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Preface to the English Edition 

This work was originally published i n Japanese by Iwanami Shoten , Pub-
lishers in 1975 . I t was based on the lectures which I gave at Osaka University 
in 1970-197 1 o n spherica l function s o f symmetri c spaces . Th e origina l tex t 
included several references in Japanese which I have replaced by English ones 
for thi s English translation . 

The translator T . Nagura kindly pointed ou t error s in the proofs o f som e 
theorems, Theorems 8. 1 and 11.2 , in particular , an d mad e corrections . Fur -
thermore, h e corrected a  mistake i n the formulatio n o f Theore m 8. 3 whic h 
I had made in the text , and he gave the proof o f the revised theorem . I  also 
owe thanks to the translator fo r furthe r improvement s i n the exposition . 

I woul d lik e t o expres s m y dee p gratitud e t o T . Nagur a fo r hi s valuabl e 
contributions. 

Masaru Takeuch i 
Osaka, January 199 3 
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Preface 

Since the time of Legendre and Laplace in the 18t h century, the theory of 
spherical function s ha s been studie d b y man y mathematicians . I n th e 20t h 
century E . Carta n deal t wit h spherica l function s fro m th e poin t o f vie w o f 
representation theor y o f Li e group s an d obtaine d ver y beautifu l theorem s 
about spherica l function s o n compac t symmetri c spaces . Moreover , i n th e 
1950's Selberg introduced th e notion o f weakl y symmetri c space s which in -
clude symmetri c space s an d develope d th e theor y o f spherica l function s o n 
these spaces together with applications to various fields. 

In this book I  have mainly expounded the spherical functions o n compac t 
symmetric spaces from th e viewpoint o f Cartan-Selberg . Thes e lecture note s 
are based o n the lectures that I  gave at Osaka University . 

The reader i s assumed t o have a  general knowledge o f manifold s an d Li e 
groups. Furthermore , a  general knowledge of some other fields is sometime s 
assumed, for example, representation theory of compact groups and semisim-
ple Lie algebras , Riemannian geometry , an d s o on. T o help th e reade r wh o 
is not familia r wit h these fields, I collected brief explanation s o f the prereq -
uisites in the Appendix an d included som e textbooks in the References . 

In concludin g th e preface , I  woul d lik e t o expres s m y dee p gratitud e t o 
Professor N . Iwahor i an d Professo r S . Murakam i fo r invitin g m e t o writ e 
this book . I  a m ver y muc h indebte d t o Professo r H . Ozek i fo r hi s critica l 
reading of the manuscript and for his valuable suggestions for improvements . 
I would also like to thank Mr . H . Arai of Iwanami Shoten Publishers for hi s 
kind cooperation i n al l phases of the publication o f this book . 

Masaru Takeuch i 
Osaka, October 197 4 



This page intentionally left blank



This page intentionally left blank



Appendix 

1. Fo r basic fact s o n manifold s an d Li e groups se e Matsushima [19] , Ise 
and Takeuchi [14] , and Pontrjagi n [21] . 

2. Action s of groups. Le t G  b e a group, let X  b e a set , and le t 

y/ :GxX  — >X, y/(g , x)  =  gx 

be a  mapping o f G  x X  t o X  .  Th e mapping y/  i s said t o be a  (left)  action 
of G  o n I  i f the following condition s ar e satisfied : 

(1) ex  =  x, x  e  X  ; 
(2) (gh)x  =  g(hx), g,heG,  xeX, 

where e  denote s the uni t elemen t o f G . W e say that G  acts  on X  (on  the 
left) if an action o f G  o n X  i s given. 

Suppose G  act s on X.  Fo r g  e  G  th e mapping g  o f X  t o itself define d 
by the correspondence x  ^  gx  i s bijective. W e say that G  act s trivially  on 
X i f every g , g  e  G , i s the identity mapping . Th e action i s called effective 
if g  i s the identity mappin g onl y fo r g  =  e . Th e actio n i s called transitive 
if fo r an y x,  y  e  X  ther e exist s g  e  G  suc h tha t g x =  y . Fo r example , 
if K  i s a subgroup o f G , the n G  act s transitively o n the se t G/K  o f righ t 
cosets by the mappin g 

y/:GxG/K-^G/K, y/(g , hK)  = (gh)K. 

In general , fo r x  e  X  w e cal l th e subse t Gx  =  {gx  :  g  e  G}  of  X  th e 
G-orbit through  x. 

If G  an d X  hav e certai n structures , w e ofte n assum e tha t th e actio n 
preserves thos e structures . Fo r example , i f G  i s a  topologica l group  an d 
X i s a topological space , we assume tha t th e actio n i s continuous, an d suc h 
an actio n i s calle d a  continuous  action.  I f G  i s a  Li e group  an d X  i s a 
manifold, w e assume tha t th e actio n i s a C° ° mapping , an d suc h an actio n 
is calle d a  C° ° action.  Moreover , i f thi s actio n i s effective , G  i s calle d a 
Lie transformation  group  o f X.  Fo r example , give n a  Li e grou p G  an d 
its close d subgrou p K , ther e exist s a  unique manifol d structur e o n th e se t 
G/K wit h th e property tha t th e se t o f C° ° function s o n G/K  i s identifie d 
in a  canonica l manne r wit h th e se t o f al l C° ° function s f  on  G  whic h 

245 
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satisfy f(gk)  =  f(g) fo r any g  e  G  an d k  e  K  (refe r to Matsushima [19]) . 
Relative to this structure th e action y/  mentione d abov e is a C° ° action . 

