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PREFACE 

This monograph deal s with the analysis of random processes in multiphase servic e 
systems operating in critical regimes . Multiphas e system s are widely met i n practice . 
They play an important rol e in queueing theory and have been the subject o f research 
for a  long time . A s a  rule , i n thi s class o f systems , i t i s impossible t o obtai n explici t 
formulas fo r th e operatio n parameter s a s functions o f the distribution o f the contro l 
sequence elements. 

Usually, compute r simulatio n i s applie d i n thes e cases . However , i n operatio n 
regimes close to the critical one, this approach shows low efficiency. A t the same time, 
analytical methods provid e explici t analytic formulas i n a  limi t corresponding t o th e 
critical mode. 

The materia l o f th e boo k i s arrange d i n tw o parts . I n th e first  par t (Chapte r I 
and Chapte r II) , we study waitin g tim e processe s i n heav y traffi c an d thei r diffusio n 
approximations. I n the second part (Chapte r III) , we consider queue length processes 
and departure flows of customers in multiphase systems . 

The operation of multiphase systems is described by random processes in polyhedral 
cones with reflections at their faces. Th e corresponding construction, which generalizes 
the well-known Lindle y equation, i s presented i n the first  chapter o f the monograph . 
Systems satisfyin g th e Kleinroc k conditio n o n th e independenc e o f servic e time s i n 
different phases , a s wel l a s systems  wit h identica l service , ar e considere d uniforml y 
using the processes with reflections . 

In heavy traffic, processe s with reflections ar e approximated b y diffusion processes . 
To validate the corresponding limit in multiphase systems , we use the theory o f weak 
convergence of random processes, and, in particular, the Donsker-Prohorov invarianc e 
principle. 

The unifie d treatmen t ha s certai n advantages , a t th e cos t o f disregardin g som e 
approaches, however . I n particular , th e martingale approac h i s not considered i n the 
book although i t appears to be very effective i n many cases. 

The secon d par t o f the book deal s with th e queu e length processes and departur e 
flows in multiphase systems . Thi s part i s a kind o f survey. Ther e are two reasons tha t 
made u s choose th e surve y style . Th e first  reaso n i s that th e queu e lengt h processe s 
are ver y clos e t o th e waitin g tim e processes . Th e secon d reaso n i s tha t th e result s 
associated wit h th e approximatio n o f a  departur e flow  i n heav y traffi c hav e no t ye t 
received a conventional treatment in the modern literature . 

The theor y o f heav y traffi c i n servic e system s accumulate s th e effort s o f man y 
mathematicians. Unfortunately , w e are in no positio n t o giv e a ful l lis t o f specialist s 
in the field and to appreciate their individual contributions to the development o f the 
theory. Her e we mention onl y Donsker, Prohorov , Borovkov , Harrison , Reiman , an d 
Whitt. 

ix 
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APPENDIX I 

WEAK CONVERGENC E I N FUNCTION SPACE S 

In thi s appendix , severa l importan t fact s o f the wea k convergenc e theor y o f sto-
chastic processes are collected. Thi s theory is presented in many monographs (see , e.g, 
[11], [108]). 

§1. Convergenc e i n distributio n 

Let A ' be a complete an d separabl e metri c space . Le t £ A b e a family o f random 
points o f X depending on a parameter X  > 0. We say that th e family £ A converges  in 

distribution to a random point £° as X —» 0 (and denote this convergence by —>), 

(Al.1.1) ^^-*£®  a s X^O, 

if for each bounded continuous function / : X  — > R, 

(Al.1.2) l imE/(<r ) =  E/ ( f ° ) . 
A —>0 

Observe that we want relatio n (Al.1.2 ) t o be satisfied fo r real-value d function s / . 

On the other hand , if £A — » £° , then (Al.1.2 ) i s satisfied als o for comple x function s 
/ . If , for instance , X =  R, that is , d;A i s a random variable , the n usin g the functio n 
f(x) =  e ltx, w e obtain th e convergenc e of the characteristi c function s (c.f. ) o f th e 
random variables £A to that o f £°. 

Let Px (1 > 0) be th e distributio n o f a random poin t £ A of the spac e X  (o r th e 
measure corresponding to £A). 

DEFINITION. Th e measure s P A (X >  0) are sai d t o be weakly convergent  to the 
measure P°  a s X —> 0, 

pA _ ^ p O 

i f f * - ^ f ° (A->()) . 

Clearly, we can rewrite (Al.1.2 ) i n the following form : 

(Al.1.3) li m /  f{x)P x(dx) =  /  f(x)P°(dx). 
"•-+0 Jx Jx 

We mention her e som e feature s o f th e convergenc e introduce d above . A  brilliant 
systematic presentation o f the theory of weak convergence is given in [11]. 

89 
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THEOREM A  1.1.1 ([11 , Theore m 2.1]) . If  condition  ( A 1.1.2) is  satisfied  for  all 
bounded and uniformly continuous  functions f  on  X, then  it provides the convergence of 
(ALU) . 

We denote b y do(x,y)  th e distanc e i n th e spac e X.  Assum e tha t rando m point s 
£A an d n A, X  >  0 , ar e define d o n th e commo n probabilit y space . The n th e rando m 
variable d0(^

A, nx) i s also defined o n the same probability space . 

THEOREM Al.1. 2 ([11 , Theorem4.1]) . Iftf^Z 0andd0(Z\rix)-^>OasA->0, 

then nA -̂ - > £°. 

Consider a  family o f stochastic elements ^ , ^ e Af define d o n the common prob -
ability space with suppor t X  dependin g on two parameters X  ^ 0 , T  >  0 . Le t X  b e a 
metric space with distance d 0. 

THEOREM Al.1. 3 ([11 , Theorem 4.2]) . Assume  that  for each  T >  0 , ^  — > Q  as 

X —> 0 , and ^%  -̂ -> £ ° as T  — > oo . Let  for each  e >  0  £/zere exwf T 0 >  0  arcd Ao > 0 
swc/z that for all  T >  To  and for each  X G (0, Ao) 

(Al.1.4) P r H ( ^ A ) ^ } < £ . 

77*^ ^ -̂ - > £° as X -> 0. 

Let A " b e a  metri c spac e an d ip : A * —> X' a  measurabl e mapping . Denot e b y ,4 
(^ G  A) th e discontinuity se t for the map <p.  The n A  i s a Borel set (se e [11]). 

THEOREM Al.1. 4 ([11 , §5]). Let  <!; \ A  > 0 , be  random points in  the space X,  and 

^ ^  f  °. //Pr{(J ° G  ^ } =  0 , then ip^A) -^  y>(£°) . 

Let (L , £) b e a  measurabl e spac e (no t necessaril y a  metri c space) , an d le t a  b e 
a rando m elemen t o f (L . £) define d o n som e probability space . I f /  i s a measurabl e 
function o n L, then the random variable / ( a) i s defined on the same probability space. 

THEOREM Al . 1.5. Assume  that  a is  a random  element in the space (L. C) and {/Y} , 
T >  0 , is  a family of  measurable functions that  converge  at any point of  the  space L to 

the function f  as  T  — > oo . Then  fr(&) —>  f(&). 

PROOF. Le t Pa b e the distribution o f the random element a an d (p  be a continuous, 
bounded, real-value d functio n o n R. If  £j =  / 7 ( a ) , the n 

Etp({T) = Jh T(l)PQ(dl). 

where hT(l) =  <£>(/Y(/)) . The functions h T ar e uniformly bounded on T  an d converge 
to h{l)  =  <p{f{l))  a s T  — > co . Therefore , passin g to th e limi t and integratin g i n th e 
latter formula , w e get 

lim E<P(ZT)  =  [  h(l)P a(dl) =  E < ^ ) . 

and the proof is completed. • 
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§2. Convergenc e i n the space D 

Let T be an arbitrary interva l [0 , T], or the nonnegative half-line t  ^  0 . 

DEFINITION. Th e space Dm{T) =  D m(T, R m) i s the set of left continuous function s 
x: T  - > Rm havin g finite right limits. 

The distanc e i n th e spac e Dm{[0, T])  i s introduced i n th e followin g wa y (se e [11], 
§14). Le t A =  A(0 , T) b e the set of increasing continuous functions o n T, X\ [0 , T] —> 
[0, T],  with A(0) =  0 , X{T) =  T.  Fo r every two functions x ux2 e  D m([0, T]),  pu t 

(Al.2.1) d(x\,x 2) =  in f (  su p \x 2(t) -  x\(A(t))\  +  ^u p 

where |x | =  ^E7=\( xl)2^x =  {x\  ...  ,x m) eR m. 

With respec t t o thi s metric , th e spac e D m ([0 , T])  i s complete an d separable . Th e 
corresponding topology is equivalent to the Skorohod topology . 

Observe ([11] , §14) that the space Cm([0, T])  =  C([0 , T], Rm) o f functions continu -
ous on [0, T] is contained in Z>m([0, T]). Th e metric defined b y (Al.2.1) an d the usual 
uniform metri c induce equivalent topologies on the space C w([0, T]). 

For eac h t  G  T  an d a n arbitrar y Bore l se t B  £  M m, letT(f,jB,T ) b e th e se t o f 
functions i n Dm{T) satisfyin g th e inclusion x(t)  e  B. 

Denote b y Vm{T) th e minimal cr-algebra o f subsets r(f , fi,  T) , where t  e  T  and B 
runs over all Borel sets in R m. 

THEOREM Al.2. 1 ([11 , Theorem 14.5]) . The  o-algebra  of  Borel  sets  of  the  space 
£>m([0, T]) coincides  with the a-algebra V m{T). 

Consider a  random process £ on the time interval T taking values in the space R m. 
Assume that the sample paths of this process belong to the space Dm (T) almost surely. 
Then we can consider the process £ as an element of the space D m(T). 

Let T  =  [0 . T] and £ A {X  ^ 0 ) be a family o f such rando m processe s o n th e spac e 
Dm{[0. T]).  Th e famil y £ A i s called weakly  convergent  to th e proces s £° , i f the corre -
sponding famil y o f rando m point s i n th e spac e D m{[0. T])  converge s i n distributio n 
to th e rando m poin t £° . Th e wea k convergenc e o f rando m processe s i s denoted a s 
follows: 

C -?U  f °. A  -> 0. 

Thus. ^  -^ U £° if for each bounded functiona l / : D m{[0. T])  - > R  the relatio n 

limE/(<r) =  E/(f° ) 
A—• ( ) 

holds. 
The Skoroho d topolog y o n th e spac e D m i s generate d b y th e metri c (Al.2.1) . 

Besides, we use the uniform metri c defined b y 

(Al.2.2) p{x\'Xi)=  su p \x 2{t) -  x\{t)\. 

In w-w 
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where x\, x 2 ar e functions belongin g to Dm. I t is clear tha t 

(Al.2.3) d(x\,X2)  ^  p(x\,xi). 

For each function / I e A  =  A(0 , T) w e can define the operato r 

X: /)m([0, r ] ) ->£> m([0,r ] ) , 

acting as a time change: Xx{t)  =  x(A(t)),  x  e  D m([0, T]).  W e denote the set of these 
operators by A. 

We say tha t a  ma p A\  D m([0, T])  — > D n([0, T])  commutes  with  time  changes  (or , 
briefly, commute s with A) , i f AX =  XA  for an y X  e A . Therefore , A  commute s wit h 
A i f (A(Xx))(t)  =  (Ax)(X(t))  fo r eac h functio n X  e  A . Belo w w e provide severa l 
examples of such operators . 

A trivial one is generated by an arbitrary continuou s function tp:  Rm — > Rn: 

(Al.2.4) Ax{t)  =  (p(x{t)). 

Another exampl e i s provided b y the following map . Conside r th e map S  tha t trans -
forms a  bounded functio n x  o n T =  [0 , T] by the formul a 

(Al.2.5) Sx{t)  =  su p x(a) , teT. 

Let u s sho w tha t S  take s th e spac e D l{[0, T])  t o D l([0, T]),  an d tha t thi s operato r 
commutes wit h A . Indeed , i f y  =  Sx,  x  e  D l{[0, T 7]), the n y  i s a  nondecreasin g 
and bounde d functio n o n T . Hence , thi s functio n ha s finite  righ t limit s an d i s lef t 
continuous o n T . Sinc e the function x(t)  i s right continuous , th e function y  i s righ t 
continuous as well. Therefore , S  take s Dl ([0 , T]) t o Dl ([0 , T]). Finally , the relatio n 

{S{Xx)){t) =  su p Xx{s)  =  su p xUCO ) =  su p JC( 0 =  (^U))U(0 ) 

implies the commutativity property for the operators S and A. Obviously , the operator 
/ define d b y 

(Al.2.6) Ix(t)  -  in f x{s),  t  e  T , 

also takes Dl ([0 , T]) t o Z)1 ([0, T]) and commutes with A. 
The se t o f operator s commutin g wit h A  i s a n algebra : linea r combination s an d 

products also belong to the set of operators commuting with time changes. Therefore , 
combinations of the operators S  an d / wit h the operators (Al.2.6 ) provide new exam-
ples of such operators. Consider , for instance, the operator B: D 3([Q, T]) — > D l{[0, T]) 
defined b y 

Bx{t) =  B{x\x 2.x3) =  S{S(x 3 -x 2)+x2 - x 1 ) . 

Observe that fo r thi s functiona l 

(Al.2.7) Bx{t)  -  su p (x 2(s{) -  x {(si) +  x 3{s2) -  x 2{s2)). 
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THEOREM Al.2.2 . IfamapA:  D m{[0, T])  — > Z> (̂[0 , T]) commutes with time changes 
and is continuous with  respect to the uniform metric,  then  A is  continuous in  the metric 
defined by (Al.2.1) in  the space Dm{[0, T]). 

