


Selected Title s i n Thi s Serie s 

169 S . K . Godunov , Ordinar y differentia l equation s wit h constan t coefficient , 199 7 

168 Junjir o Noguchi , Introductio n t o comple x analysis , 199 7 

167 Masay a Yamaguti , Masayosh i Hata , an d Ju n Kigami , Mathematic s o f fractals , 199 7 

166 Kenj i U e n o , A n introductio n t o algebrai c geometry , 199 7 

165 V . V . Ishkhanov , B . B . Lur'e , an d D . K . Faddeev , Th e embeddin g proble m i n 

Galois theory , 199 7 

164 E . I . Gordon , Nonstandar d method s i n commutativ e harmoni c analysis , 199 7 

163 A . Ya . Dorogovtsev , D . S . Silvestrov , A . V . Skorokhod , an d M . I . Yadrenko , 

Probability theory : Collectio n o f problems , 199 7 

162 M . V . Boldin , G . I . Simonova , an d Yu . N . Tyurin , Sign-base d method s i n linea r 

statistical models , 199 7 

161 Michae l Blank , Discretenes s an d continuit y i n problem s o f chaoti c dynamics , 199 7 

160 V . G . Osmolovskii , Linea r an d nonlinea r perturbation s o f th e operato r div , 199 7 

159 S . Ya . Khavinson , Bes t approximatio n b y linea r superposition s (approximat e 

nomography), 199 7 

158 Hidek i Omori , Infinite-dimensiona l Li e groups , 199 7 

157 V . B . Kolmanovski i an d L . E . Shaikhet , Contro l o f system s wit h aftereffect , 199 6 

156 V . N . Shevchenko , Qualitativ e topic s i n intege r linea r programming , 199 7 

155 Yu . Safaro v an d D . Vassiliev , Th e asymptoti c distributio n o f eigenvalue s o f partia l 

differential operators , 199 7 

154 V . V . Prasolo v an d A . B . Sossinsky , Knots , links , braid s an d 3-manifolds . A n 

introduction t o th e ne w invariant s i n low-dimensiona l topology , 199 7 

153 S . Kh . Aranson , G . R . Belitsky , an d E . V . Zhuzhoma , Introductio n t o th e 

qualitative theor y o f dynamica l system s o n surfaces , 199 6 

152 R . S . Ismagilov , Representation s o f infinite-dimensiona l groups , 199 6 

151 S . Yu . Slavyanov , Asymptoti c solution s o f th e one-dimensiona l Schrodinge r equation , 

1996 

150 B . Ya . Levin , Lecture s o n entir e functions , 199 6 

149 Takash i Sakai , Riemannia n geometry , 199 6 

148 Vladimi r I . Piterbarg , Asymptoti c method s i n th e theor y o f Gaussia n processe s an d 

fields, 199 6 

147 S . G . Gindiki n an d L . R . Volevich , Mixe d proble m fo r partia l differentia l equation s 

with quasihomogeneou s principa l part , 199 6 

146 L . Ya . Adrianova , Introductio n t o linea r system s o f differentia l equations , 199 5 

145 A . N . Andriano v an d V . G . Zhuravlev , Modula r form s an d Heck e operators , 199 5 

144 O . V . Troshkin , Nontraditiona l method s i n mathematica l hydrodynamics , 199 5 

143 V . A . Malyshe v an d R . A . Minlos , Linea r infinite-particl e operators , 199 5 

142 N . V . Krylov , Introductio n t o th e theor y o f diffusio n processes , 199 5 

141 A . A . Davydov , Qualitativ e theor y o f contro l systems , 199 4 

140 Aizi k I . Volpert , Vita l y A . Volpert , an d Vladimi r A . Volpert , Travelin g wav e 

solutions o f paraboli c systems , 1994 

139 I . V . Skrypnik , Method s fo r analysi s o f nonlinea r ellipti c boundar y valu e problems , 199 4 

138 Yu . P . Razmyslov , Identitie s o f algebra s an d thei r representations , 199 4 