Let u s giv e anothe r example . Suppos e G  act s o n I . I f w e denot e b y 
F(X) th e se t of C-value d function s o n X , the n G  act s on F(X)  b y 

(gf)(x) =  f(g~lx), geG,  feF(X),  xeX. 

When G  act s on X , w e usually consider that G  act s on a space of function s 
on X  i n this manner . 

Suppose G  act s o n X  an d Y . A  mappin g /  :  X  — • 7 i s sai d t o b e 
G-equivariant if /(g;c ) =  £/(x ) fo r an y g  e  G  an d X G I. 

A right  action  X  x  G  — • X i s a  mappin g whic h satisfie s xe  =  x  an d 
x(gh) =  {xg)h . Further , fo r righ t action s simila r notion s ar e defined . Fo r 
example, in a principal fibre bundle the structure group is usually considere d 
to ac t on the right . 

3. Invarian t measures. Le t X  b e a locally compact Hausdorf f space , and 
let 0 3 b e th e minimu m completel y additiv e clas s o f subset s o f X  whic h 
contains al l compac t subset s o f X . Le t Wl(X)  b e th e se t o f al l regula r 
measures o n 0 3 whic h satisf y //(C ) <  o o fo r an y compac t subse t C  an d 
ju(U) > 0 fo r an y nonempty ope n subse t U  e  03 . Suppos e a  group G  act s 
on X  s o that ever y g  , g  e  G , i s a homeomorphism o f X . Fo r g  e  G  an d 
// € 2tt(Jir) defin e 

(gH)(A) =  /i(g-lA)9 A  e<3. 

Then g/ / e  fBl(X)  an d G  act s o n DJl(X)  in thi s way . W e sa y tha t ju  e 
Wl(X) i s G-invariant  if  gju  =  ju  fo r an y g  e  G . I n particular , i f G  i s 
a locall y compac t group , X  =  G , an d th e actio n o f G  o n X  i s th e lef t 
translation (g,  h)  ^  gh  ,  then a  G-invarian t measur e ju  e  SDt(G ) i s called a 
left-invariant Haar measure  on G . Similarly , a  right-invariant Haar measure 
on G  i s defined by making use of the right translation. O n a locally compac t 
group there exist s a unique left - (resp. , right-) invarian t Haa r measur e u p to 
a positive constan t factor . 

A locally compact group G  i s said to be unimodular i f a left-invariant Haa r 
measure i s also right-invariant. A  compact group  i s unimodular. I n general , 
for a homeomorphism (p  o f X  an d \x  e fBl(X)  w e can define cpju  e  SDt(AT ) as 
above. Fo r a unimodular group G  a  Haar measurers also invariant under the 
homeomorphism cp  define d b y the correspondence g  i-> g~ .  I f G  i s a Lie 
group, then a  left- (resp. , right-) invarian t Haa r measur e i s the positive C° ° 
measure (se e §2 ) determine d b y a  left - (resp. , right- ) invarian t differentia l 
form o f the highest degree , as is seen from th e uniqueness o f Haar measure . 
Therefore, a  Lie group G  i s unimodular i f an d onl y i f |det(Adg) | =  1  fo r 
any g  e  G . Hence , a  connected Li e group G  i s unimodular i f an d onl y i f 
tr(ad-Y) =  0  fo r an y X  e  g , wher e g  denote s the Li e algebra o f G . Fro m 
this w e se e tha t i f a  connecte d Li e group  i s semisimpl e o r nilpotent , i t i s 
unimodular (se e 7). 
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For invarian t measure s refer t o Halmos [7]. 

4. G-modules . Wit h the notation i n 2 , if X  i s a vector spac e V  ove r a 
field k  an d i f every g , g  e  G , i s a linear automorphism o f F , the n we say 
that G  acts  linearly on V  an d F  i s a G-module. 

Let K j an d F 2 b e (/-modules . A  linea r mappin g cp  of V { t o F 2 i s 
called a  G-linear  mapping o r G-homomorphism  i f i t i s G-equivariant , tha t 
is, i f gp(x ) -  <P(g x) f°r an Y £  ^  G  a n d J C € Kj . I n particular , i f cp  i s a 
linear isomorphism , the n cp  is called a  G-isomorphism.  W e say tha t ^  i s 
G-isomorphic to F 2 i f there exists a G-isomorphis m betwee n V { an d F 2 . A 
subspace U  o f a  G-modul e V  i s calle d a  G-submodule  i f C 7 is invarian t 
under the action o f G . The n U  itsel f i s also a  G-module . A  G-modul e F 
is calle d irreducible  if th e onl y G-submodule s o f V  ar e {0 } an d V . I f a 
G-module F  i s a direct su m of G-submodule s {^} A€yl, the n V  i s called a 
direct sum of  {V k}X€A a s G-module . 

