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Preface 

In the last thirty years there has been an increasing interest i n so-called "chaoti c 
dynamical systems. " I n spit e o f a  grea t dea l o f earl y pioneerin g wor k i n th e field 
by Poincare , Birkhoff , Krylov , an d others , i t wa s no t unti l th e lat e 1950 s an d 
1960s tha t th e field  reall y gathere d momentum . I n thi s perio d th e mai n result s 
and idea s wer e thos e o f Kolmogorov , Arnold , an d Mose r fo r Hamiltonia n systems , 
and o f Heno n an d Smal e fo r mor e genera l diffeomorphisms , an d also , a s th e powe r 
of numerica l computatio n increased , thos e o f Loren z fo r chao s i n deterministi c 
dissipative systems . I t i s wort h mentionin g th e interpla y betwee n deterministi c 
chaos an d rando m nois e an d th e developmen t o f method s t o distinguis h the m i n 
experimental data . Notic e that th e type of the time and space variables - discret e or 
continuous -  play s a n importan t rol e here . Othe r subject s studie d i n recen t year s 
include chaoti c behavio r i n quantu m system s an d th e feature s tha t characteriz e 
their behavio r compare d t o classica l systems . Surprisingly , thi s questio n bring s 
up onc e mor e th e proble m o f th e discretenes s o f th e phas e spac e i n numerica l 
simulations, whic h w e discuss i n detai l i n thi s book . 

An importan t developmen t i n th e ergodi c theor y o f dynamica l system s i n th e 
1930s was the proof tha t certai n specia l flows are ergodic. Th e main example here is 
geodesic flow on a surface o f constant negativ e curvature. A  recognition o f the basi c 
instability o f geodesies i n thi s exampl e goe s back t o Hadamard (1898) . Eventually , 
proofs o f the ergodicit y fo r mor e genera l flows were obtaine d b y Sina i fo r th e har d 
sphere ga s an d b y Anoso v fo r geodesi c flows on a  larg e clas s o f smooth manifolds . 

One of the fundamental problem s of chaotic dynamics is the question of how can 
a physica l syste m describe d b y deterministi c evolutio n equation s exhibi t a  quasi -
stochastic behavior . Th e answe r t o thi s questio n i s tha t a  chaoti c ma p i s char -
acterized b y a  ver y sensitiv e dependenc e o n initia l conditions . Thi s mean s tha t a 
small uncertaint y o f th e initia l conditio n grow s ver y fas t (typically , exponentiall y 
fast) wit h time . Fo r thi s reason , i f th e initia l valu e i s know n onl y u p t o a  certai n 
precision, the n th e behavio r o f th e syste m i s unpredictabl e eve n afte r a  relativel y 
short tim e interval . I n a  sense thi s ca n be considered a s a  loss of information abou t 
the initia l data . 

As w e mentioned , th e evolutio n o f a  dynamica l syste m i s define d b y a  deter -
ministic evolutio n equation . I n thi s boo k w e restric t ourselve s t o discret e tim e 
dynamical systems , o r maps . Thi s mean s tha t th e evolutio n i s describe d b y a  re -
currence relation : x n+i —  f(x n), wher e x n , x n + i G  X C  Rd an d f  :  X —>  R d. Th e 
set X  i s calle d th e phas e spac e o f th e dynamica l syste m (/ , X), an d th e inde x n 
may be considered a s a  discrete time coordinate . Thi s relatio n determine s th e tim e 
evolution x  : = {XQ , XI, . . . , x n , . . . }  of a n initia l stat e xo , obtaine d b y iteratio n o f 
the ma p / . Th e sequenc e x  i s calle d a  trajectory . Notic e tha t th e trajector y x  i s 
uniquely define d b y th e initia l poin t X o G X. However , typicall y a  lon g trajector y 

xi 
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can b e calculate d onl y usin g a  computer , an d canno t b e describe d b y analytica l 
means. W e shal l sho w i n Chapte r 5  that th e effect s o f arbitraril y smal l round-offs , 
inevitable i n computer simulations , ca n change the behavior o f the system in a very 
drastic way . 

