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Preface t o th e Englis h Editio n 

This volume i s an English translation o f my textbook o n Riemannian geometr y 
originally writte n i n Japanes e an d publishe d i n 199 2 b y Shokabo , Tokyo . I  wrot e 
the Japanes e editio n mainl y becaus e a t tha t tim e ther e wer e no textbooks writte n 
in Japanese that introduce d moder n Riemannian geometr y to advanced undergrad -
uate an d graduat e student s an d tha t coul d als o serve a s a  reference . O n th e othe r 
hand, ther e ar e many textbooks an d monograph s o n Riemannian geometr y writte n 
in Western language s a t variou s level s an d treatin g a  variety o f topics . I  have con -
sulted them , an d I  have been influence d especiall y b y th e book s b y M . Berge r an d 
A. Besse , J . Cheege r an d D . G . Ebin , an d W . Klingenberg . 

Now let m e mention th e point s o n which I put emphasi s i n the presen t volume . 
(1) After reviewin g fundamentals o n differentiable manifold s i n Chapter I , I tr y 

to explain the fundamental notion s and results of Riemannian geometry in Chapter s 
II an d II I wit h particula r emphasi s place d o n understandabilit y an d readability , 
since, in my teaching experience, many students find it difficult t o grasp Riemannia n 
geometry o n thei r first  try . 

(2) In th e remainin g chapters , amon g variou s topics i n Riemannian geometr y I 
am mainl y concerne d wit h th e compariso n method s an d thei r applications . I  tak e 
an approac h usin g Jacob i fields  t o compariso n method s i n Chapte r IV , an d giv e 
their application s t o th e relatio n betwee n th e curvatur e an d topology , geometri c 
inequalities, an d spectra l geometr y i n Chapter s V  an d VI . 

In principle , I  faithfull y translate d th e Japanes e edition , excep t fo r correct -
ing smal l error s an d addin g a  fe w comment s o n furthe r developments . However , 
Appendix 6  o n Gromov' s convergenc e theore m an d th e collapsin g o f Riemannia n 
manifolds ha s bee n expande d an d revise d considerably . I  als o adde d mor e refer -
ences an d note s o n th e reference s t o eac h chapter , althoug h the y ar e stil l fa r fro m 
being complete . 

I would lik e to expres s m y gratitud e t o K . Grove , H . Karcher , A . Katsuda , W . 
Klingenberg, R . Porter , an d W . Tuschman n fo r usefu l suggestion s an d advice . I 
also thank K . Shimakaw a fo r helpin g m e with th e Aj^S-WIgfi.  typesetting . 

Takashi Saka i 
May, 199 5 
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Preface 

In this volume we give an exposition of the fundamental concept s an d result s of 
Riemannian geometry , an d explai n especiall y th e idea s calle d compariso n method s 
and thei r applications , assumin g som e fundamental s o n differentiabl e manifolds . 

First w e briefly mentio n th e birt h o f Riemannian geometry . I n hi s "Elements " 
(Stoicheia), Eucli d (Eukleides ) systematicall y arrange d man y fact s o f elementar y 
geometry tha t ha d lon g bee n known , takin g a n axiomati c viewpoin t fo r th e first 
time. Namely , definin g th e notion s o f point , line , plane , angle , etc. , an d describin g 
some o f the mos t fundamenta l relationship s amon g the m a s the axiom s (o r postu -
lates), h e systematicall y deduced , throug h stric t logic , othe r marvelou s geometri c 
facts (propositions , theorems ) base d o n th e axioms . Pro m a n axiomati c viewpoin t 
it ha d bee n suspecte d eve r sinc e th e ag e o f Eucli d tha t th e fifth  postulate , whic h 
is equivalen t t o th e statemen t tha t fo r a  give n lin e I  an d a  poin t p  i n th e plan e 
there exist s a  unique  lin e paralle l t o I  through p , coul d b e prove n fro m th e othe r 
axioms. Afte r variou s attempt s ove r mor e than 2,00 0 years , some peopl e bega n t o 
suspect tha t a  new geometry migh t b e developed by the denying the fifth  postulat e 
and leavin g th e remainin g axiom s a s the y stand . Jano s Bolya i (1832 ) an d N . I . 
Lobachevsky (1830 ) wer e the first  wh o published thei r ne w geometry . Gaus s him -
self also reached th e sam e conclusion , bu t di d no t publis h sinc e he feared tha t fals e 
controversies migh t b e cause d b y misunderstandings . 

