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Preface 

Spectral asymptotic s fo r partia l differentia l operator s hav e bee n th e subjec t 
of extensiv e researc h fo r ove r a  century . I t ha s attracte d th e attentio n o f man y 
outstanding mathematician s an d physicists . 

As a  characteristi c exampl e le t u s conside r th e followin g spectra l problem : 

(0.0.1) -Av  =  X 2v i n M , v\ dM =  0 , 

where M  i s a bounded domain in R 3 ,  and A  i s the Laplace operator. Th e proble m 
(0.0.1) ha s nontrivial solution s v  onl y for a  discrete se t o f A  =  A & , which are calle d 
eigenvalues. Le t u s enumerat e th e eigenvalue s i n increasin g order : 0  < A i <  A 2 ^ 
A3 ^ •  • •  .  I n th e genera l cas e th e eigenvalue s A ^ canno t b e evaluate d explicitly . 
Moreover, fo r larg e k  i t i s difficul t t o evaluat e the m numerically . S o i t i s natura l 
to loo k fo r asymptoti c formula e fo r A & as k  — > 0 0 . 

However, fo r a  numbe r o f reason s i t i s traditiona l i n suc h problem s t o dea l 
with th e matte r th e othe r wa y round , i.e. , t o stud y th e sequentia l numbe r k  a s a 
function o f A  . Namely , le t u s introduce th e countin g functio n N(X)  define d a s th e 
number o f eigenvalue s A ^ les s tha n a  give n A . The n ou r asymptoti c proble m i s 
reformulated a s the stud y o f the asymptoti c behaviou r o f N(X)  a s A  —> +0 0 . Th e 
derivation o f asymptoti c formulae  fo r iV(A ) i s the mai n subjec t o f thi s book . 

It i s well known tha t fo r th e proble m (0.0.1 ) 

(0.0.2) 7V(A ) =  ^ A 3 +  o(A 3), A  - + +00 , 

where V  i s th e volum e o f M.  Th e asymptoti c formul a (0.0.2 ) ha s bee n know n 
for a  long time ; i t appeare d alread y i n the work s o f Rayleigh . Writte n i n a  slightl y 
different for m i t i s known i n theoretica l physic s a s th e Rayleigh-Jean s law . 

Rayleigh [Ra ] arrive d a t (0.0.2 ) b y considerin g th e cas e whe n th e domai n M 
is a  cub e o f sid e a.  Then , solvin g th e proble m (0.0.1 ) b y separatio n o f variable s 
one obtain s 

N(X) =  # { ? G N 3 : \q\<R}, 
where R  =  aX/ir . I n othe r words , N(X)  i s the numbe r o f intege r lattic e point s i n 
an octan t o f a  bal l o f radiu s R . Clearly , fo r larg e R  w e hav e 

Now physica l argument s sugges t tha t th e sam e formul a shoul d hol d fo r a  domai n 
of arbitrary shape . 

Formula (0.0.2 ) i s remarkabl e no t onl y fo r it s rol e i n th e developmen t o f the -
oretical physics , bu t als o fo r th e fac t tha t Rayleig h mad e a  mistak e b y writin g i t 
without th e coefficien t 1/ 8 .  Thi s mistake was corrected b y J . H . Jeans. A s pointe d 

xi 



xii PREFAC E 

out i n [Ja] , Jeans' s onl y contributio n t o th e "Rayleigh-Jeans " la w wa s th e state -
ment: "I t seem s t o m e tha t Lor d Rayleig h ha s introduce d a n unnecessar y facto r 8 
by countin g negativ e a s wel l a s positiv e value s o f hi s integers, " [Je , p . 98]. 