PROOF. W e have t o sho w tha t i f d{x n,x0) - > 0  (x n G  Dm{[0, T]),  n  =  0 ,1 , . . . ) 
as n  —• > oo and _y„ =  Ax n, n  =  0 , 1 , . . . , the n d(y„,yo)  — » 0 . Choos e e  >  0 . Sinc e 
^ i s continuou s i n th e unifor m metric , ther e exist s S  >  0  suc h tha t th e inequalit y 
p{Ax, Axo)  <  e  holds whenever p(x, XQ)  <S. 

Choose an integer n0 >  1 . For each n >  n0 there exists a function 1 * G A satisfyin g 
the following inequality : 

ln{s)-Xn{t)\ 
sup |x 0(0 -  x n{X{t))\ +  su p 

0<t<T 0<s<t<T 
In- <<S. 

Therefore, p(lnxn, xo)  <3  fo r n  >  n0. Hence , 

(Al.2.8) /?U^x„,>>o)<£ . 

The relation AXnxn =  X nAxn =  X nyn, togethe r with inequality (Al.2.8) , means tha t 

sup \y 0(t) -y nttn(t))\ <e. 

On the other hand , 

sup I n \<8. 

Without los s o f generality , w e can assum e tha t d <  e.  The n d(y 0,yn) <  2e , an d th e 
proof is completed. • 

§3. Th e Invariance Principl e 

Let /?j \ . .. , /?*, . . . ( A >  0 ) b e a  sequenc e o f independen t identicall y distribute d 
random vectors in Em. Denot e by pA th e random vector in this space having the same 
distribution a s ($A. Assume tha t 

(Al.3.1) Efi A =  X 2a+o(X2), Dp x =  X 2d +  o(k2) a s X  -> 0 , 

where a =  (a l,..., a m) G l m , D/? A is the matrix of the second central moments of the 
vector fiA (or the covariance matrix), and d  i s a positive definite and symmetric matrix 
of order m. 

Denote by PA the distribution of the vector pA. W e also assume that this distribution 
satisfies th e Lindeberg-Feller condition : 

(Al.3.2) /  \x\ 2PA{dx) =  o{X 2). 
J\x\>e 

Put 

n 

/ = 1 

(We assume that i f the lower limit is greater than uppe r limit , then the correspondin g 
sum is equal to 0. ) 

Consider the stochastic process wA o n the space Dw([0, T])  define d b y the formul a 
wA =  S A fo r n  =  [t/X 2l 0^t  ^T. 
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THEOREM Al.3. 1 (Th e Donsker-Prohorov Invarianc e Principle, [11], [95]). If  con-
ditions (Al.3.1), ( A 1.3.2) are satisfied, then the family of  processes wA converges  weakly 
to the process 

w(t) =  hB{t)  +  ta,  O^t  ^T, 

as X —> 0 , where B is  a Brownian motion in  Rm, and  the matrix h  is  given by the relation 
d =hh T. 



APPENDIX I I 

WEAK CONVERGENC E O F FUNCTIONAL S 

OF STOCHASTI C PROCESSE S 

§1. Approximate d functional s 

Let u s conside r th e spac e 2) m([0, oc)). Restrictin g th e domai n o f a  functio n x  e 
Dm{[0, oo) ) to the interval [0, T], we obtain a  function x T e  D m{[0, T]).  Th e functio n 
xT i s calle d th e restriction  o f th e functio n x  t o th e interva l [0 , T]. W e denot e th e 
restriction operato r by YlT. Thus , xT =  YI Tx. 

Let £ \ X  ^ 0 , b e a  family o f stochasti c element s o f th e spac e D m([0, oo)) . Eac h 
of them can be considered a s a stochastic process with sample paths belonging to th e 
space D m{[0, oo)) . Le t u s choos e T  ^  0  an d conside r th e restrictio n £ T =  H T^. 
Assume tha t 

(A2.1.1) Q-^iT*  A->0 , 

for al l T  ^  0 . Th e following question arises naturally in the weak convergence theory : 
when do the processes £A converge weakly on the whole half-line t o the process £°? 

If the sample paths of the processes £A have finite limits as t  — > oo , then there is an 
opportunity t o apply Theorem Al. 1.3. 

However, in a large number of applications, the limits of paths are infinite or do no t 
exist at all. Fo r this reason, we present here another approach to the problem of weak 
convergence. 

The scheme of the proof of (A2.1.1) discussed in this appendix provides a useful too l 
for proving weak convergence results for different stochasti c models. Th e construction 
does not depend on the form o f the limit process and on the form o f the processes £?. 

To establis h th e convergenc e £ A -̂ - > £ ° o n th e half-line , w e introduc e a  clas s o f 
functionals, whic h we call approximated functionals, o r simply, A-functionals. Fo r thi s 
class of functionals, ( A 1.1.4) and severa l other conditions provide the convergence in 
distribution. 

Assume tha t th e path s o f the processe s £ A ( A > 0 ) belon g to som e subspac e D  c 
Z)"?([0.oc)). LetZ> r =  Yl TD. W e assume that DT i s closed in the space Dm([0. oo) ) fo r 
all T  >  0. Introducin g the metric (A 1.2.1). we turn D T int o a complete and separabl e 
space. Th e a-algebr a V T o f th e Bore l set s coincide s wit h th e a-algebr a o f th e set s 
AnDT, wher e A eD m{[0.T]). 

The natura l er-algebr a V  o f the subset s o f th e spac e D  consist s o f the set s AnD, 
where AeDm. Clearly , if B G  V, the n Yl TB < G V T. 

A real-value d functiona l / : D  — > R  i s called measurable,  i f f~ l(B) e  V  fo r al l 
Borel subsets B eR. 
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We say tha t a  functional f T o n D  depends  only on the  restrictions  o f functions , i f 
there exists a functional fj  o n the space DT suc h tha t 

(A2.1.2) f T(x)=MxT) 

for al l x G  D. 
Let us denote by Q>T th e set of functional dependin g only on the restrictions to the 

interval [0 , T]. Observ e tha t a  functiona l fj  G  O^ i s measurable i f and onl y i f th e 
corresponding functional fj  i s measurable on the space D T. 

DEFINITION. A  functional /  o n D  i s said to be approximated (o r an A-functional) 
if there exists a family o f functional {fr},  / V E  O7, on Z> suc h tha t 

(A2.1.3) li m f T(x)=f(x) 

for eac h x  G  D.  Th e famil y {fr}  i s sai d t o b e a n approximating  family  fo r th e 
functional/. 

The set of A-functionals i s denoted by Ap. Observ e that if fT ar e measurable for all 
T >  0, then the functional /  i s also measurable, as a limit of measurable functionals . 

Let us consider some useful example s of A-functionals. Th e functiona l 

(A2.1.4) f(x)  =  supjc(f) , xeD, 

belongs t o th e clas s A F, provide d D  i s th e spac e o f uppe r bounde d function s i n 
Dx ([0,00]) . A n approximating family i s given by 

fT(x) =  su p x(t). 

If (p  is a n arbitrar y rea l bounde d Lebesgu e measurabl e functio n o n R  an d p  G 
L![0, oc), then the functiona l 

rOC 

f(x)= tp(x(t))p(t)dt,  x£D l{[0,oo]), 
Jo 

belongs to the class AF. Th e corresponding approximating family i s given by 

fT(x)= [  <p(x(t))p(t)dt,  xeD l([0^)). 
Jo 

If (p  is a  bounde d Lebesgu e measurabl e functio n o n R 2 an d p  G  Ll[0, oc) , the n th e 
functional o n Dl ([0 , 00)) given by 

/»oo 

f(x) =  /  <p(x{t),x(l/t))p(t)dt 
Jo 

also belongs to the class AF, and the corresponding approximating family is represented 

b y 

fT(x)= f  <p(x(t),x{l/t))p(t)dt. 
J\/T 
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§2. Unapproximate d functional s 

Here w e giv e a n exampl e o f a  functiona l tha t doe s no t belon g t o th e clas s o f 
approximated functionals . Thi s functional /  ^  A p is defined o n the space Dl ([0 , oo)). 

Let us consider the functiona l 

f 0 , i f lim /__>oox(0 exist s and is finite, 

\ 1 , otherwise . 

PROPOSITION A2.2.1 . The  functional /' * does  not belong to the class AF. 

PROOF. Assume , to the contrary, that /* e  A F. Le t {fr} 6  O  be an approximating 
family. Conside r the function x\  (t) =  0(t),  t  ^  0 , where 6 is the indicator function o f 
the set [0, oo). Thus , 0{t)  - l f o r / ^ 0 an d 6{t)  =  0  for t  <  0 . Clearly , f*(x {) =  0 . 
Therefore, ther e exists T\  >  1  suc h that f Tx (x\)  <  1/3 . Le t 

x2(t) =  ( 1 - 0{t  -  Ti))xi(t)  +  0(t -  T x)cos(2nt). 

Observe tha t x 2{t) i s a  continuou s functio n o n th e half-line  [0 , oo). W e prov e th e 
proposition b y induction . Assum e tha t a  finite  sequenc e o f functions x\ , X2, ..., x„, 
{n ^ 2 ) satisfying th e conditions below is constructed. Th e conditions are as follows: 

(1) Al l the functions i n the sequence are continuous on [0 , oo). 
(2) Ther e exis t nonnegativ e integer s T 0 =  0 , T\,..., T„-\,  T\  >  1  + 7/_i , /  = 

1,2,...,« -  1 , such that x,(t)  =  JC,-_I( 0 for / e  [0 , r ,_i], /  =  2 ,3 , . . . , « . 
(3) I f /  =  2 / +  1 , the n JC,-( 0 =  1  for t  >  3T/_ i ( 1 ^  /  ^  n).  I f /  =  2/ , the n 

Xj(t) =  COS(2TT/ ) fo r t  ^  r,_ i ( 1 <  i  <  «) . 

(4) If / =  2/ + 1 , then/>.(*/) <  1/3, 1 ^ i ^ r c - 1 . If / =  2/ , then/>,.(*,•) >  2/3 , 
1 ^ /  ^n  -  1 . 

The functions xi , x2 and the number T\  satisf y thes e conditions. No w we are going to 
construct the number T„  an d the function x n+\. 

Let n  b e a n eve n number . The n th e functio n x n{t) coincide s wit h cos(27r/ ) fo r 
/ ^  T„-\  an d doe s no t hav e a  limi t a s /  — > oo . Therefore , f(x„)  =  1 . Then , ther e 
exists T n >  T n-\ +  1  such tha t fr,X xn) >  2/3 . Th e functio n x„+\  i s defined b y th e 
relation 

*„+, ( 0 =  ( 1 - 0{t  -  T n))xn(t) +  0{t  -  T n). 

Let n  b e a n od d number . The n x n{t) =  1  for t  ^  r„_ i an d / (*„ ) =  0 . Hence , 
there exists T n >  T n^\ +  1  such that fr,X xn) <  1/3 - Th e function ;t„ +j i n this case is 
defined b y 

xn+]{t) =  ( 1 - 0{t  -  r„))x„( 0 +  0( f -  T n)cos{2nt). 

Clearly, th e function x n+] (t)  i s continuous an d satisfies , togethe r wit h the numbe r 
Tn, condition s (l)-(4) . 

Now let us consider the functio n 

x0{t) =*„( / ) fo r te[T n-{.Tn). n  =  1. 2 

It follows from conditio n (2 ) that x0{t) =  x n{t) fo r /  e  [0 . Tn). Therefore , w e see that 
x0 i s continuous on [0 . Tn]. Hence , x„{t) —  xo{t). t  < E [0, Tn]. Th e function xo( 0 doe s 
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not hav e a limi t a s t  — > oo . Hence , f(x 0) —  1. Therefore , Iini7'_> 00/Y(.x:o) =  1 - O n 
the othe r hand , fo r od d n  we have fr ni

xo) =  fr n{xn) <  1/3 , whic h contradict s th e 
assumption / * e  Ap . Th e proposition i s proved. D 

Observe that the property of a functional t o be approximated depends on the space 
D where the functional i s defined. I f D coincides with the set of functions x(t)  havin g 
limits a s t  — > oo , then / * e  A F. However , i f this functiona l i s defined o n th e spac e 
C([0, oo)) , then, as it was shown, /* ^  Ap . 

§3. Convergenc e in distribution for approximate d functiona l 

Let us consider a  family o f random elements ££. Assum e condition (A2.1.1) : 

where & =  TL T^. 

DEFINITION. W e sa y tha t a  functiona l fj  e  ® r i s admissible,  i f th e followin g 
conditions are satisfied : 

(1) Th e functional f T i s measurable. 
(2) Th e family o f random variables Xj  =  fr{^ X) converge s in distribution t o the 

random variable Xj  =  /Y(£ 0)-

A simple property of admissible functional i s provided by the following statement . 

PROPOSITION A2.3.1 . Let  Q  =  n ^ , X  > 0 , and  ^  -̂ - > ^%  as  X  -» 0 . Assume 
that fT is  measurable on DT and  A is  the set of its discontinuity points. If 

?r{£°TeA} =  0 , 

then the corresponding functional defined  by (A2.1.2) belongs  toQ>r and  is  admissible. 

PROOF. Clearly , th e functiona l / , i s measurable. Relatio n (A2.1.2 ) implie s Xj  = 
fri^r)- No w condition (2 ) follows from Theore m A 1.1.4. • 

THEOREM A2.3.1 . Assume  that  condition  (A2.1.1 ) is  satisfied  and  the  functional 
f G  Ap on D can  be approximated by  a family {/Y} , where  fj is  admissible for each 
T ^  0 . Let  for any  e >  0  there exist T o > 0  and Xo >  0  such that the  inequality 

(A2.3.1) P r { | / V ( ^ ) - / ( ^ ) | ^ e } < e 

holds for all  T  >  To  and  X  E  (0, Ao). Then 

/ ( £ A ) ^ / ( £ ° ) as  A - 0 . 

PROOF. Conside r th e random variable s Xj  =  fr(^)  an d X x =  / (£ A) fo r X  ^ 0 . 