The discover y o f non-Euclidean geometr y brough t abou t seriou s examination s 
of th e foundation s o f geometr y an d th e concep t o f space . Fo r instance , Gaus s 
measured th e inne r angle s o f a  triangl e whos e vertices wher e th e summit s o f thre e 
high mountain s fa r apar t i n Germany , an d trie d t o judg e whic h geometr y reflect s 
the rea l world . 

Under these circumstances G. F. B. Riemann proposed in 1854 an epoch-makin g 
view in his Habilitationsschrift, "Ube r die Hypothesen, welche der Geometrie grund -
liegen", submitted t o Gottingen University . Namely , instead o f taking an axiomati c 
viewpoint, h e proposed t o conside r mor e genera l "Mannigfaltigkeiten " (manifolds) , 
which are locally homeomorphic to Euclidean space of a fixed dimension and "sprea d 
out" manifold . The n h e discusse d ho w t o measur e th e lengt h o f curves , th e dis -
tance betwee n tw o points , th e angl e betwee n vectors , etc. , o n a  give n manifold , 
and introduce d th e notio n o f a  Riemannia n metri c inspire d b y th e surfac e theor y 
of Gauss . Further , Rieman n define d th e notio n o f th e (sectional ) curvatur e o f a 
Riemannian metri c i n term s o f th e Gaus s curvatur e o f a  surface . The n h e note d 
that th e sectiona l curvatu e o f a  Riemannia n metri c i s constan t i f an d onl y i f fig-
ures ar e freel y movabl e i n a  manifol d withou t expansio n o r contraction . H e als o 
pointed ou t that , fo r manifold s o f constan t curvatur e & , the flat  cas e (i.e. , k  —  0 ) 
describes Euclidea n geometry , an d th e negativ e constan t curvatur e cas e describe s 

xi 
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the non-Euclidea n geomter y o f Bolyai an d Lobachevsky . Manifold s o f positive con -
stant curvatur e correspon d t o th e ellipti c non-Euclidea n geometr y o f Riemann . I t 
was reported tha t ol d Gauss , who attended Riemann' s lecture , was deeply touched . 

Thus a  completely ne w and huge field of geometry opened . Riemann' s ide a was 
first develope d by G. Ricci, T. Levi-Civita , an d other people as an absolute differen -
tial calculus for tensors , which seemed rather formal . However , suc h tensor calculu s 
turned ou t t o provid e a  neede d mathematica l too l whe n Einstei n establishe d hi s 
general theory o f relativity wit h a  gravitation field  i n 1916 , and Riemannia n geom -
etry wa s highlighted . 

Subsequently Herman n Wey l and Eli e Carta n too k a  mor e genera l vie w o f th e 
connection, an d unifie d Riemann' s ide a and F . Klein's program interpretin g geome -
tries i n term s o f transformatio n groups . S . Cohn-Vossen , W . Blaschke , an d other s 
studied th e globa l propertie s relatin g th e metri c invariant s t o th e topolog y o f th e 
surface. H . Poincare , G . D . Birkhoff , M . Morse , J . Hadamard , E . Hopf , an d oth -
ers worke d o n variou s propertie s o f geodesie s fro m differen t standpoints . H . Hop f 
studied th e globa l propertie s o f space s o f constan t curvature , an d E . Carta n orig -
inated an d mad e a n extensiv e stud y o f th e symmetri c spaces , a  remarkabl e clas s 
of Riemannia n manifolds . Throug h al l thi s essentia l wor k Riemannia n geometr y 
was linke d t o variou s fields  o f mathematic s (e.g. , dynamica l systems , calculu s o f 
variations, topology) , an d i t wa s recognize d tha t th e relatio n betwee n loca l prop -
erties (e.g. , curvature ) determine d b y th e metric s an d globa l propertie s relate d t o 
the whol e structur e o f manifold s ar e importan t object s o f th e investigation . Als o 
the notio n o f differentiabl e manifold s wa s define d rigorousl y i n th e terminolog y o f 
modern mathematic s b y H . Wey l an d H . Whitney , an d th e fundamenta l concept s 
of manifold s an d Riemannia n geometr y wer e consolidated . Fo r instance , H . Hop f 
and W . Rino w define d th e notio n o f completeness o f a  Riemannian metric , throug h 
which th e globa l notion s wer e established . 