The first  rigorou s proo f o f (0.0.2 ) wa s given by H . Weyl [Wei] . Later , R . Cou -
rant an d D. Hilbert include d a  proof of (0.0.2) in their classical textbook [CouHilb] , 
which stimulate d th e stud y o f asymptoti c formula e o f thi s type . Th e lis t o f math -
ematicians wh o hav e contribute d t o thi s fiel d include s S . Agmon , V . M . Babich , 
P. H . Berard , M . S . Birman , T . Carleman , Y . Coli n d e Verdiere , J . Duistermaat , 
B. V . Fedosov , L . Garding , V . W . Guillemin , L . Hormander , V . Ya . Ivrii , M . Kac , 
B. M . Levitan , R . B . Melrose , G . Metivier , A . Pleijel , R . T . Seeley , M . A . Shubin , 
M. Z . Solomyak , A . Weinstein , an d man y others . A n extensiv e bibliographica l re -
view ca n b e foun d i n [RoSoSh] . Physicist s als o worke d o n spectra l asymptotic s 
and hav e mad e essentia l contributions . Bein g les s familia r wit h th e physica l liter -
ature w e shal l onl y mentio n th e name s o f M . V . Berry , P . Debye , an d L . Onsager ; 
see als o [BaHilf ] fo r furthe r references . 

The asymptotic formula (0.0.2 ) is remarkably simple: th e asymptotic coefficien t 
is determine d onl y b y th e volum e o f th e domai n an d i s independen t o f it s shape . 
Moreover, a  simila r one-ter m asymptoti c formul a ha s bee n establishe d i n a  ver y 
general setting , namely , fo r a n ellipti c self-adjoin t partia l differentia l operato r wit h 
variable coefficient s actin g o n a  manifol d subjec t t o reasonabl y goo d boundar y 
conditions. 

However, this simplicity and high degree of generality indicate the weaknesses of 
(0.0.2) and it s analogues. First , suc h formulae involv e only the most basi c geometri c 
characteristics o f M:  say , th e eigenvalue s o f th e proble m (0.0.1 ) fo r a  cub e an d 
a lon g narro w parallelepipe d o f the sam e volum e ar e obviousl y quit e different , bu t 
(0.0.2) doe s no t fee l thi s difference . Second , one-ter m asymptoti c formula e d o 
not depen d o n th e boundar y conditions : say , i f w e replace i n (0.0.1 ) th e Dirichle t 
boundary conditio n b y the Neuman n on e th e eigenvalue s wil l change substantially , 
which canno t b e notice d fro m (0.0.2) . Thes e deficiencie s motivate d th e searc h fo r 
sharper results . 

In 191 3 H. Weyl pu t forwar d [We2 ] a  conjectur e concernin g th e existenc e o f a 
second asymptoti c term . Namely , h e predicted tha t fo r th e proble m (0.0.1 ) 

(0.0.3) N(X)  =  ^  A 3 -  ^  A 2 +  o(A 2), A  ^ + 0 0 , 

where S  i s th e surfac e are a o f dM . Formul a (0.0.3 ) becam e know n a s Weyl's 
conjecture. I t wa s finally  justified , unde r a  certai n conditio n o n periodi c billiar d 
trajectories, b y Ivri i [Ivl ] an d Melros e [Me ] onl y i n 1980 . Thi s revive d interes t 
to suc h problems . I n particular , i n subsequen t year s Ivri i extende d hi s resul t o n 
two-term asymptotic s t o muc h mor e genera l classe s o f boundar y valu e problems . 
As ou r boo k doe s no t ai m t o provid e a  ful l bibliographi c revie w an d reflect s th e 
research interest s o f it s authors , w e refe r onl y t o Ivrii' s publication s [Iv2]-[Iv4 ] 
where th e reade r ca n find  furthe r references . 

Our contributio n t o th e proble m concern s th e followin g aspects . 
First, w e ar e intereste d i n derivin g two-ter m asymptoti c formula e fo r highe r 

order differentia l operators . 
Second, w e study th e cas e when th e conditio n o n periodi c billiar d trajectories , 

which guarantee s th e existenc e o f a  classica l secon d ter m i n Weyl' s formula , fails . 
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In thi s cas e the secon d asymptoti c ter m ma y contai n a n oscillatin g function , whic h 
depends o n th e structur e o f the se t o f periodic billiar d trajectories . 

