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Preface 

This book , intende d fo r specialists, 1 discusse s fundamenta l idea s o f linea r al -
gebra fro m th e poin t o f vie w th e autho r ha d forme d durin g mor e tha t 3 0 years o f 
working wit h computationa l algorithms . Actually , onl y on e chapte r (Chapte r 14 ) 
is devoted t o algorithm s pe r s e (ther e ar e severa l additiona l example s i n Chapter s 
2 and 3  where th e theor y o f orthogona l an d unitar y transformation s i s discussed) . 
However, eve n i n Chapte r 1 4 we conside r no t specifi c algorithm s bu t rathe r basi c 
principles o f constructin g suc h algorithms . 

My goa l i n thi s boo k wa s no t t o giv e a  detaile d surve y bu t t o concentrat e o n 
some method s use d b y ou r researc h group . Th e mai n concept s presente d i n th e 
book wa s elaborated i n the analysi s o f algorithm s describe d i n Chapte r 14 . 

There i s a  significan t differenc e betwee n th e qualitativ e behavio r o f spectra l 
problems fo r self-adjoin t an d fo r nonselfadjoin t matri x operators . I n particular , 
the spectr a o f two close operators ar e close i f the operator s ar e Hermitian , wherea s 
this i s fa r fro m bein g tru e i f th e operator s ar e no t Hermitian . Thi s lead s t o som e 
well-known paradoxes . Fo r example , th e computatio n o f eigenvalue s o f a n integer -
valued matrix an d of the transposed matrix , performed o n the same computer usin g 
the sam e standar d softwar e ca n lea d t o differen t result s (se e §1.3) . T o understan d 
the natur e o f suc h paradoxes , i t i s necessar y t o stud y th e so-calle d ^-spectrum , 
i.e., th e se t o f al l eigenvalue s o f al l matrice s tha t ar e e-clos e t o th e matri x unde r 
consideration. 

It i s clea r tha t th e ^-spectru m consist s no t o f discret e point s bu t o f spot s 
containing th e exac t eigenvalues . I t turn s ou t tha t th e diameter s o f thes e spot s 
are no t necessaril y smal l eve n fo r a  ver y smal l e.  Thi s lea d u s (se e [13 , 16 , 28] ) 
and simultaneousl y Trefethe n [32 ] t o th e introductio n o f spectra l portraits , i.e. , 
the graphi c representatio n o f e-spectr a (pseudospectr a i n th e terminolog y use d b y 
Trefethen). Differen t domain s o f th e comple x plan e ar e colore d b y differen t color s 
depending on the value e for which points of these domains belong to the ^-spectru m 
of th e matri x A.  Th e boundarie s o f domain s ar e leve l line s fo r th e nor m o f th e 
resolvent ||(A 7 — T4)_ 1 | | . Thus , studyin g th e spectra l portrai t o f a  matrix A,  w e pay 
attention no t onl y to the eigenvalue s (pole s of the resolvent ) themselves , bu t t o th e 
behavior o f the resolven t i n a  neighborhoo d o f the poles . 

The stud y o f the resolven t i s a  usua l too l i n th e stud y o f operator s i n infinite -
dimensional function spaces , e.g., in Hilbert spaces . However , many results obtaine d 
in th e infinite-dimensiona l cas e ar e no t represente d i n textbooks o n linea r algebra . 
In particular , w e mention th e estimat e fo r th e resolven t i n terms o f singular value s 
of operators . A s earl y a s 1950s , Keldys h [20 , 21 ] suggeste d t o us e som e result s 
in th e theor y o f entir e function s i n th e stud y o f th e locatio n o f spectra l spot s fo r 

1We recommen d tha t th e reade r wh o i s no t familia r wit h th e theor y o f nonsel f adjoint oper -
ators star t readin g consecutivel y startin g wit h Chapte r 1 . 

xi 
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matrix operator s (othe r terminolog y wa s used a t tha t time) . Thi s ide a forme d a 
basis fo r the study (se e Chapters 1 2 and 13) of finite-dimensional  model s o f elliptic 
differential operators . Suc h model s ar e obtained b y a  widel y use d metho d know n 
as th e finite  elemen t method . I n Chapter s 1 2 and 1 3 we prove th e completenes s 
of eigenvector s an d adjoined vectors . Th e proof i s a simplified versio n o f the proof 
suggested b y Lidskii [25] . We note tha t Lidskii' s wor k wa s significantly influence d 
by th e discussions wit h Keldys h [21]. 

