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Preface

In the last thirty years there has been an increasing interest in so-called “chaotic
dynamical systems.” In spite of a great deal of early pioneering work in the field
by Poincaré, Birkhoff, Krylov, and others, it was not until the late 1950s and
1960s that the field really gathered momentum. In this period the main results
and ideas were those of Kolmogorov, Arnold, and Moser for Hamiltonian systems,
and of Hénon and Smale for more general diffeomorphisms, and also, as the power
of numerical computation increased, those of Lorenz for chaos in deterministic
dissipative systems. It is worth mentioning the interplay between deterministic
chaos and random noise and the development of methods to distinguish them in
experimental data. Notice that the type of the time and space variables — discrete or
continuous — plays an important role here. Other subjects studied in recent years
include chaotic behavior in quantum systems and the features that characterize
their behavior compared to classical systems. Surprisingly, this question brings
up once more the problem of the discreteness of the phase space in numerical
simulations, which we discuss in detail in this book.

An important development in the ergodic theory of dynamical systems in the
1930s was the proof that certain special flows are ergodic. The main example here is
geodesic flow on a surface of constant negative curvature. A recognition of the basic
instability of geodesics in this example goes back to Hadamard (1898). Eventually,
proofs of the ergodicity for more general flows were obtained by Sinai for the hard
sphere gas and by Anosov for geodesic flows on a large class of smooth manifolds.

One of the fundamental problems of chaotic dynamics is the question of how can
a physical system described by deterministic evolution equations exhibit a quasi-
stochastic behavior. The answer to this question is that a chaotic map is char-
acterized by a very sensitive dependence on initial conditions. This means that a
small uncertainty of the initial condition grows very fast (typically, exponentially
fast) with time. For this reason, if the initial value is known only up to a certain
precision, then the behavior of the system is unpredictable even after a relatively
short time interval. In a sense this can be considered as a loss of information about
the initial data.

As we mentioned, the evolution of a dynamical system is defined by a deter-
ministic evolution equation. In this book we restrict ourselves to discrete time
dynamical systems, or maps. This means that the evolution is described by a re-
currence relation: z,.; = f(z,), where z,,2,,1 € X C R? and f : X — R?. The
set X is called the phase space of the dynamical system (f, X), and the index n
may be considered as a discrete time coordinate. This relation determines the time
evolution Z := {zg,z1,...,Zn,...} of an initial state xo, obtained by iteration of
the map f. The sequence T is called a trajectory. Notice that the trajectory Z is
uniquely defined by the initial point zo € X. However, typically a long trajectory

xi
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can be calculated only using a computer, and cannot be described by analytical
means. We shall show in Chapter 5 that the effects of arbitrarily small round-offs,
inevitable in computer simulations, can change the behavior of the system in a very
drastic way.

Due to the unpredictability, it is more natural to describe the behavior of the
system as a whole by statistical means, rather then the behavior of individual tra-
jectories. Notice that this is exactly the case with random processes. We shall show
that even the statistical properties of chaotic dynamics may depend very sensitively
on arbitrarily small perturbations (noise). We shall consider various types of these
perturbations, starting from deterministic (perturbations due to weak coupling,
round-off errors, quasi-stochastic perturbations), and finishing with pure random
ones (random Markov additive noise). It will be shown that both stability and
instability can occur under the action of perturbations. Stability here means that
the statistical properties of the perturbed systems converge to that of the genuine
ones when the perturbation tends to zero, while instability means the opposite type
of behavior. Notice that the chaoticity actually corresponds to the situation when
typical trajectories are “filling” a large region of the phase space. From this point
of view the instability we are discussing leads to the fact that the trajectories of the
perturbed system remain confined to a small region, whose volume vanishes when
the perturbation tends to zero. Thus some sort of a “localization” phenomenon
takes place. On the other hand, this situation can be considered also as a stabi-
lization under the action of some sort of noise of an unstable invariant set (a fixed
point, for example). It is worth noticing that in spite of the discontinuous character
of the perturbations we are considering here, some very deep results about smooth
and even analytical perturbations of dynamical systems may still be generalized
to this case. For example, in Chapter 5 we elaborate a generalization of the fa-
mous Kolmogorov—Arnold-Moser theory for rotation-like maps under the action of
round-off errors.