Third, w e obtai n two-ter m asymptoti c formula e fo r th e spectra l function . I n 
this cas e on e ha s t o dea l wit h loop s instea d o f periodi c billiar d trajectories . 

The basi c idea which we use for th e derivatio n o f spectral asymptotic s i s due t o 
Levitan [Ltan] . I t involve s the stud y o f the singularitie s o f the correspondin g evo -
lutionary proble m (say , i n the cas e of (0.0.1 ) thi s would b e the wave equation), an d 
the subsequent applicatio n o f Fourier Tauberia n theorems . Thi s approach produce s 
the sharpest possibl e results. Levitan' s method was developed b y Hormander, Duis -
termaat, Guillemin , an d Melros e (se e [H61] , [DuiGui] , [DuiGuiHo] , [Me]) . Th e 
most advance d versio n o f thi s metho d i s du e t o Ivri i [Ivl]-[Iv4] . Ou r approach , 
however, i s somewha t differen t fro m tha t o f Ivrii , eve n i n th e cas e o f th e Laplac e 
operator. 

We trie d t o mak e th e boo k self-containe d an d al l ou r construction s explicit . 
The mai n result s ar e collecte d i n Chapte r 1 . Chapte r 2  introduce s th e reade r t o 
the mai n technica l tools ; i t ca n b e regarde d a s a  brie f introductio n t o microloca l 
analysis. Chapter s 3-5 ar e devoted to the proofs o f our main results . Chapte r 6  lists 
the basic mechanica l applications ; i t i s intended mostl y fo r applie d mathematician s 
and doe s no t requir e a  sophisticate d mathematica l background . Th e boo k als o 
has a  numbe r o f appendices . Som e o f the m ca n b e rea d separatel y fro m th e mai n 
text, other s contai n cumbersom e proofs . Appendi x A  was written b y A. Hoist , an d 
Appendix B  b y M . Levitin . 

We d o no t ai m a t achievin g th e highes t possibl e degre e o f generalit y i n ou r 
book. I n particular , w e do no t discus s 

1. Systems ; se e [Sa4] , [Sa5] , [SaVal] , [Va4] , [Va6] . 
2. Piecewis e smoot h boundaries ; se e [Va6] . 
3. Highl y nonsmoot h (fractal ) boundaries ; se e [FILtinVal] , [FlLtinVa2] , 

[FIVal], [PlVa2] , [LtinVal] , [LtinVa2] , [ValO] . 
This boo k wa s precede d b y surve y paper s [GolVa] , [Sa7] , [SaVa2 ] describin g 

our mai n results . 
We take this opportunity t o express our gratitude t o our teachers , V . B. Lidskii 

and M . Z . Solomyak , fo r guidin g u s throug h ou r firs t step s i n moder n analysi s an d 
introducing u s t o th e spectra l theor y o f partia l differentia l operators . W e woul d 
also lik e t o than k ou r colleague s S . Agmon , E . B . Davies , A . Hoist , M . Levitin , 
Yu. Netrusov , L . Parnovski , A . V . Sobolev , an d T . Weid l fo r thei r hel p an d usefu l 
comments durin g th e preparatio n o f thi s manuscript . W e than k ou r graduat e stu -
dents W . Nicol l an d A . Rot h fo r providin g technica l support . Last , bu t no t least , 
we thank S.I . Gelfan d fo r hi s patience an d understandin g i n waiting al l these year s 
for ou r manuscript . 

