


Selected Title s i n Thi s Serie s 

156 V . N . Shevchenko , Qualitativ e topic s i n intege r linea r programming , 199 6 

155 Yu . Safaro v an d D . Vassiliev , Th e asymptoti c distributio n o f eigenvalue s o f partia l 

differential operators , 199 6 

154 V . V. Prasolov and A. B. Sossinsky, Knots , links , braid s an d 3-manifolds . A n introductio n 

to th e ne w invariant s i n low-dimensiona l topology , 199 6 

153 S . Kh . Aranson , G . R . Belitsky , an d E . V . Zhuzhoma , Introductio n t o th e qualitativ e 

theory o f dynamica l system s o n surfaces , 199 6 

152 R . S . Ismagilov , Representation s o f infinite-dimensiona l groups , 199 6 

151 S . Yu . Slavyanov , Asymptoti c solution s o f th e one-dimensiona l Schrodinge r equation , 

1996 

150 B . Ya . Levin , Lecture s o n entir e functions , 199 6 

149 Takash i Sakai , Riemannia n geometry , 199 6 

148 Vladimi r I . Piterbarg , Asymptoti c method s i n th e theor y o f Gaussia n processe s an d 

fields, 199 6 

147 S . G . Gindiki n an d L . R. Volevich , Mixe d proble m fo r partia l differentia l equation s wit h 

quasihomogeneous principa l part , 199 6 

146 L . Ya. Adrianova , Introductio n t o linea r system s o f differentia l equations , 199 5 

145 A . N . Andriano v an d V. G . Zhuravlev , Modula r form s an d Heck e operators , 199 5 

144 0 . V . Troshkin , Nontraditiona l method s i n mathematica l hydrodynamics , 199 5 

143 V . A . Malyshe v an d R. A . Minlos , Linea r infinite-particl e operators , 199 5 

142 N . V . Krylov , Introductio n t o th e theor y o f diffusio n processes , 199 5 

141 A . A . Davydov , Qualitativ e theor y o f contro l systems , 199 4 

140 Aizi k I . Volpert , Vital y A . Volpert , an d Vladimi r A . Volpert , Travelin g wav e solution s o f 

parabolic systems , 199 4 

139 I . V . Skrypnik , Method s fo r analysi s o f nonlinea r ellipti c boundar y valu e problems , 199 4 

138 Yu . P . Razmyslov , Identitie s o f algebra s an d thei r representations , 199 4 

137 F . I . Karpelevic h an d A . Ya . Kreinin , Heav y traffi c limit s fo r multiphas e queues , 199 4 

136 Masayosh i Miyanishi , Algebrai c geometry , 199 4 

135 Masar u Takeuchi , Moder n spherica l functions , 199 4 

134 V . V . Prasolov , Problem s an d theorem s i n linea r algebra , 199 4 

133 P . I . Naumkin and I. A . Shishmarev , Nonlinea r nonloca l equation s i n th e theor y o f waves , 

1994 

132 Hajim e Urakawa , Calculu s o f variation s an d harmoni c maps , 199 3 

131 V . V . Sharko , Function s o n manifolds : Algebrai c an d topologica l aspects , 199 3 

130 V . V . Vershinin , Cobordism s an d spectra l sequences , 199 3 

129 Mitsu o Morimoto , A n introductio n t o Sato' s hyperfunctions , 199 3 

128 V . P . Orevkov , Complexit y o f proof s an d thei r transformation s i n axiomati c theories , 

1993 

127 F . L . Zak , Tangent s an d secant s o f algebrai c varieties , 199 3 

126 M . L . Agranovskii,  Invarian t functio n space s o n homogeneou s manifold s o f Li e group s 

and applications , 199 3 

125 Masayosh i Nagata , Theor y o f commutativ e fields , 199 3 

124 Masahis a Adachi , Embedding s an d immersions , 199 3 

123 M . A . Akivi s an d B. A . Rosenfeld , Eli e Carta n (1869-1951) , 199 3 

122 Zhan g Guan-Hou, Theor y o f entire an d meromorphi c functions : Deficien t an d asymptoti c 

values an d singula r directions , 199 3 

121 I . B . Fesenk o an d S . V . Vostokov , Loca l field s an d thei r extensions : A  constructiv e 
approach, 199 3 

(See th e AM S catalo g fo r earlie r titles ) 