Eventually the localization phenomenon breaks the phase space into discrete
invariant components. This can happen also due to the fact that the perturbation
is discrete (as in the case of round-off errors), or the map that we consider is only
an approximation of the dynamics on the discrete phase space. An example of this
type is the quantum description of nature, which claims that the phase space needs
to be discrete, rather than continuous. The interplay between the discreteness and
continuity on the one hand, and stability and localization on the other hand, are
the main subjects of this book.

It should be emphasized that the book does not intend in any way to be com-
plete or exhaustive. The subject is in constant and active progress, and a wealth
of results, both numerical and analytical, is accumulating rapidly. Our main aim
is to acquaint the reader with some recently discovered and (at first sight) rather
unusual properties of chaotic dynamical systems and their small perturbations. We
also would like to mention that we consider the study of piecewise expanding maps
(we shall deal mainly with this class of dynamical systems in our examples) as
much more than just a mathematical curiosity. One reason to study these maps is
their simplicity. We shall see that the statistical description of these maps is fairly
well understood. On the other hand, practically all phenomena known for chaotic
dynamical systems can be found in the analysis of piecewise expanding maps. An-
other advantage of this class is that there exists a direct operator description (see
Chapter 1) of the dynamics of measures and densities in this case. We shall use this
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operator approach very much in our studies. It it worth noting that this class is
practically the only class of chaotic systems with singularities for which we have a
good control over their statistical properties. A number of results presented in the
monograth are published here for the first time, while some others are described in
a much more general way than was done in the original journal publications.

The book is divided into six chapters. In the introductory Chapter 1 we present
a short and elementary discussion of some basic notions of chaotic dynamics. Of
course, this part is not meant as a complete introduction to this field: there are
many excellent and more detailed textbooks (see, for example, [31], [73]). Rather
we restrict ourselves to those subjects that we shall deal with later.

In Chapter 2, “Operator approach in chaotic dynamics”, we describe in detail
the operator approach in a sufficiently abstract form and apply it to the study
of piecewise expanding maps. The approach is based on the analysis of spectral
properties of the so-called Perron—Frobenius operator of a dynamical system, which
determines the dynamics of densities under the action of the map. In this chapter
we also introduce and analyze in detail the space of functions of generalized bounded
variation, which we use very often throughout the book.

Chapter 3, “Random perturbations of dynamical systems”, analyzes the prob-
lem of stochastic stability of chaotic dynamical systems. In Chapter 4 we deal with
so-called “extended” or “coupled” systems (coupled map lattices). We show that
the effect of weak coupling is very similar to the effect of pure random noise. The
main results of these chapters are sufficient conditions for the convergence of statis-
tical properties of randomly perturbed systems and coupled map lattices to those
of the original systems. On the other hand, conditions under which the localization
phenomenon takes place under both random perturbations and weak coupling are
also considered.

Finally, in Chapters 5 and 6 we discuss the problem of numerical modeling of
chaotic dynamics. In the first of these two chapters we describe the influence of
arbitrarily fine phase space discretizations (of round-off errors type) to various dy-
namical systems. Once again the statistical description (in a sense that we consider
the statistics along all perturbations from the given family) makes it possible for
us to answer a lot of interesting questions. In the last chapter we discuss mathe-
matical foundations of several numerical methods and prove their convergence for
some sufficiently broad classes of chaotic maps.

This book took a long time to write, and I gratefully acknowledge research
support from the French Ministry of Higher Education and the kind hospitality of
Observatoire de la Cote D’Azur (France), where a part of this work was done. I
also acknowledge the support by the Russian Foundation of Fundamental Research.
It is a pleasure to thank L. Bunimovich, N. Chernov, R. Dobrushin, U. Frisch,
B. Gurevich, M. Hénon, G. Keller, Yu. Kifer, V. Oseledets and Ya. Sinai for
stimulating discussions and helpful comments and suggestions.

Michael L. Blank Erlangen
November, 1996



This page intentionally left blank



(1]

(2]

(3]

(10]
(11]

(12]

(13]
(14]
(13]

(16]

(17]
(18]

(19]

Bibliography

V. M. Alekseev, Quasi-stochastic oscillations and qualitative questions of celestial mechanics,
Ninth Summer Math School (Kaciveli, 1971), Izdanie Inst. Math. Akad. Nauk Ukrain. SSR,
Kiev, 1972, pp. 212-341; English transl. in Amer. Math. Soc. Transl. (2) 116 (1981).