The first  autho r wa s supporte d b y th e Roya l Societ y an d th e Engineerin g an d 
Physical Science s Researc h Counci l (gran t B/93/AF/1559) , an d th e secon d autho r 
by th e Nuffiel d Foundation . 
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Principal Notatio n 

(dot) denote s differentiatio n wit h respec t t o tim e t 
(hat) denote s th e Fourie r transfor m 

^ (wid e hat ) stand s fo r th e extensio n fro m (of ) ou r origina l manifol d 
c± equalit y o f formal Taylo r expansion s 
< les s than o r o f the orde r o f 
{r} E  [0,1) fractiona l par t o f the rea l numbe r r 
{r}27r G  [—7r, 7r) residu e modul o 2n  o f the rea l numbe r r 
(r)+ =  r  i f r  ^  0 , an d =  0  if T  <  0 
/ absenc e o f limit s o f integration implie s integratio n ove r th e whol e 

space 
(M *  N)(X) =  J  M(X  -  fjL)N(fjb)  dfx convolutio n 
{/,9} =  (fc,9x)  ~  (fx,9z)  Poisso n bracket s 
V gradien t 
# th e numbe r o f element s i n a  finit e se t 

A, A + 1.6. 3 
A(z'), A+(z')  5.4. 2 
A self-adjoin t operato r generate d b y th e boundar y valu e problem , 
_ 1.1. 7 
A =  (A*) T 

C^ 2.1.1 , 2.1. 2 an d Sectio n 2. 2 
Cg,Cf,C% 3.1. 1 
DXk =  -id/dx k 

V —  CQ°  , Schwartz spac e o f tes t function s 
V Schwart z spac e o f distributions (dua l o f V) 
V1, V' B 3.1. 1 
E\ spectra l projectio n o f the operato r A l^2rn\ 1.8. 1 
E^, E + spectra l projection s o f the operator s A , A + , 1.6. 3 
E ^ z ' ) , E+(z' ) spectra l projection s o f the operator s A(z') , A + (z / ) , 5.4. 2 
£ =C°° 
Ef spac e o f distributions wit h compac t suppor t (dua l o f £) 
F + clas s o f monotone functions , Sectio n B. l 
F\^t[f(\)] =  f{t)  =  f  e~ ltxf{\)d\ one-dimensiona l Fourie r transfor m 

Ft^\[f (fij\  —  fW  —  (27r)_1 f e ltXf{t)dt invers e one-dimensiona l Fourie r 
transform 

Hs Sobole v spac e W | 
2 ^ a oscillator y integra l wit h phas e functio n tp  and amplitud e a , 2.1.1 , 

2.7.1 
Jy 1.8. 4 
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350 PRINCIPAL NOTATIO N 

Meas Riemannia n ( n — 1)-dimensiona l volum e o f the boundar y 
o 

M interio r o f the manifol d M 
N(X) countin g functio n o f the boundar y valu e problem , 1.2. 1 
N+(i/) countin g functio n o f the auxiliar y one-dimensiona l problem , 1.6. 3 
N = { 1 , 2 , . . . } th e se t o f natura l number s 

o 

O (ofte n wit h indices ) variou s ope n coni c subset s o f T'M 
OT se t o f T-admissible points , 1.3. 3 
Ooo se t o f admissibl e points , 1.3. 3 
O (ofte n wit h indices ) variou s ope n coni c subset s o f (T-,T+)  xMxO 
O conicall y compac t coni c subse t o f O , 2.7. 1 
0±{d) 2.10. 2 
P\ principa l symbo l o f a  (pseudo ) differential operato r P  o f orde r 1 
Psub subprincipa l symbo l o f a  (pseudo)differentia l operato r P 
Vd 1.3.2 , 1.3. 3 
Vg 1.3.2 , 1.3. 3 
Q(A) 1.7. 2 
Q(2/,A) 1.8. 4 
Q P ( J / , A ) 1.8. 4 