If a  grou p G  act s linearl y o n a  vector spac e V , G  act s linearl y o n th e 
dual space V*  o f V  b y 

(*«(*) ^ ( S - 1 * ) , S G G , (eV\  X E K 

This actio n i s calle d th e contragradient  action  o f th e forme r one . Fo r G -
modules V { an d F , w e can define a linear action of G  o n the tensor product 
V{ ® F, b y 

g(x{ <g > x2) =  ^  <g > £x2 , #  € G , * ! G  Kj, x 2 e  V r 

This G-modul e V X<S) V 2 i s called th e tensor  product of ^  an d V 2. Le t G j 
and G 2 b e groups, let K j b e a Gj-module , and let F , b e a G 2-module. The n 
we can define a n action o f the direct produc t G x x  G 2 o n V {<g>V2 b y 

(ft >  ft>)(*i ® *2) =  £l* l ®  ft>*2 > ft  G  G /> *, " G V i ( Z* =  !  >  2 ) ' 

This G j x  G2-module V {<S)V2 i s called the exterior tensor product of F j an d 
v 2 . 

5. Representation s o f topological groups . Le t G  b e a  topologica l group . 
If V  i s a finite-dimensional  comple x vector spac e and a  homomorphis m 

p:G —>GL(K ) 

is continuous , the n / ? i s called a  representation  of G , F  i s called th e re/?-
resentation space of p , an d th e dimensio n o f F  i s called th e degree  of p  . 
Given a  representation / ? w e define a  continuous linea r actio n o f G  o n F 
by 

gx =  p(g)x, g  e  G , x  G  F , 

where F  i s endowed with the natural topology. Therefore , F  become s a G -
module. Conversely , fro m a  continuous linea r action o f G  o n F  w e obtain 
a representation p  :  G —• GL(F) b y the relation above . 
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A representation p  o f G  i s called trivial  if G  act s trivially on the repre-
sentation space . Tw o representations p x an d p 2 o f G  ar e called equivalent 
if the representation space s V x an d V 2 ar e G-isomorphic . Give n a represen-
tation p  :  G -> GL(F) an d a  G-submodul e U  of  V,  th e induced represen -
tation p  :  G —> GL(C/ ) i s called a  subrepresentation of p.  A  representatio n 
/? o f G  i s called irreducible  if the representation spac e is an irreducibl e G -
module. Fo r irreducibl e representation s p t :  G  — • GL(^)(z = 1 , 2 ) th e 
vector spac e consistin g o f G-homomorphism s o f V x t o V 2 i s o f dimen -
sion 1  i f p x an d p 2 ar e equivalent , o r o f dimensio n 0  i f no t (Schur' s 
lemma). I f th e representatio n spac e o f a  representation p  o f G  i s a  direc t 
sum o f G-submodule s V i (I  ^  /  <  n) , the n / ? i s called a  d/ra;£ sum  o f th e 
subrepresentations p t(\ ^  i  ^  n)  determine d b y V.,  whic h i s denote d b y 
p =  ^  e  . . . e  p n .  Similarly , th e notion s o f contragradient  representation, 
tensor product, and exterior  tensor  product are defined , an d fo r thes e we use 
the notation p*,  p {® p 2, an d p x^p2, respectively . Fo r a representation p 
of G  th e character  y  o f / ? i s the continuou s function define d b y 

Xp(g) =  trp(g)9 geG. 

The function y  i s a class function o n G , that is, a function which is constant 
on every conjugate clas s of G . Fo r characters we have the following : 

(1) if p x an d p 2 ar e equivalent , w e have 

Xpi 

(2) x p*(g) =  X p(g~l), geG; 

(3) x Pl®p2
 =  x Pl +  x Pi; 

v4) ^!®p 2 ~  Xp {xp2' 

^ / 7 2 

(5) for a  representation /? j o f G x an d a representation p 2 o f G 2 w e have 

^ ^ 2 ( ^ i ' ft) =  X Pl{gx)xPl(g2), gi eGx, g 2e G 2. 

In what follows, a  topological group G  i s assumed to be compact. Le t dg 
be th e normalize d bi-invarian t Haa r measur e o n G , tha t is , a  bi-invarian t 
Haar measure satisfyin g 

' dg=\. L 
For any representation p  o f G  ther e exists a G-invariant  inner product (  ,  ) 
on the representation spac e V , tha t is , an inner product satisfyin g 

(p(g)x, p(g)y)  =  {x, y),  geG,  x,yeV. 

Indeed, take an inner product (  ,  ) 0 o n V,  an d se t 

(x,y)= /  (p{g)x,  p(g)y) 0dg, x,yeV. 
JG 

Then thi s inne r produc t (  ,  )  i s G-invariant . I f p  i s irreducible , suc h a n 
inner produc t i s unique up to a positive constan t factor . Fro m th e existenc e 
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of invariant inne r product we see that i f G  i s compact, then propert y (2 ) of 
a character i s also written a s 

(2') X p-(g) =  xjg), g£G. 
From th e sam e fac t w e se e tha t an y representatio n p  o f G  i s completely 
reducible, that is , fo r an y G-submodul e U  o f th e representatio n spac e V 
there exists a G-submodul e W  suc h that V  = U+W  (direc t sum) . Indeed , 
if w e tak e a s W  th e orthogona l complemen t o f U  wit h respec t t o a  G-
invariant inne r product , thi s satisfies th e condition above . 