D. V. Anosov, Geodesic flows on closed Riemannian manifolds with negative curvature, Trudy
Mat. Inst. Steklov. 90 (1967); English transl., Proc. Steklov Inst. Math. 90 (1967) (1969).
V. 1. Arnold, Geometrical methods in the theory of ordinary differential equations, Springer-
Verlag, Berlin, 1983.

S. Aubry and P. Y. Le Daeron, The discrete Frenkel-Kontorova model and its extensions,
Phys. D 8 (1983), 381-422.

V. Baladi and G. Keller, Zeta functions and transfer operators for piecewise monotone trans-
formations, Comm. Math. Phys. 127 (1990), 459-477.

V. Baladi and L.-S. Young, On the spectra of randomly perturbed expanding maps, Comm.
Math. Phys. 156 (1993), 355-385.

M. Benedicks and L.-S. Young, Absolutely continuous invariant measures and random per-
turbations for certain one-dimensional maps, Ergodic Theory Dynamical Systems 12 (1992),
13-37.

M. L. Blank, Ergodic properties of discretizations of dynamical systems, Dokl. Akad. Nauk
SSSR 278 (1984), 779-782; English transl. in Soviet Math. Dokl. 30 (1984).

M. L. Blank, On the conjugacy of a certain class of one-dimensional endomorphisms with
a class of piecewise expanding maps, Uspekhi Mat. Nauk 40 (1985), no. 1, 187-188; English
transl. in Russian Math. Surveys 40 (1985).

M. L. Blank, Stochastic attractors and their small perturbations, Math. Problems of Statis-
tical Mechanics and Dynamics, Reidel, Dordrecht, 1986, pp. 161-197.

M. L. Blank, Small perturbations of quasi-stochastic dynamical systems, Trudy Sem. Petro-
vsk. No. 11 (1986), 166-189; English transl. in J. Soviet Math. 45 (1989), no. 6.

M. L. Blank, Finite dimensional stochastic attractors of infinite dimensional dynamical sys-
tems, Funktsional. Anal. i Prilozhen. 20 (1986), no. 2, 54-55; English transl. in Functional
Anal. Appl. 20 (1986).

M. L. Blank, Stochastic properties of deterministic dynamical systems, Sov. Sci. Rev. Sect.
C: Math. Phys. vol. 6, Harwood Academic Publ., Chur, 1987, pp. 243-271.

M. L. Blank, Metric properties of e-trajectories of dynamical systems with stochastic be-
haviour, Ergodic Theory Dynamical Systems 8 (1988), 365-378.

M. L. Blank, Asymptotic properties of stochastic maps, Uspekhi Mat. Nauk 43 (1988), no.
4, 201-202; English transl. in Russian Math. Surveys 43 (1988).

M. L. Blank, Deterministic properties of stochastically perturbed dynamical systems, Teor.
Veroyatnost. i Primenen. 33 (1988), 659-671; English transl. in Theory Probab. Appl. 33
(1988).

M. L. Blank, Ergodic properties of one method for computer modeling of chaotic dynamical
systems. Mat. Zametki 45 (1989), no. 4, 3-12; English transl. in Math. Notes 45 (1989).

M. L. Blank, Small perturbations of chaotic dynamical systems, Uspekhi Matem. Nauk. 44
(1989), no. 6, 3—28; English transl., Russian Math. Surveys 44 (1989), no. 6, 1-33.

M. L. Blank, Phase space discretization in chaotic dynamical systems, Dynamical Systems
and Statistical Mechanics (Ya. G. Sinai, ed.), Adv. in Soviet Math., vol. 3, Amer. Math. Soc.,
Providence, RI, 1991, pp. 1-13.

M. L. Blank, Marginal singularities, almost invariant sets, and small perturbations, Chaos
1 (1991), 347-356.

157



158

(21]

(22]
(23]
24]

[25]
(26]

(27]
(28]
29]

(30]
(31]

(32]

(33]
(34]

(35)
(36]

37]

(38]

(39]
(40]

[41]

(42]
(43]

[44]
(45]
(46]
(47]

(48]

BIBLIOGRAPHY

M. L. Blank, Chaotic maps and stochastic Markov chains, Mathematical Physics, X (Proc.
Tenth Congr., Leipzig, 1991; K. Schmiidgen, editor), Springer-Verlag, Berlin, 1992, pp. 341—
345.

M. L. Blank, Singular phenomena in chaotic dynamical systems, Dokl. Akad. Nauk 328
(1993), no. 1, 7-11; English transl. in Russuan Acad. Sci. Dokl. Math. 47 (1993).

