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PREFACE 

There are very many books on linear algebra, among them many really wonderfu l 
ones (see the list of recommended literature). One might think that no more books on 
this subject are necessary. Choosing the words more carefully, it is possible to deduce 
that these books contain all that one needs and in the best possible form, and therefore 
any new book will, at best, only repeat the old ones. 

This opinion is manifestly wrong, but nevertheless almost ubiquitous. 
New results in linear algebra appear constantly and so do new, simpler and neater 

proofs o f the known theorems. Besides , more than a  few interesting old results are 
ignored by textbooks. 

In this book I tried to collect the most attractive problems and theorems of linear 
algebra still accessible to students majoring in mathematics. 

The computational aspects of linear algebra were left somewhat aside. Th e major 
part of the book contains results known from journal publications only. I believe that 
those results will be of interest to many readers. 

I assume that the reader is acquainted with the main notions of linear algebra: linear 
space, basis, hnear map, and the determinant o f a matrix. Apar t from this , all the 
essential theorems of the standard course of linear algebra are given here with complete 
proofs, an d som e definitions fro m th e above list o f prerequisites ar e recollected. I 
placed the prime emphasis on nonstandard neat proofs of known theorems. 

In this book I only consider finite dimensional linear spaces. 
The exposition is mostly performed over the fields of real or complex numbers. The 

peculiarity of the fields of finite characteristics is mentioned when needed. 
Cross-references insid e th e boo k ar e natural : 36. 2 means subsectio n 2  o f §36 ; 

Problem 36.2 is Problem 2 from §36; Theorem 36.2.2 stands for Theorem 2 from 36.2. 

ACKNOWLEDGMENTS. Thi s book i s based o n a  course I  read a t the Independen t 
University of Moscow, 1991/92. I  am thankful t o the participants for comments and 
to D. V. Beklemishev, D. B. Fuchs, A. I. Kostrikin, V. S. Retakh, A. N. Rudakov, and 
A. P. Veselov for fruitful discussion s of the manuscript. 

For th e secon d printin g (1996) , th e autho r adde d th e proo f o f th e Kronecke r 
theorem for pairs of linear maps (Sec. 12.6) and corrected several small errors. 
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MAIN NOTATION S AN D CONVENTION S 

denotes a matrix of size m x  n\ we say that a square n x  n 
am\ . . . 

matrix is of order n; 

atjf sometime s denote d b y a/ y fo r clarity , i s th e elemen t o r th e entr y fro m th e 
intersection o f the /th row and the yth column ; 

(fl/y) i s another notation for the matrix A; 

\\a(j || stil l another notation for the matrix (0,7) , where p <i,j  <n\ 

det(A), \A\  and det(<z/y) all denote the determinant o f the matrix A; 

\aij\p i s the determinant o f the matrix ||a/ y || ; 

^/y — the (/ , 7 )th matrix unit  — the matrix whose only nonzero element is equal to 
1 and occupies the (/ , j)th position ; 

AB —  the product of a matrix A o f size p x  n  by a matrix B  o f size n x  q  — is the 
n 

matrix (c/y ) of size /? x  q,  where c,-^ =  J2  a ijbjk> i s the scalar product o f the ith ro w 
7 = 1 

of the matrix A by the kth colum n of the matrix B; 
diagUi , . . . , kn) i s the diagonal matrix o f size n x  n with elements an =  A, - and zero 

offdiagonal elements ; 
/ =  diag( l , . . . , 1 ) is the unit  matrix;  whe n it s size , n  x  « , i s needed explicitl y we 

denote the matrix by /„; 
the matrix al',  where a i s a number, is called a  scalar matrix ; 
AT i s the transposed o f A, A T =  (0,7) , where a[j =  ay/ ; 

A =  (a';;),  where ajy =  ~a[j\ 
—T 

A* =A  ; 
0- = (fc 1*"̂  )  i s a permutation: a(i)  =  /:/ ; the permutation ( ^ "  ^ )  i s often abbrevi -

ated to (k\  >..k n); 
/ ,x^ r f  1  i f <r is even, 

sign a  =  ( - l ) f f =  ^  ' 
I - 1 i f cr is odd; 

Span(ei , . . . , en) i s the linear space spanned by the vectors e\ 9...,en. 

