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Preface 

The representatio n theor y o f finite  group s i s now mor e tha n 10 0 years old . It s 
foundations wer e lai d dow n b y Frobenius , Burnside , Schu r and , later , Brauer . I t 
was Frobeniu s an d Burnsid e wh o first  realize d th e importanc e o f representatio n 
theory fo r analyzin g th e structur e o f finite  groups . Thei r classica l paper s amaz e 
us eve n toda y wit h thei r dept h an d originality , an d expert s ar e stil l ponderin g th e 
same fundamenta l problems . I t suffice s t o not e tha t Frobenius , i n hi s ver y first 
paper o n characte r theory , constructe d th e characte r tabl e o f the grou p PSL(2,p) , 
a resul t regarde d eve n now as highly nontrivial . Th e representatio n theor y o f finite 
groups i s stil l developin g vigorously , wit h th e activ e participatio n o f prominen t 
mathematicians. 

Characters constitut e one of the main tools of the representation theor y of finite 
groups ove r th e comple x field  (w e wil l conside r onl y suc h representations) . 

The goa l o f thi s boo k i s t o plac e characte r theor y an d it s application s t o fi-
nite group s withi n th e reac h o f peopl e wit h a  comparativel y modes t mathematica l 
background, exceedin g th e usua l algebr a cours e onl y wit h respec t t o finite  groups . 
In ou r opinion , i t shoul d no t b e ver y difficul t fo r peopl e wit h a  goo d knowledg e o f 
the theor y o f finite  group s t o rea d thi s boo k (whic h i s indee d intende d primaril y 
for suc h readers) . Bu t eve n peopl e wit h a  rathe r superficia l knowledg e o f finite 
groups wil l b e abl e t o maste r th e basic s o f representatio n theor y i f the y rea d th e 
first section s o f Chapter s 1-8 . 

The boo k consist s o f tw o parts . Th e presen t Par t 1  contains Chapter s 1-13 , 
Part 2  (currentl y schedule d t o b e publishe d i n 1998 ) contain s Chapter s 14-31 . 

Although a  very detailed table of contents is provided, we think i t i s appropriate 
to surve y th e content s o f the book . I n thi s surve y w e will describ e th e structur e o f 
the book , emphasiz e it s mai n theme s an d poin t ou t connection s betwee n chapters . 

Chapter 1 . W e introduce th e mai n notions , prov e suc h fact s o f primary impor -
tance a s Schur' s Lemm a an d Maschke' s Theorem , an d stud y th e grou p Lin(G ) o f 
all irreducible representations o f a finite  abelian group over the complex field.  §1.1 0 
contains som e importan t corollarie s an d application s o f Maschke' s Theorem . 

Chapter 2 . W e prov e th e orthogonalit y relation s an d deduc e thei r simples t 
corollaries. Th e w e begin th e stud y th e relation s betwee n th e characte r tabl e X(G ) 
of a  group G  and th e propertie s o f the grou p (thi s them e recur s throug h th e whol e 
book). Fo r example , i t i s show n i n [Gar2 ] tha t th e characte r tabl e o f a  solvabl e 
group enable s on e t o determin e it s Frattin i subgrou p (i.e. , to describ e al l G-classe s 
that belon g to it); but, a s Garrison has shown, the character tabl e does not generall y 
determine th e Frattin i subgroup . 

Chapter 3 . Startin g fro m th e fac t tha t th e value s o f character s ar e algebrai c 
integers, w e deduc e a  serie s o f dee p theorems , th e mos t importan t o f whic h i s 
Burnside's Theore m o n th e solvabilit y o f {p , g}-groups. Recentl y Kazari n [Kazl ] 

xi 
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obtained a  substantial improvemen t o f the p^-Lemma tha t implie s Burnside' s The -
orem. Namely , h e showe d tha t an y elemen t o f G , th e inde x o f whose centralize r i s 
a prim e power , belong s t o a  solvabl e radica l o f G  (hi s proo f use s modula r theory) . 
Note tha t i n th e 1970 s ther e appeare d a  proo f o f Burnside' s {p , g}-Theorem tha t 
does no t us e characte r theor y (Goldschmidt , Bender , Matsuyama) . 

We present a  short introductio n t o the theory o f rational groups , i.e. , groups al l 
of whose characters ar e rational-valued . Th e chapte r end s with a n extensive surve y 
of th e character s o f p-groups (thi s surve y i s continued i n Chapte r 31 ; many o f th e 
results tha t w e present abou t th e character s o f p-groups ar e du e t o A . Mann) . 

Chapter 4  begin s wit h a  shor t introductio n t o multilinea r algebra . W e de -
fine som e operation s wit h representation s an d character s an d prov e th e importan t 
Burnside-Brauer Theore m o n power s o f faithfu l characters , a s wel l a s a n analo -
gous resul t o n power s o f conjugac y classe s (Garrison) . Thes e tw o result s inspire d 
a larg e amoun t o f work o n analogie s betwee n irreducibl e character s an d conjugac y 
classes (Arad , Brenner , Mann , Blau , Chillag , Herzog , an d others ; se e [Arad2]) . 
We introduc e th e Frobenius-Schu r indicato r an d presen t a  formul a fo r th e numbe r 
of involution s i n a  group . Th e irreducibl e character s o f direc t product s an d thei r 
kernels an d quasikernel s ar e the n studie d i n detail . Fro m thes e result s w e deduc e 
an importan t corollary , du e to Schur , statin g tha t th e degre e of an irreducibl e char -
acter divide s the index of the cente r (th e proof we give is due to Tate) . Th e chapte r 
is conclude d wit h Frobenius ' proo f o f hi s fundamenta l theore m o n th e numbe r o f 
solutions o f th e equatio n x n =  1  in a  grou p (i n Chapte r 5  w e presen t tw o mor e 
proofs o f thi s theorem , on e o f them no t usin g characters) . 

Chapters 5  an d 7  ar e th e centra l chapter s o f th e book . Som e o f th e result s 
proved ther e ar e amon g thos e w e refer t o mos t ofte n i n th e sequel . 