In the present book , afte r reviewin g fundamentals o n differentiable manifold s i n 
Chapter I , we treat with care some fundamental concept s and results of Riemannian 
geometry i n Chapter s I I an d III . Especially , w e explai n th e notion s o f geodesic , 
Jacobi fields,  an d curvatur e togethe r wit h man y example s i n Chapte r II , an d som e 
global concept s an d result s o f Riemannia n geometry , whic h ar e mainl y relate d t o 
geometry of geodesies, in Chapter III . I hope that th e reader may grasp Riemannia n 
geometry i n outlin e throug h Chapter s I I an d III . 

Modern Riemannia n geometr y ha s been develope d i n many branche s fro m var -
ious viewpoint s mainl y a s geometry o n manifolds , an d i t i s impossibl e t o cove r al l 
topics i n a  textbook . I n th e presen t volum e w e ar e mainl y concerne d wit h th e 
comparison method s an d thei r application s i n Chapter s IV , V, and VI . A complet e 
simply connecte d Riemannia n manifol d o f positive constan t curvatur e 6  is isomet -
ric t o th e spher e o f radiu s l/y/6.  H . Hop f conjecture d tha t a  complet e simpl y 
connected Riemannia n manifol d whos e sectiona l curvatur e i s not necessaril y equa l 
to a  positive constant bu t remain s close to a  positive constant i s still topologically a 
sphere. The n H . E . Rauc h establishe d thi s fac t i n hi s epoch-making pape r i n 1951. 
M. Berger an d W . Klingenber g improve d an d develope d Rauch' s idea , an d go t th e 
best possibl e spher e theore m fo r th e cas e wher e th e rati o o f th e minima l an d th e 
maximal valu e o f the sectiona l curvatur e i s greate r tha n 1/4 . Throug h thei r wor k 
and wor k o f D. Gromoll , J . Cheeger , E . Ruh , K . Shiohama , P . Eberlein , K . Grove , 
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H. Karcher, an d other geometers, great progres s has been made in studying the rela -
tion between metrical invariants an d globa l properties of Riemannian manifolds . I n 
particular, compariso n methods , which compare a  given Riemannian manifol d wit h 
a standar d Riemannia n manifol d o f constant curvatur e i n terms o f some geometri c 
invariants, wer e developed. I n Chapte r I V we state thes e compariso n method s i n a 
unified manne r i n terms o f Jacobi fields.  The n w e apply thes e method s t o the rela -
tion betwee n curvatur e an d topolog y o f Riemannia n manifold s i n Chapte r V , an d 
to th e inequalitie s amon g geometri c invariant s an d spectra l geometr y i n Chapte r 
VI. O n th e othe r hand , sinc e th e fields  treate d i n Chapter s V  an d V I ar e stil l i n 
rapid progress , w e canno t stat e i n detai l th e fron t lin e o f curren t researc h i n thi s 
textbook. However , i n Appendi x 6  we mention som e o f M . Gromov' s ideas , whic h 
have been one of the main sources promoting the recent development o f Riemannian 
geometry, an d hav e inspire d man y excellen t youn g geometers . 

On th e othe r hand , w e canno t stat e i n detai l th e application s o f dynamica l 
systems, partia l differentia l equations , etc . t o Riemannia n geometry , e.g. , minima l 
submanifold, harmoni c map, heat flow, etc. Fo r these topics the reader may consult , 
e.g., Hajim e Urakawa' s boo k [Ur-2] . 