M. L. Blank, Pathologies generated by round-off in dynamical systems, Phys. D 78 (1994),
93-114.

M. L. Blank, Round-off induced instabilities and some unusual arithmetics, C. R. Acad. Sci.
Paris Ser. IT 321 (1995), 139-145.

M. L. Blank, Generalized phase transitions in finite coupled map lattices, Phys. D (to appear).
M. L. Blank and G. Keller, Stochastic stability versus localization in chaotic dynamical sys-
tems, Nonlinearity (to appear).

M. L. Blank, T. Kriiger, and L. Pustylnikov, A KAM type theorem for systems with round-off
errors, Preprint, 1996.

C. Beck and G. Roepstorff, Effect of phase space discretization on the long-time behavior of
dynamical systems, Phys. D 25 (1987), 173-180.

R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lecture
Notes in Math., vol. 470, Springer—Verlag, Berlin, 1975.

J. Brichmont and A. Kupiainen, Coupled analytic maps, Nonlinearity 8 (1995), 379-396.
L.A. Bunimovich, Ya. G. Pesin, Ya. G. Sinai, and M. V. Jacobson, Ergodic theory of smooth
dynamical systems, Itogi Nauki i Tekhniki: Sovremennye Problemy Mat.: Fundamental’nye
Napravleniya, vol. 2, VINITI, Moscow, 1985, pp. 113-231; English transl. in Encyclopaedia
of Math. Sci., vol. 2 [Dynamical Systems, II], Springer—Verlag, Berlin, 1989.

L. A. Bunimovich and Ya. G. Sinai, The stochasticity of an attractor in the Lorenz model,
Nonlinear Waves (Materials All-Union School, Gorki, 1977; A. V. Gaponov-Grekhov, editor),
“Nauka”, Moscow, 1979, pp. 212-226. (Russian)

L. A. Bunimovich and Ya. G. Sinai, Spacetime chaos in coupled map lattices, Nonlinearity 1
(1988), 491-516.

R. Burton and M. Denker, On the central limit theorem for dynamical systems, Trans. Amer.
Math. Soc. 302 (1987), 715-726.

B. Cipra, How number theory got the best of the Pentium chip, Science 267 (1995), 175.

P. Collet and P. Ferrero, Some limit ratio theorem related to a real endomorphism in case of
a neutral fized point, Ann. Inst. H. Poincaré, Sér. Phys. Théor. 52 (1990), 283-301.

P. Diamond, P. Kloeden, V. Kozyakin, and A. Pokrovskii, A phenomenological model for
discretizations of chaotic dynamical systems, Preprint, Deakin Univ., CADSEM report 96-
002, Geelong, Australia, March 1996.

P. Diamond, P. Kloeden, V. Kozyakin, and A. Pokrovskii, Boundedness and dissipativity of
truncated rotations on uniform planar lattices, Preprint, 1996.

J. L. Doob, Stochastic processes, Wiley, New York, 1953.

D. J. Farmer, E. Ott, and J. A. Yorke, The dimension of chaotic attractors, Phys. D 7 (1983),
153-180.

P. Gora and A. Boyarsky, Absolutely continuous invariant measures for piecewise expanding
C? transformations in R™, Israel J. Math. 67 (1989) 272-286.

E. Guisti, Minimal surfaces and functions of bounded variation, Birkhauser, Basel, 1984.

S. M. Hammel, J. A. Yorke, and C. Grebogi, Numerical orbits of chaotic processes represent
true orbits, Bull. (N.S.) Amer. Math. Soc. 19 (1988), 465-469.

G. Hedlund, Geodesics on a two-dimensional Riemannian manifold with periodic coefficients,
Ann. Math. (2) 33 (1932), 719-739.

F. Hoffbauer and G. Keller, Ergodic properties of invariant measures for piecewise monotonic
transformations, Math. Z. 180 (1982), 119-140.

F. Hunt, A Monte Carlo approach to the approzimation of invariant measures, Random and
Computational Dynamics 2 (1994), 111-133.

C. T. Ionescu-Tulcea and G. Marinescu, Théorie ergodique pour des classes d’opérators non
complétement continues, Ann. of Math. (2) 52 (1950), 140-147.