Chapter 5 . Ou r presentatio n o f th e theor y o f induce d character s follow s a n 
approach outline d i n th e well-know n pape r o f Braue r an d Tat e [BraulO] , accord -
ing t o whic h th e Reciprocit y La w i s postulated . Nevertheless , th e chapte r end s 
with anothe r wa y to develo p the theor y o f induced representations , du e to Mackey . 
We prov e th e importan t Macke y Theorem s o n restriction s o f induce d character s 
[Macl]; thes e theorem s ar e the n use d t o deduc e irreducibilit y criteri a fo r induce d 
characters, du e t o Macke y an d Shoda . A s a  nic e applicatio n o f th e theor y w e 
present a  proo f o f th e Brauer-Suzuki-Wal l Theore m o n group s wit h elementar y 
abelian centralizer s o f involution s [Brau9 ] —  historicall y speaking , thi s wa s on e 
of th e firs t characterizatio n results . W e mus t mentio n tha t thi s theore m appeare d 
in 190 0 i n a  pape r o f Burnside , whic h wa s forgotte n afterwards . Anothe r proo f o f 
this theorem , usin g Bender' s method , i s presented i n Chapte r 15 . Incidentally , th e 
whole directio n o f characterizatio n result s i n th e theor y o f finit e group s i s rathe r 
poorly represente d i n th e book . W e believ e tha t th e theorem s o n intersection s o f 
kernels o f certai n character s ar e o f som e interes t (se e Chapte r 1 4 for mor e result s 
of thi s type) . Th e chapte r end s wit h a  shor t surve y o f result s abou t th e numbe r 
of element s o f a  give n orde r an d th e numbe r o f subgroup s o f give n structur e i n a 
group. 

Chapter 6 . W e develo p a  theor y o f projectiv e representations , stud y Schu r 
multipliers an d representatio n groups , an d calculat e multiplier s o f abelia n group s 
(Schur). W e prov e tha t a n abelia n grou p possesse s a  faithfu l projectiv e repre -
sentation wit h a t mos t tw o irreducibl e component s (Zhmud') . Fro m thi s resul t w e 
deduce a  description o f the abelia n groups tha t admi t faithfu l irreducibl e projectiv e 
representations (Fruch t [Fru]) . W e als o prov e a  realizatio n theore m ( a projectiv e 



PREFACE xii i 

representation o f a  grou p G  ma y b e realize d ove r th e cyclotomi c field  generate d 
by th e |G|t h roo t o f unity ; th e proo f use s Brauer' s theore m o n th e realizatio n o f 
ordinary representations ; se e Chapter 8) . W e study £>-groups with large multipliers . 
For example , w e show tha t a  grou p o f order p n ha s a  multiplie r o f orde r p n ( n - 1 ) / 2 

(i.e., o f maximal possibl e order ) i f and onl y i f i t i s an elementary abelia n group ; we 
also describ e th e p-group s satisfyin g th e sam e conditio n wit h a  multiplie r o f orde r 
pn{n-i)/2-i pBerl3] . W e als o prov e th e Gaschiitz-Neubuser-T i Ye n estimat e fo r 
the orde r o f the multiplie r o f a  p-group; thi s proof , du e t o th e secon d author , doe s 
not us e cohomology theory . Th e following resul t merit s attention : i f \G/Z(G)\  =  p n 

and \G'\  —  pn( n - 1 ) / 2
5 the n G/Z(G)  i s an elementar y abelia n o r nonabelian grou p of 

order p 3 an d exponen t p  [Berl3 ] (th e remar k abou t th e orde r i s due t o A . Mann) . 
Chapter 7  presents Clifford' s classica l wor k [Cli] . Hi s resul t o n th e ramifica -

tion inde x o f a n irreducibl e characte r ove r a  norma l subgrou p wil l b e especiall y 
important furthe r on . Thi s resul t implie s Ito' s Theore m 7.7 , whic h state s tha t th e 
degree o f an irreducibl e characte r divide s th e inde x o f an abelia n norma l subgrou p 
[Itol]. Similarl y w e prov e a  mor e genera l (thoug h les s ofte n used ) theore m o f 
Reynolds, whic h state s tha t th e degre e o f a n irreducibl e characte r 0  o f a  grou p 
G divide s \G  :  i f 10(1), wher e H  <  G  an d 0  E  Irr(G) . Gallagher' s fundamenta l 
results (se e [Gal4] ) o n th e extensio n o f invarian t character s o f a  norma l subgrou p 
are presented. A s a corollary, w e obtain th e inequalit y k(G ) <  k(if)k(G/if) , wher e 
H <  G  (se e [Gal6]) . Amon g othe r importan t result s w e want t o emphasiz e Tate' s 
p-nilpotency criterio n [Tat] . Th e chapte r end s with a  classification o f the nilpoten t 
subgroups o f class a t mos t tw o and orde r a t mos t (p n/2 — l)2 i n GL(n,p) (ou r proo f 
is a  modificatio n o f argument s du e t o Glauberman) . 

Chapter 8 . W e prov e th e Braue r Inductio n Theorems . Thes e theorems , to -
gether wit h thei r corollary , th e Realizatio n Theorem , ar e amon g th e mos t impor -
tant achievement s o f character theory . Th e res t o f the chapte r i s devoted t o variou s 
applications o f thes e theorems . I n particular , w e presen t a  complet e expositio n 
of Brauer' s importan t pape r [Brau3 ] o n quotien t group s o f finite  groups . Th e 
Induction Theorem s undoubtedl y hav e a  potentia l fa r beyon d this . 

Chapter 9  give s a  necessar y an d sufficien t conditio n fo r a  grou p t o admi t a 
faithful representatio n wit h a t mos t k  irreducibl e constituent s [Zhml , Zhm3] . 
We believ e tha t specia l attentio n shoul d b e pai d t o th e theore m statin g tha t th e 
number o f kernel s equal s th e numbe r o f antikernel s (b y "kernel " w e mean th e ker -
nel o f a n irreducibl e character , an d b y "antikernel" , th e subgrou p generate d b y a 
conjugacy class) . Fo r example , i f distinc t irreducibl e character s hav e distinc t ker -
nels (suc h a  grou p i s calle d a  CM-group ) an d H  i s a n antikernel , the n th e clas s 
generating H  i s uniquel y determined . W e stud y th e structur e o f CM-group s an d 
their generalizations . CM-group s ar e rational . Al l th e result s o f §§1, 3 wer e first 
proved b y th e secon d autho r [Zhm9 , Zhm21] , bu t ou r presentatio n i n § 3 differ s 
considerably fro m th e origina l on e (se e [Ber27]) . 

