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Preface t o th e Englis h Translatio n 

We are very pleased tha t ou r graduat e textboo k ha s bee n chosen b y the Amer -
ican Mathematica l Societ y fo r translatio n int o English . I n thi s Englis h edition , 
some obvious typographi c error s i n th e Chines e editio n ar e corrected ; som e name s 
are modified accordin g to the curren t convention . W e also adopted th e translator' s 
suggestion an d adde d ver y brie f bibliographic notes for eac h chapter , togethe r wit h 
updated references . 

We would like to express our wholehearted gratitud e to Professors Alic e Chang, 
Tsit-Yuen La m an d othe r AM S personne l fo r thei r vas t amoun t o f wor k o n thi s 
translation project . W e would als o like to thank th e translator , Dr . Be i Hu, fo r hi s 
valuable suggestions ; h e type d th e WF^i.  manuscrip t fo r thi s Englis h edition . 

Owing to the authors ' limited knowledge , errors and inappropriateness ar e har d 
to avoid ; we welcome corrections fro m readers . 

Ya-Zhe Chen , Lan-Chen g W u 
July 9 , 199 7 
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Preface 

The theor y o f secon d orde r ellipti c equation s an d system s i s fundamenta l fo r 
studying partia l differentia l equations , an d therefor e i t wa s liste d a s a  basic cours e 
for graduat e student s a t th e Institut e o f Mathematics a t Nanka i Universit y durin g 
the Partia l Differentia l Equation s Yea r i n 1985 . Th e author s wer e invite d t o giv e 
lectures t o graduat e student s fo r thi s course . A t tha t time , the Institut e a t Nanka i 
also invited many well-known experts from aroun d the world to give lectures, which 
provided th e cours e wit h th e mos t recen t result s i n th e area . Thi s boo k i s base d 
on the authors ' lectur e notes , but w e have absorbed als o the mos t recen t material s 
from th e lecture s o f the othe r invite d experts . 

There ar e man y excellen t book s o n secon d orde r ellipti c partia l differentia l 
equations an d systems , suc h a s [GT] , [LU ] and [GQl] , listed i n the bibliograph y o f 
this book . Thes e book s giv e a  thoroug h introductio n i n thi s area . However , som e 
of these books are too big to be suitable a s textbooks fo r beginners . Th e purpose of 
this boo k i s to provid e a  textbook fo r graduat e students . Thi s boo k include s bot h 
basic material s an d th e mos t recen t result s an d methods , s o a s t o brin g graduat e 
students t o th e frontie r o f thi s area . 

There ar e tw o part s o f th e book . Fo r th e Dirichle t proble m fo r secon d orde r 
elliptic partia l differentia l equations , variou s kind s o f a  prior i estimat e method s 
are rathe r completel y introduce d i n th e firs t part . Th e Krylov-Safono v estimat e 
and full y nonlinea r ellipti c equations , whic h appeare d i n th e 80's , ar e introduce d 
in detail , bu t concisely . In th e secon d part , the existenc e an d regularit y theories of 
linear and nonlinear second order elliptic partial differential system s are introduced . 
Basic facts abou t Sobole v spaces are given in Appendix 1 . I n order to emphasize th e 
main theme , th e proof s o f som e theorems , suc h a s th e Stampacchi a interpolatio n 
theorem an d th e revers e Holde r inequality , ar e include d i n th e Appendix . 

Owing to th e authors ' limite d knowledge , errors ar e hard t o avoid ; we welcome 
suggestions fro m readers . 

Under th e leadershi p o f Professo r Li-Shan g Jian g (Hr^ L inj), th e partia l dif -
ferential equatio n semina r a t Pekin g Universit y playe d a n importan t rol e i n thi s 
book. W e would like to express our dee p gratitude t o Professor Li-Shan g Jian g an d 
the semina r participant s fo r thei r contributions . W e would als o lik e to expres s ou r 
wholehearted gratitud e t o Professo r Guang-Li e Wan g (ZE^/fvl ) fro m Jili n Univer -
sity, wh o rea d th e draf t o f thi s boo k an d mad e valuabl e suggestions . 