137 F . I . Karpelevic h an d A . Ya . Kreinin , Heav y traffi c limit s fo r multiphas e queues , 199 4 

136 Masayosh i Miyanishi , Algebrai c geometry , 199 4 

135 Masar u Takeuchi , Moder n spherica l functions , 199 4 

134 V . V . Prasolov , Problem s an d theorem s i n linea r algebra , 199 4 

133 P . I . Naumki n an d I . A . Shishmarev , Nonlinea r nonloca l equation s i n th e theor y o f 

waves, 199 4 

132 Hajim e Urakawa , Calculu s o f variation s an d harmoni c maps , 199 3 
131 V . V . Sharko , Function s o n manifolds : Algebrai c an d topologica l aspects , 199 3 (Continued in  the  back  of  this  publication) 



This page intentionally left blank



Ordinary Differentia l 
Equations wit h 
Constant Coefficien t 



This page intentionally left blank



Translations o f 

MATHEMATICAL 
MONOGRAPHS 

Volume 16 9 

Ordinary Differentia l 
Equations wit h 
Constant Coefficien t 

S. K. Godunov 

l€=iA\?> America n Mathematical Societ y 
Providence, Rhode Island 

< % H E 5 ^ 

10.1090/mmono/169



EDITORIAL COMMITTE E 

AMS Subcommitte e 
Robert D . MacPherso n 

Grigorii A . Marguli s 
James D . Stashef f (Chair ) 

ASL Subcommitte e Steffe n Lemp p (Chair ) 
IMS Subcommitte e Mar k I . Freidli n (Chair ) 

C. K . r O H Y H O B 

OBBIKHOBEHHBIE i IH$$EPEHIIHAJIBHBI E YPABHEHM H 
C nOCTOHHHbIM M K 0 9 $ $ H I I H E H T A M H 

H3-BO HOBOCMBMPCKOr O 
YH-TA, 199 4 

Translated fro m th e Russian b y Tamara Rozhkovskay a 
with the participation o f Scientific Book s (RIMIB E NSU), 

Novosibirsk, Russi a 

1991 Mathematics Subject Classification. Primar y 34-01 ; 
Secondary 34A30 , 34Bxx, 34Dxx, 49J15, 49K15. 

ABSTRACT. Thi s boo k present s th e theor y o f ordinar y differentia l equation s wit h constan t coeffi -
cients. Th e expositio n i s based o n the matri x calculus . Boundary-valu e problems , Gree n matrices , 
the Lopatinski i condition , an d th e Lyapuno v stabilit y ar e considered . Som e qualitativ e aspect s 
connected wit h th e us e o f computers fo r th e analysi s an d solutio n o f boundary-value problem s ar e 
discussed. Contro l problem s reduce d t o system s o f ordinar y equation s wit h constan t coefficient s 
are als o discussed . Th e boo k ca n b e use d b y researcher s an d student s workin g i n th e theor y o f 
ordinary differentia l equations , i n particula r i n it s computationa l aspects . 

Library o f Congres s Cataloging-in-Publicatio n D a t a 

Godunov, S . K . (Serge i Konstantinovich ) 
[Obyknovennye differentsial'ny e uravnenii a s  postoiannym i koeffitsientami . English ] 
Ordinary differentia l equation s wit h constan t coefficien t /  S . K . Goduno v ;  [translate d fro m 

the Russia n b y Tamar a Rozhkovskay a wit h th e participatio n o f Scientifi c Book s (RIMIB E NSU) , 
Novosibirsk, Russia] . 

p. cm . —  (Translation s o f mathematica l monographs , ISS N 0065-928 2 ;  v. 169 ) 
"This boo k i s a  translatio n o f th e publishe d first  volum e [Novosibirs k Stat e University , 1994 ] 

and a  chapte r (Chapte r 4  i n thi s book ) fro m th e unpublishe d secon d volum e i n Russian"—Pref . 
Includes bibliographica l references . 
ISBN 0-8218-0656- 4 (hardcove r :  alk . paper ) 
1. Differentia l equations . I . Title . II . Series . 