This page intentionally left blank



Qualitative Topic s 
in Intege r Linea r 
Programming 



This page intentionally left blank



Translations o f 

MATHEMATICAL 
MONOGRAPHS 

Volume 15 6 

Qualitative Topic s 
in Intege r Linea r 
Programming 

V. N . Shevchenk o 

American Mathematica l Societ y 
Providence, Rhod e Islan d 

%DED 

10.1090/mmono/156



B. H . UIEBMEHK O 

KAHECTBEHHblE B O n P O C b l 
UEJIOMMCJIEHHOrO JIHHEMHOr O I IPOrPAMMHPOBAHHJ I 

Translated b y H. H. McFaden from a n original Russian manuscrip t 

EDITORIAL COMMITTE E 

AMS Subcommitte e 
Robert D . MacPherso n 

Grigorii A . Marguli s 
James D . Stashef f (Chair ) 

ASL Subcommitte e Steffe n Lemp p (Chair ) 
IMS Subcommitte e Mar k I . Preidli n (Chair ) 

1991 Mathematics Subject Classification. Primar y 90-02 , 90C10; 
Secondary 90C05 , 90C08, 90C11, 68Q25, 90C90, 90C60. 

ABSTRACT. Intege r solution s ar e considere d fo r system s o f linea r inequalities , equations , an d con -
gruences, alon g wit h th e constructio n an d theoretica l analysi s o f intege r programmin g algorithms . 
The complexit y o f algorithm s i s analyze d i n dependenc e o n tw o parameters : th e dimension , an d 
the maxima l modulu s o f th e coefficient s describin g th e condition s o f th e problem . Th e analysi s i s 
based o n a  thorough treatmen t o f the qualitativ e an d quantitativ e aspect s o f integer programming , 
in particular , o n bound s obtaine d b y th e autho r fo r th e numbe r o f extrem e points . Thi s make s 
progress possibl e i n man y case s whe n th e traditiona l approach , i n whic h complexit y i s regarde d 
as a  functio n onl y o f th e lengt h o f th e input , lead s t o a  negativ e result . Th e boo k i s intende d fo r 
mathematicians an d othe r specialist s i n th e theor y an d application s o f discret e optimization , a s 
well a s fo r student s an d post-graduate s specializin g i n mathematica l cybernetic s an d informatio n 
science. 

Library o f Congres s Cataloging-in-Publicatio n D a t a 

Shevchenko, V . N . (Valer y N. ) 
[Kachestvennye vopros y tselochislennog o linemog o programmirovaniia . English ] 
Qualitative topic s i n intege r linea r programmin g /  V . N . Shevchenko . 

p. cm . —  (Translation s o f mathematica l monograph s ;  v. 156 ) 
Includes bibliographica l references . 
ISBN 0-8218-0535- 5 (alk . paper ) 
1. Linea r programming . I . Title . II . Series . 

T57.74.S54213 199 6 
519.7/7—dc20 96-3270 2 

CIP 

Copying an d reprinting . Individua l reader s o f thi s publication , an d nonprofi t librarie s actin g 
for them , ar e permitte d t o mak e fai r us e o f th e material , suc h a s t o cop y a  chapte r fo r us e 
in teachin g o r research . Permissio n i s grante d t o quot e brie f passage s fro m thi s publicatio n i n 
reviews, provide d th e customar y acknowledgmen t o f th e sourc e i s given . 

Republication, systemati c copying , o r multipl e reproductio n o f any materia l i n thi s publicatio n 
(including abstracts ) i s permitte d onl y unde r licens e fro m th e America n Mathematica l Society . 
Requests fo r suc h permissio n shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n 
Mathematical Society , P . O. Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o 
be mad e b y e-mai l t o reprint-permissionOams.org . 