V. V. Ivanov and A. G. Kachurovskii, Absolutely continuous invariant measures of locally
expanding maps, Preprint No. 27, Inst. Mat. Sibirsk. Otdel. Akad. Nauk SSSR, Novosibirsk,
1986. (Russian)



[49]
[50]

[51]
(52]

(53]
(54]
(55]
[56]
[57]
(58]
[59]
(60]

(61]
(62]

(63]
(64]
[65]
[66]
[67)
[68]

[69]
(70]

(71]
[72]
(73]
(74]
[75)

(76]
[77]
(78]

(79]

BIBLIOGRAPHY 159

I. A. Ibragimov and Yu. V. Linnik, Independent and stationary connected variables, “Nauka”,
Moscow, 1965; Engllish traansl., Wolters-Noordhoff, Groningen, 1971.

M. Jablonski, The law of exponential decay for expanding transformations of the unit interval
into itself, Trans. Amer. Math. Soc. 284 (1984), 107-119.

K. Kaneko (editor), Theory and applications of coupled map lattices, Wiley, New York, 1993.
H. Kato, Chaotic continua of (continuum-wise) ezpansive homeomorphisms and chaos in the
sense of Li and Yorke, Fund. Math. 145 (1994), 261-279.

G. Keller, Stochastic stability in some chaotic dynamical systems, Monatsh. Math. 94 (1982),
313-333.

G. Keller and M. Kunzle, Transfer operators for coupled map lattices, Ergodic Theory Dy-
namical Systems 2 (1992), 297-318.

G. Keller and M. Kunzle, Some phase transitions in coupled map lattices, Phys. D 59 (1992),
39-51.

Yu. Kifer, On small random perturbations of some smooth dynamical systems, Izv. Acad.
Nauk SSSR Ser. Mat. 38 (1974), 1091-1115; English transl. in Math. USSR~Izv. 8 (1974).
Yu. Kifer, Random perturbations of dynamical systems, Birkhauser, Boston, 1988.

P. Kloeden, J. Mustard, A. Pokrovskii, Statistical properties of some spatially discretized
dynamical systems, Preprint, Deakin Univ., CADSEM report 96-011, Geelong, Australia,
May 1996.

D. E. Knuth, The art of computer programming. Vol. 3, Addison-Wesley, Reading, MA, 1973.
I. P. Kornfeld, S. V. Fomin, and Ya. G. Sinai, Ergodic theory, “Nauka”, Moscow, 1980;
English transl. (by Cornfeld, Fomin, and Sinai), Springer—Verlag, Berlin, 1982.

U. Krengel, Ergodic theorems, de Gruyter, Berlin, 1985.

M. Kunzle, Invariante Masse fur gekoppelte Abbildungsgitter, Ph.D. thesis, Erlangen-
Niirnberg University, 1993.

A. Lasota and J. A. Yorke, On the existence of invariant measures for piecewise monotone
transformations, Trans. Amer. Math. Soc. 186 (1973), 481-488.

T. Y. Li, Finite approzimation for the Frobenius—Perron operator. A solution to Ulam’s
congecture, J. Approx. Theory 17 (1976), 177-186.

T. Y. Li and J. A. Yorke, Period three implies chaos, Amer. Math. Monthly 82 (1975),
985-992.

D. A. Lind, Dynamical properties of quasi-hyperbolic toral automorphisms, Ergodic Theory
Dynamical Systems 2 (1982), 49-68.

J. Lowenstein, S. Hatjispyros, and F. Vivaldi, Quasi-periodicity, global stability and scaling
in a model of Hamiltonian round-off, Preprint, 1996.

F.R. Marotto, Snap-back repellers imply chaos in R™, J. Math. Anal. Appl. 63 (1978), 199~
223.

K. Matsumoto and I. Tsuda, Noise-induced order, J. Statist. Phys. 31 (1983), 86-109.

M. Misiurewicz and J. Smital, Smooth chaotic maps with zero topological entropy, Ergodic
Theory Dynamical Systems 8 (1988), 421-424.

T. Morita, Random iteration of one-dimensional transformations, Osaka J. Math. 22 (1985),
489-518.

J. Moser, On invariant curves of area-preserving mappings of an annulus, Nachr. Akad.
Wiss. Gottingen II, Math.-Phys. Kl. 1 (1962), 1-20.

Z. Nitecki, Differentiable dynamics. An introduction to the orbit structure of diffeomor-
phisms, MIT Press, Cambridge, MA, 1971.

H. E. Nusse and J. A. Yorke, Is every approzimate trajectory of some process near an exact
trajectory of a nearby process? Comm. Math. Phys. 114 (1988), 363-379.