Due t o th e unpredictability , i t i s more natura l t o describ e th e behavio r o f th e 
system a s a  whole b y statistica l means , rathe r the n th e behavio r o f individua l tra -
jectories. Notic e that thi s i s exactly the case with random processes . W e shall show 
that eve n the statistica l propertie s of chaotic dynamics may depend ver y sensitivel y 
on arbitraril y smal l perturbation s (noise) . W e shal l conside r variou s type s o f thes e 
perturbations, startin g fro m deterministi c (perturbation s du e t o wea k coupling , 
round-off errors , quasi-stochasti c perturbations) , an d finishin g wit h pur e rando m 
ones (rando m Marko v additiv e noise) . I t wil l b e show n tha t bot h stabilit y an d 
instability ca n occu r unde r th e actio n o f perturbations . Stabilit y her e mean s tha t 
the statistica l propertie s o f the perturbe d system s converg e t o tha t o f the genuin e 
ones when the perturbation tend s to zero , while instability mean s the opposite typ e 
of behavior . Notic e tha t th e chaoticit y actuall y correspond s t o th e situatio n whe n 
typical trajectorie s ar e "filling " a  larg e regio n o f the phas e space . Fro m thi s poin t 
of view the instabilit y w e are discussing leads to the fac t tha t th e trajectories o f the 
perturbed syste m remai n confine d t o a  smal l region , whos e volum e vanishe s whe n 
the perturbatio n tend s t o zero . Thu s som e sor t o f a  "localization " phenomeno n 
takes place . O n th e othe r hand , thi s situatio n ca n b e considere d als o a s a  stabi -
lization unde r th e actio n o f some sor t o f nois e o f a n unstabl e invarian t se t ( a fixe d 
point, fo r example) . I t i s worth noticing that i n spite of the discontinuous characte r 
of the perturbation s w e are considerin g here , some very dee p result s abou t smoot h 
and eve n analytica l perturbation s o f dynamica l system s ma y stil l b e generalize d 
to thi s case . Fo r example , i n Chapte r 5  w e elaborat e a  generalizatio n o f th e fa -
mous Kolmogorov-Arnold-Mose r theor y fo r rotation-lik e map s unde r th e actio n of 
round-off errors . 

Eventually th e localizatio n phenomeno n break s th e phas e spac e int o discret e 
invariant components . Thi s ca n happe n als o due t o th e fac t tha t th e perturbatio n 
is discrete (a s i n th e cas e o f round-of f errors) , o r th e ma p tha t w e conside r i s onl y 
an approximatio n o f the dynamic s o n the discret e phas e space . A n exampl e o f thi s 
type i s the quantum descriptio n o f nature, which claim s tha t th e phase space need s 
to b e discrete , rathe r tha n continuous . Th e interpla y betwee n th e discretenes s an d 
continuity o n th e on e hand , an d stabilit y an d localizatio n o n th e othe r hand , ar e 
the mai n subject s o f this book . 

It shoul d b e emphasize d tha t th e boo k doe s no t inten d i n an y wa y t o b e com -
plete o r exhaustive . Th e subjec t i s i n constan t an d activ e progress , an d a  wealt h 
of results , bot h numerica l an d analytical , i s accumulatin g rapidly . Ou r mai n ai m 
is to acquain t th e reade r wit h som e recentl y discovere d an d (a t firs t sight ) rathe r 
unusual propertie s o f chaotic dynamica l system s an d thei r smal l perturbations. W e 
also would lik e to mentio n tha t w e consider th e stud y o f piecewise expandin g map s 
(we shal l dea l mainl y wit h thi s clas s o f dynamica l system s i n ou r examples ) a s 
much mor e tha n jus t a  mathematica l curiosity . On e reaso n t o stud y thes e map s i s 
their simplicity . W e shal l se e that th e statistica l descriptio n o f these map s i s fairl y 
well understood . O n th e othe r hand , practicall y al l phenomen a know n fo r chaoti c 
dynamical system s ca n b e foun d i n th e analysi s o f piecewise expandin g maps . An -
other advantag e o f thi s clas s i s tha t ther e exist s a  direc t operato r descriptio n (se e 
Chapter 1 ) of the dynamic s o f measures an d densitie s in this case . W e shall use thi s 
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operator approac h ver y muc h i n ou r studies . I t i t wort h notin g tha t thi s clas s i s 
practically th e onl y clas s o f chaoti c system s wit h singularitie s fo r whic h w e have a 
good contro l ove r thei r statistica l properties . A  number o f results presente d i n th e 
monograth ar e publishe d her e fo r th e firs t time , whil e some others ar e describe d i n 
a muc h mor e genera l wa y tha n wa s don e i n th e origina l journal publications . 

