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Preface 

In Jun e o f 179 6 the Literatur e Gazette , publishe d a t tha t tim e i n Jena , offere d 
to it s reader s th e followin g not e (i n German) : 

New Discoveries. 
Every novice  in  geometry  knows  that  it  is  possible  to  construct  geometrically, 

i.e., by  ruler and  compass,  various  regular  polygons, namely,  a  triangle, a  pentagon, 
a 15-gon and  the  polygons one  can  obtain from each  of these by  consecutive doubling 
the number  of  its sides.  This  was  known already  in the  time  of  Euclid and,  it  seems, 
that the  reigning  belief,  starting from  that  time,  is  that  the  domain  of  elementary 
geometry does  not surpass  these  limits:  at  least I do  not know  any  successful  attempt 
to expand  it  in  this  direction.  Hence,  the  discovery  that,  apart  from these  regular 
polygons, it  is  possible to  geometrically  construct  a  multitude of  other  polygons,  for 
example, a  17-gon,  seems  to  me  worth  noting.  This  discovery  is  essentially  a  mere 
corollary of  a  far-reaching theory  not  completely  finished  yet.  The  moment  this 
theory is  completed  it  will  be  offered to  the  public. 

C. F.  Gauss  from Braunschweig, 
student of  mathematics  in  Gottingen. 

The theor y wa s complete d five  year s late r an d publishe d b y Gaus s i n th e 7t h 
section o f the famous Disquisitiones  Arithmeticae  (Arithmetical  Studies),  whic h ap-
peared i n 1801 . Gaus s prove d tha t i f th e numbe r n  o f side s o f a  regula r polygo n 
is o f the for m n  =  2 api •  -  -pk,  wher e th e p z ar e distinc t Ferma t primes , i.e. , prim e 
numbers of the form 2 2 - f 1, then the polygon can be constructed b y ruler and com -
pass. I n algebrai c languag e thi s statemen t mean s tha t fo r th e number s n  indicate d 
the equatio n x n —  1  = 0  is solvable i n quadrati c radicals . 

The proo f o f Gauss ' theore m i s based o n a  nea t algebrai c theor y whic h serve d 
as the cornerston e fo r Galoi s theor y create d thirt y year s afte r Arithmetical  Studies 
was published . 

In th e 7t h sectio n o f Arithmetical  Studies,  apar t fro m th e theor y o f divisio n o f 
the circle, i.e., the algebraic theory of circular functions , ther e is a short remark , als o 
by Gauss , t o th e effec t tha t th e metho d h e develope d i s als o applicabl e t o certai n 
higher transcendenta l functions ; i n particular , t o functions relate d wit h integral s of 
the for m f-fy. 

This remar k becam e a  startin g poin t fo r th e studie s o f Abel , wh o i n 182 7 
proved tha t fo r th e sam e value s of n  a s mentioned b y Gauss , i t i s possible t o divid e 
Bernoulli's lemniscat e b y rule r an d compas s int o n  equa l parts . T o d o that , Abe l 
had t o considerabl y improv e Gauss ' metho d and , wha t i s most important , creat e a 
new mathematica l disciplin e —  the theory  of  elliptic  functions. 

The theor y o f elliptic function s an d it s geometri c twi n —  the theory  of  elliptic 
curves — occupie s on e o f th e centra l place s i n mathematic s havin g unifie d severa l 
of its branches. I n spite o f its senior age , the theory o f elliptic functions an d ellipti c 

ix 



x PREFAC E 

curves remain s a n aliv e an d rapidl y developin g domai n o f mathematics ; i t i s a n 
inexhaustible sourc e o f techniques , problems , an d conjecture s fo r th e researchers . 

In th e pas t decad e ellipti c function s an d curve s becam e th e subjec t o f clos e 
attention b y expert s i n suc h nonclassica l fields  a s algebrai c topolog y an d quantu m 
field theory; quit e recentl y wit h th e hel p o f the ellipti c curv e theor y Fermat' s Las t 
Theorem wa s finally  proved . 

The main topic s of this book are the geometry o f cubic curves, elliptic function s 
and thei r properties , ellipti c integrals , additio n theorem s fo r ellipti c function s an d 
integrals, arc s o f algebrai c curve s expressibl e vi a ellipti c integrals , Abel' s theore m 
on lemniscate , arithmeti c propertie s o f ellipti c curves , Mordell' s theorem , thet a 
functions, an d solution s o f equations o f the fifth  degree . 

In othe r words , th e boo k i s a n introductor y cours e o n th e theor y o f ellipti c 
functions an d ellipti c curve s an d i s aimed a t thos e wh o encounte r thi s topic fo r th e 
first time . However , w e hop e tha t th e boo k wil l b e o f interes t t o th e expert s a s 
well. 

The boo k i s based o n three lecture s written b y one of us (Yu . S. ) i n 1991-199 2 
as par t o f lecture s fo r student s organize d b y th e Mosco w Mathematica l Society . 
The materia l o f the boo k wa s collecte d fo r th e optiona l cours e give n b y the secon d 
author (V . P. ) i n 1992-199 3 a t th e Independen t Universit y o f Moscow . 

In writing this book we used a vast selection of literature, both classical treatise s 
and variou s moder n papers . W e wer e greatl y influence d b y a  remarkabl e pape r 
by M . Rose n fro m American  Mathematical  Monthly  [C14 ] tha t contain s a  moder n 
proof o f Abel's theorem. W e have also borrowed a  lot o f useful fact s fro m wonderfu l 
books o f Husemolle r [BIO],  Koblit z [B12 ] an d Stepano v [B22] . 

The boo k doe s no t assum e fro m th e reade r an y knowledg e beyon d th e limit s 
of beginnin g course s o f mathematic s major s i n universitie s an d i s oriente d t o th e 
widest rang e o f readers : student s o f mathematic s an d physics , teachers , an d eve n 
high school students. W e hope that, havin g been acquainted wit h the subject o f this 
book, th e reade r wil l b e abl e t o fee l th e char m o f th e fine  ar t tha t w e experience d 
while decipherin g th e work s o f old masters . 

While th e boo k wa s being written V . Prasolov benefite d fro m a  grant fro m th e 
Russian Fun d fo r Basi c Researc h (95-01-00846) . 
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