S. Pelikan, Invariant densities for random maps of the interval, Trans. Amer. Math. Soc.
281 (1984), 813-825.

S. Pelikan, The duration of transients, Trans. Amer. Math. Soc. 287 (1985), 215-221.

G. Pianigiani, First return map and invariant measures, Israel Math. J. 35 (1980), 32-48.
Ya. B. Pesin and Ya. G. Sinai, Space-time chaos in chains of weakly interacting hyperbolic
mappings, Dynamical Systems and Statistical Mechanics (Ya. G. Sinai, editor), Adv. in Soviet
Math., vol. 3; Amer. Math. Soc., Providence, RI, 1991, pp. 165-198.

G. Pianigiani and J. A. Yorke, Ezpanding maps on sets which are almost invariant: decay
and chaos, Trans. Amer. Math. Soc. 252 (1979), 351-366.



160

(80]

81
[82]

(83]
(84]
(85]

86
(87]

BIBLIOGRAPHY

H. Proppe, P. Gora, and A. Boyarsky, Inadequacy of the bounded variation technique in the
ergodic theory of higher-dimensional transformations, Nonlinearity 3 (1990), 1081-1087.

M. Rychlik, Bounded variation and invariant measures, Studia Math. 76 (1983), 69-80.

H. P. Sharangpani and M. L. Barton, Statistical analysis of floating point flaw in the
PentiumTM processor, Preprint, 1994.

A.N. Sharkovskii, Coexistence of cycles of a continuous map of a line into itself, Ukrain.
Mat. Zh. 16 (1964), 61-71. (Russian)

Ya. G. Sinai, Gibbs measures in ergodic theory, Uspekhi Mat. Nauk 27 (1972), no. 4, 21-64;
English transl. in Russian Math. Surveys 27 (1972).

Ya.G. Sinai, Stochasticity of dynamical systems, Nonlinear Waves (Materials, All-Union
School, Gorki, 1977; A. V. Gaponov-Grekhov, editor), “Nauka”, Moscow, 1979, pp. 192-
212; English transl., Selecta Math. Sovietica 1 (1981), 100-119.

S. Ulam, Problems in modern mathematics, Interscience, New York, 1960.

A. D. Venttsel’ and M. 1. Freidlin, Fluctuations in dynamical systems under the action
of small random perturbations, “Nauka”, Moscow, 1979; English transl., Springer—Verlag,
Berlin, 1984.

M. Vergassola, B. Dubrulle, U. Frisch, and A. Noullez, Burgers’ equation, devil’s staircases
and the mass distribution for large-scale structures, Astronomy and Astrophysics 289 (1994),
325-356.

A. M. Vershik, Superstability of hyperbolic automorphisms and unitary dilations of Markov
operators, Vestnik Leningrad. Univ. 1987, no. 15 (Ser. Mat. Mekh. Astr., vyp. 3), 28-33;
English transl. in Vestnik Leningrad. Univ. Math. 20 (1987).

L.-S. Young, Stochastic stability of hyperbolic attractors, Ergodic Theory Dynamical Systems
6 (1986), 311-319.

L.-S. Young, Some large deviation results for dynamical systems, Trans. Amer. Math. Soc.
318 (1990), 525-543.

L.-S. Young, Decay of correlations for certain quadratic maps, Comm. Math. Phys. 146
(1992), 123-138.



Index

attractor 1 Perron-Frobenius operator 13

hyperbolic attractor 5 piecewise C! map 34

stochastic attractor 2, 46 piecewise expanding (PE) map 34
central limit theorem (CLT) 3 random perturbation 53
correlation coefficient 15 parametric random perturbation 54
correlation decay 15 shift-invariant random perturbations 54
coupled map lattice (CML) 96 random walk (RW) assumption 63

regular domain 15
regularity assumption 54
round-off error 110

discretization 109
binary discretization 110
discretized (perturbed) system 109

operator of discretization 109 shadowing 85
partial dicsretization 133 shadowing on average 151
dynamical system (map) 1 special partition 15
chaotic dynamical system 1, 8 statistical probability of an event 115
Li-Yorke chaotic system 8 statistical probability of ergodicity 119

statistical probability of stabilization 115
stochastic stability 3
symbolic dynamics 5

ergodicity 2
expanding constant 36

first return (Poincaré) map 9
generalized first return map 9

theorem of Ionescu-Tulcea and Marinescu 14
trajectory xi
e-a-trajectory 151

generalized rotation 122 .
e-trajectory 147

hyperbolic set 5 most probable trajectory 85
transition (transfer) operator 53

invariant measure 2 turning point (TP) 62

conditionally invariant measure 42 periodic turning points (PTP) 62

natural measure 2 twist map 124

Sinai-Bowen—Ruelle (SBR) measure 2, 4

smooth measure 2 variation 20

functions of bounded variation (BV (X))

