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Preface 

In various questions o f analysis, i t i s often necessar y t o describe the se t o f those 
solutions o f a  nonlinea r proble m tha t li e i n a  sufficientl y smal l neighborhoo d o f a 
known solution . Th e presen t boo k i s devote d t o problem s o f thi s typ e i n th e cas e 
of a scalar firs t orde r differentia l equatio n fo r a  vector-valued function . A s a typica l 
example, w e mention th e followin g problem : 

dety(x) =  1 , x G w C R m , 

y(x) —  x =  0 , x  eT  C  did, 

where y(x)  i s a n m-dimensiona l vector-value d functio n an d y(x)  i s th e matri x o f 
the first  derivative s o f y.  I t i s require d t o describ e th e se t o f thos e solution s o f 
this proble m tha t li e i n a  sufficientl y smal l neighborhoo d o f th e know n solutio n 
y(x) =  x. 

A natura l too l fo r studyin g suc h problem s i s perturbatio n theory . Applyin g 
it, w e necessarily lineariz e th e nonlinea r equatio n nea r th e know n solution . I n th e 
above example , th e operato r di v i s a  linearizatio n an d th e operato r de t ca n b e 
regarded a s a  smal l nonlinea r perturbatio n o f the operato r div . 

For th e genera l nonlinea r equatio n F(y , y,x) =  0 , a  linearizatio n i s Lu  — 
CijU%

x. +  Ciu\  a  firs t orde r operator . Unde r som e restriction s o n th e coefficient s 
Cij(x) an d Ci(x),  th e operato r L  ca n b e considere d a s a  compac t perturbatio n o f 
the operato r div . 

The boo k discusse s thre e topics . 
1. Expositio n o f the theor y o f boundary-value problem s fo r th e operato r L. 
2. Expositio n o f the theory o f nonlinear perturbation s o f the operato r L , whic h 

allows us to give a local description o f the se t o f all solutions t o the boundary-valu e 
problem fo r th e equation F(y,  y,  x) =  0  for whic h L  ca n b e taken a s a  linearization . 

3. Application s o f the results . 
Among scala r first  orde r differentia l operator s actin g o n vector-value d func -

tions, o f particula r interes t i s the operato r di v which , amon g othe r properties , ex -
presses th e incompressibilit y conditio n i n hydromechanics . W e presen t linea r an d 
nonlinear perturbatio n theor y fo r th e operato r div . Th e result s ar e illustrate d b y 
various applications . 

The boo k consist s o f tw o chapter s an d a n appendix . I n th e first  chapter , w e 
consider th e operato r L  tha t act s o n n-dimensiona l vector-value d function s u(x), 
x G w C R m, b y the formul a 

Lu(x) =  div(A*(x)ix(x) ) + (a(x), u(x)) , 

where A(x)  i s an (n  x  ra)-matrix-valued  function , a(x)  i s an n-dimensiona l vector -
valued function, a ; is a bounded domain , an d (• , -)n denotes the inner produc t i n W 1. 

ix 



x P R E F A C E 

The entries of the matrix A(x),  component s o f the vector a(x) , and the boundary o f 
UJ are assumed t o be sufficiently smooth ; moreover , de t A*(x)A(x) ^  0  for x  £  u.  I n 
the cas e n —  m, A(x)  =  / , a(x)  =  0 , the operato r L  becomes the operator div . Th e 
literature o n th e operato r di v i s quit e extensive . W e mentio n onl y [2 , 3 , 14 , 16 , 
17]. T o stud y boundary-valu e problem s fo r th e operato r div , w e us e a  traditiona l 
method base d o n th e identit y di v rot =  0 . Th e genera l operato r L  i s considered a s 
a compac t perturbatio n o f the operator div . Thi s allows us to avoid the applicatio n 
of Predholm complexe s reducing the problem to a  form which admits the immediat e 
use of the Fredholm alternatives . Fo r the operato r L  w e consider various boundary -
valued problem s an d fin d necessar y an d sufficien t solvabilit y condition s i n explici t 
form. I n particular , th e proble m 

is solvabl e fo r al l pair s o f function s / , ip  of a  certai n smoothness , whil e fo r th e 
operator L  —  div th e well-know n consistenc y conditio n serve s a s a  solvabilit y cri -
terion. Particula r attentio n ha s bee n give n t o th e kerne l N  =  {u  :  Lu  =  0 } of th e 
operator L.  W e prov e a n analo g o f the Wey l decompositio n an d sho w it s stability . 
We emphasiz e tha t A T i s a  natura l generalizatio n o f th e spac e o f solenoida l vecto r 
fields. T o stud y th e operato r L , w e essentiall y us e th e descriptio n o f th e se t o f 
solutions t o th e proble m 

L*p =  -AVp  +  ap = 0,  pe  C 1^). 