© 199 7 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

10 9  8  7  6  5  4  3  2  1  0 2 0 1 0 0 9 9 9 8 9 7 



Contents 

Notation i x 

Foreword x i 

Chapter 1 . Intersectio n of a Convex Polyhedral Cone with the Integer Lattice 1 
§1.1. Finit e generatio n o f th e intersectio n o f a  conve x polyhedra l con e 

with a  sublattic e o f the intege r lattic e 1 
§1.2. Decompositio n o f a  con e int o unimodula r cone s 5 
§1.3. Algebrai c characterizatio n o f a semigroup generate d b y a  finite se t 

of vectors 1 0 
§1.4. O n condition s fo r consistenc y o f a  syste m o f linea r equation s i n 

nonnegative integer s 1 2 
§1.5. Quantitativ e aspec t o f Caratheodory' s theore m 1 7 

Chapter 2 . A  Discrete Analogu e o f the Farka s Theorem, an d th e Proble m of 
Aggregation o f a  Syste m o f Linear Intege r Equation s 2 5 

§2.1. A  discret e analogu e o f the Farka s theore m 2 5 
§2.2. Aggregatio n o f systems o f linear equation s 2 7 
§2.3. O n th e growt h o f the coefficient s o f an aggregatin g equatio n 2 9 
§2.4. Othe r approache s t o aggregatio n 3 3 

Chapter 3 . Intersectio n o f a  Conve x Polyhedra l Se t wit h th e Intege r Lattic e 3 5 
§3.1. Th e conve x hul l of the se t o f integer solution s o f a system o f linea r 

equations an d inequalitie s 3 5 
§3.2. Determinatio n o f uppe r bound s o n th e numbe r o f extrem e point s 3 8 
§3.3. Crame r system s o f linea r inequalities , an d a  linea r equatio n o n a n 

Abelian grou p 4 2 
§3.4. Th e polyhedro n o f th e knapsac k proble m 4 7 
§3.5. O n th e attainabilit y o f uppe r bound s fo r th e numbe r o f extrem e 

points 4 9 
§3.6. Determinatio n of upper bounds independent o f the right-hand side s 

for th e numbe r o f vertices 5 3 
§3.7. Bound s o n th e numbe r o f vertices i n the mixe d intege r cas e 5 8 

Chapter 4 . Cu t Method s i n Intege r Programmin g 6 1 
§4.1. System s o f congruences an d regula r cut s 6 1 
§4.2. Classificatio n o f cu t method s 6 6 
§4.3. Algorithm s fo r solvin g th e elementar y ILP P 7 0 
§4.4. Th e mea n valu e o f the minor s o f certain matrice s 7 5 



viii C O N T E N T S 

Chapter 5 . Complexit y Question s i n Intege r Linea r Programmin g 7 9 
§5.1. NP-completenes s o f th e knapsac k proble m an d problem s clos e 

to i t 7 9 
§5.2. Pseudopolynomia l algorithm s an d quasipolynomia l algorithm s 8 1 
§5.3. Determinatio n o f th e successiv e minim a o f a n intege r lattic e an d 

of a  lattic e vecto r closes t t o a  give n on e 8 3 
§5.4. Constructio n an d us e o f a  c-reduce d basi s 8 8 

Appendix 1 . Solutio n o f System s o f Linea r Equation s an d Congruence s i n 
Integers 9 7 

Appendix 2 . Example s o f Applie d Problem s Relate d t o th e Topi c o f th e 
Book 10 1 

Appendix 3 . Investigatio n o f Mino r an d Permanen t Characteristic s o f Cer -
tain Boolea n Matrice s 10 9 

Appendix 4 . Threshol d Function s o f Many-Value d Logi c an d Thei r Deci -
phering 12 5 