Markov partition 5 26

weak local Markov condition 148 variation in sense of distributions 31
mixing 3 variation on discrete lattices 31

161



Selected Titles in This Series

122

121

120
119

118
117
116

115
114
113

112
111
110

109
108
107

106
105
104

103
102

101

100
99
98

90

89

88
87
86

(Continued from the front of this publication)

Zhang Guan-Hou, Theory of entire and meromorphic functions: deficient and
asymptotic values and singular directions, 1993

I. B. Fesenko and S. V. Vostokov, Local fields and their extensions: A constructive
approach, 1993

Takeyuki Hida and Masuyuki Hitsuda, Gaussian processes, 1993

M. V. Karasev and V. P. Maslov, Nonlinear Poisson brackets. Geometry and
quantization, 1993

Kenkichi Iwasawa, Algebraic functions, 1993
Boris Zilber, Uncountably categorical theories, 1993

G. M. Fel'dman, Arithmetic of probability distributions, and characterization problems
on abelian groups, 1993

Nikolai V. Ivanov, Subgroups of Teichmiiller modular groups, 1992
Seiz6 Ito, Diffusion equations, 1992

Michail Zhitomirskii, Typical singularities of differential 1-forms and Pfaffian equations,
1992

S. A. Lomov, Introduction to the general theory of singular perturbations, 1992
Simon Gindikin, Tube domains and the Cauchy problem, 1992

B. V. Shabat, Introduction to complex analysis Part II. Functions of several variables,
1992

Isao Miyadera, Nonlinear semigroups, 1992
Takeo Yokonuma, Tensor spaces and exterior algebra, 1992

B. M. Makarov, M. G. Goluzina, A. A. Lodkin, and A. N. Podkorytov, Selected
problems in real analysis, 1992

G.-C. Wen, Conformal mappings and boundary value problems, 1992
D. R. Yafaev, Mathematical scattering theory: General theory, 1992

R. L. Dobrushin, R. Kotecky, and S. Shlosman, Wulff construction: A global shape
from local interaction, 1992

A. K. Tsikh, Multidimensional residues and their applications, 1992

A. M. I'in, Matching of asymptotic expansions of solutions of boundary value problems,
1992

Zhang Zhi-fen, Ding Tong-ren, Huang Wen-zao, and Dong Zhen-xi, Qualitative
theory of differential equations, 1992

V. L. Popov, Groups, generators, syzygies, and orbits in invariant theory, 1992
Norio Shimakura, Partial differential operators of elliptic type, 1992

V. A. Vassiliev, Complements of discriminants of smooth maps: Topology and
applications, 1992 (revised edition, 1994)

Itiro Tamura, Topology of foliations: An introduction, 1992

A. 1. Markushevich, Introduction to the classical theory of Abelian functions, 1992
Guangchang Dong, Nonlinear partial differential equations of second order, 1991
Yu. S. Il'yashenko, Finiteness theorems for limit cycles, 1991

A. T. Fomenko and A. A. Tuzhilin, Elements of the geometry and topology of
minimal surfaces in three-dimensional space, 1991

E. M. Nikishin and V. N. Sorokin, Rational approximations and orthogonality, 1851
Mamoru Mimura and Hirosi Toda, Topology of Lie groups, I and I, 1991

S. L. Sobolev, Some applications of functional analysis in mathematical physics, third
edition, 1991

Valerii V. Kozlov and Dmitrii V. Treshchév, Billiards: A genetic introduction to the
dynamics of systems with impacts, 1991

A. G. Khovanskil, Fewnomials, 1991
Aleksandr Robertovich Kemer, Ideals of identities of associative algebras, 1991
V. M. Kadets and M. I. Kadets, Rearrangements of series in Banach spaces, 1991

(See the AMS catalog for earlier titles)



ISBN 0-8218-0370-0

780821"'803707




		2014-11-07T17:25:07+0530
	Preflight Ticket Signature