Since the functional {fr}  ar e admissible for eac h T  >  0 , we get A^ — > Xj.  Next , 
relation (A2.1.3 ) an d Theorem Al.1.5 with a =  <J A imply 

X^ -U  X x a s T  - > oo 

for an y A  ^ 0 . No w th e assertion o f the theorem follow s fro m Theore m Al.1. 3 wit h 
the random variable Xj  use d instead o f ££ and X*A instead o f £ A, X  ^ 0 . D 
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AUXILIARY RESULT S 

§1. Bound s for semimartingale s 

Here we have gathered severa l auxiliary fact s no t relate d directl y to th e subjec t o f 
the book . 

LEMMA A3.1.1 . Assume  that  a  nonnegative  process £  =  {£„ } with  discrete  time 
n =  0 , 1 , . . . , N  can  be represented as the  sum of two  processes n =  {n n} and£  =  {{«} , 
£ =  n  + £ , such  that  one  of  them,  say  rj,  is a supermartingale,  while  the other,  £ , a 
submartingale. Then  the inequality 

(A3.1.1) Pr { su p ^^R)<:  ~(Erj 0 + E ^ ) 

holds for any  number R >  0. 

PROOF. Th e proof of the lemma is similar to the proof of the Kolmogorov inequality 
for nonnegativ e semimartingales . Namely , le t r  b e th e momen t whe n th e proces s £ 
exceeds the level R fo r th e first time, 

r =  min(« : 0  ^ n  <  N,  £ n ^  R). 

lf^n <  R  fo r al l n =  0 , . . . , N,  w e set T  =  N.  Evidently , 

Pr{ su p Z„>R}  =  P r { £ T ^ * } . 

By the Chebyshev inequality for nonnegative variables , 

Since T is a stopping time, and 0 ^  x  ^  N,  well-know n inequalities for semimartingale s 
imply EnT <  Erjo and E£T ^  E£ N, an d thus (A3.1.1 ) follows . • 

§2. Bound s for processes with special structure 

Other necessary auxiliary results involve processes with a special structure described 
below. 

Let {Tn}  (n  =  0 ,1 , . . . ) b e a sequence of nondecreasing a-algebras, T n c  T n+\• A 
process U  =  {U n} {n  =  0 ,1, . . . ) i s said t o b e consistent  wit h th e sequenc e {T n} i f 
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each rando m variabl e U„  [n —  0 ,1, . . .) i s measurable wit h respec t t o the cr-algebra 
Tn. 

Let us consider an arbitrary proces s X =  {X n} wit h Xo  = 0  that is consistent with 
the sequence {!Fn}. Assum e that X i s represented as the sum of m processes consistent 
with the sequence {T n}\ 

m — \ 

(A3.2.1) X  =  Y  + ^Z 1, 
i=\ 

and Y 0 =  A  =  0 , / =  l , . . . , m - 1 . 

LEMMA A3.2.1 . Let  there  exist  positive  numbers  a,  D\,  and  D2 such  that  for the 
process X the  following conditions  hold with probability l: 1 

(1) E ( r j ^ _ 1 ) - r , _ 1 ^ - a , / i =  l , 2 , . . . ; 
(2) E[(Y n-E(Yn | ^ _ 1 ) ) 2 | ^ _ 1 ] < A , « =  1,2,... ; 
(3) E(L„  I  T n-\) ^  D 2 + L„_un =  1,2,... , where 

m —  1 

/•=1 

Then the  following inequalities  hold  for any  natural  N,  any  R  >  0 , and  any C  £ 
[0,a(N+l)): 

( 1  mTV D 
(A3.2.2) Pr { su p X n^R}^ — = - , 

(7V + l)2mZ ) 
(A3.2.3) Pr { su p X n ^  - c \ ^ 

(A3.2.4) P r ( su p X n ^  R \ <: 

((N +  \)a-C) 2' 

2\flmD 

where D =  D\ + Z>2 

PROOF. Le t u s pu t 

(A3.2.5) 

Yn =  ^ ( E ( F 7 I  Tj-x)  -  y 7_i). n>\.  Y 0 = 0 . 
.7 = 1 

.7 = 1 

'Those readers who are acquainted wit h the modern martingal e theory (see . e.g.. [86]) will undoubtedl y 
see that conditions 1  an d 2 are restrictions imposed on the compensator an d the quadratic characteristic of 
the process Y.  However , sinc e in what follow s we do not use these notions , we do not discuss the relations 
of the result stated to this deep and advanced theory . 
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Then Y  =  Y  +  Y.  Conditio n (1 ) of the lemma implies Y  <  —na\  hence, 

m — 1 

Xn ^ - / l f l+ Y n + J2 Zn' 
i =  l 

Therefore, 

(A3.2.6) 

and 

Pr{ su p X„^R\^PT\  su p f t +  V z ^ ^ ^ l 

^ P r i su p £ „ ^ ^ 2 / w l ' 

(A3.2.7) 

«Prfe»?4->i("-STT)1}-
where ^ =  f„ 2 +  L„ . 

Relation (A3.2.5 ) implie s f „ -  Y"„_ i =  r „ -  E(F „ |  .T^-i). Th e variable f„_ i i s 
measurable with respect to the a-algebra T n-\. Therefore , E ( Yn \  Tn-\) =  Y n_\, an d 
thus 

E[(Yn -  f„_,) 2 I  ^ _ ,] =  E(f„ 2 I  ^ _ ,) -  Yt_ x. 

Taking int o accoun t condition s (2 ) an d (3 ) o f th e lemma , w e infer E()^ 2 |  T n-\) ^ 
Dx +  t 2_, an d 

(A3.2.8) E(f „ I  ^ „ _ ,K £ > + £„_! . 

Now le t u s conside r th e processe s rj n =  £ n -  nD  an d ( n =  nD.  Evidently , th e 
process {(„} is a submartingale. Relatio n (A3.2.8 ) fo r the process {rj n} implie s 

Urjn I  Tn-X) =  E(£ n -  nD  |  Fn_x) ^  £„_ , +  (n  - l)D. 

Therefore, th e proces s {rj n} i s a supermartingal e wit h respec t t o th e sequenc e {T n}. 
Applying Lemm a A3.1. 1 (wit h R  replace d b y R 2/m) an d takin g int o accoun t th e 
relation rj 0 =  0 . we get 

Pr su p ^  ^  _  U  _ _ 

The latter inequality together with (A3.2.6 ) yield s (A3.2.2) . 
To prove (A3.2.3) . we consider the proces s 

1 ° ° 1 

r = n+\ 
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Relation (A3.2.8 ) implie s 

1 ° ° 1  1  ° ° 1 

r=n+\ r=n 

Therefore, th e proces s U„  is a  supermartingal e wit h respec t t o th e sequenc e {Fn}-
Relying on the Kolmogorov inequality for nonnegative supermartingales , we infer 

P r i s u p - ^ ^  R(a,m,N,  C)\  ^  Pr i su p U n ^  R(a,m,  N,  C)  \ 
(A3 2 9) U>N n J  [n>N  J 

EUN+\ 

where R(a,m,N,C) =  L  I  a  -  — 7V+1 

R(a,m,N,C)' 

2 

Now let us bound Et/^+i . I t follows from (A3.2.8 ) tha t E£„ <  D  +  E£„_i . Takin g 
into account that £o = 0 , we get E ^ +i ^  (N  +  l)D,  an d thu s 

D „  4^  1  2Z > 
E C / ^ A T T 7 +  i )£ ^ j T T T 

r=7V+2 

Introducing thi s t o (A3.2.9 ) an d takin g int o accoun t (A3.2.7) , w e ge t inequalit y 
(A3.2.3). 

To prove inequality (A3.2.4) , let us choose an arbitrary natura l N.  Sinc e 

sup X„ =  ma x su p X n, su p X n 
n>0 \0^n<N  n>N 

we have 

Pr i su p Xn ^  R  \  ^  Pr i su p X n ^  R  \  +  Pr i su p Xn ^  , R 

^ P r i su p X n ^  R)  +  Pr i su p A; ^ o i . 

The first  ter m i n th e right-han d sid e i s estimated wit h th e hel p o f (A3.2.2) , an d th e 
second one with the help of (A3.2.3 ) (wit h C  =  0) ; thus, we get 

To get (A3.2.4) , i t suffice s t o se t N  =  [V2R/a]  i n the latte r inequality . Th e proof i s 
completed. • 
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COROLLARY A3.2.1 . Let  n\ ,..., n n,... be  a sequence of independent identically dis-
tributed random variables,  and 

7 = 1 

IfEnn =  —  a <  0 , then  the  following inequalities  hold for any  natural  N, an  arbitrary 
R >  0, and an arbitrary C  e  [0 , (N +  I)a): 

(A3.2.10) Pr i su p ^  ^  U  1 <  ^ , 

(A3211)
 ^ T - ^ H I J T I F ^ 

(A3.2.12) Pr i supa „ ^  T O ^  - ^ — 

PROOF. Le t us put Y„  — on an d m  =  1  in (A3.2.1) . I n thi s case, al l the processe s 
Zl disappear , an d L n vanishes . Conditio n (3 ) o f Lemm a A3.2. 1 hold s fo r D^  =  0 . 
The a-algebra generate d b y nj,  j  =  1,...,« , i s regarded a s the c-algebra T n. Le t u s 
verify conditions (1 ) and (2 ) of Lemma A3.2.1. Evidently , on =  n n+an-\. Therefore , 

E(on |  Tn-\) =  En n +  a„_ i =  -a  +  a n-\, 

and, hence, condition (1 ) holds. Conditio n (2 ) holds as well, since on — E{an \  Tn-x) = 
nn —  Enn an d 

E[(an -  E(a n |  J^_i))2 |  Tn-{\ =  Dn n =  D. 

Applying no w Lemm a A3.2.1 , w e ge t (A3.2.10) , (A3.2.11) , an d (A3.2.12 ) fro m 
(A3.2.2), (A3.2.3) , and (A3.2.4) , respectively. D 

Observe that inequality (A3.2.12 ) implies the followin g 

COROLLARY A3.2.2 . Under  the assumptions of  Corollary  A3.2.1, 

Pr{ su p o n <  oo} =  1 . 
0^/7<O O 
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APPENDIX IV 

TANDEM QUEUE S I N HEAV Y TRAFFI C 

In thi s appendi x w e solve problem (2.4.12)-(2.4.15 ) fo r tande m queues . W e find 
an explici t formula fo r th e joint limi t distribution functio n o f waiting times in heav y 
traffic. 

§1. Reductio n to a  boundary value problem 

The equation describing the stationary joint distribution of waiting times is an ellip-
tic equation with constant coefficients . Relation s (2.4.12)-(2.4.15 ) provid e a problem 
with obligu e derivativ e fo r a  two-dimensiona l ellipti c differentia l equation . Simila r 
problems have been studied b y numerous authors ; however , ou r case  seems to be dif-
ferent fro m thos e analyze d i n th e literatur e (se e Gakhov [35] , Gakhov an d Chersk y 
[36]). 

Below we find a  solution usin g the reduction t o a  certain boundar y value problem 
for functions o f a complex variable. 

To simplify the notation, we use the functions O(x ) and Q>(x,y)  instead of the func-
tions u\{x)  an d M2W , respectively . Recal l (se e Chapter II , § 4 and als o Introduction ) 
that the limit waiting time distribution <X>(x ) at the first phase of our queueing system 
satisfies th e equation 

d<3> 1  d 2d> 
-a\-— +  -(d  +  d {)-—r =  0 , -0 0 <  x  <  0 , 

ax 2  ax 1 

and the boundary condition s 

lim O(JC ) =  1 , li m O(x ) =  0 . 
x—> —  00 * — • ( ) — 

It is obvious tha t 

{ 0, i f x >  0, 

1 - e x p - - , i f x < 0 . 
a +  d\ 

Now we reformulate proble m (2.4.12)—(2.4.15 ) fo r the case of tandem queues . 

BASIC TWO-DIMENSIONA L PROBLEM . Fin d a  function <&(x,y)  tha t i s continuous o n 
the entire plane and satisfie s the following conditions : 

(1) Q(x,y)  = 0 i f x ^ 0 ; 
(2) <S)(x,y)  does not depend on x  fo r x  <  y, x  <  0; 

105 
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(3) fo r y  ^  x  <  0 , th e functio n Q>(x,y)  is a  solutio n o f th e ellipti c differentia l 
equation 

(A4.1.1) L * ( X , J O = 0 , 

(A4.1.2) d*(x,x) =() 

ox 
(A4.1.3) 0(0,7 ) = 0 ; 

(4) th e following relations holds on the entire plane uniformly i n x : 

(A4.1.4) li m (®(x,y)  -  *(*) ) =  0 , 

where 

d o d o i / \ J N 0 2 o ^jd 2® tJ  J N a 2 a ) \ 
<9x 9 y 2  \ dx 2 dxdy  dy 2 J 

Observe tha t th e drift coefficient s an d the elements o f the diffusio n matr i x satisf y 
the inequalitie s 

(A4.1.5) <*,•>( ) ( / =  1,2) , d ld2 +  d{d ]+d2)>0. 

In wha t follows , w e refe r t o th e problem define d b y relation s (A4.1.1)-(A4.1.4 ) a s 
problem (BP) . 

To solv e th e problem, w e must rewrit e th e equation an d the boundary condit ion s 
in the invariant metric . Thi s metri c is defined b y the scala r produc t (x.y)  =  xD~ xyJ, 
where D  i s th e diffusio n matrix . Thi s metri c i s calle d invariant , sinc e th e scala r 
product o f vectors i s preserved unde r linea r transformation s diagonalizin g th e matrix 
of th e operato r L . Therefore , th e angles betwee n vector s d o not change unde r thes e 
transformations. 