Bibliography 13 3 



Notation 

the fiel d o f rea l numbers , 

the fiel d o f rationa l numbers , 

the rin g o f integers , 

the se t o f n-dimensiona l arithmeti c vector s wit h compo -
nents i n P , 

the se t o f matrice s wit h m  row s an d n  column s wit h ele -
ments i n P , 

the se t o f nonnegative element s o f a  se t A , 

the cardinalit y o f a  se t A , 

the conve x hul l o f a  subse t A  o f R n , 

the dimensio n o f a  set A  C  R n , tha t is , the maxima l num -

ber o f linearly independen t vector s i n A, 

the maxima l intege r no t exceedin g th e numbe r a , 

the minima l intege r no t les s than a , 

the fractiona l par t o f a , 

the intege r closes t t o a:  \a\  =  \a]  i f a  -  |~a ] <  1/2 , an d 
|~aj =  [a\  otherwise , 

the residua l afte r divisio n o f &  G Z b y a  G  Z, a  ^  0 , 

the logarith m o f a  t o th e bas e 2 , 

means fo r nonzer o d  e  Z  an d x , y £  Z n tha t eac h compo -

nent o f the vecto r x  —  y  i s divisible b y d , 

the Euclidea n nor m o f a  vector x , 

the transpos e o f a  matri x A , 

the ran k o f a  matri x A , 

the vecto r i n Z n wit h jth  coordinat e 1  and th e othe r co -
ordinates 0  ( j —  1 , . . ., n) , 

the numbe r n w™Ln\] of combinations o f m  things , take n n 
at a  time . 
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Foreword 

The mai n objec t o f investigatio n i n thi s boo k i s the se t M  o f integer solution s 
of a  syste m o f linea r inequalities , equations , o r congruences , an d it s conve x hul l 
CoM. Suc h mathematica l object s aris e i n intege r programming , whic h i s the suf -
ficiently universa l languag e o f discrete optimization , a n are a wit h a  larg e spher e o f 
applications i n mathematica l cybernetics , economics , an d othe r disciplines . 

We pose the followin g problems : 1 ) determine whethe r M  i s nonempty; 2 ) giv e 
a descriptio n o f C o M, tha t is , find  th e se t o f it s extrem e point s an d (or ) a  lis t o f 
its faces ; 3 ) solv e th e intege r linea r programmin g proble m (ILPP) , tha t is , find  i n 
M a  poin t x  a t whic h a  specifie d linea r functio n attain s a  maximum ; 4 ) estimat e 
the complexit y o f algorithm s givin g answer s i n th e precedin g cases . 

It i s presently common to estimate the complexity as a function o f the length /  of 
the input , th e functio n bein g interpreted a s the number o f binary digit s required t o 
store al l the inpu t parameter s o f the problem . I n ou r cas e these ar e the coefficient s 
dij o n the left - an d right-han d side s of the system describin g the set M . W e assume 
them t o b e integer s unles s otherwis e stated , an d the n /  =  ^ [ 2 +  lo g | a ^ | ], wher e 
the su m i s ove r al l coefficients . I t i s commo n t o regar d a n algorith m a s efficien t i f 
its complexit y i s bounde d abov e b y a  polynomia l i n I  (the n on e say s tha t i t i s a 
polynomial algorithm , an d tha t th e proble m solve d b y i t i s polynomially solvable) . 

No polynomia l algorithm s ar e know n a t presen t fo r eve n th e first  o f the prob -
lems posed . Moreover , i f w e accep t th e well-know n hypothesi s tha t P^NP , wher e 
P an d N P ar e th e classe s o f problems polynomiall y solvabl e o n a  determinat e an d 
indeterminate Turin g machine , respectivel y (precis e definition s an d a n expositio n 
of thes e question s ca n b e found , fo r example , i n [50]) , the n ther e ar e n o suc h 
algorithms. 