QA372.G56713 199 7 
515/.352—dc21 97-2018 2 

CIP 

Copying an d reprinting . Individua l reader s o f thi s publication , an d nonprofi t librarie s actin g 
for them , ar e permitte d t o mak e fai r us e o f th e material , suc h a s t o cop y a  chapte r fo r us e 
in teachin g o r research . Permissio n i s grante d t o quot e brie f passage s fro m thi s publicatio n i n 
reviews, provide d th e customar y acknowledgmen t o f th e sourc e i s given . 

Republication, systemati c copying , o r multipl e reproductio n o f any materia l i n thi s publicatio n 
(including abstracts ) i s permitte d onl y unde r licens e fro m th e America n Mathematica l Society . 
Requests fo r suc h permissio n shoul d b e addresse d t o th e Assistan t t o th e Publisher , America n 
Mathematical Society , P . O. Bo x 6248 , Providence , Rhod e Islan d 02940-6248 . Request s ca n als o 
be mad e b y e-mai l t o reprint-permission@ams.org . 

© 199 7 b y th e America n Mathematica l Society . Al l right s reserved . 
The America n Mathematica l Societ y retain s al l right s 

except thos e grante d t o th e Unite d State s Government . 
Printed i n th e Unite d State s o f America . 

@ Th e pape r use d i n thi s boo k i s acid-fre e an d fall s withi n th e guideline s 
established t o ensur e permanenc e an d durability . 

Visit th e AM S homepag e a t URL : ht tp: / /www.ams.org / 

10 9  8 7  6  5  4  3  2  1  0 2 0 1 0 0 9 9 9 8 9 7 



Contents 

Preface i x 

Chapter 1 . Matri x Exponentials , Gree n Matrices , an d th e Lopatinski i Con -
dition 1 

§1. Linea r systems of equations with constant coefficients . Th e unique-
ness an d existenc e o f a  solutio n t o th e Cauch y proble m fo r homo -
geneous equation s 1 

§2. Fundamenta l matrice s an d matri x exponential s 9 
§3. Estimate s fo r th e matri x exponential . Polynomia l representatio n 

of the matri x exponentia l 1 4 
§4. Fundamenta l system s o f solution s t o a  linea r equatio n o f highe r 

order 2 1 
§5. Th e continuatio n o f the stud y o f fundamental system s o f solution s 

to a  linea r equatio n o f higher orde r 3 2 
§6. Computatio n o f the matri x exponentia l b y mean s o f reducing ma -

trices t o th e Jorda n for m 4 3 
§7. Th e definitio n o f a  Gree n matrix . Existenc e an d uniquenes s 4 9 
§8. Th e polynomia l representatio n o f th e Gree n matrix . Gree n func -

tions 5 3 
§9. Nonhomogeneou s linea r equation s 6 2 

§10. Th e representatio n o f th e matri x exponentia l an d o f th e Gree n 
matrix b y contou r integral s 7 6 

§11. Boundary-valu e proble m o n a  segmen t 8 2 
§12. Th e closenes s estimate s fo r solution s t o th e boundary-valu e prob -

lems wit h clos e coefficient s an d clos e right-han d side s 9 0 
§13. Th e Lopatinski i conditio n 9 6 
§14. Th e Gree n matrice s fo r boundary-valu e problem s o n a  half-lin e 10 5 

Chapter 2 . Quadrati c Lyapuno v Function s 11 1 
§1. Sufficien t condition s fo r th e globa l existence o f a solution t o a  vec-

tor differentia l equatio n 11 1 
§2. Th e Lyapuno v stabilit y 11 8 
§3. Th e matri x Lyapuno v equatio n 12 3 
§4. Th e Lyapuno v function s 12 8 
§5. Th e theorem s o n stabilit y fro m th e first  approximatio n 13 5 
§6. Th e Hermit e theore m 14 1 
§7. Th e Routh-Hurwit z criterio n fo r stabilit y 15 0 



viii CONTENT S 

Chapter 3 . Qualitativ e Propertie s o f Problems an d Algorithmi c Aspect s 15 9 
§1. Th e computatio n o f th e matri x exponentia l an d solutio n o f th e 