PROPOSITION A4.1.1 . In  an  appropriate  coordinate  system  x\.x 2 with  the  invariant 
metric, problem  (BP ) is  transformed to  the  following one:  in  terms of  the  angle 

0 <  x 2 cos a <  x\  si n a. 0  < a  ^  n/2. 

find a  function x ¥(x\.X2) such  that 

~de(y) "  v  "  y  •  de(0) 

and 
lim (*¥{x {.x2)- ( 1 - e x p ( - 2 s i n x2 ) ) ) =  0 

.V ] — • O O 

uniformly in  x 2, where  I  is  the  ray  defined  by  the  equation  j o c o s a =  x\  si n a, and 
e (^ ) =  (co s (p. sin ip). The  angles a.fi.y satisfy  the  inequalities 

-n/2^p<0. 0<y-P<n.  a-p^n/2. 
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PROOF. Conside r the diffusion matri x 

d +  d\  d 
d d  H - d2 

The inverse matrix is given by 

_i _  1  (  d+d2 -d 
D A  V  ~d  d  +  d\ 

where 
A = deti ) =  d xd2 +  d(d ] +  d 2) >  0. 

The problem for the function O  is described by the vectors 

e = ( l , 0 ) , k  =  (1,1) , r  =  ( 0 , - l ) , g=(-a u-a2). 

The vector e corresponds to the reflecting direction at the line defined by k. Th e vector 
r corresponds t o the second sid e of the angle . Th e drif t o f the process i s given by the 
vector g. 

The lengths of these vectors are as follows: 

A|e|2 =  (l,Q)D- ](hO)T =d 2 +  d, 

A|k|2 =  d 2 +  d u 

A|r|2 =  */,+</ , 

A|g|2 =  (a { -a 1)
1^a\d1 +  ald\. 

The scalar products of the vectors satisfy th e relation s 

A(e.g) =  (a 2 -a\)d  -  a xd2. 

A(k. g) =  -{a\d 2 +  a 2d\). 

A(r.g) =  -{a 2d\ +d{a 2 -  a\)). 

A(k.e) =  d 2. 

A(e.r) =d. 

A(k.r) -  -</, . 

Then, fo r the angle between the vectors k and r  we have 

cos(7r — a) =  - c o s a =  , , , , , . 
|k||r| 

Therefore, 

cos a =  — . ^  0 . 



108 APPENDI X IV . TANDE M QUEUES IN HEAVY TRAFFIC 

and 0  < a  ^  n/2.  Fo r the angle between th e vectors e and r  we have 

cosy ? >0. 
^/{d+dx)(d2 +  d) 

Therefore —n/2  <  /? < 0 . I t is not difficult t o show that 

cosa<cos /? . ifd<d\, 

cos a =  cos/? , i f d =  d\. 

cosa>cosy?, \fd>d\. 

The scalar product of the vectors g and k is not positive. Therefore , 0 < y  -ft <  n.  D 

§2. Solutio n o f the boundary valu e problem (BP ) 

Passing to a new unknown function *Fo(x ) =  exp(e(y) , x)vP(x), we get the following 
problem: 

(A4.2.1) 

(A4.2.2) 

(A4.2.3) 
de 

ATo =  To , 

^0^1 ,0 ) =  0 , 

( e , e ( y ) m 

(A4.2.4) li m (T 0(x,,x2) -  exp(e(y),x ) +  exp(e(-y),x))e" (e( ) , )x ) =  0 , 
X\ —»00 

where e =  e(/?) . 
The main ide a o f the solutio n i s to represen t th e function Y o as the sum ^ ( x) = 

U{x) +  V(x),  wher e U(x)  i s a linear combination o f exponential functions, an d V(x) 
has an explicit integral representation. Belo w we consider three cases: 

\.y<n +  2p: 2.y>7i  +  2p: 3.y  =  n  + 2/3. 

2.1. Cas e 1 : y  <  n  + 2/? . W e assume first tha t (n  -  y)/(2a)  i s not a n integer , an d 
put 

2a 

For k  =  0 , 1 , . . . , m,  w e introduce the sequences of vectors 

gk =  e(y  +  2ka),  g' k = e(- y -  2ka). 

Observe that the vectors gf
k are obtained by the reflection o f the vectors gk with respect 

to the xj-axis . 
Let us put 

U{x) =  YlC^eigk'X) -e ig'k-x))-
k = 0 
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Then the function U(x)  satisfie s (A4.2.1 ) an d (A4.2.2) . I f Q  =  1 , then 

lim (U(x ux2) -exp(e(y),x ) +  exp(e(-y),x))e- ( e ( y ) x ) =  0 . 

X] —->00 

Let us denote g = e(y ) and consider the expression (dU/de  —  (e , g) U) |/ . W e have 

fin m 

^ -  (e,g)£ / =  J2  C*(((fc.e ) -  (g,e))e<*-* > -  ( & , e ) -  ( g , e ) ) ^ ) . 
£=o 

It is not difficult t o verify tha t (g£ , x) | / =  (gj^j , x ) |/ . Therefor e 

^ - ( , ? „ 
$ > ( g t ' x ) ( Q ( g * -  &e ) -  Q_,(gJU , -  g,e) ) | / -  C m ( g ; -  g,e)e ' &m>X) 

k = \ 

Let us set 

(A4.2.5) Ck{gk - g , e ) =  Q_i(g^_ ! - g , e ) ; 

it follows fro m th e condition y  <n  +  2f$  tha t (g ^ —  g , e) 7 ^ 0 for k  =  1 , . . . , m. The n 
(A4.2.5) an d the condition Q  =  1  defin e the function £/(x ) uniquely , with 

and (^ - ( . . „ . y4e ( g » 

where ^ =  —  Cw (g^ - g , e). The second term in the representation o f the solution, the 
function V(\),  satisfie s the equation 

(A4.2.6) 

with the boundary condition s 

(A4.2.7) 

AV =  V 

V(x{,0) = 0 . 

(A4.2.8) 

and 

(A4.2.9) 

dV_ 
de 

(e,e(y))K -Ae ( g , » 

lim e-(* x)V(x) =0 
X\—>O<0 
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uniformly in X2. The function V(x\ , xi) i s sought in the for m 

/

oo 

f(s) ex p (-xi y/l +t 2 +  z x 2 0 ^ , 
-oo 

where the variables s  an d t satisf y th e relation t  =  sinh(2a/7rarcsinhs) , whil e the 
function f(s)  i s continuous, odd, and satisfie s the inequalit y 

/

oo 

\tf{s)\ds <oo . 
-OO 

It i s not difficult t o verify tha t th e function V  defined i n this wa y satisfie s (A4.2.6) , 
(A4.2.7), and (A4.2.9). Conditio n (A4.2.8 ) can be rewritten in the for m 

/

oo 

f(s)Q{s)e~''as) =  Ae- pa, p  > 0, 
-OO 

where 

and 

Q(s) =  cos(/ ? - y)  + \/\  +t 2cos/l -  it  sin/?, 

£(.?) =  v T + J2 cos a —  it  sin a =  cos h — arccos h - . 
n i 

where the principal branch of the function arccos h is assumed. 
Let us consider the function £(s)  as a point in the complex plane x\ +  ixj. Whe n s 

varies from -o o to oo, the point £(s) runs over the right branch of the hyperbol a 

(A4.2.13) -4  4 - =  l -
cosz a sin z a 

while the point Q(s)  runs over the right branch of the hyperbol a 

(A4.2.14) X ' " C O S
2

( ^ 7 ) - 4 ^ =  l -
cos2p sin~ p 

Observe tha t a  =  —(g^.e(a) ) >  cosa . an d hence the point (a.0)  lie s inside the 
area bounded by the right branch of hyperbola (A4.2.13) . Th e function { (s) i s analytic 
in the interior of the right branch of the hyperbola (A4.2.13) . Therefore . (A4.2.12 ) is 
satisfied i f the product f{s)Q{s)  i s represented as 

(A4.2.15) f(s)Q(s)  =  ^ . 
ip -  s 

where *F+Cy) is the boundary valu e of a function analyti c in the upper half-plane and 
increasing as .v —> o o at most as a power function o f .v. 

, n  ,  7rarccos a 
p =  cosh —- arccosh a =  cos >  0. 

2a 2 a 
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and vF+(/>) =  -A/{2ni).  Usin g the fact tha t the function f{s)  is odd, we get 

Q(s) _V +(s)(ip + s) 

Q(-s) V +(s)(ip-sY 

It i s easy t o se e that Q(—s)  —  Q(s).  Therefore , denotin g b y ip{s)  the continuou s 
branch o f ArgQ(s), Ims  =  0, determined b y the condition lim^o o <p{s)  =  —/? , we 
can rewrite the latter equation as 

(A4.2.16) -e 2,vtO_ ¥+(*)(* > +  *) 
V+(s)(ip-s)' 

The condition y < n+2p guarantee s that the vertex of the right branch of the hyperbola 
(A4.2.14) is located on the positive real semi-axis. Therefore , the function <p(s)is  odd, 
and 

(A4.2.17) li m <p(s) =  p. 
S—f —  OO 

Let us put 

y + ( j ) =  £ Z J g r y  da  fo r lm,>0 , 

, .  s-ip  f°°  <p(a) 
¥>-{*) = -TT-.~  /  7  ̂ T T 7-rda  fo r Ims  < 

2TTZ y.o o [a - s){a  - ip) 

0. 

The function s <p + an d ^ _ ar e analyti c i n th e half-planes Im s >  0 and Ims  <  0 , 
respectively, and ip{ip) = 0. Using the fact that the function <p(a)  is odd, one gets that 
<P-{o) = <p+(—o)  fo r Ima < 0. Therefore , accordin g to the Sokhotsky formul a (see, 
e.g., [35]), 

(A4.2.18) tp+{s)  - ip+{-s)  =  ip{sY 

(A4.2.19) ^ +{s) +  Ms) =  ^ [^  7  ^ ^ •  \ da 

for Im s = 0. where the integral is understood in the sense of principal value. I t follows 
easily from (A4.2.17 ) tha t ip+(s) = ^ log \s\ as s — > o o {Ims ^  0). 

Relation (A4.2.18 ) implie s 

_ , * • * > = « 2 , v , ( ' ) 

(-.v)2/V+(-.v)' 

Therefore, we can take 

71 ip  + S 
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in(A4.2.16). Indeed , since tp(ip) =  0 , we have ¥(*>) =  - ^ 7 , and l^+C^) ! =  0(\s\&>) 
as s — > o c (Ims ^  0) , where/?o =  20/n.  Therefore , (A4.2.15 ) yield s 

(A4.2.20) f[s)Q{s ) =  ± sJ^. 
171 p l +  S l 

Finally, it follows from th e asymptotic behavior of ¥+($) tha t \tf{s)\  =  O{\sf 0~]) a s 
s — > 00 . Therefore , relatio n (A4.2.13 ) i s satisfied . 

It follows from (A4.2.18)-(A4.2.20 ) tha t 

A se q^ 1 
(A4.2.21) f(s)  =  *  se 

inp2 +  s2 \Q{s)Y 

where 

n J-00  (o - -s)(a -ip) 

Observe that the expression for the function q(s)  ca n be rewritten as follows: 

(A4.2.22) q(s)  =  -  /  w  2 , 2 \ do ' 
71 J-00 {(J  -s){a 2+p2) 

Indeed, we have 

71 J-00  ( ° " - ip)i°  ~ s) n J-oo \(T-s  a 2+p2 G 2+p2) 

and therefore , sinc e the function (p(a)  i s odd, 

7iq{s) =  /  <p(<j) ( 2  .  2  W . 
7-oo V^ 7 -^ O 2+P2) 

Since 
/•°° / 1 IT \ 

]rf<7 = 0 fi a2+p2 

in the sense of principal value, we get (A4.2.22) . 
Relations (A4.2.12) , (A4.2.21) , an d (A4.2.22 ) provid e a  representatio n fo r th e 

function V(\)  i n the case when (n  — y)/{2a)  i s not an integer . 
If th e numbe r (n  —  y)/(2a)  i s integer , then/ ? =  0 . Th e functio n V(x)  i s agai n 

determined b y relation s (A4.2.12 ) an d (A4.2.21) , an d th e integra l i n (A4.2.22 ) i s 
understood a s its limit value as/? —> 0+ . 

2.2. Cas e 2: y  >  n  + 20. Alon g with the sequences of vectors gk and g'k, we consider 
the sequences r^ an d r' k, where 

r̂  =  e(27 i + 20 -y  -  2ka).  x' k = e( y -  2n  -  20  -  2k  a), k  =  0 , 1 . . . . 

We assume tha t 
n —  y  y  — ji  — 20 71  + 0 —  y 

2a 2a  2a 
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are not integers, and pu t 

m 
n — y 

lot 

y-20-n 
2a 

Observe that the vectors r'k ar e obtained b y reflection o f the vectors r^ with respect t o 
the xi-axis. 

Let us put 

m n 

(A4.2.23) U(\)  =  ^ Q ( < ? f c ' x ) - e^-x)) +  ^ ^ ( e ( r * ' x ) -  e W^x)). 
k=0 k=0 

Then the function t/(x ) satisfie s (A4.2.1 ) an d (A4.2.2) . I f C 0 =  1 , then 

lim (U(x ux2) -exp(e(7) ,x)+exp(e(-y) ,x))e- ( e ( , , ) x ) =  0 . 
X\ —>O< 0 

Observe that (g , e) =  (ro , e). Therefore , i f the constants C k ar e given by 

7 = 1 
(g/ -  g - e) 

and Dk satisf y th e equation 

(A4.2.24) D k(rk -  g.e ) =  £ > * _ , « _ , - g . e ) . A : = 1.2 , 

then 
dU 

(e.g)t/ =  Ue (g™'x) +  5e (r"-x))| 

where 
A =  -C m(g'm -  g.e) . B  =  -D n(r'„ -  g.e) . 

and Dk ar e given by 

k (,, 

Dk=D0T[-1^ 
j=\ ( r ' 

- g - e ) 
k =  \. 