R(v) reflectio n matrix , Sectio n 1. 4 
RM, R + resolvent s o f the operator s A , A + , 1.6. 3 
Kl_l(z

f), R+(z')  resolvent s o f the operator s A(z') , A+{z f), 5.4. 2 
Rn n-dimensiona l Euclidea n spac e 
Rl =  { x G  R n :  xn ^  0 } 
S(y) scatterin g matrix , 1.6. 3 
Sl clas s o f amplitudes , 2.1. 1 
S~°° =  ClisuS 1, o r n J e R 5 ' ( l ; Le i ) i n 2.10. 6 
Sl(0,0; 1 , Ei  ̂clas s o f parameter-dependen t amplitudes , 2.10. 2 
S-00* = n , g R 5 z ( 0 , 0 ; l , e i ) ± 

Sl(l; l ,£i ) clas s o f parameter-dependen t amplitudes , 2.10. 6 
S*M cospher e bundle , 1.1.1 0 
S(R) Schwart z spac e o f rapidly decreasin g tes t function s 
Sf(M) Schwart z spac e o f tempered distribution s (dua l o f 5(E) ) 
§fc fc-dimensional  spher e (i n R fc+1) 
T^(d) 2.10. 2 
T6 3.4. 1 
T perio d function , 1.7. 2 
Ty 1.8. 4 
T'M, T'M  cotangen t bundle s T*M , T*M  wit h th e zer o sectio n { £ = 0 } 

excluded 
T'dM cotangen t bundl e T*dM  wit h th e zer o sectio n {£ ' =  0 } exclude d 
Tr trac e o f an operato r 
Uy, Uy, X 1.8. 4 
U(t) wav e group , Introductio n t o Chapte r 3 
U P ( t ) =  U{t)P 
UPlQ{t) =Q*\J(t)P 
Vol Riemannia n n-dimensiona l volum e 
WF wav e fron t set , 2.1. 3 

arg0 
a fixe d branc h o f the argumen t 
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Co, C\ 

co{y) 
ci{xf) 
C0,p(y) 
co;P,g(y) 
ci;p(y) 
cone hull 
cone supp 
d 

Up 

d°° 
div 

a? 
e(\,x,y) 
eP,Q(\,x,y) 
e, e + 

f+(M) 
grad 

meas 
measx 

meas^M 
q 
qy 

shift+ 

sing supp 

tr 
u(£,rr,y) 
uP(*,a;,y) 

vol 
vol7 

(x*,r) 
xl 

Weyl coefficient s fo r th e countin g functio n 
first Wey l coefficien t fo r e(A , y,y), 1.8. 3 
5.4.1 
= c 0;p,p(y) 
1.8.3 
1.8.3 
conic hull , Sectio n 2. 2 
conic support , 2.1. 1 
parameter characterizin g distanc e t o <9M , Introduction t o 
Section 2.1 0 
Section 2. 2 an d 2.7. 1 
2.10.5-2.10.7 
divergence 
= (27r)- nd£ 
= (2n) 1-nd£' 
spectral functio n (integra l kerne l o f E\),  1.8. 1 
integral kerne l o f Q*E XP, 1.8. 1 
integral kernel s o f the operator s E , E + , 1.6. 3 
regularized trac e o f R+, 1.6. 3 
gradient 
Hamiltonian curvature , 1.3. 2 
eigenvalues o f the operato r w 41/(2m) 
canonical measur e o n th e cospher e bundl e 5*M , 1.1.1 0 
canonical measur e o n th e uni t cospher e S*M,  1.1.1 0 
measure o n S*M\ dM, Introductio n t o Appendi x D 
1.7.2 
1.8.4 
integral kernel s o f the operator s R , R + , 1.6. 3 
spectral shif t o f the auxiliar y one-dimensiona l problem , 1.6. 1 
singular suppor t o f a  distribution , 2.1. 1 
4.1.1 
4.1.2 
moments o f reflectio n 
trace o f a  matri x 
Schwartz kerne l o f the operato r U(£ ) 
Schwartz kerne l o f the operato r XJp(t) 
Schwartz kerne l o f the operato r UP ? Q(£) 

eigenfunctions (half-densities ) o f the operato r A 1^2™^ 
symplectic volum e o n T*M , 1.1.1 0 
symplectic volum e o n T*dM,  1.1.1 0 
Hamiltonian o r billiar d trajectory , 1.3.1-1.3. 3 
matrix wit h element s (x*)^ . ( j bein g th e numbe r o f the ro w an d 
i tha t o f the column ) 