Chapter 10 . Th e chapte r revolve s aroun d Frobenius ' famou s theore m o n tran -
sitive group s i n whic h th e stabilize r o f an y tw o point s i s trivial . W e als o conside r 
other type s of groups arising naturally i n this connection. W e prove several general -
izations and convers e theorems. Frobenius ' Theorem treat s an important particula r 
case o f th e followin g proble m als o formulate d b y Frobenius : I f a  natura l numbe r 
n divide s \G\  an d th e numbe r o f solution s o f th e equatio n x n =  1  in G  i s n , i s i t 
true tha t th e solution s constitut e a  subgroup ? Thi s proble m wa s recentl y solve d 
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(in the affirmative ) usin g the classificatio n o f finite simpl e groups [Iiy] . I t i s shown 
that th e firs t colum n Xi(G ) o f th e characte r tabl e enable s on e t o decid e whethe r 
G i s a  Frobeniu s group . W e giv e a  brie f introductio n t o th e theor y o f exceptiona l 
characters an d Suzuki' s Theore m o n th e solvabilit y o f CA-group s o f od d orde r ( a 
group i s called a  CA-group i f the centralize r o f any elemen t othe r tha n th e identit y 
is abelian) . W e not e tha t Xi(G ) determine s th e comple x grou p algebr a C G an d 
vice versa . W e consider severa l example s illustratin g th e influenc e o f Xi(G) o n th e 
structure o f G . Fo r example , w e prov e Isaacs ' Theore m whic h assert s tha t Xi(G ) 
enables on e t o decid e whethe r G  i s p-nilpotent . Thi s approac h i s generalize d i n 
Chapter 11 . 

Chapter 11 . W e introduc e th e function s T(G ) ( = th e su m o f degree s o f irre -
ducible character s o f G) , f(G ) =  T(G)/|G| , an d mc(G ) =  k(G)/|G| . O f course , 
the knowledg e o f Xi(G) permit s on e to calculat e thes e function s (bu t th e convers e 
is no t true) . Th e Mai n Theore m classifie s thos e group s G  fo r whic h f(G ) >  1/p , 
where p  i s th e smalles t prim e diviso r o f \G\.  Not e tha t T(G ) >  \{x  £  G\x 2 =  1} | 
(by the Frobenius-Schu r formula ; se e Chapte r 4) , and thi s make s i t possibl e t o us e 
the Mai n Theore m t o obtain a  description o f groups a t leas t hal f o f whose element s 
are involution s (se e [Wall] ; th e proo f presente d i s du e t o K . G . Nekrasov) . I t i s 
further show n tha t i f H  <  G , </>  e  Irr(il) , an d |  Irr(0G)| >  \G  :  # | / 4, the n G/H  i s 
solvable (se e [Berl5]) . 

Chapter 12 . Blichfeld t wa s th e first  t o stud y group s tha t posses s a  faithfu l 
irreducible characte r o f relativel y smal l degree . W e analyz e th e structur e o f a 
p-solvable grou p o f p-lengt h 1  tha t ha s a  faithfu l irreducibl e characte r o f degre e 
smaller tha n th e exponen t o f it s Sylo w p-subgroup. 

Chapter 13 . W e prov e th e Brauer-Suzuk i Theore m o n group s whos e Sylo w 
2-group i s a  generalize d quaternio n grou p [Brau8] , [Gla3] . 

Chapter 1 4 i s devote d t o on e o f th e centra l theme s o f th e book , th e connec -
tion betwee n th e degree s an d kernel s o f irreducibl e characters . I t i s show n tha t 
the quasikerne l (and , therefore , th e kernel ) o f a n irreducibl e characte r o f maxima l 
degree i s nilpotent . Th e sam e ca n b e als o sai d abou t th e minimu m (wit h respec t 
to inclusion ) quasikernel s an d kernels . W e prov e Thompson' s Theore m [Tho2 ] o n 
the p-nilpotenc y o f a  grou p suc h tha t al l it s nonlinea r irreducibl e character s ar e 
of degre e divisibl e b y a  fixed  prim e p , an d presen t som e relate d results . Inciden -
tally, Chapte r 2 5 contains a  proof o f the fac t tha t th e groups arisin g i n Thompson' s 
Theorem ar e eve n solvabl e (her e w e us e th e classificatio n o f simpl e groups ; se e 
Proposition 25. 9 an d Remar k 1  afte r it) . A s a  simpl e corollar y o f Thompson' s 
Theorem on e obtain s anothe r theorem , als o du e t o Thompson , whic h assert s tha t 
G ha s a n ordere d Sylo w towe r i f cd G i s a  chai n wit h respec t t o divisibility . A 
similar situation , i n which cdG — {x(l)} i s a  chai n fo r a  certain x  £  Irri(G) , an d i n 
addition i t i s assume d tha t x(l ) i s prime t o an y elemen t o f th e se t cd G —  {x(l)} , 
is much mor e difficult ; nevertheless , her e to o ca n achiev e a  goo d descriptio n o f G . 
Note tha t Tate' s Theore m o n p-nilpotency play s a  considerabl e rol e i n the proo f o f 
the latte r result . Thompson' s Theore m i s also an easy corollary o f Tate's Theorem . 
Tate's Theore m i s also used t o prov e Isaacs ' Theore m o n the solvabilit y o f a  grou p 
G wit h |  cdG| <  3 . A  criterio n fo r 7r-closur e i s formulate d i n term s o f characters . 
Three appendice s t o th e chapte r ar e o f nidependen t interest . 

Chapter 15 . W e present result s of important paper s b y Brauer-Fowler [Brau7 ] 
and Bende r [Ben3 ] o n group s o f even orde r an d giv e som e applications . 
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Chapter 16 . W e prov e a  theore m o f Veitsblit , whic h give s a  classificatio n o f 
groups with two infinitely distan t involution s (th e distance between two nonidentit y 
elements o f a  group G  i s defined i n Chapte r 15) . 

Chapter 17 . W e prov e Nagao' s Theore m [Nagl ] o n th e definabilit y o f a  sym -
metric group S n b y its character table . Oyam a [Oya]  proved a n analogou s theore m 
for alternatin g groups . W e are sure tha t analogou s result s ma y b e obtained fo r an y 
simple group , b y usin g th e classificatio n o f simpl e groups . Definabilit y o f a  simpl e 
group by the first  colum n of its character tabl e i s more difficult . Th e first  colum n of 
the character tabl e i s not sufficien t t o determine whether th e group i s supersolvabl e 
(T. Hawkes) . Man y smal l group s ar e definabl e b y the first  colum n o f the characte r 
table (thi s follow s fro m th e classificatio n o f al l group s wit h clas s numbe r a t mos t 
12 [Ber3]) . 