The book i s divided into six chapters. I n the introductory Chapte r 1  we present 
a shor t an d elementar y discussio n o f som e basi c notion s o f chaoti c dynamics . O f 
course, thi s par t i s no t mean t a s a  complet e introductio n t o thi s field : ther e ar e 
many excellen t an d mor e detaile d textbook s (see , fo r example , [31] , [73]) . Rathe r 
we restric t ourselve s t o thos e subject s tha t w e shal l dea l wit h later . 

In Chapte r 2 , "Operato r approac h i n chaoti c dynamics" , w e describe i n detai l 
the operato r approac h i n a  sufficientl y abstrac t for m an d appl y i t t o th e stud y 
of piecewis e expandin g maps . Th e approac h i s base d o n th e analysi s o f spectra l 
properties o f the so-called Perron-Probenius operato r o f a dynamical system, whic h 
determines th e dynamic s o f densitie s unde r th e actio n o f the map . I n thi s chapte r 
we also introduce and analyze in detail the space of functions o f generalized bounde d 
variation, whic h w e use very ofte n throughou t th e book . 

Chapter 3 , "Rando m perturbation s o f dynamica l systems" , analyze s th e prob -
lem of stochastic stabilit y o f chaotic dynamica l systems . I n Chapte r 4  we deal wit h 
so-called "extended " o r "coupled " system s (couple d ma p lattices) . W e sho w tha t 
the effec t o f weak couplin g i s very simila r t o th e effec t o f pure rando m noise . Th e 
main result s o f these chapters ar e sufficient condition s fo r the convergence o f statis -
tical propertie s o f randoml y perturbe d system s an d couple d ma p lattice s t o thos e 
of the origina l systems . O n the other hand , condition s under which the localizatio n 
phenomenon take s plac e unde r bot h rando m perturbation s an d wea k couplin g ar e 
also considered . 

Finally, i n Chapter s 5  and 6  we discus s th e proble m o f numerica l modelin g o f 
chaotic dynamics . I n th e firs t o f thes e tw o chapter s w e describ e th e influenc e o f 
arbitrarily fin e phas e spac e discretization s (o f round-of f error s type ) t o variou s dy -
namical systems . Onc e again the statistica l descriptio n (i n a sense that w e consider 
the statistic s alon g al l perturbation s fro m th e give n family ) make s i t possibl e fo r 
us t o answe r a  lo t o f interestin g questions . I n th e las t chapte r w e discus s mathe -
matical foundation s o f severa l numerica l method s an d prov e thei r convergenc e fo r 
some sufficiently broa d classe s o f chaoti c maps . 

This boo k too k a  lon g tim e t o write , an d I  gratefull y acknowledg e researc h 
support fro m th e Frenc h Ministr y o f Highe r Educatio n an d th e kin d hospitalit y o f 
Observatoire d e l a Cot e D'Azu r (France) , wher e a  par t o f thi s wor k wa s done . I 
also acknowledge the support b y the Russian Foundatio n o f Fundamental Research . 
It i s a  pleasur e t o than k L . Bunimovich , N . Chernov , R . Dobrushin , U . Frisch , 
B. Gurevich , M . Henon , G . Keller , Yu . Kifer , V . Oseledet s an d Ya . Sina i fo r 
stimulating discussion s an d helpfu l comment s an d suggestions . 

Michael L . Blan k Erlangen 
November, 199 6 
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