Given bases e\,...9en an d £ 1 , . . . , em i n spaces V n an d JF W, respectively, we assign 

file:///aij/p


XV1U MAIN NOTATIONS AND CONVENTIONS 

* 1 

to a matrix A the operator A :  V n — • W m whic h sends the vector (  ]  into the 
xn, 

y\ \  {  &\\  •• • a\ n\ f  x\ 
vector 

Kym/ \ #m l •• • o, mnJ \x n, 
n 

Since yt =  ]T ) aijxb w e ^ a v e 

, / = ! /  1= 1 /= 1 
ijXjSi'y 

in particular, Aej =  ^ at  jet; 
i 

everywhere except for §3 7 the notations A  >  0 , A >  0 , A <  0 , or A <  0  mean 
that a real symmetric or Hermitian matrix A is positive definite, nonnegative definite, 
negative definite, or nonpositive definite, respectively; A >  B  means that A — B >  0; 
whereas in §37 they mean that a  ̂>  Ofor all i, j , etc. 

Card M i s the cardinality of the set M, i.e , the number of elements of M ; 
A\w denote s th e restrictio n o f th e operato r A  :  V  — • V  ont o th e subspac e 

W CV; 
sup is the least upper bound (supremum); 
Z, Q, R, C, H, O denote, a s usual, th e set s of al l integer, rational , real , complex , 

quaternion and octonion numbers, respectively; 
denotes the set of all positive integers (without 0); 

t 0  otherwise . 



CHAPTER I 

DETERMINANTS 

The notion o f a  determinan t appeare d a t th e end o f the 17t h century i n works 
of Leibniz (1646-1716 ) an d a  Japanes e mathematician , Sek i Kova , als o known a s 
Takakazu (1642-1708). Leibni z did not publish the results of his studies related t o 
determinants. The best known is his letter to l'Hospital (1693) in which Leibniz writes 
down the determinant condition of compatibility for a system of three linear equations 
in two unknowns. Leibniz particularly emphasized the usefulness of two indices when 
expressing the coefficients o f the equations. I n modern terms he actually wrote about 
the indices /, j i n the expression x,- = ]) P • a ijyr 

Seki arrived a t the notion o f a determinant whil e solving the problem of finding 
common roots of algebraic equations. 

In Europe, the search for common roots of algebraic equations soon also became 
the main trend associated with determinants. Newton, Bezout, and Euler studied this 
problem. 

Seki did not have the general notion of the derivative at his disposal, but he actually 
got an algebraic expression equivalent to the derivative of a polynomial. He searched 
for multipl e roots of a  polynomial f(x)  a s common roots o f f(x)  an d f'{x).  T o 
find commo n roots of polynomials f(x) an d g{x) (fo r / an d g of small degrees) Seki 
got determinant expressions. Th e main treatise by Seki was published in 1674; there 
applications of the method are published, rather than the method itself. H e kept the 
main method secret confiding only in his closest pupils. 

In Europe, the first publication related to determinants, due to Cramer, appeared in 
1750. In this work Cramer gave a determinant expression for a solution of the problem 
of finding the conic through 5 fixed points (this problem reduces to a system of linear 
equations). 

The general theorems on determinants were proved onl y ad hoc when they were 
needed to solve some other problem. Therefore, the theory of determinants developed 
slowly, lef t behin d a s compared wit h th e genera l developmen t o f mathematics . A 
systematic presentation o f the theory o f determinants i s mainly associated with the 
names of Cauchy (1789-1857) and Jacobi (1804-1851). 