Due to the very simple form of this problem, the description can be obtained withou t 
using th e techniqu e o f overdetermined systems . 

Using the result s o f the first  chapter , w e can classif y th e set s o f al l solution s t o 
various boundary-valu e problem s fo r th e scala r nonlinea r equatio n 

F[y] =F(y,y,x)  =  0 , xGw , 

where a  mappin g y(x)  o f uo  C  M m int o W 1 wit h th e Jacob i matri x y(x)  belong s 
to a  sufficientl y smal l neighborhoo d o f th e know n solutio n z(x)\  thi s ca n b e don e 
provided tha t th e linearization o f the operato r F[y]  on z(x)  i s given by the operato r 
L whose coefficients satisf y th e condition s formulate d above . Th e classificatio n an d 
applications i n geometry , th e calculu s o f variations , an d incompressibl e continu a 
are discusse d i n Chapte r 2 . 

To describ e th e se t o f al l thos e solution s t o th e proble m F[y]  =  0  that li e i n a 
small neighborhoo d o f th e know n solutio n y  =  z,  i t i s natura l t o us e th e implici t 
function theore m o r th e implici t functio n theore m togethe r wit h th e Lyapunov -
Schmidt splittin g procedure . W e ca n manag e wit h th e implici t functio n theore m 
alone i f the proble m L* p =  0  has onl y th e zer o solution ; otherwise , i t i s necessar y 
to use , in addition, th e Lyapunov-Schmid t splittin g procedure . I f L*p = 0  has onl y 
the zer o solution , the n th e se t o f solutions ha s th e structur e o f a  surface i n a  smal l 
neighborhood o f th e poin t z  i n som e functio n space ; moreover , N  i s th e tangen t 
space t o thi s surfac e a t th e poin t z.  Otherwise , ther e ar e variant s dependin g o n 
properties o f th e bifurcatio n equatio n an d th e boundar y condition s impose d o n 
y{x). I n particular , tw o extrem e case s ca n occur . I n th e first  case , th e se t o f 
solutions look s lik e a  piec e o f surfac e i n som e functio n spac e an d N  i s the tangen t 
space t o thi s surfac e a t th e poin t z.  I n th e secon d case , y{x)  =  z(x)  i s an isolate d 
solution. Th e boundar y condition s o r som e othe r additiona l condition s impose d 
on y(x)  ar e calle d rigi d i f th e se t o f solution s t o th e proble m Fly]  —  0 consist s 
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of a n isolate d solutio n y(x)  =  z(x).  Thi s ter m i s introduce d b y analog y wit h th e 
terminology i n the proble m abou t isometri c deformation s (cf . th e historica l surve y 
in [1]) . Particula r emphasi s i s placed o n studying th e rigidity o f various conditions . 

As example s o f F[y]  we conside r operator s suc h tha t F(y,y,x)  coincide s wit h 
an invarian t o f the metri c tenso r g y =  y*y  o f the mappin g y(x).  Th e mos t popula r 
such proble m i s tha t o f describin g th e se t o f al l thos e solution s t o th e equatio n 
detgy —  1  =  0 , x  E  u; , y(x)  —  x  =  0 , x  £  9a; , tha t li e i n a  sufficientl y smal l 
neighborhood o f the solutio n z(x)  =  x.  Suc h a  proble m ofte n occur s i n continuu m 
mechanics. 

Themain par t o f the secon d chapte r i s devoted t o variationa l problem s fo r th e 
functional wit h constrain t 

J[y] =  /  H (y> S/> x)dx +  I  fc(y, x) dS,  F(y,  y , x) =  0 . 

For th e existenc e condition s fo r a  globa l minimu m o f thi s functiona l w e refe r t o 
[4, 22] . W e wil l touc h onl y o n necessar y condition s fo r a n extremum . A  genera l 
approach t o th e searc h fo r necessar y condition s fo r a n extremu m i n problem s wit h 
constraints i s discussed , e.g. , i n [13 , 20] . Informatio n abou t th e structur e o f th e 
set o f solutions t o th e proble m F[y]  =  0  in a  neighborhood o f the extrema l poin t z 
allows us , followin g th e genera l approach , t o deriv e th e Euler-Lagrang e equation , 
compute th e secon d variatio n o f th e functional , obtai n th e Legendre-Hadamar d 
conditions, an d justif y th e metho d o f Lagrang e multipliers . W e not e tha t unde r 
the incompressibilit y condition , Lagrang e multiplier s wer e applie d fo r solvin g vari -
ational problem s i n [10 , 11] . T o obtai n sufficien t condition s fo r a  loca l minimu m 
over sufficientl y smal l smoot h perturbations , w e use th e multiplicativ e inequalitie s 
(cf. th e Appendix) . 