Chapter 18 . W e obtain a  description o f the irreducible linear groups G  of degree 
p, wher e p  i s th e leas t prim e diviso r o f |G| ; w e als o prov e th e importan t Jorda n 
Theorem o n linea r group s (th e proo f presente d her e i s due t o Frobenius) . 

Chapter 19 . Th e first  hal f o f th e chapte r i s a n introductio n t o th e characte r 
theory o f multipl y transitiv e groups . I n th e las t sectio n w e presen t th e first  step s 
of Young's approac h t o representation s o f symmetri c groups . 

Chapter 20 . W e construct th e characte r tabl e of SL(2,pn). Constructio n o f th e 
character tabl e i s on e o f th e mos t importan t part s o f characte r theory . Lon g ago , 
Frobenius proposed a  method t o construct th e character tables for symmetric , alter -
nating, an d som e other group s (independently , Youn g developed th e representatio n 
theory o f symmetri c groups) . 

Chapter 21 . A s fa r a s w e know , thi s i s th e mos t complet e presentatio n o f th e 
theme "zero s o f characters " (Karpilovsky's boo k [Kar3 ] contain s a  specia l chapte r 
on this topic) . Lon g ago , Burnside showe d tha t an y nonlinea r irreducibl e characte r 
has a zero (i.e. , an element o f the group on which the character takes the value zero). 
Further result s o n zeros , obtaine d b y Gallaghe r [Gal5] , ar e complemente d an d 
strengthened i n thi s chapter . A n importan t rol e i s played b y Veitsblit' s inequality , 
which give s a n estimat e fo r th e numbe r o f zero s o f a n irreducibl e characte r [Veil] . 
The chapter contain s an extensive survey of the theory of the so-called S-  char acters, 
a notio n du e t o th e secon d autho r (a s ar e al l result s o f the survey) . 

Chapter 2 2 i s a n elementar y introductio n t o th e theor y o f th e Schu r index , 
constituting a n importan t par t o f the them e "arithmeti c propertie s o f characters" . 
This materia l wa s move d fro m Chapte r 3  to Par t I I fo r reason s o f continuity only . 

Chapter 23 . W e study group s tha t satisf y th e followin g condition . 
/ / {1}  <  N  <  G'  and  N  <  G  and  4>  e  Irr(iV ) -  {IN},  then  the  irreducible 

components of  the  character  <fi G have  pairwise  distinct  degrees. 
We classify th e solvabl e groups tha t satisf y thi s condition ; amon g thes e group s 

are the group s al l o f whose nonlinea r irreducibl e character s ar e o f pairwise distinc t 
degrees (w e als o presen t her e a  classificatio n o f thes e group s du e t o Berkovich , 
Chillag, an d Herzo g [Ber23]) . 

Chapter 24 . W e study group s tha t posses s only two nonlinear irreducibl e char -
acters o f the sam e degre e (Di-groups) . Solvabl e Di-group s ar e classified . I t follow s 
from the result o f Kazarin and the first  author [Berl7 ] that PSL(2 , 5) and PSL(2, 7) 
are th e onl y unsolvabl e Di-groups . A n importan t rol e i s playe d her e b y th e char -
acterizations o f Frobeniu s group s prove d i n Chapte r 10 . 

Chapter 25 . B y Thompson's Theore m (Theore m 14.11(a)) , any non-p-nilpoten t 
group G  possesses a  nonlinear irreducibl e characte r o f p'-degree. I n thi s chapte r w e 
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estimate th e su m o f degree s o f nonlinea r irreducibl e character s o f p'-degree s an d 
study th e structur e o f group s fo r whic h th e estimat e i s attaine d (cf . [Bral]) . I n 
Proposition 25. 9 w e prov e som e propertie s (no t mentione d earlie r i n literature ) o f 
groups i n Thompson' s Theore m (i n particular , thi s propositio n implie s tha t suc h 
groups are solvable). Th e Appendix to this chapter treat s a  generalization o f Frobe-
nius kernels . 

Chapter 26 . Le t H  <  G.  W e stud y pair s o f group s fo r whic h th e differenc e 
T(G) —  T(H)  i s smal l (T(G ) i s the su m o f degree s o f irreducibl e character s o f G) . 
The result s o f th e chapte r ar e take n fro m [Ber25] . 

Chapter 27 . W e stud y group s al l o f whos e nonlinea r irreducibl e character s 
take exactl y thre e values , als o provin g som e relate d results . Al l th e result s o f thi s 
chapter wer e prove d jointl y b y Chilla g an d th e author s (se e [Ber24]) . 

Chapter 28 . W e stud y group s G  i n whic h th e numbe r o f involution s i s a t 
least \\G\.  Thi s resul t i s deduced fro m a  muc h mor e genera l resul t concernin g th e 
function mc(G) . 

Chapter 29 . W e classify th e group s i n whic h an y tw o differen t kernel s o f non -
linear irreducibl e character s ar e nonincident . 

Chapter 3 0 is a continuation o f Chapter 27 . W e study th e group s whose mono-
lithic character s tak e a t mos t thre e value s ( a characte r \  * s called monolithi c i f i t 
is irreducibl e an d G/ker % i s a  monolith , i.e. , contain s onl y on e minima l norma l 
subgroup). I n Propositio n 30.1 8 w e generaliz e som e well-know n result s o f charac -
ter theory . Appendi x B  t o Chapte r 30 , base d o n a  pape r o f M . Roitma n [Roi] , 
contains elementar y proof s o f Zsigmondy' s fundamenta l number-theoreti c theore m 
and Feit' s theorem s o n larg e Zsigmond y primes . 

Chapter 31 . We give a  classification o f groups G  with n(G ) <  3 , where n(G ) i s 
the numbe r o f nonlinear irreducibl e character s o f G . W e study group s al l o f whose 
nonlinear irreducibl e character s ar e algebraicall y conjugate , an d als o group s G  fo r 
which Lin(G ) act s transitivel y o n Irri(G) . 