The constant £>o will be determined later . 
The second ter m i n the representatio n o f the solution , th e function V(\),  satisfie s 

the equation A  V =  V  with the boundary condition s 

K(x,.0) =  0 . 

(A4.2.25) 
(e.e(y))K \\ =  -(Ae l*»'-x)+Be{T"'-x))\,. 

As before, the function V{x\.  XT)  is sought in the for m 

/

oo 

f{s) ex p (-*! V l +t 2 +  ix 2t)ds. 
-oo 
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where th e variables s  an d t  satisf y th e relation t  =  sinh(2a/7rarcsinhs) , whil e the 
function f(s)  i s continuous and satisfies the inequality 

J —( 
\tf(s)\ds <  oo. 

J — oo 

According to (A4.2.25) , 

/

oo 

f{s)Q{s)e-pCMds =  Ae-"a +  Be~^, p  >  0, 
-OO 

whereZ? =  —  (r^,e(a)). Observ e that the points (<z,0), (i ,0) lie inside the area bounded 
by the right branch of the hyperbc. a 

x2 x 2 

x\ x 2 _  i 

Then equation (A4.2.26 ) i s satisfied, provide d 

1 1 
/WfiW^+Wr ip —  s  iq 

where 

, n  n  arccos a 
p = cosh —- arccosh a =  co s >  0 , F lot  lot 

t n  ,  ,  n  arccosb 
q =  cosh -— arccosh b =  cos >  0 , 

LOL 2a 

and ^+(5^ ) i s the boundary valu e o f a function analyti c in the upper half-plan e an d 
increasing as s — > o o at most as a power function o f s. Moreover , 

V+0p) =  - ^ ( ? - / 0 . * + ( ^ ) =  -^(P  -  ?) • 

Let us consider once more the function £  (s) as a point in the complex plane x\+ix2. 
Since the function /C O is odd, one can rewrite equation (A4.2.16 ) in the form 

(A4.2.27) -e 
2i<p{s) =

 x i,+ (s)(ip +  s)(iq +  s) 
V+(s)(ip -  s)(iq  -  s)' 

It follow s fro m th e condition y  >  n  +  2fi  that th e origi n i s located withi n th e righ t 
branch o f the hyperbola (A4.2.14) . Therefore , th e function <p(s)  i n this cas e i s not 
odd, but instead satisfie s the equation <p(s)  +  <p(—s)  =  —  2n. Sinc e 

J —c 
7 V 7 T ~\do =  ° 
[a - s){a  -  ip) 
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for Ims  >  0 , the function ip(s)  satisfies , fo r Ims  >  0 , the relations 

(A4.2.28) s-ip  [~  _jp(?)  +  n_ 

™ J-oo  (o  -s)(a  -ip) 

where the integral is understood i n the sense of principal value. Sinc e 

lim {<p{s)  +  n) =  ±0 ? +  n), 
s—>±oo 

it is easy to show tha t 

(p+(s) = — :—log\s\ a s s  — > o c (Ims  >  0) . 
in 

Thus, we see that one can take 

(A4.2.29) ¥+(* ) =  l ^ . ^ V 
in (ip  +  s)(iq +  s) 

in (A4.2.27) . Obviously , Î F+CO I =  0(\s\&> +l), s  - > oo , whereto =  2^/TT . Therefore , 
equation (A4.2.11 ) i s satisfied . 

Now let us determine the constant D 0. I t follows from (A4.2.29 ) tha t 

y+(iq) =  _dkzzle^+(.-»). 
27T 

On the other hand , 

V+(iq) =  -^(j>-q). 

Therefore, w e get 

(A4.2.30) Do  = e^^fip +  q\ f [ 7 ^ ^ T . 

We point out tha t 

In J_ oc(<j -iq){a  -ip)  In  J-^,  {o  - iq){a  -  ip) 

The function (p(a)  + n is odd. Hence , we can rewrit e the latter relation a s 

i{q2-P
2) r  °<p(°) 

*+{lq) =  —2n—]_ ( 
-da. 

(a2 +  q 2)(a2+p2) 

Therefore, the constant Do is real. Finally , for the function /  (s ) we obtain the following 
expression: 

A(a2 +  D2) se q^ 1 
(A4.2.31) f(s)  =  A[q  ^ P } — ^ — ^ — ^ , 

J in  (p 2 +  s 2)(q2 +  s 2) \Q(s)[ 

where q(s) i s determined b y 

(ip(o) -if(s))(os  +p 2) 
i r q{s) = I \ 
n J-c 

da. 
(o -s)(a 2+p2) 

The cases when 
jl — y y  — n  —  2fi  71  +  /? — y 

2a 2a  2a 
are integers ar e considered usin g passages t o th e limi t as/ ? — > 0+ , q  — > 0+ , /?—>#, 
respectively. 
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2.3. Cas e 3: y  =  2(3  +  n.  In  this case the right branch o f the hyperbola (A4.2.14 ) 
passes throug h th e origin . Th e argumen t o f th e functio n Q(s)  i s discontinuou s a t 
the poin t s  =  0 . Th e solutio n i n thi s case  ca n als o b e obtaine d b y passin g t o th e 
limit. Taking , fo r example , <p(0— ) =  -n/2,  <p(0+ ) =  n/2,  whic h correspond s t o 
the limi t valu e fo r y  <  n  +  2/? , w e find  tha t th e solutio n ^0(^1,^2 ) i s expressed a s 
*Fo(x) =  U(x)  +  K(x) , where the function U  is given by the formul a 

m 

U(x) =  ^ a ( e f e - x ) - e ( g * ' x ) ) , 

Q =  n  ( g , - g , e ) < *  =  1 " - " « ' 

and the function F  i s given by the formul a 

/

oo 

/ ( J ) ex p (-xi y i T 7 2 +  ix 2t)ds, 
-00 

_ , . ^  ^ « ( s ) 1 

inp2 +  s2 Q{sY 

q[s) =  —  I  7  r r - ^ ^ r «<7 . 

Observe tha t th e function f(s)  ha s a  singularit y a s s  — • 0: / ( s ) =  0( 1y_1). Th e 
integral i n the formula fo r th e function V(x\.X2)  mus t be understood i n the sense of 
principal value . Sinc e / i s odd, we can rewrite V  i n the for m 

/

oo 

/(s)e-v , v T F 7 JsinfJc2</j . 
-00 

§3. Solution s o f th e proble m i n particula r case s 

Let P  =  —ka,  wher e k  i s an integer . The n th e ter m V(x\.x 2) vanishes , an d th e 
function ¥ 0 i s given by 

k 

(A4.3.1) *F 0(x) =  J2  Cj(e {gJ'x) ~  * (8'"x))-
./=o 

where the constants C 7 satisf y th e relation 

( g y - g - e ) Q = n ^ J T - '= • * • 

and C 0 =  1 . Indeed , i t i s no t difficul t t o verif y tha t th e functio n ¥ 0 satisfie s th e 
equation A^F o =  ^o - th e boundar y conditio n ^oUi.O ) =  0 . an d th e asymptoti c 
relation 

lim ( xF0Ui-^2)-exp(e(y).x)+exp(e(-y).x))6 '- ( e ( ' ) x ) = 0 . 
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while it follows from C/(g / -  g , e) —  C/_ i {g'i_{ - g , e) tha t 

(£-<">*)l, 
k 

= X>fex)(C7(g, -g,e) -  CJ-MJ-I  -g,e))| 7 -  Q(g £ - g,e ) 
7 = 1 

= -Q(cos( y +p  +  2ka) -  cos(/ ? -  y)) . 

However, cos(y +  /? + 2fca ) =  cos(/ ? -  y).  Therefore , *F o satisfies the relation 

(£-feim)|(-a 
The cas e / : =  1  was indicated i n [42] , [58] and correspond s t o a  queuein g syste m 

with identical coefficients o f variation o f the arriving flow and servic e time at the first 
phase. Thi s conditio n i s necessar y an d sufficien t fo r a  solutio n t o hav e a  produc t 
form (fo r th e joint limi t distributio n functio n o f waitin g time s t o hav e independen t 
components). I n th e case k >  1 , the probabilistic meaning o f the arising relations i s 
unclear. Fo r example, for k  =  2 , 

where v,v\,  an d vi  ar e th e coefficient s o f variatio n o f interarriva l time s an d servic e 
times a t th e first  an d secon d stations , respectively . I n thi s case  th e solutio n i s als o 
found explicitly , showin g that th e density o f the sojourn distributio n i s not separabl e 
in general. 

Observe tha t solution s simila r t o (A4.3.1 ) appea r als o i n problem s fo r Reflecte d 
Brownian Motion s wit h a  constan t drif t vecto r an d a  constan t diffusio n matri x i n 
planar regions of various shapes (see [47], [48], [59]). 

Finally, we observe that tandem queues provide the simplest example of a queueing 
network, s o any analytical insights obtained fo r tandem queues should be valuable fo r 
analytic approaches to heavy traffic approximation s o f general networks. 
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APPENDIX V 

JOINT DISTRIBUTION S I N POISSONIA N TANDE M QUEUE S 

In this appendix a  tandem queueing system M/M/l/oo  — > M/ l /o o i s considered. 
We study th e joint stationar y distributio n o f th e waitin g time s W { ( / =  1,2 ) o f th e 
customer a t th e /t h statio n an d th e join t stationar y distributio n o f th e numbe r o f 
customers at the arrival epoch. Ou r aim is to prove Theorem 2.5.3 . 

The appendix is arranged a s follows. I n §  1 w e describe the queueing system we are 
interested in . I n §2 we introduce a  birth-and-death proces s describing the behavior o f 
the second station and study its characteristics. Th e relation between this process and 
the joint stationar y distributio n o f the queue lengths a t the arriva l epochs is given in 
the same section. Th e generating function o f the joint queue length distribution a t the 
arrival epochs is treated in §3. Th e waiting time and the sojourn time distributions ar e 
considered in §4 . The heavy traffic transien t behavio r is considered in §5. 

§1. Descriptio n o f the queue 

Consider a pair of single server queues arranged in series. We assume that customers 
arrive individually fro m outsid e and queu e up fo r servic e a t the first station . Havin g 
completed servic e there , the y proceed t o a  queue i n fron t o f the secon d station , an d 
after completing service at the second station they depart the system. Servic e discipline 
is FIFO a t each station . 

We assume tha t th e sequence s o f interarriva l time s an d servic e time s for m thre e 
mutually independen t sequence s o f identicall y distribute d (i.d. ) rando m variables . 
The interarrival times Ij hav e the exponential distribution with parameter X 

Yx{Ij <t}  =  I-  exp(-Ar) , t  >  0, 

and servic e times a t th e /t h statio n ( / =  1,2 ) hav e the exponentia l distributio n wit h 
parameter///. A s usual, we denote the traffic intensitie s by pi —  A/jut an d say that th e 
system is stable if and only if/?/ <  1  fo r /  =  1,2 . 

Tandem queues are the simplest among the systems having the product form of the 
stationary queue length distribution. W e reformulate the corresponding result, usually 
called the Jackson Theorem [55] , in the form adapte d t o our particular case. 

Let P(n\,n2) denot e the stationary probability distributio n 

P{nun2) =  Pr{N i =  n uN2 =  n 2}, 

where Nt i s the number of customers at the /th station ( / =  1,2) . The n N\ an d N2 ar e 
independent random variables an d 

(A5.1.1) P(n l,n2) =  qiq 2p
n
l
lP?, 

where qt =  1  - /?, , /  =  1,2 . 

119 
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Let Li b e the number of customers at the /th station ( / =  1,2 ) a t the arrival epoch. 
It was shown by Reich [11] that in the stationary regime 

Pr{L} =  0,L 2 =  0 } = Pr{L ! -  0}Pr{L 2 =  0 } M ]+M2
 y 

It is clear that these random variables are dependent and the joint distribution of L\ 
and L2 does not have the product form. I t was also shown by Burke [21] and Loynes [87] 
that th e stationary waiting times W,-  o f the customer a t the /t h statio n ar e dependen t 
(this follows fro m th e equality Pr{L i =  0,L 2 =  0 } =  Pv{W { =  0 , W 2 =  0}) , while 
the sojourn time s U\ , £/ 2 are independent. Th e output streams from th e first and fro m 
the second service units are Poisson (se e also Kelly [68] and Yashkov [134]). 

§2. Auxiliar y proces s X(t)  an d second queue behavior 

Consider a  "birth-and-death " proces s X{t)  wit h birt h intensitie s ju\  an d deat h 
intensities //2 a t each stat e m  o f the process X(t),  m  =  0,1 , — W e assume tha t th e 
initial distribution o f the process X(t) is  given by 

(A5.2.1) Pr{A-(0 ) =  m}  =  {I  -  p 2)pT, m  =  0 ,1 ,2 , . . . . 

This process describes the stationary regime of the second station of the system during 
a busy period of the first service unit . 

Let 
PLk{t) =  Vr{X(t)  =  k,Y{t)  =  i}, 

where Y{t)  i s the number of births during the time interval [0 , t] for the process X(t). 
Our ai m i s to obtai n a  relatio n tha t relate s the characteristic s o f the proces s X(t) 

and th e stationar y distributio n o f th e vecto r (Li,L 2). W e denot e thi s stationar y 
distribution b y ^/i:! n Lk =  Pr{L i =  z\L 2 =  k}. 

The following lemm a establishes the relatio n betwee n th e probabilities P,\k{t)  an d 

LEMMA A5.2.1 . If  p\  <  1  and  pi <  1 , then 

/•OO 

(A5.2.2) n Lk =n\q\ P\ I  P iJt(t)dt. 
Jo 

PROOF. I t is more convenient to introduce the conditional probabilitie s 

QLk(t)=Pr{X(t)=k\ Y(t)=i}. 

Observe that 

(A5.2.3) Pucit)  =  QiAt)e 
-g.ffciO'" 

i! 