Ya-Zhe Chen , Lan-Chen g W u 
May 20 , 199 0 

xii i 
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Bibliographic Note s 

Part I 

Detailed bibliographi c note s fo r th e theor y o f secon d orde r ellipti c equation s 
can be found i n [GT] . Here we give brief comment s o n the material s tha t w e choose 
to presen t i n ou r textbook . 

Chapter 1 . L 2 Theor y 

Since th e wor k o f K . O . Friedrich s [FR] , there hav e bee n majo r development s 
in th e theor y o f variationa l method s fo r ellipti c equations . Th e Fredhol m alterna -
tive theor y fo r equation s o f divergenc e for m i s due primaril y t o Ladyzenskaj a an d 
Ural'ceva [LU ] an d G . Stampacchi a [STl] . Her e w e us e thei r assumption s o n th e 
coefficients an d thei r proofs . Th e maximu m principl e fo r wea k solution s i s due t o 
M. Chicc o [CH ] an d N . S . Trudinge r [TR1] ; the proo f give n her e i s a  combinatio n 
of thei r methods . W e hav e als o benefite d fro m th e lectur e note s o f L . C . Evan s 
[EV1]. 

Chapter 2 . Schaude r Theor y 

The Schauder theory for the Dirichlet problem of second order elliptic equations 
was establishe d a s earl y a s th e 1930 s b y J . Schaude r [SCI] , [SC2] . Aroun d th e 
same time, E . Hop f [HO ] and R . Caccioppol i [CA ] established som e similar results . 
The metho d her e i s du e t o N . S . Trudinge r [TR4] , wh o lecture d i n 198 5 a t th e 
Institute o f Mathematics a t Nanka i University , Tianjin , China . H e established th e 
equivalent Holder norm of a solution using its mollified function ; hi s proof avoids the 
tedious computation s o f potentials . I n fact , thi s equivalen t nor m ca n b e simplifie d 
further; anothe r equivalen t Holde r nor m was introduced i n [CY2 ] without usin g th e 
derivatives with respec t t o th e paramete r o f the mollifie d function . 

Chapter 3 . L p Theor y 

Based o n th e Calderon-Zygmun d decompositio n lemm a [CZ ] an d th e singula r 
integral operato r theory , th e L p theor y fo r th e Dirichle t proble m o f secon d orde r 
elliptic equation s wa s first  establishe d b y D . Grec o [GR ] an d A . I . Kosele v [KO] . 
The result s wer e generalized late r t o higher orde r ellipti c equations a s well as mor e 
general boundar y condition s b y S . Agmon , A . Dough s an d L . Nirenber g [ADN] . 
Here, we use the specia l technique i n [GT ] on potential operators , which avoid s th e 
Fourier transform . 

233 
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Chapter 4 . D e Giorgi-Nash-Mose r Estimate s 

The Holde r estimate s fo r solution s o f ellipti c equation s wit h bounde d measur -
able coefficient s ar e fundamenta l i n studyin g quasilinea r ellipti c equations . Fo r di -
vergence equations , suc h estimate s wer e obtaine d b y E . D e Giorg i [DG1] . J . Nas h 
independently obtaine d simila r estimate s fo r ellipti c an d paraboli c equations . A 
new proo f wa s give n b y Mose r [MJ1] , [MJ2] , wh o als o establishe d Harnack' s in -
equality fo r nonnegativ e solutions . W e us e Moser' s proof . Fo r th e proo f o f th e 
weak Harnac k inequality , w e have als o consulte d lectur e note s o f R . Schoen . 