It i s evident tha t w e concentrate mostl y o n applications , whil e purely theoreti c 
questions occup y a  relativel y modes t par t o f th e book . A  reade r intereste d i n a 
more detaile d stud y o f th e theor y i s referre d t o th e book s b y Isaacs , Feit , Dorn -
hoff, Huppert , Gorenstein , Suzuki , Collins , Curtis-Reiner , an d als o t o th e book s 
of Karpilovsky , whic h ca n b e viewe d a s a n encyclopedi a o f representatio n theory . 
Moreover, w e regar d ou r boo k a s a  complemen t t o thos e mentione d above . I t i s 
especially usefu l t o rea d i t i n paralle l wit h on e o f the m (especiall y thos e o f Isaac s 
and Karpilovsky) . 

In bot h th e content s an d th e styl e o f th e presentatio n w e wer e greatl y influ -
enced b y Isaacs ' text , whil e th e influenc e o f othe r author s i s comparativel y small . 
Karpilovsky's multivolum e treatise , th e mos t complet e textboo k o f characte r the -
ory (a t th e tim e o f writing th e presen t book) , was published afte r th e presen t boo k 
had bee n written , an d therefor e coul d no t hav e influence d us . 

The materia l o f Chapter s 9 , 11 , 12, 14 , 16 , 17 , 21, 23-31 i s presented i n mono -
graph for m fo r th e firs t time . Othe r chapter s als o contai n muc h ne w material . 

Our presentatio n i s fairl y detailed . Sinc e w e have restricte d ourselve s t o ordi -
nary representations , th e mathematica l prerequisite s ar e rathe r modest . W e hop e 
that reader s acquainte d wit h th e basic s o f the theor y o f finite  group s wil l no t find 
the boo k difficult . 
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The exercise s scattered throug h th e whol e boo k for m a n importan t par t o f th e 
presentation. The y ar e o f varyin g degree s o f difficult y —  fro m purel y technica l 
ones, use d i n th e mai n text , t o reall y hard , ofte n unsolve d problems . I n addition , 
we provide a  lon g lis t o f ope n problem s a t th e en d o f Par t II , writte n b y th e firs t 
author (man y unsolve d question s ar e formulate d i n th e mai n tex t o f th e boo k a s 
well). Mos t o f the problem s i n the lis t wer e posed b y the firs t author , bu t ther e ar e 
also som e know n problems . W e als o appen d a  lis t o f frequentl y me t concept s an d 
notations (containin g definitions) . 

The author s o f th e result s ar e mentione d whereve r thei r name s ar e know n t o 
us (unfortunately , th e literature sometime s show s discrepancies o n this point) . Th e 
bibliography a t th e en d o f the book , thoug h ver y incomplete , nevertheles s contain s 
many importan t works . Man y article s ar e include d i n th e Bibliograph y and , w e 
recommend tha t yo u familiariz e yoursel f wit h them . Som e work s i n th e lis t ar e 
devoted t o modula r theory , whic h i s not presente d i n the tex t (bu t w e hope t o ad d 
a larg e chapter , "Modula r Characters" , i n a  futur e editio n o f thi s book) . 

We shal l b e gratefu l fo r critica l remarks . 
During th e almos t fourtee n year s o f ou r wor k w e hav e enjoye d th e hel p an d 

support o f many o f our colleagues . A . E . Zalessk i rea d th e tex t originall y prepare d 
for Rosto v Universit y Pres s (tha t editio n neve r materialized , thoug h typesettin g 
began) an d mad e som e substantia l remarks . Ou r contact s wit h A . I . Saksono v 
were very useful; h e read som e chapters an d mad e usefu l supplement s (hi s theorem , 
presented i n Chapte r 10 , appeare d i n th e process) . Whil e writin g Chapte r 1 1 we 
received grea t hel p fro m K . G . Nekraso v (th e mai n theore m o f tha t chapte r wa s 
proved b y hi m an d th e firs t author) . H e als o prepare d th e tex t o n whic h Chapte r 
17 is based. Ove r th e las t fiv e years th e firs t autho r ha s been activel y collaboratin g 
with A . Mann , an d th e entir e boo k include s man y interestin g result s du e t o th e 
him (fo r example , Chapte r 2 6 i s a  presentatio n o f a  joint pape r b y Man n an d th e 
first author) . Chapter s 2 3 and 2 4 are generalizations o f a joint pape r b y Berkovich , 
Chillag an d Herzog . L . S . Kazari n an d M . Roitma n rea d th e final  tex t an d mad e 
numerous useful remarks . W e wish to express our gratitude to all of these colleagues. 
We are greatl y indebte d t o th e editor s o f Zentralblatt  fur  Mathematik,  wh o sen t u s 
about 10 0 papers an d dissertation s whic h wer e unavailabl e t o us . 

We remember ou r lat e friend Samui l Davidovich Berma n (1922-1987 ) wit h spe -
cial warmth . Ou r contact s wit h thi s outstandin g mathematicia n an d remarkabl e 
person ha d grea t influenc e o n our mathematica l growth . Discussion s o f some chap -
ters o f thi s boo k a t hi s semina r wer e especiall y useful . W e dedicat e thi s boo k t o 
his memory . 

Since 199 1 the wor k o f th e firs t autho r ha s bee n supporte d b y th e Ministr y o f 
Absorption an d th e Ministr y o f Scienc e an d Technolog y o f Israel . Durin g th e las t 
three year s th e wor k o f the secon d autho r ha s bee n supporte d b y a  gran t fro m th e 
American Mathematica l Society . W e ar e gratefu l t o al l o f them . Th e first  autho r 
is also indebted t o Professo r J . Arazy , Hea d o f the Aful a Researc h Institute , fo r hi s 
constant interes t an d suppor t o f thi s work . 

The Russia n versio n o f the boo k wa s accepte d b y th e Rosto v Universit y Pres s 
in 199 0 an d th e typesettin g wor k began ; however , fo r variou s extraneou s reason s 
the boo k wa s no t published . Fo r th e presen t edition , initiate d b y S . I . Gelfand , w e 
have substantiall y improve d th e ol d versio n o f the book . I t i s a  grea t hono r fo r u s 
to hav e ou r boo k publishe d b y th e America n Mathematica l Society . 
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Chapters 1- 4 wer e translate d fro m th e Russia n b y P . Shumyatsky ; th e res t o f 
Part 1  and Chapte r 2 0 wa s translate d b y V . Zobina . Chapter s 14-1 9 an d 21-3 1 
were translate d b y th e first  author . W e ver y muc h appreciat e numerou s remark s 
and suggestion s b y N . Zobin . Th e Englis h versio n wa s edite d b y D . Louvish . 