REMARK. W e have assumed u p t o thi s point tha t V  i s a  complex vecto r 
space. However , even if V  i s a real vector space, similar notions are define d 
as i n th e comple x case . Fo r example , a  continuou s homomorphis m p  o f 
G t o GL ( V) i s called a  real  representation, and s o on . Moreover , i f G  i s 
compact, then the following holds as in the complex case: V  ha s an invariant 
inner product; such an inner product is unique up to a positive constant facto r 
if p  i s irreducible; p  i s completely reducible . 

For continuous function s f x an d f 2 o n G  se t 

JG 

Let p  :  G  —• GL(K ) b e a n irreducibl e representation . Tak e a  (/-invarian t 
inner product (  ,  )  o n V , an d let {x {, . . . ,  xd} b e an orthonormal basis of 
V wit h respect to this innner product. Defin e C-value d continuous function s 
p/{l£i,jZd) o n G  b y 

Pj\g)= (p(g)x j9xi)9 geG. 

These function s p. 1 ar e calle d th e matrix  elements  o f p . Le t p  b e an -
other irreducibl e representatio n o f G  whic h i s not equivalen t t o p , an d le t 
p l ( 1 ^  k , /  ^  d')  b e it s matri x elements . The n w e hav e th e following , 
which i s called the orthogonality  relations of matrix elements: 

(1) (p/>Pi k) =  jt ikSji, l£i,j,k,l<d, 

(2) (p/,p' l
k) =  0, \^i 9j^d9 l<k,l£d'. 

These follow from Schur' s lemma. Fro m (1 ) and (2 ) we have the orthogonal-
ity relations  of characters: 

(l') (X P>XP) = !> 

(2') <*,,*,' > = °-
From th e complet e reducibilit y o f a  representatio n an d th e orthogonalit y 
relations o f character s i t follow s tha t tw o representation s p x an d p 2 ar e 
equivalent i f and only if y n =  y  . 

For these refe r t o Chevalley [3]. 

6. Algebras . Le t A  b e a vector space over a  field  k  ,  and assume that i n 
A a  product (a,  b)  *-+ ab  i s defined. The n A  i s called an algebra  over k  i f 
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the following i s satisfied : 

a(b + c)  — ab + ac, (b  + c)a = ba + ca , 0 , 6 , c  € -4, 

a(6c) =  (ab)c , 0 , ft,  c  e A , 

k(ab) =  (Xa)b = a(kb), kek,  a,  b  e A. 

If ther e exist s a n elemen t e  e  A  suc h tha t ea  =  ae  —  a fo r an y a  e  A , 
this elemen t e  i s calle d th e unit  element  o f A  an d w e shal l denot e i t b y 
1. I f ab  =  ba  fo r an y a , b  € A , th e algebra 4  i s called commutative.  Fo r 
example, let A : be a field, and let k[X {, . . . ,  Xn] b e the set of polynomials in 
n variable s wit h coefficient s i n k  .  The n k[X x, . . . ,  Xn] i s a  commutativ e 
algebra with uni t element . 

Let A  b e a n algebr a ove r k.  Fo r subset s B  an d C  of  A,  BC  wil l 
denote th e subspac e spanne d ove r k  b y {be  :  b e  B , c  e  C}  .  A  subspace 
B of  A  wit h 5 5 c  5  i s called a  subalgebra  of ^4 . A  subalgebra 5  itsel f 
is a n algebra . A  subalgebr a B  i s calle d a  left  ideal  (resp. , ng/i / ufea/ ) i f 
AB c  5  (resp. , BA  c  B).  A  subalgebr a i s calle d a  two-sided  ideal i f i t i s 
both a  lef t an d a  right ideal . Fo r a  subset S  of  A,  th e smalles t subalgebr a 
which contain s S , sa y B , i s calle d th e subalgebra  generated by  S . Her e 
when ̂ 4 contains the unit element 1 , we assume that B  als o contains 1 . I f 
a subalgebra B  i s identical with the subalgebra generated by S , w e say that 
B i s generated by S  an d 5  i s a system of  generators. A subalgebra J 5 i s said 
to be finitely generated  if B  i s generated by som e finite set . Also , for ideal s 
similar notions are defined. An y ideal of the polynomial ring k[X {, . . . ,  X n] 
is finitely generated (Hilbert' s basis theorem; refer to Van der Waerden [29]). 
For a  two-sided idea l B  o f A  th e quotient vecto r spac e A/B  ha s a  natura l 
algebra structure ove r k  calle d a  quotient algebra. 

A linear mappin g cp  o f a n algebr a A x t o a n algebr a A 2 i s called a n (al-
gebra) homomorphism  i f cp(ab)  = (p(a)(p(b)  for an y a , 6  e  ^ j . Her e w e 
assume tha t <p(l)  =  1  whe n bot h A x an d ̂ 4 2 hav e th e uni t element s 1 . 
Moreover, i f (p  is a  linear isomorphism , the n cp  is called a n (algebra)  iso-
morphism. A  homomorphism (resp. , isomorphism) o f an algebra A  t o itself 
is called a endomorphism (resp. , automorphism). A  linear endomorphism D 
of a n algebr a A  i s calle d a  derivation  i f J5(a6 ) =  (jDa) 6 +  a(Db)  fo r an y 
a, Z > eA. 