The proble m Pi  o f determinin g whethe r a  syste m o f linea r equation s i n non -
negative integer s i s consisten t i s a  universa l o r NP-complet e problem , tha t is , an y 
problem P o in the clas s N P ca n b e polynomially reduce d t o it , an d henc e the poly -
nomial solvabilit y o f th e proble m Pi  woul d mea n th e existenc e o f a  polynomia l 
algorithm als o fo r an y proble m Po -

The approac h regardin g th e complexit y a s a  functio n onl y o f the singl e param -
eter I  i s apparentl y to o general . I n intege r linea r programmin g i t i s expedien t t o 
consider tw o parameters , th e dimensio n n  an d a  =  max|a^| , whic h i t i s natura l 
to tak e a s guide s fo r distinguishin g efficientl y (polynomially ) solvabl e subclasse s 
of problems . I t i s know n tha t polynomia l algorithm s fo r th e proble m Pi  exis t fo r 
the tw o subclasse s describe d b y th e respectiv e conditions : a ) n  increase s withou t 
bound, whil e a  an d th e number m  o f equations are arbitrary bu t fixed;  b ) n  i s fixed, 
while a  increase s withou t bound . Th e first  o f thes e i s eas y t o ge t b y th e dynami c 

xi 
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programming method , an d th e secon d was obtained b y Lenstra; i t i s the latte r tha t 
will receiv e mos t o f our attention . 

The foregoin g give s th e reade r som e ide a o f wha t thi s boo k covers . T o mak e 
this ide a mor e concret e w e go through th e content s b y chapters . 

In Chapte r 1  we consider th e intersectio n o f a  convex polyhedra l con e with th e 
integer lattic e Z n an d prove that i t i s finitely generated . Thi s provides a  theoretica l 
basis fo r th e subsequen t constructions . Her e we pose th e questio n o f conditions o n 
the right-han d sid e of a system o f linear equation s tha t ar e necessary an d sufficien t 
for th e syste m t o b e consisten t i n the nonnegativ e integer s Z+ . 

In Chapte r 2  w e solv e th e proble m pose d i n Chapte r 1  b y presentin g a  dis -
crete analogu e o f th e Farka s theore m an d solvin g th e closel y relate d proble m o f 
aggregation o f a  syste m o f linea r equation s Ax  =  b.  Th e latte r proble m consist s i n 
finding a  linea r equatio n whos e se t o f nonnegativ e intege r solution s coincide s wit h 
the se t DJl(A,  b) of nonnegativ e intege r solution s o f the origina l system . W e deriv e 
necessary an d sufficien t condition s fo r th e existenc e o f suc h a n equation , an d w e 
prove tha t it s coefficient s mus t gro w exponentiall y wit h respec t t o m. 

The centra l par t o f the book i s Chapter 3 , in which we consider th e intersectio n 
M o f a polyhedron with the intege r lattic e Z n o r with a  sublattice o f it. Fo r variou s 
ways o f specifyin g th e polyhedro n w e prove tha t M  an d it s conve x hul l C o M ar e 
finitely generated , an d w e presen t bound s fo r th e numbe r o f vector s i n generatin g 
sets an d thei r components . O n the basi s o f the propertie s obtaine d fo r th e se t N  o f 
extreme points o f Co M w e then giv e a method fo r obtaining upper bound s fo r thei r 
number |iV| . I n particular , i t i s shown tha t \N\  i s bounded abov e b y a  polynomia l 
in logo ; fo r an y fixe d dimensio n n , tha t is , \N\  i s essentiall y les s tha n |M| , an d 
this differenc e ca n b e increasingl y significant , th e large r a  is . Fo r som e importan t 
special cases , fo r example , fo r th e knapsac k problem , i t i s show n tha t ou r uppe r 
bounds canno t b e improved wit h respec t t o order , an d example s ar e given in which 
| TV | grows exponentially wit h n . 