Yakov Berkovic h (Afula , Israel ) 
Emmanuel Zhmud ' (Kharkov , Ukraine ) 



List o f Notatio n 

Set Theor y 

\M\ i s th e cardinalit y o f a  se t M  (i f G  i s a  group , the n |G | i s calle d th e orde r 
of G) . 

x £  M  mean s tha t x  i s an elemen t o f M.  N  C  M  mean s tha t N  i s a  subse t o f 
M] if  N  ^  M  we  writ e N  c  M. 

0 i s the empt y set . 
N i s called a  nontrivia l subse t o f M , i f T V /  0  and N  C  M.  I f T V c  M  w e sa y 

that T V i s a  prope r subse t o f M. 
M H  N  i s the intersectio n an d M  U  AT i s the unio n o f set s M  an d N.  I f M , AT 

are sets , the n A ^ — M i s the differenc e o f A/ " and M. 
C i s the se t (field ) o f complex numbers . 
R i s the se t (field ) o f rea l numbers . 
Q i s the se t (field ) o f rationa l numbers . 
Z i s the se t (ring ) o f integers : Z  =  {0 , ±1, ± 2 , . .. } . 
N is the se t o f natura l numbers . 

Number Theor y an d Genera l Algebr a 

p is always a  prim e number . 
ra, n  ar e alway s natura l numbers . 
(TTT,, n) i s the greates t commo n diviso r o f 77 7 an d 77. 
m I  7 7 shoul d b e rea d as : 77 7 divide s n . 
7r(777) is the se t o f al l prim e divisor s o f 777. 
7r is a  se t o f prime s (i t ma y b e th e empt y set) . 
Tif is the se t o f primes no t containe d i n n. 
m^ i s the numbe r satisfyin g th e followin g conditions : 

7r(mn) C  7r , 777 ^ I 777 , 7r(m/m n) C  n'. 

We write ra p, p'  instea d o f 777| p}, {p} 1', respectively . 
777, is a  7r-number , i f 7T(T77 ) C  TT  (o r ra^ =  777) . 
GF(77m) i s the finite field  containin g p m elements . 
F* i s the multiplicativ e grou p o f a  field  F. 
Fn i s the 77-dimensiona l vecto r spac e ove r F. 
Fn i s the se t o f al l 77 x  7 7 matrice s ove r F. 
If A  i s a square matrix , the n de t A  an d t r A  ar e the determinan t an d th e trac e 

of A  (tha t is , the su m o f elements o n it s principa l diagonal) , respectively . 
In i s the 7 7 x  7 7 identit y matrix . 
a i s the numbe r conjugat e t o a  £  C . 
[x] is the intege r par t o f x  G  R. 

xi x 
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Groups 

G i s always a  finit e group . 
H <  G  mean s tha t H  i s a  subgrou p o f G . 
H <  G  mean s tha t H  <  G  an d H  ^  G  (i n thi s cas e H  i s calle d a  prope r 

subgroup o f G) . {1 } denotes th e grou p o f order 1 . H  i s a  nontrivia l subgrou p o f G 
if {1 } <  H  <  G. 

H i s a  maxima l subgrou p o f G  i f H  <  G  and H  <  M <  G  impl y tha t H  —  M. 
H <  G  means tha t H  i s a  normal subgrou p o f G; moreover , i f H  ^  G  we writ e 

H<G an d sa y that #  i s a proper norma l subgroup o f G. H<G  i s called a  nontrivia l 
normal subgrou p o f G  i f |iJ | >  1 . 

H i s a  minima l norma l subgrou p o f G  i f (a ) H  < 3 G; (b ) i J >  {1} ; (c ) N  <G 
and N  <  H  impl y i V = {1} . Thus , {1 } has n o minimal norma l subgroups . 

G i s simple i f i t i s a  minima l norma l subgrou p o f G  (i n particular , \G\  >  1) . 
H i s a  maxima l norma l subgrou p o f G  i f G/H  i s simple . 
G i s a monolith i f G = {1 } or i f G contains onl y one minimal norma l subgroup . 
The subgrou p generate d b y al l minima l norma l subgroup s o f G  i s calle d th e 

socle of G an d i s denoted b y Sc(G) . On e ca n represent Sc(G ) a s the direc t produc t 
of certai n minima l norma l subgroup s o f G . W e pu t Sc({l} ) =  {1} . Obviously , 
Sc(G) i s a  characteristi c subgrou p o f G . 

N G ( M ) =  {x  £  G  | x~1Mx =  M}  i s the normalize r o f a  subse t M  i n G . 
CG(X) i s the centralize r o f a n elemen t x  i n G  :  CQ(X)  — {z £  G\zx  —  xz}. 
CG(M) —  C\xeM  CG(%)  i s the centralize r o f a  subse t M  i n G . 
Aut G  i s the grou p o f al l automorphisms o f G (th e automorphism grou p o f G). 
Inn G  i s the grou p o f al l inne r automorphism s o f G . 
Out(G) =  Au t G / I n n G . 
[x, y] — x~ ly~lxy i s the commutato r o f elements x , y of G . I f M , N a  G  the n 

[M,iV] =  ([x,y ] |x e  M,y  G  TV). (However , i n Chapte r 1 1 [M,N]  =  {[x,y]  |  x  < E 
M,2/GJV}.) 