1. Basi c properties of determinants 

The determinant of a square matrix A =  ||a/ y ||" is the alternated sum 

22(~^)aa\a(\)a2a(2) •  • • an<T(n)> 
a 

where the summation is over all permutations a e  S n. Th e determinant of the matrix 
A =  ||fl/ 7 ||j i s denoted by det̂ 4 or |tf//|". I f det̂ 4 ^ 0 , then A is called invertible o r 
nonsingular. 

1 
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over C the polynomials / an d g have a nontrivial common divisor and, therefore, / 
and g have a nontrivial common divisor, r, over Q as well. Sinc e / i s an irreducible 
polynomial with the leading coefficient 1 , it follows that r = ±f, • 

A.2. THEOREM (Eisenstein's criterion). Let 

f(x) =  a 0 +  a\x  H  \-  a nxn 

be a polynomial with integer coefficients and let p be a prime such that the coefficient an 

is not divisible by p whereas  ao, ..., a n_\ are,  and  ao is  not divisible by p2. Then  the 
polynomial f is  irreducible over Z. 

PROOF. Suppos e that / =  gh  =  (52bk xk)(52cixl)> wher e g and h are not con-
stants. Th e number boco =  ao  is divisible by p and , therefore, one of the numbers bo 
or co is divisible by p. Let , for definiteness sake , b0 be divisible by p. The n c0 is not 
divisible by p because ao =  boco  is not divisible by p2. I f all numbers bf are divisible 
by p, the n a n i s divisible by p. Therefore , b(  is not divisibl e by p fo r som e /  with 
0 < i  <  degg < n. 

We may assume that i is the least index for which the number 6/ is nondivisible by 
p. O n the one hand, by the assumption, the number at i s divisible by p. O n the other 
hand, <?/ = bjCo  + bi_iC\ -\ h  boC( and all numbers 6/_iCi, .. . ,  boct ar e divisible 
by p whereas 6/co is not divisible by p. Contradiction . • 

COROLLARY. If  p  is  a prime, then the polynomial f(x) =  x p~l - f •  • • +  x  - f 1  is 
irreducible over Z. 

Indeed, we can apply Eisenstein's criterion to the polynomial 

A.3. THEOREM . Suppose  the numbers 

v, v (1) v ( a i ~ 1 } v  v (1)
 v

( a "" 1 } 

y\> y\  J  •  • • > y\  >  • • • ? yn>  yn  >  •  • • > yn 

are given at points x\,... ,x n andm  =  ct\  H h  aw — 1. Then there exists a polynomial 
Hm(x) of  degree not greater than mfor which  Hm(xj) =  yj andH^ixj)  =  yy. 

PROOF. Le t k  =  max(ai,... , an). Fo r k  =  1  w e can make use of the Lagrange 
interpolation polynomial 

L (x)  =  Y^ (x  -xi)...{x-  Xj_i){x  -  x y+1) ...{x-Xn) 
~ {Xj  -  Xi ) .  . . (*y -  X 7-_!)(xy -  Xy +1) .  . . (xy -  X n) ' * 

Let con (x) = ( x - xj) . . . ( x - x n). Tak e an arbitrary polynomial Hm-n o f degree not 
greater than m-n an d assign to it the polynomial Hm (x) =  L n {x)+ca n (x)Hm-n (x) . 
It is clear that Hm (xy ) = yj  fo r any polynomial Hm^.n. Besides , 

H'm(x) =  L' n(x) +  co'n(x)Hm-n{x) +  cD n(x)H'm_n{x), 
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i.e.,i/^(jty) =  Zjj(x/)4-o>^(x 7)iyw_rt(xy). Sincec^(xy ) ^  0 , then at points where the 
values of H'm (xy ) are given, we may determine the corresponding values of Hm-n (XJ  ) . 
Furthermore, 

H^(xj) =  L%(xj)  +  a>Z(x,.)H m-n(x,) +  2co' n(Xj)H^n(xj). 