In Chapter 4  we use the results of Chapter 1  on decomposion o f cones to analyz e 
the existin g cu t method s i n intege r programmin g fro m a  unified poin t o f view, an d 
we present ne w ones . W e revea l the rol e o f the asymptoti c o r elementar y ILP P (i n 
which th e constraint s ar e give n b y a  squar e syste m o f linea r inequalitie s Az  <  6 , 
where A  =  |det^4 | ^  0) , whic h i s equivalen t t o th e grou p minimizatio n proble m 
(GMP; introduce d b y Gomory ) consistin g i n th e minimizatio n o f a  linea r functio n 
on th e se t o f nonnegativ e intege r solution s o f the equatio n ]T)?= i 9jxj ~  #o > where 
the gj  ar e element s o f a n additiv e Abelia n grou p o f orde r A . Th e equivalenc e o f 
these tw o problem s allow s method s fo r solvin g eac h o f the m t o b e carrie d ove r t o 
the other , an d give s tw o natura l parameter s n  an d A  a s a  functio n o f whic h th e 
complexity of various algorithms can be estimated. I n this connection we investigate 
the mea n value s o f the minor s o f various classe s o f matrices . 

Complexity question s o f linea r programmin g ar e examine d i n Chapte r 5 . I n 
particular, i t i s shown tha t th e asymptoti c ILP P an d th e knapsac k proble m (mor e 
precisely, th e proble m P 1 fo r m  =  1 ) ar e NP-complete . A n algorith m tha t i s 
polynomial fo r a  fixe d dimensio n i s constructe d fo r findin g al l th e extrem e point s 
and face s o f Co$Jl(A, b).  Analogou s result s ar e presented als o for th e case when th e 
polyhedron i s described b y a  system o f inequalities i f their numbe r i s bounded b y a 
polynomial i n n. I t i s shown tha t i f the growth o f n i s bounded abov e by a  quantit y 
proportional t o (lo g log a )1 / 2 , the n th e polynomia l propert y o f al l th e estimate s 
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is preserved . I t i s als o show n tha t al l th e estimate s ca n b e mad e independen t 
of th e right-han d sides . Thes e result s enabl e u s t o distinguis h ne w subclasse s o f 
poly normally solvabl e ILPP's . 

The appendice s contai n som e fact s abou t solvin g system s o f linea r equation s 
and congruence s i n integer s (reference s t o suc h assertion s i n Appendi x 1  are give n 
by th e lette r A  with a  correspondin g number) , a  combinatorial-statistica l analysi s 
of determinants an d permanent s o f certain (O-l)-matrices , som e functions o f many-
valued logi c connecte d wit h th e ILP P (i n particular , a  solutio n o f th e proble m o f 
deciphering threshol d functions) , model s o f certai n practica l problem s reducin g t o 
the ILPP , an d method s fo r solvin g them . 

Since 197 0 the autho r ha s been hea d o f the Departmen t o f Mathematical Logi c 
and Highe r Algebra a t Nizhn i Novgorod Stat e University an d has worked on intege r 
programming problems . I n thi s monograp h broa d us e i s mad e o f result s obtaine d 
by the autho r an d hi s students an d colleagues . Th e autho r cannot , o f course, clai m 
completeness fo r hi s presentation o f the topic s touche d upo n here , an d th e bibliog -
raphy reflect s hi s taste s and , t o a  greate r extent , hi s opportunities . I n particular , 
the lis t o f publications contain s a  series of auxiliary textbook s fo r graduat e course s 
given yearly b y the autho r fo r student s i n the Departmen t o f Computational Math -
ematics an d Cybernetics . 

The autho r i s grateful t o hi s department colleague s S . I. Veselov, A . P. Il'ichev , 
and A . Yu. Chirkov , wh o too k par t i n th e writin g o f some section s o f the book , a s 
well a s t o V . A . Talano v fo r usefu l discussions , an d t o M . Yu . Preobrazhenskay a 
and I . V . Suslov a fo r th e technica l preparatio n o f th e manuscrip t fo r printin g a t 
the publishin g hous e "Nauka " i n 1991 . Unfortunately , well-know n change s i n ou r 
country hindere d publicatio n o f the book , whic h ha s becom e possibl e onl y thank s 
to th e suppor t o f the Russia n Foundatio n fo r Fundamenta l Research , t o whic h th e 
author expresse s hi s gratitude . 

The insertion s i n th e tex t reflectin g recentl y obtaine d result s necessitate d a n 
extra lis t o f references , beginnin g wit h [333] . 
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