The probabilit y n,  /< ca n b e represente d a s the produc t 7i,-. * =  />,Q(;') . where/) , i s 
the probability o f finding /  customer s a t th e arriva l epoch a t the first  nod e an d a ( / ) 
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is the conditional probability of finding k customer s at the arrival epoch in the second 
node. However , (A5.1.1 ) implie s 

F°° (u  t) i 

Pi=qip\ an d ck(i) =  Pr{L 2 =  k\Ll = / } =  /  Q Lk(t)Mie-^^-dt. 
Jo ll 

ux a n u LkV)  —  ri\ju2  —  *v  \ i^\ —  i  f —  i  \£i.kV)H>\?  ^ 
JO 

Therefore, 

/*oo /  . y poo 

ni.k=M\q\P\ /  Qi.k{t)fi\e~^~-  dt  =  p\q\p\ /  Pi. k{t)dt, 
Jo l - Jo 

as required. • 

We define the generating function s 

n(zuz2) =  E(zf'z2
L2) =  Y^n Lkz[zl 

i=0 k=0 
oo oo 

/=0 k=0 

where |z ; | < 1, j = 1,2. The n i t follows from Lemm a A5.2.1 tha t 

(A5.2.4) 7i(z uz2) =/iiq\?(piZuz 2,0), 

where 
/>00 

P(zuz2,s) =  /  e- stP(zuz2,t)dt. 
Jo 

Our next step is to find the Laplace transform o f the function P(z\ , z 2, t). 

LEMMA A5.2.2 . The  Laplace  transform  P(z\,z 2,s) of  the generating  function 
P(z\ ,z 2j) is  given by 

(A5.2.5) P(z uz2,s) =  ^ l-^P^°'^l-P2Z2)-^2 
{]A\Z\z\ -  (jl\  +JU 2 +  s)z 2 +  JU2){1 - PlZl)' 

PROOF. I t is not difficul t t o show that the following relation s hold for al l t > 0 : 

Pi.k(t) =  -fal +M2)PiAt)+M2PLk+\(t)+/*iPi- Lk-i(t) 

for i  >  0. k >  0, 
(A5.2.6) .  ,  x 

Pt.o(t) =  -M\Pi.o(t)  +p 2Pi.i{t) for / ^  0, 

A u W =  -C^i +M2)Po.k(t)  +PiPo.k+\{t)  fovk^  1 . 

Then, by (A5.2.6) , the generating function P(z\,z 2, t)  satisfie s the relation 

i ' Z 2 ' = -Oui+/ l 2 ) / > (z i ,Z2 ,0 +  —  P ( z i , Z 2 , 0 + ^ l ^ ^ U l ^ 2 , 0 
a f Z 2 

oo 

+ //2(l-z2-1)^JP/.0(0W-
; = 0 
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Taking the Laplace transforms, w e get 

sP(zl, z 2, s) =P(z, , z2,0) +  P(z, , z2, j)/i(zi, z2) 

+ / £ 2 ^ U i , < U ) ( l - l / z 2 ) , 

where 
R(zuz2) = 

Z2 

R(ZUZ2) =  —  -JU\  -JU2+JU\Z\Z 2. 

Observing tha t 
oo 

P(zl5z2,0) =  TPo.Mz k
2 =  — ^ — , 

U l ~P2Z2 

weget(A5.2.5). D 

§3. Th e joint queue length distribution 

Let us denote 

Q(z\,z2,s) =  ju\z\z2 -  (ja\  +M 2 + s)z2 +ju 2. 

The generating function n{z\ , z 2) i s described by the followin g 

THEOREM A5.3.1 . Letn(z\,z 2) =  E(z, L,z2
L2), |r,- | ^  1 , i =  1,2 . 77* ^ 

/ / l ( l ~ / ? l ) ( l ~P2){Z*  - Z 2 ) ( l ~  p 2Z2Z*) 
(A5.3.1) 7r(z,,z 2) = 

e ( / ? 1 z 1 , z 2 . 0 ) ( l - z* ) ( l - / ? 2 z* ) ( l - / > 2 z 2 ) , 

w/z r̂e z* =  z +(zi) and z* =  z*(zi ) ar e //*e roota 0/f/ie equation 

(A5.3.2) Az,z 2 -  (// , +// 2)z +  //2 =  0 . 

7%e^ roots  are continuous functions of  z\ and  satisfy the  inequalities 

| z * | < l . | z * | > l . 

PROOF. B y (A5.2.4) , w e shoul d find  th e Laplac e transfor m P{p\Z\.  z 2.0). Usin g 
the Rouche theorem, we see that the equatio n 

(A5.3.3) g(z , . z 2 . 1 v)=0 

has a  single roo t i n the uni t dis k D :i =  {z 2: |z? | ^  1 } when s  >  0  and \z\  | ^  1 . W e 
denote thi s roo t b y z*. Not e tha t thi s roo t depend s o n z\  an d s:  z * =  z*{z\.s).  W e 
denote the second roo t o f equation (A5.3.3 ) b y z* =  z*(z\.s).  |z* | ^  1 . I f s  ^  0  and 
|zi| ^  1  are fixed,  then P(zi.z 2..y) i s an analyti c functio n o f z 2 i n th e dis k D =2. an d 
Lemma A5.2.2 yields 

(A5.3.4) P ( z , . 0 . . 0 - ^ 
p2{\ - z* ) ( l -p 2:*)' 
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From (A5.3.4 ) an d (A5.2.5 ) we get 

(A5.3.5) P(Z\,Z 2,S) =  -—,  r - rj-  r - r . 
Q{Z\,Z2,S){\ - 2 * ) ( 1 -p 2Z*){l -P2Z2) 

Observe that for s  =  0  the roots of equation (A5.3.3 ) satisf y th e relations 

(A5.3.6) 

(A5.3.7) 

and thus we get P(z\, 22, 0). 
Observe that 

z* +z*= r -—r— 
M\Z] 

M \ z \ 9 

D/ x  ^2( 1 -  P2Z*Z 2)(z* -  Z 2) 
P{p\Z\,Z2,S) ~ Q(p\z\,z2,s)(l -2*)( 1 -  p 2z*)(\ -  p 2z2Y 

where 2* G  DZl i s the root of the equation Q(p\Z\ , 22, s) —  0. 
Setting s  —  0  i n th e formul a fo r P(p\z\,z 2,0) an d usin g (A5.2.4) , w e find  tha t 

the join t generatin g functio n 71(21,22 ) satisfie s (A5.3.1) . Theore m A5.3. 1 i s thu s 
proved. • 

COROLLARY A5.3.1 . The  generating function ofL2  is  given by 

(A5.3.8) 71(22 ) -  qi 
1 - p 2z2 

PROOF. Substitutin g 2 , =  1  i n (A5.3.2 ) we get rather easily tha t 

M\ +M2 
: *+2* 

Besides, 

(1 - 2 * ) ( 1 - P 2 - * ) = 
M2 

1 -  2*)( l ~  p2Z*)  =  —  #12 * 

and 

P2Z*{z* - 2 2 ) =  1  -  p 2Z*Z2. 

Substituting these terms in (A5.3.1) , we obtain (A5.3.8) . • 

COROLLARY A5.3.2 . The  covariance of the random variables L\ and  L2 is given by 

(A5.3.9) cov(L,.L7 ) -  E{L\L 2) -  EL1EL 7 =  ,  r ° 9 . 
l-o -  i r 

where 
_ JA\  +p 2 +  VV l +M2) 2 -4A// 2 

ro " 2l * 
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PROOF. Th e proof ofthe corollary is based on formulas (A5.2.5) , (A5.3.5)-(A5.3.9). 
Setting z\ =  Z 2 = 1 , s =  0  in (A5.2.5) , we find 

P(/>i,l,0) =  l , 

dPipuhO) _  1 

(A5.3.10) 

(A5.3.11) 

(A5.3.12) 

Let us denote 

A(zuz2) = 

B(zi,z2) = 

dz\ p xq\ 

dP(puhO) _  p 2 

dz2 M\q\q2 

1 Pi  Pi?* 

Z* -  Z 2 1  -  p 2Z2 1  -  P2Z2Z* 

1 dz*  p 2 dz* 

(z* -  z 2)2 dz 2 ( 1 - p 2z2z*)2 dz\' 

Then i t follows from (A5.3.8 ) tha t 

(A5.3.13) — - —-7>(zi,z2,0) =  A{z\,z 2) ~  B{z\,z 2) 5  . 
az\ oz 2 oz\  az 2 

Setting z\ =  p\,  z 2 =  1  in (A5.3.5 ) and (A5.3.6) , we find that 

(A5.3.14) ^  +  ^  =  _ ^ , 
oz\ dz\  p\p\ 

(A5.3.15) — - z* + ^ — z* 
<9zi #Z 2 /?l/? 2 

Now fro m (A5.3.10)-(A5.3.15 ) w e derive a  formula fo r th e secon d derivativ e ofth e 
generating function : 

(A5.3.16) - * * * » ( , , , 1,0) = Pl  '  " 2 

dz\dz2 '  '  /*i#2# ? A 2^iz*(z* —  l )2 ' 

Observe tha t 
ELf- =  - , 1  = 1,2 . 

Hence, (A5.3.9 ) follows from (A5.3.16 ) an d (A5.2.4) . • 

COROLLARY A5.3.3 . The  stationary probability  7ro o = Pr{^ i =  0,L 2 =  0 } is given 
by 

(A5.3.17) W0 0 =  ^^ 2^L±/f2 . 
//! +//2 - / 

PROOF. Th e probabilit y 7To o satisfies th e relatio n 7r 0o =  ft  (0,0) . Th e roo t z * o f 
equation (A5.3.2 ) i s given by 

Ml (A5.3.18) z * = 
M\ +M2 

for z\  =  0 . Substitutin g z i =  0 , Z 2 =  0  an d (A5.3.18 ) i n (A5.3.1 ) w e obtai n 
(A5.3.17). D 
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§4. Waitin g an d sojourn times distributions 

In thi s subsectio n w e consider th e joint distributio n o f the waitin g time s W\  an d 
W2 an d als o th e sojour n tim e distributio n i n th e M/M/\/oo  — > M/ l /oo queuein g 
system. Th e second main resul t of this appendix is given by 

THEOREM A5.4.1 . Let  t\  >  0, t 2 >  0. Then  the Laplace transform 

V(tut2)=Ee-t^-tM 

of the joint stationary  waiting  time distribution is  given by 

(A5.4.1) Vitut2)  =  n w +  q ( - ^ + -*£-  +  -.  , ^ f + f X 
\p2q2 +  t2 M\q\  + t\  (ju {qi + h){p2q2 +t 2)) 

where 
q\ =  I  — p\, q 2 =  1  — p2, andq  — 

PI +p 2 -  y 

PROOF. Th e proof of this theorem is arranged as follows. W e introduce the station-
ary distribution of the process (L\,L 2, S^ l\ W\).  Afte r that , we establish the relations 
between this process and the probabilities Ptk{t)  introduce d in Lemma A5.2.1 . 

Let us denote 

Pik{sus) =  Pr{L { =  i,  L 2 =  k,  S (1) <s,  W x ^  s x}> 

where S^ i s the service time at the z'th service station ( / =  1,2) . Le t 

( ,  d 2Pik{sus) 

osas\ 

and, for / ' = 0 , 
, ,  dP 0k{s\,s) 

Pok\s) =  -Q-  ,  s>0,  k^O. 

If *  =  0 , the n th e waitin g tim e W\  vanishes . Thus , al l th e probabilitie s Pok(s\,s) 
vanish for s\  <  0 and are independent o f ̂ i for s\  >  0 . 

The number o f customers L2 a t the second statio n a t the arrival epoch leads to the 
distribution o f the waiting time at the station. W e have 

OO C O 

Pr{W, ^  su  W 2 ^  s 2} =  li m V V ^ ^ ^ W , 
s—±oo * 

/=0 k=0 
where 

/fc(0=Pr{£sfU^ 
7 = 1 

and Sj  i s the residual service time of the y'th customer at the second station . I t is not 

difficult t o observ e tha t al l th e rando m variable s Sj  ar e mutually independen t an d 
have the exponential distribution with parameter p2. The n 

Hk(x) =  l - e x p ( - / i 2 x ) 2 ^ £ L , * ^ 0 , k>  1 . 
y=o J ' 

Now we can establish a relationship between the densities/?^ (s\,s) an d the probabilities 
Ptk(t) introduce d in Lemma A5.2.1 . 
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LEMMA A5.4.1 . The  probabilities Ptk(t)  and  the  densities  Pik{s\,s) are  related as 
follows: 

(A5.4.2) 

(A5.4.3) 

CO /  \  ;_|_]_ £ 

for i  >  1 , k  >  1 ; 

(ins)m 
pi0(sus) =riq lp\Y,Pi-lj(sl)e-^+>>2)* £ 

for i  ^  1 ; 
j=0 m=j+\ 

(A5.4.4) 

(A5.4.5) 

Pok(s) =  julq]q2p$Qxp(-(pl +  Ml ~ A)s ) 

/?ooCO =//i^ i exp(—//i^)( l -p 2exp{-(p2-A)s)). 

PROOF. W e start th e proof o f the lemma with equality (A5.4.2) . Fo r k  ^  1 , i  ^  1 
we have 

Pr{Li =  / , L 2 =  k,  s  <  S {{) ^s+ds,  s\  <W\  ^s\  +  ds\ } 

(A5.4.6) /  V ^ n  /  N  j  /  ^ J t  ^  M j^~k 

= 1\P\  2^  Pi-\.j\s\)M\ds\pxQXX>{-fi\s)dsQ\^{-ii2s)  (  .  _  v , 

where the term #i/? j represent s the probability o f the event {L\  =  / } ; P/_i. 7-(5i) i s the 
probability that ( / - 1) customer s being served during time s\ and the /th customer finds 
j other s a t th e secon d servic e station ; ju\ds\  i s the probabilit y tha t th e /t h custome r 
finishes its service time during time ds\, 

Pr{s <  5 ( 1 ) O  +  ds}  =  p\ exp(-/i\s)ds. 

and 
, x  M J+l-k 

exp{-/i2s)-rr U +  l-k)\ 

is the probability o f the event {N s =  j  +  I  — k}, wher e Ns i s the number of customers 
that received their service during time s a t the second station . On e the other hand . 