If M  C  G , the n (M ) i s the subgrou p o f G  generate d b y M . 
Gr i s th e subgrou p generate d b y al l commutator s [#,y] , x, y G  G (i.e. , G ; = 

[G,G]), G " =  (G /)/, G' " =  (G^) 7 an d s o on . 
Z(G) =  HXG G CG(%)  i s th e cente r o f G . 
$(G) i s the Frattin i subgrou p o f G  (th e intersectio n o f al l maxima l subgroup s 

ofG). 
F(G) i s the Fittin g subgrou p o f G  (th e maxima l norma l nilpoten t subgrou p o f 

G). 
S(G) i s the solvabl e radica l o f G  (th e maxima l solvabl e subgrou p o f G) . 
exp G  i s th e exponen t o f G  (th e leas t commo n multipl e o f th e order s o f th e 

elements o f G). 
o(x) i s the orde r o f a n elemen t x  o f G . 
k(G) i s th e numbe r o f conjugac y classe s o f G  ( = G-classes) , th e clas s numbe r 

of G . 
If M  C  G , the n k^(M ) i s the numbe r o f G-classe s containin g element s o f M. 
7r(G)=7r(|G|). 
O-^G) i s th e maxima l norma l 7r-subgrou p o f G , 0(G ) =  02'(G ) (obviously , 

0P(G) e  Syl p(F(G))). 
O^G) i s the subgrou p generate d b y al l ^-element s o f G . 
C(ra) i s the cycli c grou p o f order m. 
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A x  B  i s the direc t produc t o f groups A  an d B. 
A *  B i s a  centra l produc t o f groups A  an d B. 
G° =  {1} ; G m i s the direc t produc t o f m  copie s o f G. 
E(prn) —  C(p)rn i s the elementar y abelia n grou p o f orde r p m . 
A group G  is said t o be homocyclic i f it i s a direct produc t o f isomorphic cycli c 

subgroups (obviously , elementar y abelia n p-groups ar e homocyclic) . 
ES(ra,p) i s a n extraspecia l grou p o f orde r p 1 + 2 m ( a p-grou p G  i s sai d t o b e 

extraspecial i f G'  —  3>(G ) =  Z(G ) i s of order p) . 
A specia l p-grou p i s a  nonabelia n p-grou p G  suc h tha t G'  —  $(G) =  Z(G ) i s 

elementary abelian . 
(A, B)  i s a  Frobeniu s grou p wit h kerne l B  an d Frobeniu s complemen t A  (A 

and B  d o no t determin e (A,  B)  u p t o isomorphism) . 
D(2ra) i s the dihedra l grou p o f orde r 2ra , m  >  2 . 
Q(2m) i s the generalize d quaternio n grou p o f orde r 2 m >  2 3. 
SD(2m) i s the semidihedra l grou p o f order 2 m >  2 4. 
cl G i s the nilpotenc y clas s o f a  p-group G . 
CL G  i s the se t o f al l G-classes . 
A p-group o f maxima l clas s i s a  nonabelia n grou p G  o f orde r p m wit h c l G = 

m —  1 . 
If G  i s a  p-group, the n fi m(G) =  ( x £  G  |  xp = 1 ) . 
m - G = (x 171 \xeG). 
Syl(G) i s the se t o f al l Sylo w subgroup s o f G . 
Sylp(G) i s the se t o f al l Sylo w p-subgroups o f G . 
H i s a  Hal l subgrou p o f G  i f (|ff| , \G  : H\) =  1 . 
if i s a  7r-Hal l subgroup o f G  i f | i / | =  IG^ . 
Sn i s the symmetri c grou p o f degree n. 
An i s the alternatin g grou p o f degree n. 
GL(n, F) i s the se t o f al l nonsingula r n  x  n  matrice s wit h entrie s i n a  field  F , 

the genera l linea r grou p ove r F. 
SL(n, F) =  {A  e  GL(n , F) \  det A  =  1  e F},  th e specia l linea r grou p ove r F. 
PGL(m,F) =  GL(n,F)/Z(GL(n,F)) . 
PSL(n,F) =  SL(n,F)/Z(SL(n,F)) . 
AGL(n, F) i s the natura l extensio n o f Fn b y GL(n , F), th e affln e genera l linea r 

group. 
Sz(2m) i s the simpl e Suzuk i group , m  >  1  being odd . 
For H  <  G,  HQ  =  f] xeGx~1Hx i s calle d th e cor e o f th e subgrou p H  i n G . 

Obviously, # G <  G. 
An elemen t x  G  G i s a  7r-elemen t i f ir(o(x))  C  7r. 
G i s a  7r-group , i f 7r(G ) C  IT.  Obviously , G  i s a  7r-grou p i f an d onl y i f al l it s 

elements ar e 7r-elements . 
0*{G) =  {xeG\n(o(x))(Zn f}. 
07 r^(G) =  O a(0*(G)). 
A grou p G  i s a n extensio n o f N  <  G  b y a  grou p H  i f G/N  =  H.  A  grou p G 

splits ove r N  it  G  =  H  •  N  wit h H  <  G  an d #  n  A T = {1 } (i n tha t case , G  i s a 
semidirect produc t o f H  an d N  wit h kerne l N) . 

A group G  i s p-solvable i f al l indice s o f it s compositio n serie s ar e equa l t o p  o r 
are p;-numbers. A  group G  i s 7r-solvable i f i t i s p-solvable fo r al l p G  ir.  A  grou p G 
is 7r-separable i f al l indice s o f it s compositio n serie s ar e IT-  or ^-numbers . 

If M  C  G , x  e  G , the n M x =  x~lMx =  {x~ xax \  a e  M}. 
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H i s a  Tl-subgrou p o f G  i f H  n  H x =  {1 } fo r al l x  G  G  -  N G ( # ) . M  i s a 
Tl-subset o f G  i f M  n  M x C  {1 } for al l x  G  G - N G(M) 

i7^ =  H —  {en},  wher e e # i s the identit y elemen t o f the grou p H.  I f M  C  G , 
then M # =  M  -  {e G}. 

A permutation < J of a  se t M  i s regular i f a(x)  ^  x  fo r al l x  G  M. A n automor -
phism a  o f G  i s regular ( = fixed-point-free)  i f i t induce s a  regula r permutatio n o n 
G*. 

If x,y  G  G, the n th e expressio n "x  ^  y  in  G " mean s tha t x,y  ar e conjugat e i n 
G. Similarly , " M ~  T V i n G " mean s tha t subset s M , A^ are conjugat e i n G . 

An involutio n i s an elemen t o f order 2  in a  group . 
An elemen t x  G  G  i s rea l i f x  ~  x _ 1 i n G . A n elemen t x  i s rationa l i f al l 

generators o f th e subgrou p (x)  ar e conjugat e i n G . A n involutio n i s a  rea l an d 
rational element . 

A sectio n o f a  grou p G  i s an epimorphi c imag e o f some subgrou p o f G . 
A group G  i s p-closed i f |  Sylp(G)| =  1  (i.e. , O p(G) G  Sylp(G)). 
A grou p G  i s p-nilpotent i f i t ha s a  norma l p-complement , i.e. , a  norma l sub -

group H  o f orde r \G\ P'. 
An S(j9 a, qb, qc)-group i s a  ^-closed  minima l nonnilpoten t grou p G  o f orde r 

p V + c wit h |Z(G) | =p a~lqc (se e Chapte r 11) . 
If F  =  GF(p n), the n w e write GL(ra ,p n ) . . . instea d o f GL(ra , F ) . . . . 
If M  C  G, the n M G o r ((M) ) i s the norma l closur e o f M  i n G . 

