of manifolds ar e introduced resultin g in the substantial improvement o f 
the Morse inequalities . Chapte r V I contains result s on the homotopic prop -
erties of cell complexes needed for the analysis of Morse functions o n closed 
manifolds. Ou r attention is centered on investigations concerning homotopic 
systems in the sense of Whitehead . 

The question of the existence of minimal Morse functions o n closed man-
ifolds an d on manifolds wit h a  single component o f the boundary i s studied 
in Chapter VII . Chapter VII I considers so-called round Morse functions an d 
includes recent development s i n this area . 

The autho r i s sincerel y gratefu l t o S . P. Noviko v fo r constructiv e advic e 
and stimulating discussions, as well as to A. T. Fomenko and M. A. Shtanko 
whose counse l contribute d t o a  deepe r understandin g o f th e problem s dis -
cussed i n the monograph . Th e autho r als o appreciates the help an d suppor t 
he receive d i n writin g thi s boo k fro m man y employee s o f th e Institut e o f 
Mathematics o f the Ukrainian Academ y o f Sciences . 
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