Pr{L] =  / . L 2 =  k.  s  <  S[]) ^  s  + ds. s\  <  W\  ^  A M +ds\}  =  p ik(s\.s)dsds\. 

Now (A5.4.2 ) follow s fro m thi s equatio n an d (A5.4.6) . Formula s (A5.4.3 ) an d 
(A5.4.4) ar e proved similarly . 
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The next step is to find the distribution o f the vector {Li , L2, W\ , S^}.  T o do this, 
we define, for \z\  | ^  1 , |z2| ^  1 , the joint generating functio n 

n (z , f ) =  E(zf 'z 2
L 2exp(-^( 1 ) -  t x W x)\ 

where z =  (z\,  z 2), T  — (t, t\), t  ^  0 , t\  ^  0 , and denote the Laplace transform o f the 
densitiespik{s\,s) b y 

/•OO /»00 

Pik(t,t\)= /  e~ Sltl~stpik(s\,s)dsds\ fo r k  ^  0 , 1   ̂1 , 
Jo i o 

/»oo 

A)*(0 =  /  e~ stpok(s)ds fork  ^  0 . 
./o 

Then 

00 0 0 0 0 

(A5.4.7) n(z,f ) =  X)Szi z2%(^^) +  E z 2 ^ W -
/ = 1 A:=0 A:= 0 

LEMMA A5.4.2 . For  t  ^  0 , t\  ^  0 , | z j | ^  1 , |z 2| ^  1  one has 

U(z f ) - Miqi<]2 M\+*+M2  +  ^l? l 02 />2̂ 2 
/ / l + / / / l + ^ + / / 2 —  /I - / / ! + / + / / 2 ~ ^ 1 — P2Z2 

^(Z1.Z2-/,)=Z2P(/71Z1.Z2^1) - g — / > L n , / 2 , A 

PROOF. W e us e th e Laplac e transform s o f relation s (A5.4.2)-(A5.4.5 ) t o prov e 
formula (A5.4.8 ) an d t o compute directl y th e generating function n(f , f) . I t can b e 
easily seen that the waiting time at the second station i s given by 

j = \ 

Let us put *F(/i . t2) =  Eexp(-/ j W\  -  t 2W2)\ the n 

V(tl.t2) =  Eexp(-tlWx-t2JTs{A = n ^ l . - ^ — , 0 . r , Y 
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It follows from (A5.2.5) , (A5.3.4) , and (A5.3.5 ) tha t 

(A5.4.9) P(pi,z 2,tx) =  T  r ^ — Yy 

(1 -p2Z 2)(M\ +t\-  A) 

Using (A5.4.9) , we derive by direct calculations tha t 

^iqxqi 1  ,  li\q\qi  Pi?! 

(A5.4.10) 
Il(z*, F) =  7T() 0 + .  ,  , 

Ml +M2  - X / / 1 -  A  + f i JU\  +jU 2-A 1  -p 2Z2 

M\q\A qizi  1 
ju\ + ju2 -A 1  - Piz 2fi\ +t\ 

Setting 

z2 
p2 +  t 2 

in (A5.4.10) , we obtain 

\{i2q2 +  t2 ju {qi +  t { (piqi  +  t x)(ji2q2 +  t 2) J 

The theorem is thus proved. • 

Let us consider a series oftandem queues depending on a parameters. Let A =  A(e) , 
/// =  jui(e), an d 

jut — A = die  +  o(e) , 0 / >  0 , i  =  1,2. 

These conditions define the heavy traffic regim e in our queueing system as e — > 0  and 

COROLLARY A5.4.1 . 7% e limit joint distribution  of  the waiting times is given by 

limPr{JF,(e) <x,W 2(e)<y} =  {I  -  e-"' x)(l -  e~ a^). 

This statement can be proved by passing to the limit in (A5.4.1 ) a s e —>  0 . 
It ca n b e easily see n tha t stationar y waitin g time s are asymptoticall y independen t 

in heavy traffic. I t was shown by Harrison [42] , [43] and b y Karpelevich an d Kreini n 
[58] (see also Appendix IV ) tha t the random variables W\(e),  W 2{e) ar e independen t 
in heav y traffi c i f an d onl y i f th e variatio n coefficient s o f th e servic e tim e an d th e 
interarrival time are equal at the first station. I t follows from this fact that the stationary 
sojourn time s in GI/M/l/  — » M/ l /o o queue s are dependent, becaus e sojourn time s 
are asymptotically equivalent to waiting times in heavy traffic . 

§5. Heav y traffi c transien t behavior 

In this section, we find the generating function describin g the transient behavior of 
the tandem queu e in the heavy traffic regime . Assum e tha t initiall y the second queu e 
is empt y an d M  customer s ar e place d a t th e first  queuein g system . Ou r ai m i s t o 
determine the queueing length distribution o f the second servic e station a t the arriva l 
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epoch o f th e Mt h customer . I n term s o f th e transien t distribution , w e are goin g t o 
study the probabilitie s 

nM(k) =  Pr{L 2(r) =  k  |  L,(0) =  M,L 2(0) =  0} , 

where r  =  t^  i s the arriva l moment o f the Mt h custome r a t the second queue . Th e 
heavy traffi c regim e i n th e queuein g syste m i s defined b y the relatio n ju\  =  ju 2 =  M> 
Thus, th e intensit y o f th e departur e flow  fro m th e first  nod e i s equal t o th e servic e 
intensity at the second node . 

PROPOSITION A5.5.1 . The  generating function of  the distribution ^ ( f c ) , 

OO OO 

7i{zuz2) = Ys  Y, nM^z^z^ 
M=0k=0 

is given by the relation 

n(z\,z2) = 
z i ( z * - z 2 ) ( l - z * ) ' 

where z* and z* are the roots of the quadratic equation 

z j z 2 - 2 z +  l  = 0 . 

These roots are continuous functions of  z\ and  satisfy the  inequalities 

M < i , |z*|>i . 

The average queue length at  the  arrival epoch of the  Mth  customer  at  the  second node 
satisfies the relation 

E(M) =VM-

PROOF. Le t u s consider the process X{t),  t  ^  0 , with birt h intensities// ! =  ju  and 
death intensities ju2 =  ju  at each state m o f the process X(t), m  —  0,1, — W e assume 
that th e initia l distributio n o f the process X(t)  i s given by Pr{A^(0) =  0 } =  1 . Thi s 
process describes the second queue behavior on the busy period o f the first node. Le t 

( W 0 =  Pr{JT( 0 =  k  I  Y(t) =  M.X(0)  =  0} . 

The probabilities n M(k) satisf y th e relatio n 

f°° ~  (ut) M 

*M(k) =  J QuAt^e^^-^dt 

= ju / Pr{X{t)  =  k.  Y{t)  =  M\X{0) =  0}dt. 
Jo 

where Y{t)  i s the numbe r o f birth s durin g th e interva l [0 . f], t  >  0 , fo r th e proces s 
x{t). 
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The probabilitie s P Mk(t) =  Pr{X(t)  =  k,  Y(t)  =  M  |  X(0)  =  0 } satisfy the 
equations 
(A5.5.1) 

PMMU) =  -2nP M.k{t) +pPM.k+\{t)  +/iPi-iJc-\(t)  fo r M  >  0, k >  0, 

PM.OU) =  -MPM.OU)  +/iP iA (f ) fo r M  >  0, 

Po.k(t) =  0 f o r f c ^ l , 

Po.o(t) = -ftPo.o(t)-

We introduce the generating functio n 
oo oo 

P(zUZ2,t) = J2J2 P'k^Z2' 
/=0 k=0 

where \ZJ\  <  1 , j =  1,2 . Then it follows fro m equation s (A5.5.1 ) tha t this generatin g 
function satisfie s the relation 

dP(zuz2,t) = ^2fi(P(zl9z29t)-P(zu09t))-^P(zu09t) 
dt 

Z2 

which can be rewritten in the for m 

+ —OP(zi,z 2,0 -  P(z u0j)) +  JUZ 1Z2P(Z1,z2j), 

dP{zuz2,t) p , Af - ^M 
P{z\,z2, t)[  juz\z 2 —  2ju + 

(A5.5.2) 9t  V 

+ ftP(zu0,t)(l- —  ) -P(zu0,t) =  0. 
\ z 2 / 

As above, let us denote by P(z\ ,Z2,s) th e Laplace transform o f the generating functio n 
P{z\,z2,t): 

P(z\,z2,s)= /  e~ stP{z\,z2,t)dt. 
Jo 

Taking the Laplace transform, w e obtain from (A5.5.2 ) tha t 

(A5.5.3) sP(z uz2,s) -  1  =juP(zuz2,s)R{zuz2) +  / /P(zi , (U)(l -  l/z 2), 

where 
R{z\,z2) =  2  + Z!Z 2. 

Z2 

It follows from (A5.5.3 ) tha t 

(A*SA\ n(  \  /^( l - z 2 ) P ( z 1 , 0 , t y ) - z 2 (A5.5.4) P{zuz 2,s) =  2 — c •  \  i— ' 
//ziz| —  [2ju  + s)z2 +  ju 

Using the Rouche theorem, we see that the equation 

(A5.5.5) iiz\z\  -  {2ju  + s)z2 +  ju = 0 
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has a single root in the unit disk DZ2 —  {z2: \z2\  ^ 1 } when s ^  0  and \z\\  ^  1 . 
We denote this root by z*. Th e second roo t o f equation (A5.5.5 ) i s denoted b y z*, 

|z*| ^  1 . If  J ^  0  and |z j | ^  1  are fixed, then P(z\,Z2,  s)  i s an analyti c function o f Z2 
in the disk DZ2 and, setting z2 =  z * in equation (A5.5.4) , we get 

P(zuO,s) 
/"(I - * * )' 

where z* and z* depend on z\  an d s . Finally , we obtain 

(A5.5.6) P(z uz2,s) l 

juz\(z2 -z*)(z * -  1) ' 

Note that for the roots of equation (A5.5.5 ) we have 

* ,  =  I  *  2ju  +  s 
Z ~T~ Z# , Z Z^ 

Z\ flZ\ 

The generatin g functio n n{z\,Z2)  satisfie s th e relatio n n(z\,Z2)  =  /uP{z\,Z2,0). 
Hence, it follows from (A5.5.6 ) tha t 

7 r ( z i , Z 2 ) = 
zi(z* - z 2 ) ( l - z * ) ' 

This relation proves the first assertion o f the proposition . 
Let us consider the functio n 

M 
E(M) =  ^2knM(k), M  = 1,2,... , 

A:=0 

and denote by E(z) the generating function o f this sequence: 

M=0 

Then we have 

E(z) 

E(z) =  ^E(M)z M, |z | <  1 . 
M=0 

dn(zl,z2)\ 
dzi 

1 
Z ( l - Z * ) ( l - Z . ) 2 " 

For s =  0,  zi =  z  th e roots of equation (A5.5.5 ) satisfy th e relations 

1 - VT^ I ,  1  + v/T^ I 
z* =  ,  z  = 

and 

( l - z * ) ( z , - l ) =  - - l . 
z 
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Therefore, we get 

1 (l-z)-h 
(A5.5.7) E(z)  = z ( l - z * ) ( l - z * ) 2 1  +  ^ T ~ 

The asymptotic behavior o f the sequence {E{M)}  i s related to the behavior o f the 
generating function for this sequence. A fundamental result in this area is the Tauberian 
theorem in [33] (see also [130]), which implies 

HmE(z ) ( l - z / =  r( A + D  Jim ^ 1 . 
Z—>\ M-+OC  MP  l 

In our case, /? = 3/2 . Therefore , 

E(M) ~  ^ V M . 

This relation completes the proof of the proposition. • 
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Chapter I. 
This chapter contains basic results related to processes with reflection. Th e process 

Xl
n was studie d b y Klimo v [75] , Harriso n [42] , Glyn n an d Whit t [39] , Karpelevic h 

and Kreini n [58-61] , Reima n [101] , Harriso n an d Reima n [48] , [49] . Lemm a 1.1. 1 
was state d (i n differen t notation ) i n [58] . Lemm a 1.1. 2 an d Corollar y 1.1. 1 wer e 
proved i n [61] . Th e representatio n o f the infinitesimal operato r (1.2.17 ) i s borrowe d 
from [60 ] (see also Harriso n [43]) . Th e proces s X  i s deeply relate d t o th e Skoroho d 
Reflection Problem . Thi s problem was considered b y Reiman [101 ] and b y Anisimov 
and Chabanu k [4 ] for Jackso n network s of queues . Th e convergence to the process £ 
is provided by limit theorems in function space s presented in Appendix II. Condition s 
(1.3.3), (1.3.4) , an d (1.4.11) , (1.4.12 ) generaliz e th e correspondin g relation s fo r th e 
waiting time process (se e [58], [60]). Propositio n 1.5. 1 i s new. Theore m 1.5. 2 o n th e 
convergence of the processes Q i s new as well. Th e uniform convergence in probability 
to the process (f(x w_i) (se e Theorem 1.6.1 ) is proved fo r th e waiting time proces s i n 
tandem queues in [59] , [60] . 

Chapter II. 
Many queue s i n serie s wer e considere d b y Glyn n an d Whit t [39] , Harriso n [42] , 

[46], Jackso n [55] , Karpelevich an d Kreini n [58] , [61] , Kelbert e t al . [63] , Kella an d 
Whitt [68] , Kipni s [73] , Szczotk a an d Kell y [112] . Lemm a 2.1. 1 wa s prove d i n [5] , 
[61]. Theore m 2.2. 1 i s borrowe d fro m [59] . Fo r th e case  o f tande m queue s i t wa s 
proved in [58]. Theorem 2.3.3 is new. Th e proof is based on the approach to the weak 
convergence theory presente d i n Appendix II . Theorem 2.4. 1 i s new. Th e case k  =  1 
is well known (se e [15], [40], [58]). 