Chapter 5 . Quasilinea r Equation s o f Divergenc e For m 

After th e establishmen t o f th e D e Giorgi-Nash-Mose r estimates , ther e wer e 
rapid development s fo r th e theory o f quasilinear equation s i n divergence form . Th e 
major work s are : Ladyzenskaj a an d Ural'cev a [LU] , Serrin [SE] , Trudinger [TR1] , 
etc. Ladyzenskaj a an d Ural'cev a als o reduce d genera l quasilinea r equation s t o di -
vergence for m s o tha t th e D e Giorgi-Nash-Mose r estimate s ar e applicable . Thi s 
chapter i s base d o n [GT] . Fo r gradien t estimate s o f th e solutions , w e emplo y a 
technique fro m [CY1] , which simplifie s th e proo f i n [GT] . 

Chapter 6 . Krylov-Safono v Estimate s 

The maximu m principl e fo r stron g solution s was obtained b y A.D . Alexandrof f 
[AL1], [AL2] , I. Ya. Bakelman [BA] , and C . Pucci [PU ] in different forms . Applyin g 
this maximu m principl e an d ZAestimates , th e existenc e o f a  I /F2,p-strong solutio n 
can be established . Base d o n Pucci' s pape r an d [GT] , we give a  clear , rigorou s an d 
detailed proo f fo r th e maximu m principle . 

The Ladyzenskaja-Ural'cev a technique s fo r solvin g genera l quasilinea r ellipti c 
equations canno t b e generalized t o full y nonlinea r ellipti c equations, a s these equa -
tions canno t b e reduce d t o equation s o f divergenc e form . T o stud y full y nonlin -
ear ellipti c equations , th e estimate s o f D e Giorgi-Nash-Moser' s typ e fo r equation s 
in nondivergenc e for m ar e indispensable . Based o n Alexandroff-Bakelman-Pucci' s 
maximum principl e an d technique s simila r t o th e C  alder on-Zygmund decomposi -
tion, N . V . Krylo v an d M . V . Safono v [KS ] establishe d Harnack' s inequalit y fo r 
nonnegative solution s o f uniforml y ellipti c equation s i n nondivergenc e for m wit h 
bounded measurabl e coefficient s (i n fact , the y gav e a  proo f fo r mor e complicate d 
parabolic equations) . Usin g thei r ideas , Trudinger[TR2] gav e a  differen t proof ; th e 
proof her e i s his ([GT]) . 

Chapter 7 . Full y Nonlinea r Ellipti c Equation s 

Since this is a textbook, w e discuss only fully nonlinea r uniforml y ellipti c equa-
tions under th e natural structur e condition s an d the concavity condition . A  typica l 
example i s th e Bellma n equatio n fro m contro l theory . Th e Monge-Amper e equa -
tion, whic h i s a  full y nonlinea r nonuniforml y ellipti c equation , i s no t discusse d i n 
this book . Fo r th e Bellma n equation , partia l differentia l equatio n technique s wer e 
first use d b y H . Brezi s an d L . C . Evan s [BE] , L. C . Evan s an d A . Friedma n [EF] , 
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P. L . Lion s [LP] , an d L . C . Evan s an d P . L . Lion s [EL] . I n th e las t tw o papers , 
C1 '1-strong solution s wer e established. Afterwards , L . C . Evans established th e in -
terior Holder estimates for second order derivatives of the solution and obtained th e 
classical solution . Thes e result s were generalized b y N . S . Trudinger [TR3 ] to full y 
nonlinear uniforml y ellipti c equation s unde r th e natura l structur e conditions . I n 
his lecture s a t Nanka i Universit y i n 1985 , Trudinger [TR4 ] use s the mollifie d func -
tion an d freezin g coefficient s technique s t o deriv e th e Schaude r estimate ; fo r th e 
Bellman equation , a n a  prior i estimat e fo r th e lowe r orde r derivative s i s no longe r 
necessary. Thi s chapte r i s primaril y base d o n Trudinge r [TR3] . Fo r th e gradien t 
estimate, ou r techniqu e simplifie s th e Bernstei n method . Th e Holde r estimat e fo r 
the gradien t nea r th e boundar y wa s first  obtaine d b y N . V . Krylov ; th e simplifie d 
proof give n here i s due t o L . A. CafFarelli . Th e result s fo r th e estimat e o f Schaude r 
type fo r full y nonlinea r ellipti c equation s ar e chose n fro m [TR4] . 