Cauchy proble m 15 9 
§2. Computationa l difficultie s i n th e Hurwit z proble m an d thei r solu -

tions 16 5 
§3. Solvin g o f boundary-valu e problem s b y th e orthogona l swee p 

method 17 4 
§4. Th e two-wa y swee p fo r th e computatio n o f the Gree n matrice s 18 6 
§5. Integra l an d loca l estimate s fo r th e Gree n matri x 19 1 
§6. Computatio n o f th e Gree n matri x o n a n infinit e lin e an d th e de -

termination o f the dichotom y paramete r 19 7 

Chapter 4 . Linea r Contro l System s 20 9 
§1. Controllabilit y an d observabilit y 20 9 
§2. Th e simples t variationa l contro l proble m 21 4 
§3. Stabilizabilit y 23 1 
§4. Variationa l approac h t o th e constructio n o f a  stabilizin g contro l 23 7 
§5. Hamiltonia n system s o f equation s an d thei r us e i n th e stud y o f 

stabilizability 24 2 
§6. Furthe r stud y o f variational problem s o n a  half-line. Th e notion of 

detectability 25 0 
§7. Th e Lur'e-Riccat i matri x equatio n 26 3 
§8. Th e us e o f variational problem s i n the stud y o f contro l system s 27 1 

References 27 9 

Index 281 



Preface 

This boo k present s th e theor y o f ordinary differentia l equation s wit h constan t 
coefficients an d follows lectures given by the author a t Novosibirs k Stat e University . 
The firs t versio n o f the boo k was based o n th e idea s in the articl e [14 ] which devel -
ops th e Gelfand-Shilo v theore m [6 ] o n th e polynomia l representatio n o f a  matri x 
exponential. Th e course was constantly improve d b y V. I. Kostin, V . M. Gordienko , 
G. V . Demidenko , S . I . Fadeev , E . V . Zolotareva , an d G . A . Chumakov . Remark s 
by Yu . F . Boriso v wer e als o very useful . 

Chapters 1  and 2  can b e regarde d a s a n extensio n o f th e book s b y th e autho r 
[8, 9 ] publishe d b y Novosibirs k Stat e Universit y i n 1982-1983 . I t turne d ou t tha t 
the expositio n o f materia l suggeste d ther e i s convenien t fo r practica l stud y o f or -
dinary differentia l equation s usin g computers . Therefor e Chapte r 3  i s devote d t o 
algorithmic an d qualitativ e question s an d contain s computationa l procedure s fo r 
solving boundary-valu e problems . I n particular , th e orthogona l swee p metho d i s 
described i n detail . Base d o n this method , som e algorithm s tha t allo w us to clarif y 
the dichotom y o f the spectru m o f the matri x o f coefficients ar e als o explained here . 
S. I . Fadee v provide d substantia l hel p i n preparin g thi s chapter . 

Chapter 4  deal s wit h stationar y optima l contro l system s tha t ar e describe d 
by system s o f differentia l equation s wit h constan t coefficients . I n thi s chapter , 
the notion s o f controllability , observability , an d stabilizabilit y ar e analyzed . Som e 
results o f th e analysi s wer e publishe d i n [3 , 10 , 11] , where som e question s o n th e 
matrix Lur'e-Riccat i equation s wer e studied . 

This boo k i s a  translation o f the manuscrip t "Ordinar y differentia l equations" , 
submitted fo r publicatio n t o th e Novosibirs k Stat e University . Th e manuscrip t 
consists o f two volumes. Th e publicatio n o f both volume s was approved b y Novosi -
birsk Stat e University , an d the y wer e scheduled t o b e publishe d i n 1989 . However , 
Novosibirsk Stat e Universit y wa s abl e t o publis h onl y th e firs t volum e (Chapter s 
1-3), an d onl y i n 1994 . Th e secon d volum e remain s unpublished . 

This boo k i s a translation o f the published first  volum e an d a  chapter (Chapte r 
4 i n thi s book ) fro m th e unpublishe d secon d volum e i n Russian . I n th e Englis h 
version o f th e boo k som e misprint s an d inaccuracie s ar e corrected . Som e styl e 
changes ar e als o mad e i n orde r t o facilitat e th e reader' s understanding . 

S. K . Goduno v 
Novosibirsk, Marc h 199 7 
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