I would lik e to express m y gratitude t o Professo r S . Murakami, wh o invited m e 
to writ e thi s book , an d t o Mr . S . Hosok i o f Shokab o Publishin g Compan y fo r hi s 
kind cooperation . 

In concludin g th e preface , I  would lik e t o remembe r th e lat e Professo r Shige o 
Sasaki, unde r whos e guidance I  began t o tak e a n interes t i n Riemannian geometry . 
Professor Sasak i wa s one o f the pioneer s o f modern differentia l geometr y i n Japan , 
and emphasized th e importance o f studying globa l problems that ar e also related t o 
other fields  o f mathematics. H e himself di d muc h pioneering researc h o n Riemann -
ian geometry . H e passed awa y in the summe r o f 1987 , when I  began t o prepar e th e 
present book . Durin g th e writin g I  ofte n wishe d tha t h e wer e stil l aliv e t o advis e 
me, an d ofte n recalle d hi s enthusias m fo r mathematic s an d hi s grea t personality . 

Takashi Saka i 
April, 199 2 
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projection (o f vecto r bundle) , 1 5 
projective space , 186 , 187 , 20 7 



INDEX 357 

complex — , 76 , 131 , 186 , 238 , 286 , 29 2 
real — , 20 , 105 , 140 , 186 , 262 , 285 , 28 6 

proper (map) , 8 , 68 , 30 8 

R 

Radon measure , 61 , 63 
rank 

— o f a  manifol d o f nonpositive curvature , 
237 

— o f a  symmetri c space , 18 8 
Rauch compariso n theore m 

(R.C.T. (I) , (II)), 149 , 150 , 215 , 223 , 24 4 
ray, 174 , 189 , 229 , 23 0 
Rayleigh quotient , 266 , 268 , 276 , 28 0 
regular curve , 25 , 3 8 
regular value , 1 0 
de Rha m 

— theorem , 30 2 
— decompositio n theorem , 129 , 180 , 18 2 

representation, 14 , 14 0 
Ricci curvature , 44 , 45 , 66,  144 , 155 , 156 , 

157, 159 , 183 , 184 , 194 , 195 , 218 , 220 , 
221, 247 , 249 , 252 , 275 , 278 , 280 , 289 , 
308 

Ricci tensor , 44 , 79 , 120 , 121 , 180 , 28 9 
Riemannian 

— covering , 24 , 68 , 113 , 116 , 117 , 122 , 
132, 139 , 193 , 220 , 28 6 

— manifold , 2 3 
— manifol d wit h boundary , 70 , 26 5 
— metric , 23 , 2 4 
— (direct ) product , 24 , 68 , 87 , 122 , 129 , 

131, 218 , 224 , 237 , 28 6 
— submersion, 25 , 56, 66, 74, 76, 131 , 217, 

224 
—• symmetric pair , 18 4 

right translation , 1 2 
rigidity theorem , 20 7 

Sasaki metric , 56 , 58 , 68 , 79 , 132 , 160 , 25 3 
scalar curvature , 46 , 66 , 7 9 
Schur lemma , 4 6 
second fundamenta l form , 47 , 49 , 132 , 146 , 

232, 31 0 
second variation , 9 1 

— formula , 90 , 98 , 110 , 141 , 198, 222, 26 3 
section, 1 7 
sectional curvature , 43 , 44 , 48 , 75 , 101 , 144 , 

149, 150 , 152 , 153 , 154 , 155 , 160 , 176 , 
183, 184 , 201 , 212, 221 , 304 

semisimple Li e group , 180 , 183 , 18 4 
shape operator , 47 , 58 , 80 , 91 , 14 3 
shortest curv e (see  also  minima l geodesic) , 