£(0 

2.4.1 
2.4.1 
3.4.3 
class o f phase function s correspondin g t o pseud o differential 
operators, 2.7. 5 
class o f standard phas e functions , 2.4. 1 
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# 
& 
imj f 

W(0) 
Oz 
Od) 

4-
Vj 
6 , B-r 
&, &-r 

%(y,v) 

a, b,  c 

flfe, &fc , Cfc 

f 
fc 
fr 
f« 
m 

A 
nT 
n 
nf. 
n° 
ny,T 
uy 
yra 

n^,T,z 

Kr,i 
% 
^xxi ̂ 7777 ? ^xrj 

& 

*Z, #<J 
a r 

tf 
c ; 
Z/st 

*; 

kl, 

p 
pTl p T 

$ 
X 
X±, Xo 
^ n 

class of boundary phas e functions , Sectio n 2.5 
class of boundary laye r phas e functions , 2.6.4 
2.7.3 
set o f types o f billiard trajectorie s originatin g fro m 0 , 3.4.2 
2.4.1 
3.4.3 
2.7.2 
1.5.1 
2.7.3 
Section 2.9 
2.3.2 

(full) symbol s o f Lagrangian distribution s 
homogeneous term s o f (full) symbol s 
total phas e shift , 1.7. 2 
phase shif t generate d b y caustics, 1.7.2 
phase shif t generate d b y reflections, 1.7. 2 
phase shif t generate d b y the subprincipal symbol , 1.7.2 
= m i | . . . |tn r, 1.3.3 

Laplace operator , Exampl e 1.2.4 
1.3.1-1.3.3 
= UT> O n T 

1.3.1-1.3.3 
= UT> O ^- T 

1.8.2 

= U T X ) 1 1 ^ 
1.8.2 
4.1.2 
= U T > 0 ^y, T 

4.1.2 
1.8.4 
2.4.1 
Hamiltonian o r billiard flow  (see 1.3.1 and 1.3.2 ) 
classes of pseudodifferential operators , 2.1.3 

Maslov inde x of the trajectory T , 1.5.1 
Kronecker symbo l 
Section 1. 4 
threshold, Sectio n 1. 4 
matrix wit h element s (£J% ; ( j bein g the number o f the row 
and i  tha t o f the column ) 
length o f the covector ^eT*AI  (whe n M  i s a Riemannia n 
manifold) 
function o f the class CQ°  (R), Introductio n t o Chapter 4 
Introductions t o Section 4.2 and Chapter 5 
cut-off functio n i n the oscillatory integral , Sectio n 2.2 
(often wit h indices ) variou s cut-of f function s 
special cut-of f function s o n R+, 5.1. 2 
= 7r n/2/T(l +  n/2) th e volume o f the unit bal l i n R n 



Index 

Absolutely periodi c point , 1.3. 1 
Admissible point s an d sets , 1.3. 3 
Amplitude, 2.1. 1 an d Sectio n 2. 2 

conic suppor t of , 2.1. 1 

Billiard flow,  1.3. 2 
Billiard trajectories , 1.3. 2 

absolutely periodic , 1.3.1-1.3. 3 
admissible, 1.3. 3 
branching of , 1.3. 3 
dead-end, 1.3.2-1.3. 3 
grazing, 1.3.2-1.3. 3 
periodic, 1.3.1-1.3. 3 
type of , 1.3. 3 

Boundary valu e proble m 
ellipticity, 1.1. 4 
posit iveness, 1.1. 6 
self-adjoint ness, 1.1. 5 