Theorems 2.5.1 and 2.5.2 were proved in [59], [60]. Theorem 2.5.3 is borrowed fro m 
[62]. Th e dependence of sojourn time s on service times in tandem queues was studied 
byCao[132]. 

Queues with identica l servic e and Poisso n inpu t flow were studied b y Boxma [19], 
Vinogradov [120] , [121], Makarichev [88] . The heavy traffic limi t theorems for queue s 
with identica l servic e were proved i n [120] , [121 ] for th e Poisson inpu t flow.  System s 
with genera l distribution s o f interarriva l time s were studie d i n [61] . Lemma s 2.6.1 -
2.6.4 wer e borrowe d fro m [61] . Theore m 2.6. 2 wa s als o prove d i n [61] . Theore m 
2.7.1 is due to Karpelevich an d Kreini n [61] . Th e proof given is new. Theore m 2.7.3 . 
Theorem 2.7.5 . and Lemm a 2.7. 3 were proved i n [61] by using martingale techniques . 
The proof of Theorem 2.7.5 is based on the approach to the weak convergence theor y 
presented i n Appendix II . 

More precis e asymptoti c relation s fo r queue s with identica l servic e were obtaine d 
by Vinogrado v [120] . [121] . Unlik e system s satisfyin g th e Kleinroc k condition , th e 
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stationary waitin g time fo r system s with identica l servic e in heavy traffic i s described 
by a  degenerat e process . Fo r "rough " normalizations , a s th e on e assume d i n §§4— 
6 o f Chapte r II , th e stationar y sojour n tim e fo r th e phase s 2 , . . . , m  tend s t o zer o 
in probability . However , mor e delicat e normalization s exists , suc h tha t th e limi t 
distribution become s nondegenerate . 

The first result s in this direction ar e due to Vinogradov [120 ] and appl y to system s 
with Poisso n inpu t flow.  A s initia l point o f this study , h e used th e following integra l 
relation involvin g the joint distributio n o f the sojour n time s a t th e first  phase an d a t 
phases indexed by 2, 3 , . . ., k  +  1 . Let us denote 

Fk(z,x) =Pv{U l < z , V k < x } , 

where U\  is the sojourn tim e at the first phase, and V k i s the sojourn tim e of the same 
customer a t the phases 2, . . . ,& +  1 . Besides , we denote 

' e- qtdPr{S^t}, a{q,x,k)  =  e~- qz dF k{z,x). 
o Jo 

Let X  be the paramete r o f the Poisson inpu t flow.  The n th e followin g relatio n hold s 
(see [120]): 

a{q,x,k) =  a(q,x/k,  l)exp ( —{k  — 1 ) /  q^(t)dt) 

_ {\-X)<S>{q,x/k)( qx(x/k)-q) (  f°°  \ 

where qx{x) ^  0  is the unique root of the equation 

X-q -XQ>{q,x)  =  0 . 

Let us introduce the marginal distributio n 

Fk(x)=Pr{Vk<x}. 

Then 

Fk(x)=Fl(x/k)exp(-(k-l) [  q k{t)d? 
\ Jx/k  y 

expf-/: /  q A{t)dt\ 
{\-X)B{x/k)qx{x/k) 

XB(x/k) \  j x / k 

with B(x)  =  1  - B(x)  =  Pr{S  ^  x}. 
Relying o n thes e relations , th e followin g asymptoti c result s were obtaine d fo r th e 

system with Poisson input flow in heavy traffic. Le t us consider a family of multiphase 
systems dependin g o n paramete r X.  Assum e tha t th e inpu t flow  i s Poisso n wit h 
parameter X,  mea n servic e time equal to 1 , and X  —> 1 . Le t us introduce th e rando m 
variables _ 

Ut(l) =  ( 1 -A)t/,.A, V k*(l) = B ^k_X,
xy-
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Then the joint distributio n converges weakly to the random vecto r 

(uf(X),vt(X))—r(tf,*,^). 
A—>1 

In certai n cases , i t i s possibl e t o writ e dow n th e limi t distributio n o f th e vecto r 
{U*(X), V£(X))  an d t o find  th e asymptotic s o f V kj. Fo r instance , le t B(x)  =  e~ x, 
k =  2 ; then 

limPr{F2/ l +  21og( l -  X)  < x} =  2  . 
A-^\ 1 + x / 1 + 4 ^ - X 

It was shown in [121] that for X  —> 1  an d B{x)  =  e~ x on e has 

E F 0 ~ - £ l o g ( l - A ) 2 . 

One ca n se e tha t th e limi t behavio r o f th e variable s Vki  fo r systems  wit h identica l 
service differs significantl y fro m tha t for system s satisfying th e Kleinrock condition . 

Several stone s ar e lef t unturned . Fo r instance , th e problem s o f heav y traffi c in -
terchangeability considere d b y Tsouca s an d Walran d [117 ] for - /M/l /o o queue s i n 
tandem and the stochastic ordering of tandem queue s are unsolved. Th e compariso n 
problem for tandem queues with dependent and independent service times was studied 
by Pinedo an d Wolf f [94] , but th e genera l situatio n wa s not considered . Rar e event s 
for queues in series were studied by Tsoucas [116]. 

Chapter III. 
Heavy traffi c approximation s fo r queu e lengt h processe s i n system s wit h singl e 

server wer e studie d b y Reima n [101] , Harriso n [42-44] , Harriso n an d Reima n [48] , 
[49], Anisimov and Chabanuk [4] . The normalization condition (3.1.7 ) is very close to 
conditions (2.3.1) . Suc h conditions have been used in heavy traffic limi t theorems fo r 
queueing networks (see Reiman [101]), for queues with vacations (se e Kella and Whit t 
[65], [66]), and for severa l other models. Theore m 3.1. 2 is due to Reiman [101] . 

Departure moments from man y queues in series were studied by Glynn an d Whit t 
[39]. Theore m 3.2. 1 was proved in [39]. The strong approximations given in Theore m 
3.2.2 were based o n th e result s o f Csorgo, Komlo s [25] . Stron g approximations hav e 
been use d previously t o stud y queue s with vacation s [38] , as well as other stochasti c 
models. 

Hydrodynamic limits have been studied in physical probability models and in queue-
ing theory (se e De Mas i and Presutt i [27] , Liggett [83] , Andjel [2] , Andjel an d Kipni s 
[3], Benassi and Fouque [9], Kipnis [73]). Theorem 3.2.3 was proved in [39]. The proof 
given i n [39 ] is base d o n th e ergodi c theore m fo r subadditiv e processe s an d o n th e 
theory of stochastic ordering of associated random variables (see Stoyan [110], Barlow 
and Proschan [8] , Baccelli and Makowski [6] , Liggett [83], Berenstein et al. [10], Chang 
[23], Kijima[71]) . 

The functio n y(x)  describin g the hydrodynamic limi t satisfie s th e relatio n y(x)  = 
xy (l/x)  an d the inequalities y (x) ^  \,y(x+y)-y(x)  ^  y.  Thes e results were proved 
by Glynn and Whitt [39]. 

Strong approximations can be used to study the rate of convergence of waiting time 
processes in heavy traffic. Bound s for the average waiting time and for the waiting time 
distribution ca n b e used t o estimate the quality o f approximations (  see Kreinin [79], 
Stoyan [110]) . 
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Theorem 3.3.1 and relation (3.3.4 ) were proved by the authors (unpublished) . The -
orem 3.3.2 is due to Glynn an d Whit t [39] . The role of the max-scheme i n the theor y 
of man y queue s i n serie s i s extremely important . A s i t i s shown i n Chapter s I I an d 
III, a combination o f the max-scheme and the addition o f random variables describes 
departure moment s fro m multiphas e queues . Th e max-schem e ha s bee n studie d i n 
many papers. Rache v and Ruschendor f [98 ] studied the rate of convergence for sum s 
and maxim a an d doubl y idea l metrics . Zolotore v an d Rache v [137 ] studied th e rat e 
of convergenc e i n limi t theorem s fo r th e max-scheme . A  surve y o f moder n result s 
can be found i n Zolotorev [137] . W e also mention here the monograph by Leadbeter , 
Lindgren, an d Rootze n [81 ] devoted t o extreme s o f rando m sequences , an d Feller' s 
course on probability theory [33] as well. 

Appendix I. 
Appendix I  contains a brief review of the theory of weak convergence of stochasti c 

processes. Thi s theory is presented in many monographs (see , for example, Billingsley 
[11], Skorohod [108]) . The ideas and basic theorems of the theory of weak convergence 
in function space s were given b y Prohorov [95] . Theore m A  1.1.5 o n th e convergenc e 
in distribution i s used for the proof of weak convergence of functional . 

The convergenc e i n th e spac e D([0,  T])  wa s considere d b y Skoroho d [107] . Th e 
distance (Al.2.1 ) i n the space D  ([0 , T]) wa s introduced b y Lindval l [84] . Th e corre-
sponding topology is equivalent to the Skorohod topology . 

Other topologie s hav e als o bee n used  i n queuein g theor y (se e [38] , [65]) . Th e se t 
of operators A introduced in this section i s new. The algebra of operators commutin g 
with A is given in this appendix for the first time. Theore m Al.2.3 is new. 

The Donsker-Prohoro v invarianc e principl e i s treated i n a  numbe r o f book s an d 
papers [11] , [95]. Several modern result s can be found i n Wacker [122]. 

Appendix II. 
The weak convergence of functional o n the half-line i s considered i n Appendix II . 

The approac h presente d provide s a  ne w poin t o f vie w o n th e theor y o f wea k con -
vergence o f functiona l define d o n th e half-line . Th e circl e o f idea s i s ver y clos e t o 
Borovkov [14] . Th e scheme of the proof of the convergence discussed in this appendix 
gives a useful too l for proving weak convergence results for various stochastic models. 
The construction doe s no t depen d o n th e for m o f the limi t proces s an d o n th e for m 
of the processes ^. Th e definition o f the family o f approximated functiona l i s given 
here for the first time. 

An exampl e o f a  functiona l tha t doe s no t belon g t o th e clas s o f approximate d 
functional i s base d o n th e so-calle d diagona l process . Th e notio n o f a n admissi -
ble functiona l i s new. Propositio n A2.3. 1 containin g severa l importan t fact s abou t 
admissible functional i s new as well. 

Appendix III. 
Several importan t technica l result s ar e contained i n Appendix III . Lemm a A3.1. 1 

is borrowe d fro m [58] . Th e correspondin g inequalit y i s a  generalizatio n o f th e 
Kolmogorov inequalit y fo r semimartingales . Inequalitie s (A3.2.10)-(A3.2.12 ) wer e 
proved i n [58], [61] . 
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Appendix IV. 
The genera l theory o f boundary valu e problems fo r ellipti c equations i s presented 

in Bitsadz e [12] . Th e reduction t o a  boundary valu e problem give n in thi s sectio n i s 
rather standard. Thi s technique is presented in Gakhov [35], Gakhov and Chersky [36] 
and is used in many problems for partial differential equations . Ver y similar problems 
were studie d b y Harriso n [43] , [44 ] for tande m queue s an d queue s i n series . Suc h 
problems also appear for Brownian models of queueing networks with heterogeneou s 
populations (se e Harrison [45] ) and fo r Brownian models of open queueing networks 
with homogeneous customer populations (se e Harrison an d Williams [50]). 

Proposition A4.1. 1 wa s give n i n [58 ] withou t proof . Nonseparabl e exponentia l 
solutions wer e discovere d i n [58] . Th e solutio n o f th e boundar y valu e proble m i s 
borrowed fro m [58] . Th e generalization s t o man y queue s i n serie s wer e considere d 
by Harriso n [42] , Karpelevich an d Kreini n [59] , [60] , but th e proble m o f stationar y 
distribution i n suc h systems  i s stil l unsolve d whe n th e numbe r o f phase s i s greate r 
than 2. 

On th e othe r hand , th e progres s achieve d i n thi s area stimulate d th e stud y o f sta -
tionary distributions of the reflected Brownian motion in planar and multidimensiona l 
regions (se e Harrison, Landau , an d Shep p [47], Harrison an d Reiman [48] , [49], Har-
rison and Williams [50], and Varadhan an d Williams [119]). 

Appendix V. 
The genera l theor y o f joint distribution s i n tande m Poisso n queue s i s borrowe d 

mainly from [62] . Jackson's theorem for queueing networks was proved in [55]. Queue s 
with multiplicative form o f the stationary queue length distribution have been studie d 
by many author s (se e Borovkov [17] , Kelly [68]) . Th e ergodicit y condition s fo r tan -
dem queue s wer e proved b y Loyne s [87] . Fo r queuein g network s th e correspondin g 
ergodicity theorem was proved by Foss [34] and by Rybko and Stolya r [105]. The joint 
stationary distribution o f the number of customers at the arrival epoch was studied by 
Reich [99], [100] and Burke [21]. Exi t times were studied for series of Jackson networks 
by Massey [89]. Besides , Massey suggested an operator analytic approach to the study 
of the stationary and transient behavior of queueing networks [90]. 

Theorems A5.3. 1 an d A5.4. 1 wer e prove d i n [62] . Th e heav y traffi c transien t be -
havior o f tande m queue s i s discussed i n sectio n A5.5 . Th e proo f o f th e asymptoti c 
formula (A5.5.8 ) is based on Tauberian theorems borrowed from [33] ; see also Widder 
[130]. 

Proposition A5.5. 1 i s new . Simila r problem s fo r th e relaxatio n tim e i n tande m 
queues were studied b y Blanc [13] . Yakushe v [133 ] tried t o find the joint distributio n 
of queue lengths for tandem queues with Poisson input flow and general service times. 
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