Next we give some examples . 
(i) Le t X  b e a  topologica l space , an d le t C(X)  b e th e se t o f C-value d 

continuous function s o n X  .  Defin e 

{f +  g)(x) =  f{x) +  g(x)9 f,geC(X) 9 xeX, 

(Xf){x) =  Xf(x), A e C , feC(X),  xeX, 

(fg)(x) =  f(x)g(x), f,ge  C(X) , x  e  X. 

Then C(X)  i s a commutative algebr a over C . 
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(ii) Let V  b e an n-dimensiona l vector space over R . A  mapping /  o f V 
to R  (resp. , C ) i s called a  polynomial function o r simply a  polynomial o n V 
with value s i n R  (resp. , C ) i f ther e exis t a  basis {f 1, . . . ,  C} o f th e dua l 
space of V  an d a polynomial F  in  n  variable s with coefficients i n R  (resp. , 
C) suc h tha t 

f{x) =  F{z\x)9...9Z
n{x))9 xeV. 

Polynomial function s ar e continuou s wit h respec t t o th e natura l topolog y 
of V . Th e se t o f C-value d polynomia l function s o n V  i s a  subalgebr a o f 
the algebr a C(V)  o f continuou s function s i n (i ) an d i s isomorphi c t o th e 
polynomial rin g C[X {, . . . ,  X n]. 

A graded  vector  space A  i s a  vecto r spac e endowe d wit h a  direc t su m 
decomposition int o subspace s 

k 

Then we say that A  i s graded by the subspaces A k .  Given two graded vector 
spaces 

k k 

a linear mapping p  o f ̂ 4 t o A'  i s said to be gradation-preserving if p ^ c 
A1

 k fo r an y fceZ.  A n algebr a A  i s sai d t o b e a  graded  algebra  if i t i s 
graded b y subspace s A k, k  e  Z,  an d it s gradatio n satisfie s th e conditio n 
that , 4 ^ c  ^ + / fo r an y k,  I  eZ. 

A filtered vector  space A  i s a  vector spac e endowe d wit h subspace s A k , 
k e  Z , suc h that ^  c  ^  fo r k  ^  /  an d 

^ = IK-
k 

Then we say that A  is  filtered by the subspaces A k .  Given two filtered vector 
spaces 

A = \jAk, A'  = \jA' k, 
k k 

a linea r mappin g (resp. , linea r isomorphism ) (p  o f A  t o ̂ 4 r i s calle d a 
filtration-preserving linear  mapping  (resp. , //wea r isomorphism)  i f ^ ^ c 
^ (resp. , cpA k =  A! k) fo r an y k  e  Z . A n algebr a ̂ 4 i s sai d t o b e a 
filtered algebra  if i t i s filtered  b y subspace s A k, k  e  Z , an d it s filtration 
satisfies th e conditio n tha t A kAl c  A k+l fo r an y k , /  e  Z . A n algebr a 
homomorphism (resp. , algebr a isomorphism ) betwee n tw o filtered  algebra s 
is called a filtration-preserving algebra homomorphism (resp. , algebra isomor-
phism) i f i t i s a  filtration-preserving  linea r mappin g (resp. , linea r isomor -
phism). 
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7. Li e groups and Lie algebras. Le t G  b e a Lie group, and let g  b e its 
Lie algebra (consistin g of left-invariant vecto r fields) . I f 

p:G—>GL(F) 

is a  representatio n o f G , tha t is , a  continuou s homomorphis m o f G  t o 
GL(K), the n p  i s actually differentiat e o f class C° ° . Therefore , by taking 
the differentia l o f p  w e obtain a  representation o f g 

dp:g—+gl(V), 

which i s calle d th e differential  o f / > (as mentioned i n th e Introduction , a 
representation o f a real Lie algebra means a complex representation o f finit e 
dimension). Fo r example, the differential o f the adjoint representatio n A d 
of G  is the adjoint representatio n a d o f g . I n general, a representation of g 
is not necessarily obtained by taking the differential o f a representation of G. 
However, i f G  i s simply connected , an y representation o f g  i s obtained by 
this procedure, and thus, the representations o f G  correspon d bijectivel y t o 
those of g.  Thi s follows fro m th e following genera l fact : le t G  be a simply 
connected Li e group, an d le t H  b e a  Li e group; le t g  an d \)  be the Lie 
algebras of G  and H , respectively , then for any Lie algebra homomorphis m 
0 :  g  — • I) ther e exist s a  uniqu e C° ° homomorphis m tp  : G  ->  H wit h 
dip — 0  .  From thi s it is seen that fo r a simply connected Lie group G  wit h 
Lie algebra g  the automorphisms of 0  correspon d bijectively to those of G. 
For these refer t o Matsushima [19 ] or Hochschild [12]. 