For statement s o f variationa l problem s i n continuu m mechanic s w e refe r t o 
[19]. I n particular , i f J[y]  i s th e energ y functiona l o f deformation s o f a n elasti c 
body, the n fo r F[y]  =  dety(x)  —  1  the proble m o f minimizin g th e functiona l J[y] 
with th e constrain t F[y]  = 0  is a  proble m abou t th e equilibriu m stat e o f a n elasti c 
incompressible medium . 

As fo r prerequisites , th e reade r i s expecte d t o b e familia r wit h basi c notion s 
and fact s fro m functiona l analysi s an d th e theor y o f ellipti c differentia l equation s 
(cf., e.g. , [5 , 7 , 8 , 12 , 18 , 20 , 21 , 23, 35-37]) . Fo r the convenienc e o f the reader , 
in Chapte r 2  we present th e necessary fact s fro m th e differentia l calculu s i n norme d 
spaces an d fro m bifurcatio n theory , followin g [5 , 12 , 23 , 35] . Necessar y informa -
tion abou t functio n spaces , extensio n theorems , an d multiplicativ e inequalitie s i s 
contained i n th e Appendix . 

The mai n result s presente d i n th e boo k ar e base d o n th e author' s paper s [24— 
34]. W e note tha t th e choic e of the materia l include d i n th e boo k wa s conditione d 
by th e author' s interests . I t i s no t ou r purpos e t o presen t al l curren t result s o n 
boundary-value problem s fo r scala r firs t orde r equations . I n particular , w e do no t 
discuss suc h question s a s nonstationary problems , quasilinea r firs t orde r equations , 
equations wit h nonsmoot h coefficients , an d domain s wit h nonsmoot h boundaries . 
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Notation 

Euclidean spac e 

The summatio n conventio n ove r repeate d indice s i s sometimes assumed . 
Mm i s m-dimensional Euclidea n space , wit h inne r produc t (• , -)m an d modulu s 

(absolute value ) |  • |. 
RIP =  {x  =  (x u... , x m ) e  R m :  Xm >  0} . 
Bp(x0) =  {xeR rn: \x-x 0\ <p}. 

Domains i n Euclidea n spac e 

uo i s a  bounded domai n i n R m wit h closur e uo  an d boundar y duo. 
r i s a n ope n subse t o f duo  wit h closur e V. 
S =  duj/T. 
p(x) i s the distanc e fro m x  t o duo. 
d(x) i s the oriente d distanc e fro m x  t o duo  (cf . th e Appendix) . 
v(x) i s the uni t outwar d norma l t o duo. 
hv i s the norma l componen t o f a  vector-value d functio n h  define d o n duo. 

Function space s 

Lq(uo), q  G  [l,oo) , i s th e spac e o f g-integrabl e function s i n uo,  equipped wit h 
norm | | • ||g. 

Wl
q{uo), I  ^  0 , q  G  [l,oo ) (th e Sobolev-Slobodetski i space) , i s th e spac e o f 

functions that , togethe r wit h thei r Sobole v derivative s o f orde r u p t o /  (fractiona l 
/ i s possible) , ar e g-integrabl e i n w,  equippe d wit h th e nor m | | • ||/>g. 

C(uo) is the spac e o f continuous functio n define d i n a; , wit h th e nor m |  • |0. 
Ck(uo) i s th e spac e o f /c-time s continuousl y differentiabl e function s define d i n 

uo, wit h th e nor m \-\k-
Ck'£(uo) (th e Holde r space ) i s th e spac e o f function s fro m C k(uo) whos e kth 

derivatives satisf y th e Holde r conditio n wit h exponen t e  G [0,1], equipped wit h th e 
norm |  • \k,£-

We introduc e th e space s o f function s define d o n duo,  T , o r S  i n a  smiila r way . 
We preserve the abov e notation fo r the norm s in these spaces . I f it i s not clea r fro m 
the contex t ove r whic h se t th e nor m i s taken , w e indicat e th e se t i n th e notatio n 
(e.g., | | • | |(r)) . Fo r spaces o f vector-valued function s w e indicate the spac e to whic h 
the value s o f th e function s belon g i n th e notatio n (e.g. , C fe,e(aJ,]Rn), L q(duo1R

n)). 
The norm s i n th e space s o f vector-valued function s ar e denote d a s above . 

Necessary informatio n abou t functio n space s use d i n th e boo k ca n b e foun d i n 
the Appendix . Throughou t th e boo k onl y rea l number s ar e used . 

xiii 
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