Therefore, a t point s wher e th e value s o f H^(XJ)  ar e give n w e ca n determin e th e 
corresponding values of #^_w(xy) , etc. Thus, our problem reduces to the construction 

of a polynomial Hm-n{x) o f degree not greater than m-n fo r which H^_n{xj) =  zV 
for /  =  0 , . . . , OLJ  —  2 (i f otj =  1 , then there are no restrictions on the values of H m_n 

and its derivatives at xy). I t is also clear that m -  n  =  Yl( ai ~  1 ) ~ 1 - After fc - 1  of 
similar operations it remains to construct Lagrange' s interpolation polynomial . • 

A.4. Hilbert' s Nullstellensatz . W e wil l onl y nee d th e followin g specia l cas e o f 
Hilbert's Nullstellensatz. 

THEOREM. Let  f \ , . . . ,  fr be  polynomials in  n indeterminates  over C without common 
zeros. Then  there exist polynomials g\,  . . . ,  gr such  that f\g\  H  h  frgr =  1 . 

PROOF. Le t J ( / i , . . . , fr) b e the idea l o f the polynomial ring C  [x\,..., x n] —  K 
generated by / i , . .. ,  fr. Suppos e that there are no polynomials g\,... ,  gr suc h tha t 
f\g\ H  V  frgr —  1. Then / ( / i , . . ., / r ) 7 ^ -̂ Le t / b e a nontrivial maximal ideal 
containing I(f\, ..., /V) . A s is easy to verify , K/I  i s a field.  Indeed , i f / 0  7 , the n 
I +  AT / is the ideal strictly containing 7 and, therefore, this ideal coincides with K. I t 
follows that there exist polynomials g e  K  an d h e  I  suc h that 1  —h-^fg. The n the 
class ~g e  K/I  i s the inverse offe K/I. 

Now, let us prove that the field A =  K/I  coincide s with C. 
Let a/ b e the image of X(  unde r the natural projectio n 

p :C[xi,...,x n] — >C[xi , . . . ,x n] / I =  A. 

Then 
A =  {Yl zti---i*ai'--ain I  z 'i-'» G  C} =C[ai,. . . ,a„] . 

Further, le t ^0 =  C  and A s =  C [ a i , . . . ,as]. The n A s+\ =  i52 aias+\\ai € A s} = 
As[as+\]. Le t u s prov e b y inductio n o n s  tha t ther e exist s a  rin g homomorphis m 
/ :  As — • C  (whic h send s 1  to 1) . Fo r s  =  0  the statemen t i s obvious. Now , let u s 
show how to construc t a  homomorphism g  :  As+\ — • C  fro m th e homomorphis m 
/ :  As — • C . Fo r this let us consider two cases. 

a) Th e element x  =  a s+\ i s transcendental ove r As. The n fo r an y ( e C we ca n 
define a  homomorphism g  suc h tha t g(a nx

n -\  h  #o) =  f(an)£ n H  h  / («o). 
Setting ^ =  0  we get a homomorphism g suc h that g(l) =  1 . 

b) The element JC = a.y+ 1 is algebraic over ̂ 4.y, i.e. , bmxm +b m-\xm~x -\  h^ o = 0 
for certain b t e  A s. The n for a lU € C  such that f{b m)^m +  -  • •  + /(&o ) =  0  there is 
determined a homomorphism g(Ylakxk) =  J2f( ak)€k whic h sends 1  to 1 . 