Characters an d Representation s 

F[G] i s the se t o f al l function s fro m G  t o C . 
CF[G] i s the se t o f al l centra l (=class ) function s fro m G  t o C . 
Char(G) i s the se t o f al l comple x character s o f G . I t i s convenient t o conside r 

the zer o function 0 G->c a s a n elemen t o f the se t Char(G) . 
Irr(G) i s the se t o f al l irreducibl e character s o f G . 
A characte r o f degre e 1  is said t o b e linear . 
Lin(G) i s the se t o f al l linea r character s o f G  (obviously , Lin(G ) C  Irr(G)) . 
Irri(G) =  Irr(G ) —  Lin(G ) i s th e se t o f al l nonlinea r irreducibl e character s o f 

G. n(G ) =  \Irr\(G)\  i s the numbe r o f nonlinea r irreducibl e character s o f G . 
A clas s functio n 6  i s sai d t o b e a  generalize d characte r o f G , i f 0  —  \i ~  Xi-> 

where Xi>X 2 £  Char(G) . 
Ch(G) i s the se t o f al l generalize d character s o f G . 
If 0,  A G  F[G], xeG,  the n (0A)(x ) =  0{x)\(x). 
FG i s the grou p algebr a o f G  ove r th e field  F. 
x(l) i s the degre e of a character x  o f G; de g T  i s the degre e of a representatio n 

Tof G. 
If x  £  Char(G) , (j)  G  Char(i7), H  <  G , the n XH  ls  th e restrictio n o f x  t o H, 

and (f) G is the induce d characte r (<j) G G  Char(G)). 
I f t f , ^eCF[G] , the n 

(̂ ,̂ ) = |G | - 1 ^^)^R 
xeG 

is the scala r (o r inner ) produc t o f d  an d ijj. 
If H  <  G, (j)  G  Irr(iif), the n I G ( 0 ) =  { x G  G | 0X =  0 } i s the inerti a grou p o f ^ 

in G  (wher e <j) x(h) —  (j)(xhx~ l) fo r h  £  H). 
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If H  <  G  an d <j)  G  CF[iJ], the n 0  i s the functio n i n CF[G ] tha t coincide s wit h 
0 o n H  an d vanishe s o n G  —  H. 

1Q i s the principa l characte r o f G  ( I G ( ^ ) =  1  for all x  G  G). 
PG i s the regula r characte r o f G . 
Irr(x) i s the se t o f al l irreducibl e constituent s o f a  characte r x  ° f G,  Irri(x ) = 

Irr(x) H  Irri(G). (Th e expressio n ip  G  Irr(x ) mean s tha t th e characte r ip  i s a 
constituent o f x O 

X(G) i s th e characte r tabl e o f G , an d Xi(G ) i s it s firs t colum n (consistin g o f 
the degree s o f irreducibl e characters , countin g multiplicities) . 

M(G) i s the Schu r multiplie r o f G . 
If M  i s a  set , th e Kronecke r symbo l < 5 : M x M - + { 0 , l } i s define d a s follows : 

_( 1  i f a  =  6 ; 
a'6 " \ 0 i fa^fe . 

c d G =  { x ( l ) | x £ l r r ( G ) } . 
cdx G  -  {x(l ) |  X G  Ir r i (G)} -  c d G  - {1} . 
b(G) =  max{ n |  n G  cd G}. 
ker T  i s the kerne l o f a  representatio n T . 
ker x  i s the kerne l o f a  characte r x -
Z(x) =  {x  G  G |  |x(^)l =  X(l) } i s the quasikerne l o f x  G  Char(G). 
T(x) =  { x G  G |  x(x) =  0} is the se t o f zeroes o f x  G  Ch(G). 
U(x) =  { ^ £  G  |  |x(x)l =  1 } i s th e se t o f x-unitar y element s o f G  (wher e 

X G Ch(G)) . 
Let T V < G . The n IrrTv(G ) =  {x G Irr(G ) |  TV <  ke r x} . W e ofte n identif y th e 

sets Irryv(G ) an d ITT(G/N).  Next , Irr(G , TV) =  Irr(G ) -  Irr(G/7V) . 
LmN{G) =  Lin(G) n  lrv N(G). 
Irr^(G) =  { x G  Irr(G) \(XN,(/>)  >  0} , where T V <  G , 0  G  Irr(TV) . 
Let i 7 <  G , 0  G  Irr(iJ) , x  £  Irr(G) . The n x  i s a n extensio n o f (j)  to G  i f 

Xtf =  0 -
z/2(x) i s the Frobenius-Schu r indicato r o f x  £  Irr(G ) (se e Chapte r 4) . 
mc(G) =  k(G)/|G | i s the measur e o f commutativit y o f G . 
T(G) =  E x e M G ) X(l) , ao d f(G ) =  T(G)/\G\. 
Let T  b e a  representation , affordin g th e characte r x  o f G . The n th e functio n 

det x  :  G  - • C * i s define d b y (de t x){x)  =  de t T(x),  x  G  G. Obviousl y de t x  G 
Lin(G). 

If x  € CF(G) , the n x  :  G - • C  i s defined b y x(x ) =  x(z) , ^ G . 
If X  C  Irr(G) , the n X # =  X  -  {1 G}. I n particular , Irr #(G) i s th e se t o f al l 

nonprincipal character s o f G . 

Irr1(G,p,) =  {xGlrr 1 (G) |ptx( l ) } -
Ti(G,p') =  E x e i r r i ( G ,p ' )X(l ) -
If P  € S y l p ( G ) , t h e n T ^ P , * / ) =  E x 6 , r r i ( G , p 0 P ^ / k e r x  X ( l ) -

Kern G  =  {ke r x  I  X e Irri(G)} . 
v(x) =  | { X ( x ) | x e G } | . 
A characte r x  o f G  i s monolithi c i f x  G  Irr(G) an d G/ke r x  i s a  monolith . 

Irrm(G) i s the se t o f al l monolithi c character s o f G, Irri 5rn(G) =  Irr m(G) fllrri(G) . 
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