Let g  be a Lie algebra of finite dimension over R  o r C . Fo r subsets a  and 
b o f g  w e shall denote by [a , b] th e subspace o f g  spanne d b y {  [X, Y]  : 
X e  a,  Y  e  b  } . A  subspace a  wit h [a , a] c a  (resp. , [g , a] c a ) i s called 
a subalgebra (resp., an ideal). Th e subspace [g , g] i s an ideal and called the 
commutator subalgebra  of g . I f [g , g] = {0 } , g  i s called commutative.  W e 
call 

c = { X e g : [ X , g ] =  {0 } } 

the center  o f g . A  Lie algebra i s calle d semisimple  i f i t doe s no t contai n 
any commutative idea l excep t fo r {0 } . I f g  i s semisimple, it s commutato r 
subalgebra i s identical with g  itself . Therefore , sinc e 

t r ( a d ( [ X , r ] ) ) = 0 , X,Y<EO, 

it follow s tha t i f g  i s semisimple , tr(adX ) =  0  fo r an y X  e  g.  A  Lie 
algebra g  i s called simple  i f it is not commutative an d if it does not contain 
any ideal except for {0 } and g  itself . A  direct sum of simple Lie algebras is 
semisimple. A  Lie algebra g  i s called nilpotent  i f a d X i s a nilpotent linea r 
endomorphism of g  for any X eg.  I t is easy to see that if g  i s nilpotent, we 
have tr(adX ) =  0 fo r any X  e  g.  A  Lie group is called semisimple,  simple, 
or nilpotent  accordin g t o whethe r it s Li e algebra i s semisimple , simple , o r 
nilpotent. Fo r these refer t o Humphreys [13]. 
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A semisimpl e Li e algebr a 9  ove r R  i s calle d compact  semisimple  i f i t 
admits a  ^-invarian t inne r produc t (  ,  ) , tha t is , admit s a n inne r produc t 
satisfying 

([X, Y],Z)  +  (Y, [X,  Z] ) = 0 , X , 7 , Z  e  0 . 

A connected Li e group i s compact i f it s Li e algebra i s compact semisimple . 
There are several proofs of this fact. Fo r example, see Kobayashi and Nomizu 
[17]. 

8. Banac h spaces and Hilbert spaces . Le t X  b e a  vector spac e ove r R 
or C . A  norm  o n X  i s a n R-value d functio n x  i- > ||x| | o n X  wit h th e 
following properties : 

(1) Hxl l > 0  an d ||x| | =  0  i f and onl y if x  =  0 ; 
(2) ||/U| | =  |JL | ||JC| | , A e R ( o r C ) ; 
(3) \\x  + y\\S\\x\\ +  \\y\\. 

A vector space with norm is called a normed linear space. If we set d(x , y)  = 
\\x-y\\ fo r x , y  e  X , the n d  satisfie s the axioms of distance. A  normed lin-
ear space X  i s called a Banach space if the metric space (X , d)  i s complete. 
A subspac e o f a  Banac h spac e X  i s calle d a  closed  subspace if i t i s close d 
with respec t t o th e topology define d b y the distanc e d . A  Banach spac e X 
is called a  Banach algebra  if i t i s an algebr a an d satisfie s th e conditio n tha t 
\\xy\\ ^  ||JC| | \\y\\  fo r an y x,  y  e  X.  Le t u s cite an example . Fo r a  compac t 
topological space E , th e algebra C{E)  o f C-value d continuous functions o n 
E i s a Banach algebr a over C  wit h nor m 

||/||oo =  m a | | / ( x ) | , f€C(E). 

A subalgebra of a Banach algebra is called a closed subalgebra if it is a closed 
subspace. 

A linear endomorphism o f a  Banach space X  i s called a  compact operator 
if it maps every bounded subset (with respect to the distance d ) t o a relatively 
compact se t (wit h respec t t o th e topolog y define d b y th e distanc e d ). Fo r 
example, le t C{E)  b e th e Banac h spac e above , an d le t K  b e a n integra l 
operator with kernel k  whic h is a C-value d continuou s function o n E  x  E , 
that is , 

(Kf)(x) =  J k(x,y)f(y)dfi(y),  xeE,  feC(E), 

where ju  i s a  bounded measur e o n E . The n K  i s a  compac t operato r o n 
C(E). I f cp  i s a  compact operato r o n a  Banach spac e X  ove r C , the n fo r 
any AeC  wit h X   ̂0  th e eigenspace o f (p  belonging to the eigenvalue k  i s 
finite dimensional . 

Let X  b e a  vecto r spac e ove r R  o r C  wit h inne r produc t (  ,  ) . Fo r 
x e  X  se t ||x| | =  y/(x,  x) . The n th e functio n x  •- > \\x\\ i s a  norm o n X . 
We call X  a  Hilbert space if X  i s a Banach space with respec t to this norm. 
A subspace o f a  Hilber t spac e X  i s called a  closed subspace if i t i s a  closed 
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subspace a s Banac h space . A  linea r isomorphis m (p  : X { — • X2 betwee n 
Hilbert space s X x an d X 2 i s calle d a n isomorphism  o f Hilber t space s i f 
(v(x)9 (p(y))  —  (x,y) fo r an y x,  y  e  X x. I n particular , a n isomorphis m 
of a  Hilber t spac e X  t o itsel f i s calle d a  unitary  operator.  Le t {X x}XeA 

be a  countabl e famil y o f close d subspace s o f a  Hilber t spac e X  whic h ar e 
orthogonal t o eac h other . Th e Hilber t spac e X  i s calle d a  direct  sum  o f 
{Xk\XeA i f fo r an y x  e  X  an d X  e A  ther e exists a unique element x A e ^ 
such tha t 

^||xJ2<oo, X X = X' 

where the secon d equatio n mean s that th e left-hand sid e i s convergent t o x 
with respec t t o the norm | | || . The n we shall express this by 

A subse t S  o f a  Hilber t spac e X  i s calle d a n orthogonal  system o f X 
if (x,  y)  =  0  fo r an y tw o differen t element s x,  y  e  S.  Furthermore , i f 
(x, x)  =  1  fo r ever y X G S , the n i t is called an orthonormal  system. A  com-
plete orthogonal  (resp. , orthonormal)  system  o f ̂ f i s a maximal orthogona l 
(resp., orthonormal) syste m of X. 