37, 3 9 
simple point , 21 7 

slice, 1 0 
Sobolev space , 26 5 

— constant , 28 6 
— theorem , 26 5 

soul, 217 , 238 , 32 1 
space form , 13 8 
special 

— linea r grou p 1 3 
— orthogona l group , 1 3 
— unitar y group , 1 3 

spectrum, 269 , 28 4 
sphere, 14 , 19 , 49 , 79 , 105 , 123 , 139 , 157 , 

252, 270 , 275 , 280 , 28 5 
sphere theorem , 201 , 210, 21 1 

Grove-Shiohama — , 20 4 
stationary curve , 38 , 9 0 
Stone-Weierstrass theorem , 272 , 27 3 
subbundle, 10 , 1 5 
subharmonic function , 218 , 30 0 
submanifold, 8 , 1 9 
submersion, 8 , 14 , 1 9 
support function , 217 , 30 1 
supporting half-space , 172 , 19 0 
symmetric space , 175 , 18 5 

— o f compac t type , 182 , 183 , 20 7 
— o f Euclidea n type , 18 2 
— ofnoncompacttype, 182 , 183 , 184, 187, 

188 
symplectic 

—- form, 5 , 18 , 57 , 26 0 
— group , 1 9 
— manifold , 1 8 
— vecto r space , 5 , 1 9 

Synge theorem , 197-19 8 

tangent 
— bundle , 7 , 20 , 53 , 79 , 13 2 
— cone , 171 , 19 0 
— space , 7 
— vector , 7 

tensor, 2 
— bundle , 1 6 
— field,  17 , 3 0 
— product , 1 , 1 6 
— space , 2 

Toponogov compariso n theore m 
(T.C.T. (I) , (II)), 161 , 202 , 206 , 208 , 212 , 

215 
torsion tensor , 18 , 2 8 
torus, 13 , 20 , 105 , 121 , 131 , 138 , 199 , 261 , 

273, 28 6 
total space , 1 5 
totally geodesi c (submanifold) , 48 , 75 , 79 , 

136, 151 , 168, 171 , 190 , 208 , 215 , 23 5 
totally umbilic , 14 7 
transitive, 14 , 120 , 121 , 17 5 



358 INDEX 

transvection, 17 6 

U 

uniformly, 19 4 
— compact , 30 6 

unit tangen t bundle , 23 , 55 , 25 3 
unitary group , 5 , 13 , 1 9 
universal coverin g space , 117 , 155 , 193 , 19 4 

V 

variation, 35 , 37 , 88 , 13 1 
— o f a  curve , 3 5 
— vecto r field , 37 , 88 , 13 1 
piecewise C°°  — , 3 7 

variational completeness , 17 8 
vector 

— bundle , 1 5 
— field, 8 
— space , 1 

vertical space , 25 , 53 , 74 
visibility manifold , 23 9 
volume, 4 , 63 , 64 , 68 , 131 , 160 , 221 , 241 , 

243, 244 , 252 , 280 , 284 , 30 4 
— element , 63 , 8 0 
— o f a  metri c ball , 65 , 155 , 156 , 18 9 

W 

warped product , 22 4 
Weingarten formula , 4 8 
Weitzenboeck formula , 30 3 
Weyl asymptoti c formula , 273 , 27 4 
Whitney 

— sum , 16 , 20 , 4 7 
— theorem , 8 , 25 , 8 6 

Wiedersehens manifold , 26 1 
word-length, 194 , 23 7 



Selected Titles in This Series 
[Continued from the  front of  this  publication) 

107 B.  M. Makarov , M . G . Goluzina , A . A . Lodkin , an d A. N . Podkorytov , Selecte d problem s i n rea l 
analysis, 199 2 

106 G.-C . Wen , Conforma l mapping s an d boundar y valu e problems , 199 2 

105 D . R. Yafaev , Mathematica l scatterin g theory : Genera l theory , 199 2 

104 R . L . Dobrushin , R . Kotecky , an d S. Shlosman , Wulf f construction : A  globa l shap e fro m loca l 

interaction, 199 2 

103 A . K. Tsikh, Multidimensiona l residue s an d thei r applications , 199 2 

102 A . M. Il'in , Matchin g o f asymptoti c expansion s o f solution s o f boundar y valu e problems , 199 2 

101 Zhan g Zhi-fen , Din g Tong-ren , Huan g Wen-zao , an d Dong Zhen-xi , Qualitativ e 

theory o f differentia l equations , 199 2 

100 V . L. Popov , Groups , generators , syzygies , an d orbit s i n invarian t theory , 199 2 

99 Nori o Shimakura , Partia l differentia l operator s o f ellipti c type, 199 2 
98 V . A. Vassiliev, Complement s o f discriminant s o f smoot h maps : Topolog y an d applications , 199 2 