Canonical differentia l forms , 1.1.1 0 
Canonical transformations , 2.3. 1 
Caustic set , 1.5. 1 
Clusters o f eigenvalues , 1.7. 1 
Conic hull , Sectio n 2. 2 
Conjugate point , 1.5. 1 
Convexity an d concavity , 1.3. 2 
Coordinates 

boundary, 1.1. 2 
"normal", 1.1. 2 

Cosphere bundle , 1.1.1 0 
Counting function , 1.2. 1 

Density, 1.1 5 

Eikonal equation , 2.4. 2 
Ergodicity, 1.3. 4 
Euclidean billiards , 1.3. 5 

Focal point , 1.8. 2 

Half-density, 1.1. 5 
Hamiltonian, 1.1.1 0 
Hamiltonian curvature , 1.3. 2 
Hamiltonian flow,  1.3. 1 

Geodesic billiards , 1.3. 2 
Geodesic flow,  1.3. 1 

Lagrangian distributio n 
boundary, Sectio n 2. 9 
boundary layer , Sectio n 2. 8 
standard, 2.7. 2 

Laplacian o n half-densities , 1.2. 1 
Liouville's formula , 2.7. 4 

Maslov index , Sectio n 1. 5 

Nonblocking condition , 1.3. 3 
Nonperiodicity condition , 1.3.1-1.3. 3 

Oscillatory integra l 
boundary, Sectio n 2. 9 
boundary layer , Sectio n 2. 8 
global, Sectio n 2. 2 
local time-dependent , 2.1. 2 
local time-independent , 2.1. 1 
order of , 2.1. 1 
standard, 2.7. 1 

Periodic point , 1.3. 1 
Phase functions , 2.1. 1 an d Sectio n 2. 2 

boundary, Sectio n 2. 5 
boundary layer , 2.6. 4 
matching set s of , 2.6.2 , 2.6. 4 
nondegenerate, Sectio n 2. 2 
simple, Sectio n 2. 2 
standard, Sectio n 2. 5 

Phase shift , Sectio n 1. 4 an d 1.7. 2 
Pleijel's formula , 5.4. 2 
Polarization formula , 1.8. 1 
Positively homogeneou s operator , 2.7. 3 
Principal symbo l o f a  Lagrangia n distribu -

tion 
boundary, Sectio n 2. 9 
boundary layer , Sectio n 2. 8 
standard, 2.7. 4 

Principal symbo l o f a  (pseudo)differentia l 
operator, 1.1.3 , 2.1. 3 

Pseudodifferential operator , 2.1. 3 
conic suppor t of , 2.1. 3 
dual symbo l of , 2.1. 3 
order of , 2.1. 3 
symbol of , 2.1. 3 
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Pseudolocality, 2.1. 3 

Ray, 1.3. 1 
Reflection law , 1.3.2 , 1.3. 3 
Reflection matrix , Sectio n 1. 4 
Regular point , 1.8. 2 

Scattering matrix , 1.6. 3 
Simple reflectio n condition , 1.3. 4 an d Sec -

tion 1. 4 
strong, 1.3. 4 an d Sectio n 1. 4 

Singular support , 2.1. 1 
Spectral function , 1.8. 1 
Spectral parameter , 1.1. 1 
Spectral projection , 1.8. 1 
Spectral shift , 1.6. 3 
Subprincipal symbol , 2.1. 3 

Symbol o f a  Lagrangia n distributio n 
boundary, Sectio n 2. 9 
boundary layer , Sectio n 2. 8 
standard 2.7. 3 

Symplectic volume , 1.1.1 0 

Threshold, Sectio n 1. 4 
normal, Sectio n 1. 4 
rigid, 1.6. 3 
soft, 1.6. 3 

Tubular neighbourhood , 1.1. 2 

Unitary dilation , 1.8. 5 

Wave fron t set , 2.1.4 
Wave group , introductio n t o Chapte r 3 

Zoll surface , 1.3. 1 
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