As examples of Hilbert spaces , L 2-spaces which we discuss below are well 
known. Le t (X , 03 , ju) b e a  measur e space , tha t is , 0 3 i s a  completel y 
additive clas s o f subset s o f X , an d ju  i s a  measur e o n 03 . A  C-value d 
function /  o n X  i s called square integrable if it is a 03-measurabl e functio n 
with 

ll/ll2=(^l/W|2^w)2<oo. 

We shall denote by L 2(X, 03 , ju) or simply by L 2(X) th e vector space con-
sisting of C-value d square integrable functions, where we consider that f=g 
in L 2(X) i f ||/—g|| 2 =  0 . The n L 2(X) i s a Hilbert space over C  wit h inner 
product 

(/, g)=  [  / W i W W >  f,g  e  L2(X). 
Jx 

If L 2(X) ha s a countable complete orthonormal syste m {(pJ XeA ,  every /  e 
L2{X) ca n be expanded i n the for m 

which mean s tha t th e right-han d sid e i s convergen t t o /  wit h respec t t o 
the nor m | | || 2. W e sometime s cal l thi s th e Fourier  expansion  o f /  an d 
the ( / , (p x) 's th e Fourier  coefficients.  Fo r example , fo r a  locall y compac t 
group G,  th e L 2-space L 2(G) wit h respec t t o a  Haar measur e always has a 
countable complet e orthonorma l system . Fo r these refe r t o Yosida [31]. 
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9. Riemannia n geometry . Le t M  b e a manifold o f dimension n . Fo r 
x e  M a  linear isomorphism o f R " ont o the tangent spac e T X(M) i s called 
a frame o f M  a t x . Th e set L{M)  o f frames o f M  ha s a principal fibre 
bundle structur e wit h structur e grou p GL(R") . Fo r u  e L(M)  le t G u be 
the tangent spac e to the fibre of L(M)  throug h w  at w . An n -dimensional 
C°° distributio n r  :  u  i- + Tu o n L(M ) i s called a  //nea r connection  on 
Af i f it is invariant unde r the action of GL(R" ) o n L(M)  an d satisfies the 
condition that r uC\Gu =  {0} fo r any u  G L(Af) . Ther e always exists a linear 
connection on M . 

Let 7 " b e a  linea r connectio n o n M , an d let 7 r b e the projection o f 
L(M) ont o Af . Le t x t, 0  ^ £   ̂a , b e a C° ° curv e in M . The n fo r any 
point u Q G L(M) wit h TT(W 0) = x 0 , ther e exist s a  unique C° ° curv e w r, 
0 ^ £ ^ tf, in L(M)  wit h initial point w 0 which is everywhere tangent to the 
distribution r  an d satisfies n(u t) =  xt, 0  ^ t  ^ a.  A  linear isomorphis m 
rt o f T x (M)  ont o T x (M) i s defined b y x t = utuQ~l .  Thi s is determined 
only by the curve x t an d is independent o f the choice o f u 0. Thi s linea r 
isomorphism x t induce s a linear isomorphis m 

(0 r *, ) 0 (® ' V): (® ' T; O(M)) 0 (<g) ' T^M)* ) 

— (®rrX|(JO)®(®'rX|M*)' 
where T, * denotes the inverse of the tranposed mapping of x t. W e shall also 
denote thi s by r t whic h i s called the parallel displacement  (wit h respec t to 
the linea r connectio n r ) alon g the curve x t. Le t X  b e a vector field on 
M, an d let 5  b e a tensor field of type (r , s) o n M . Le t x 0 e  M an d take 
a C° ° curv e ^ , 0  ^ t  ^ a,  wit h initia l poin t x 0 whos e tangen t vecto r x 0 

at x n i s A T .  Set 

( V A = iim7(Trl5Jc - ^ )-
* /x o t-+0  t l  x t - V 

Then ( V YS) v  i s determined only by X v an d is independent of the choice of 
curve x t. Therefore , we have a tensor field  V  XS o f type (r , s) o n M whic h 
is calle d th e covariant derivative  of S  relative  to X . Th e correspondence 
X •- > VXS determine s a tensor field of type (r,  s+l). W e shal l denote thi s 
by VS  whic h we call the covariant differential of S. W e sometimes cal l this 
"differential operator " V  a  linear connection . 