(revised edition , 1994 ) 

97 Itir o Tamura, Topolog y o f foliations : A n introduction , 199 2 

96 A . I . Markushevich, Introductio n t o th e classica l theor y o f Abelia n functions , 199 2 

95 Guangchan g Dong , Nonlinea r partia l differentia l equation s o f secon d order , 199 1 

94 Yu . S . Il'yashenko , Finitenes s theorem s fo r limi t cycles , 199 1 
93 A . T . Fomenko an d A. A . Tuzhilin , Element s o f th e geometr y an d topolog y o f minima l surface s i n 

three-dimensional space , 199 1 

92 E . M . Nikishi n an d V . N. Sorokin , Rationa l approximation s an d orthogonality , 199 1 

91 Mamor u Mimura an d Hirosi Toda , Topology o f Li e groups , I  an d II , 199 1 

90 S . L. Sobolev, Som e applications o f functional analysi s i n mathematical physics , thir d edition , 199 1 
89 Valeri i V . Kozlov an d Dmitri! V. Treshchev, Billiards : A  geneti c introductio n t o th e dynamic s o f 

systems wit h impacts , 199 1 

88 A . G . Khovanskii , Fewnomials , 199 1 

87 Aleksand r Robertovie h Kemer , Ideal s o f identitie s o f associativ e algebras , 199 1 

86 V . M. Kadet s and M. I . Kadets , Rearrangement s o f serie s i n Banac h spaces , 199 1 

85 Miki o Ise an d Masaru Takeuchi , Li e group s I , II , 199 1 

84 Da o Trdn g Thi an d A. T . Fomenko, Minima l surfaces , stratified  multivarifolds , an d th e Platea u 
problem, 199 1 

83 N . I . Portenko , Generalize d diffusio n processes , 199 0 

82 Yasutak a Sibuya , Linea r differentia l equation s i n th e comple x domain : Problem s o f analyti c 
continuation, 199 0 

81 I . M. Gelfan d an d S. G . Gindikin , Editors , Mathematica l problem s o f tomography , 199 0 

80 Junjir o Noguchi an d Takushiro Ochiai , Geometri c functio n theor y i n severa l comple x variables , 
1990 

79 N . I . Akhiezer , Element s o f th e theor y o f ellipti c functions , 199 0 

78 A . V . Skorokhod, Asymptoti c method s o f th e theor y o f stochasti c differentia l equations , 198 9 

77 V . M. Filippov , Variationa l principle s fo r nonpotentia l operators , 198 9 

76 Philli p A. Griffiths , Introductio n t o algebrai c curves , 198 9 

75 B . S. Kashin and A. A . Saakyan, Orthogona l series , 198 9 

74 V . I. Yudovich , The linearizatio n metho d i n hydrodynamica l stabilit y theory , 198 9 

73 Yu . G . Reshetnyak , Spac e mapping s wit h bounde d distortion , 198 9 

72 A . V. Pogorelev, Bending s o f surface s an d stabilit y o f shells , 198 8 

71 A . S . Markus , Introductio n t o th e spectra l theor y o f polynomia l operato r pencils , 198 8 

70 N . I . Akhiezer , Lecture s o n integra l transforms , 198 8 

69 V . N. Salii , Lattice s wit h uniqu e complements , 198 8 

68 A . G . Postnikov , Introductio n t o analyti c numbe r theory , 198 8 

(See th e AM S catalo g fo r earlie r titles ) 




		2014-11-10T13:26:56+0530
	Preflight Ticket Signature