Part I I 

Detailed bibliographi c note s fo r th e theor y o f second orde r ellipti c systems ca n 
be found i n [GQ1] . Her e we give a brief commentary o n the material s that w e chose 
for ou r textbook . 

Chapter 8 . L 2 Theor y fo r Linea r Ellipti c System s 
of Divergenc e For m 

The Hilber t spac e metho d fo r linea r ellipti c system s date s bac k t o 190 0 
(D. Hilber t [HI] ) an d 190 7 (H . Lebesgu e [LE]) . A  brie f introductio n t o th e de -
velopments thereafte r ca n b e foun d i n th e bibliographica l note s fo r Chapte r 1 . I n 
this chapter , w e stud y th e existenc e an d differentiabilit y o f wea k solution s o f lin -
ear divergenc e ellipti c systems ; onl y thos e system s withou t lowe r orde r term s ar e 
studied. 

Chapter 9 . Schaude r Theor y fo r Linea r Ellipti c System s 
of Divergenc e For m 

In th e 1930s , th e Schaude r theor y wa s establishe d usin g delicat e estimate s o f 
the C 2,OL nor m o f th e potentia l integrals . I n Chapte r 2 , we introduced th e metho d 
from [TR4 ] t o establis h a n equivalen t C a nor m usin g th e mollifie d function , whic h 
is the n use d i n establishin g th e Schaude r theor y withou t tediou s computation s o f 
the potentia l integrals . I n thi s chapter , w e use the method s develope d i n th e 1950 s 
and 1960 s by C. B. Morrey [MR3 ] and S . Campanato [CP ] to establish the Schaude r 
theory fo r ellipti c system s i n divergenc e form . The y introduce d a n equivalen t C a 

norm b y integra l representations , whic h i s ver y convenien t i n studyin g regularit y 
of wea k solutions ; thi s gives  anothe r metho d fo r establishin g th e Schaude r theor y 
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without tediou s computation s o f th e potentia l integrals . M . Giaquint a systemati -
cally introduced thi s method i n his books [GQ1] , [GQ2]. W e introduce thi s metho d 
in a  wa y simila r t o tha t i n [GQl] . 

Chapter 10 . L p Theor y fo r Linea r Ellipti c System s 
of Divergenc e For m 

The L p theor y ca n b e establishe d b y usin g th e Calderon-Zygmun d decomposi -
tion lemm a an d singula r integra l operato r theory . I n thi s chapter , however , w e us e 
the metho d give n b y S . Campanat o an d G . Stampacchi a [CS ] to establis h th e L p 

theory; thi s metho d use s the Stampacchi a interpolatio n theore m [ST2 ] rather tha n 
potential theory . W e introduce thi s metho d i n a  way simila r t o tha t i n [GQ2] . 

Chapter 11 . Existenc e o f Wea k Solution s o f Nonlinea r 
Elliptic System s 

In thi s chapter , w e introduce th e variationa l method , whic h ha s a  lon g history . 
Using thi s method , B . Rieman n obtaine d man y interestin g result s o n geometri c 
function theor y i n th e nineteent h century . However , h e assume d th e Dirichle t 
principle t o b e valid ; i.e. , ther e exist s a  uniqu e u  E  K suc h tha t 