As a result we get a homomorphism h  :  ̂ 4 —• C  such that h  (1) =  1 . I t is also clear 
that h~ x (0) i s an idea l and ther e are no nontrivial ideal s in the field A. Hence , h  is a 
monomorphism. Sinc e Ao =  C  c  A  an d the restriction o f h to Ao is the identity ma p 
h is an isomorphism . 
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Thus, w e may assume tha t a, - G  C. Th e projection p  map s th e polynomial 
fi(xu...,xn) G  Ktofi(au...,an) G  C. Since/i, . . . , /r G  /, we have />(/*) = 
0 G C. Therefore, ft{a\,..., a n) = 0. Contradiction. D 

A.5. THEOREM . Lef the polynomials fi{x\,...,xn) =  x™' + P/(xi, . . ., x„), w/zere 
i =  \,...,n, be  such that  deg P/ <  ra/ a«<i let I(f\,... ,f n) be  the ideal generated by 
f\.-..,fn. 

a) Let P{x\,..., x n) be a nonzero polynomial of the form ^ ai lmtjnx\l . . . xln, where 
ik <m kforallk =  1,...,«. Then  P & I{f\,...,f n)-

b) 7% e system of equations x™*  -f - P/(xi, . . ., xn) =  0  ( / =  1,...,« ) i s always 
solvable over C a«d */ie number of solutions is finite. 

PROOF. Substitutin g the polynomial (/,- - Pi) tl x qi instea d of x™1 u+Qi, wher e 0 < t\ 
and 0 < qt < mi9 we see that any polynomial Q{x\ ,..., x n) can be represented in the 
form 

Q{x\9...,Xn) =  Q*(x U...9Xn,fu...Jn)=Y*ai*X\^ 

where j \ <  m\,... ,  jn <mn. Le t us prove that such a representation 2* is uniquely 
determined. I t suffices t o verify tha t b y substituting / / =  x™*  +P,-(xi,...,x w) 
in any nonzero polynomial Q*  {x\,..., x n, f \ , . . . , f n) w e get a nonzero polynomial 
Q(x\,..., x n). Among the terms of the polynomial Q*, let us select the one for which 
the sum (s\m\ + j\) H  h  (snmn +  yn) = w is maximal. Clearly , deg Q < m. Le t 
us compute the coefficient o f the monomial xjfimi+/1... x£" m"+7" in Q. Since the sum 

(s\mi + y*i) + h  (snmn +  jn) 

is maximal, this monomial can only come from the monomial x '1 . . . x]
n"f*1... f„". 

Therefore, the coefficients o f these two monomials are equal and deg Q — m. 
Clearly, g(xi, . . .,x„) G  / ( / i , . . . , /w ) i f and onl y if e* (x i , . . . , x w , / i , . . . , / w ) 

is the sum of monomials for which s\ -\ +  sn >  1. Besides , if P{x\,..., x n) = 
E */i.../„-*! 1 •••*«', where /^ < mk, then 

P * ( x i , . . . , xn,fu ...,f n) =  P(x\,. .., x n). 

Hence, P g / ( / i , . . . , / n ) . 
b) I f / i, . . . , /« hav e no common zero , the n by Hilbert's Nullstellensat z the 

ideal / ( / I , . . . , / * ) coincide s wit h the entire polynomia l rin g and , therefore, P  G 
I(f\>- •  • >fn)', this contradicts part a). Therefore, the given system of equations is solv-
able. Le t £ = (£i,... , £n) be a solution of this system. The n £™' = —P,-(^i, . ..,£«), 
where deg P, <  ra;, and, therefore, any polynomial Q{£\,... £ n) can be represented in 
the form Q(£ u...,fw) =  ]£ fl/i ...*,» fj1 •  • • £«"> w h e re l k < ™k and the coefficient a ivjn 
is the same for all solutions. Le t m = m\...m n. Th e polynomials 1 , £/, ... , £ ™ 
can be linearly expressed in terms of the basic monomials £{l ... < "̂, where J^ <  w .̂ 
Therefore, they are linearly dependent, i.e., &o+&i£/H Vbm^™  —  0, not all numbers 
£o> • • ->bm are zero and these numbers are the same for all solutions (do not depend on 
i). Th e equation bo + b\x H h  bmxm =  0 has, clearly, finitely many solutions. • 
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