Let (x  ,  . .. , xn) b e a local coordinate syste m on an open se t U  o f M . 
Define C° ° function s r jk

l o n ( 7 by 

We call this system {/] fc'} th e local expression of r , an d these functions /" V 

the components of T wit h respect to the local coordinate system (x  , ... ,x n). 
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Let (x  , . .. ,  xn) b e another loca l coordinate syste m on U , an d le t {/^/ } 
be the corresponding loca l expression o f r  .  Then we have 

r y  _ y, d  V dX y ys  k  dXl 3X J 8X 7 

af ~hd* adx*dxl+ ^ ^ lJ  dX a
dxfdx^ 

For example , give n a covariant tenso r field  S  o f degre e s , it s covarian t 
dLTerential VS  is written locall y 

dSi.../ 5  n  h 

Tensor fields  T  and i ? o f typ e (1,2 ) an d o f typ e (1 , 3), respectively , 
are defined b y the condition s 

T(X,Y) =  V XY-VYX-[X,Y], 

R(X, Y)Z  =  V x V r Z -  V YVXZ -  V [XiY]Z , 

where X , Y , and Z  ar e an y vecto r fields  on M . W e cal l T  and R  th e 
torsion tensor field and the curvature  tensor field, respectively. 

Let xt, 0   ̂f < a , b e a C° ° curv e in M . Fro m the definition o f covariant 
derivative we see that give n a  smooth vecto r field  Xt, 0  ^ t  ̂a, along the 
curve x t th e covarian t derivativ e V ^ Xt ca n b e defined . A  geodesic x t, 
0 < t < a, is a C° ° curv e suc h tha t V . xt = 0 for an y 0  < t ^ a. Le t 
(x ,  . .. ,  xn) b e a loca l coordinat e syste m aroun d x 0 e M. I t i s calle d a 
normal coordinate  system around  x 0 if xl(x0) =  0 fo r 1   ̂z: £  n an d th e 
curve x , define d by x t

l — a tt, 1   ̂/:  ̂n , is a geodesic for any a 2, . . . , an e 
R. Ther e always exists a  normal coordinat e system . 

A tenso r field  g  on M o f typ e (0 , 2 ) i s calle d a  pseudo-Riemannian 
metric i f ever y g x, x e M, i s a nondegenerate symmetri c bilinear for m o n 
the tangent space T X(M). I n what follows, we assume that M  has a pseudo-
Riemannian metri c g . W e the n cal l M  a pseudo-Riemannian  manifold. 
Then there exist s a unique linear connection r  on  M  with 

V# =  0 , r  =  0 , 

which is called the Levi-Civita connection  determined by g.  Let {g tj} b e the 

local expressio n o f g  .  The n th e loca l expressio n {r jk
1} o f th e Levi-Civit a 

connection r  i s given by 

1  ̂jh  (d8hj ^  dg hk dg jk 

V =  55> + 2 t r ^ d*k dxJ  dxh 

where {g lj)x<t j< n denote s th e invers e o f the matri x {g ij)l<i j< n. I f 

(x1 , . . . ,  xn) i s a  normal coordinat e syste m wit h respec t t o the Levi-Civit a 
connection, we have 

dg 
—£(0) =  0 , l<ij,k<n. 
dxK 
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Let /  b e a  C° ° functio n o n M . Th e gradient  grad / o f /  i s a  vecto r 
field which i s determined b y the conditio n tha t g(grad/ , X)  =  Xf fo r an y 
vector field  X.  Le t X  b e a  vecto r field  o n Af . Le t (x  ,  ... ,  xn) b e a 
local coordinate syste m on an open se t U  of  M,  an d le t {g.j}  b e the loca l 
expression o f g  wit h respec t t o thi s coordinate system . Le t us consider th e 
following differentia l for m o f degree n  o n U: 

v =  ^/gdx1 A  • • • A  dx11, g  = I d e t ^ . J i g / , ^ 

Then since v  doe s not vanish anywhere on U , a  C° ° functio n di v X o n ( 7 
is defined by 8(X)v  =  (divX)i> , where 6(X)  denote s the Lie differentiatio n 
relative t o X . Actually , di v X i s determined independentl y o f th e choic e 
of local coordinate system, and hence, a C° ° functio n divX , whic h we call 
the divergence  of X , i s defined o n the whole of M . 

Moreover, w e assume tha t g  i s a  Riemannian metric,  that is , g x i s pos-
itive definite fo r ever y x  e  M . The n M  i s called a  Riemannian manifold. 
Further, w e assume tha t M  i s connected . Fo r an y tw o point s x , y  e  M , 
let d(x , y ) b e th e infimu m o f th e length s o f al l piecewis e smoot h curve s 
joining x  t o y  .  The n d  satisfie s th e axiom s o f distance , and th e topolog y 
of M  determine d b y d  i s identica l t o th e origina l one . Th e Riemannia n 
manifold M  i s called complete  if th e metri c spac e (M , d)  i s complete . I f 
M i s complete , an y tw o point s ca n b e joined b y a  geodesic with respec t t o 
the Levi-Civit a connection . A  diffeomorphism o f M  i s called a n isometry 
if i t leaves g  invariant . The n th e group I{M)  o f isometrie s o f M  i s a Lie 
transformation grou p wit h respec t t o th e compac t ope n topology . I f I(M) 
acts transitively o n M , the n M  i s complete . Fo r thes e refe r t o Kobayash i 
and Nomizu [17] . 

10. Fo r roo t system s o f semisimpl e Li e algebra s an d weight s o f repre -
sentations refe r t o Humphrey s [13] . Fo r fundamenta l groups , fibre bundles, 
covering homotopy theorem , an d homotop y exac t sequences , refer t o Steen -
rod [24]. 
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