D[u] = minD[v], 

where D[v]  =  f n\Dv\2dx, K  =  {v  G  C^fi ) H  C°(Ti), v\ dn =  <p} , <p  i s a  give n 
function, an d u  i s harmonic i n ft.  Wit h th e developmen t o f rigorous analysis , Rie -
mann's wor k wa s criticized . K . Weierstras s pointe d ou t tha t D[v]  bein g bounde d 
below doe s no t impl y th e existenc e o f a  minimu m point ; furthermore , a  minimu m 
point, i f i t exists , nee d no t b e harmonic . Probabl y thi s criticis m i s wh y th e vari -
ational metho d wa s no t take n seriousl y unti l th e 1900s , whe n D . Hilber t [HI ] an d 
H. Lebesgu e [LE ] rigorousl y establishe d th e Dirichle t principl e fo r som e specia l 
cases; th e mor e genera l cas e wa s late r obtaine d b y L . Tonelli . Aroun d 1940 , th e 
Sobolev space s wer e employed b y C . B . Morrey [MR1] , and th e existenc e o f a  min -
imum poin t wa s established fo r a  larg e clas s o f integral functionals . Nowadays , th e 
variational metho d ha s becom e a n effectiv e metho d fo r studyin g th e existenc e o f 
weak solution s fo r ellipti c equation s an d systems . W e adopte d th e treatmen t i n 
[GQ2], assumin g tha t f(x,u,p)  i s conve x i n p.  Thi s convexit y conditio n i s neces -
sary whe n N  =  1  and shoul d b e replace d b y th e quasi-convexit y conditio n whe n 
TV >  1 . Fo r furthe r discussion , w e refer reader s to [MR2] , [MR4] , [GQl] , [GQ2 ] an d 
the reference s therein . 

Chapter 12 . Regularit y fo r Wea k Solution s o f Nonlinea r 
Elliptic System s 

In 1968 , De Giorgi [DG2 ] gave an example illustrating that th e De Giorgi-Nash -
Moser theorem i s in fact no t vali d for linea r elliptic systems, therefore th e regularit y 
of a  weak solutio n o f a  nonlinear, elliptic syste m canno t b e established i n the sam e 
way a s i n th e singl e equatio n case . Bu t th e questio n whethe r a  wea k solutio n 
of a  nonlinea r ellipti c syste m ca n b e regula r wa s stil l open . Late r on , E . Giust i 
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and M . Miranda [GDI ] an d othe r mathematician s gav e many example s (cf . [GQ1] ) 
showing that, i n general, a weak solution of a nonlinear elliptic system does not hav e 
regularity everywhere . Afte r that , Morre y [MR5] , Giust i an d M . Mirand a [GD2] , 
Giusti [GI] , and Pep e [PE ] showe d tha t wea k solution s o f som e nonlinea r ellipti c 
systems hav e partia l regularit y (i.e. , regularit y i n som e ope n subse t fio C  ^ , an d 
meas(f2\^o) =0) ; they used the indirect method . For more general nonlinear ellipti c 
systems, partia l regularit y o f weak solution s wa s establishe d b y M . Giaquint a an d 
E. Giust i [GG] , and b y M . Giaquinta an d G.Modic a [GMl] , [GM2]; they use d th e 
direct metho d base d o n the reverse Holder inequality . Here , our main purpos e i s to 
introduce th e methods , an d w e do no t pursu e th e mos t genera l results . Therefore , 
we study onl y tw o specia l classe s o f quasilinea r ellipti c systems . W e introduc e th e 
indirect an d direc t method s i n a  wa y simila r t o tha t i n [GQ1] . Fo r mor e genera l 
results, w e refe r reader s t o [GQl ] an d th e reference s therein , an d [AF2] , [EV2] , 
[EG], [FU] , [FH] , [GM3] , [HM] , etc. 

For nonlinea r ellipti c system s o f som e specia l structures , suc h a s nonlinea r 
elliptic systems of diagonal form, a  weak solution has regularity everywhere . W e do 
not presen t suc h result s in this book , bu t refe r intereste d reader s to [HW1] , [HW2], 
[WI1], [WI2] , [HB] , [GH], etc. 
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