If we restrict ourselve s (a s in Chapte r 13 ) to the study o f spots correspondin g 
only t o the extrema l (wit h th e smalles t module ) point s o f the spectrum, the n th e 
conditions o n the operator ca n be weakened an d the proof ca n be simplified . 

In the proof we use an estimate fo r the resolvent give n in §8.6. Th e justification 
of thi s estimat e follow s th e monograp h b y Gohber g an d Krei n [19] , wher e th e 
versions o f the estimate obtaine d b y Lidskii an d Matsaev wer e improved . 

Spectral portraits ar e particularly usefu l i n theoretical studies , whereas the real 
construction o f spectra l portrait s require s hug e computationa l resource s eve n fo r 
matrices o f moderate size . I t seem s tha t a  much mor e practica l approac h consist s 
in using criteria for the absence of eigenvalues in certain part s of the complex plane . 
The study of such criteria occupies the central place in this book. I n Chapters 8-10, 
14 an d §13. 6 we study efficien t divisio n o f the spectru m int o disjoin t parts . Th e 
division i s realized b y certain curve s i n such a  way that th e norm o f the resolven t 
in eac h curv e i s not large . I n fact , th e search o f an appropriate formulatio n o f this 
problem wa s the mai n goa l o f ou r research . W e tried t o find  a  formulatio n tha t 
would b e convenien t i n application s an d simultaneousl y woul d admi t a  solutio n 
with guarantee d accurac y of the result. Thes e investigations , starte d b y the autho r 
as well as Sarybekov [31 ] and Bulgakov [4] , wer e used in applications t o differentia l 
equations. A n analogy wit h th e known idea s of Hermite an d Lyapunov wer e usefu l 
in ou r research . Eigenvalue s o f a  matri x A  ar e ofte n use d i n th e stud y o f th e 
asymptotic behavio r o f solution s t o differentia l equation s o f the for m x  =  Ax  a s 
t — > oo . I n particular , thi s i s a  subjec t o f the stabilit y theor y whic h develop s th e 
Lyapunov approach . 

As is known, fo r stability i t i s necessary tha t th e spectrum lie s in the left half -
plane o f the comple x plane . However , thi s conditio n i s no t sufficien t i f w e wan t 
to hav e a  practica l estimat e fo r the rate o f decrease o f solutions. Furthermore , we 
must guarante e tha t th e stabilit y i s preserved whe n coefficient s var y i n the limit s 
determined b y th e give n accurac y o f computation s o r measurements . I t i s als o 
necessary t o require tha t th e norm o f the resolvent ||(A J — A)_ 1 | | woul d b e not too 
large o n th e imaginar y axis . Thi s conditio n i s equivalen t t o th e existenc e o f the 
quadratic Lyapuno v functio n (Hx,x).  Th e Lyapunov functio n i s admissible i f it is 
constant o n the ellipsoid for which the ratio of the largest an d the smallest semiaxe s 
is small . 

The matri x H  correspondin g t o th e quadrati c for m i n th e definitio n o f th e 
Lyapunov function ca n be represented a s an integral along the imaginary axi s A =  it 
of the product (—itI  — A*)~1(itl —  A)"1. I t i s also represented a s a solution t o the 
classical matri x Lyapuno v equatio n HA  +  A*H  +  /  =  0 . Th e solution admit s th e 
integral representatio n 

oo 

fetA"etAdt, 
o 
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where the integrand i s the produc t o f the matri x exponentia l e  an d th e conjugat e 
matrix e tA .  I t i s very importan t tha t fo r t  >  0  the nor m o f the matri x exponentia l 
satisfies th e estimat e 

| |eM| | <y/^A)e-^ A\\l<A\ 

where K(A) =  \\H\\-2\\A\\.  Wit h this estimate in mind, Bulgako v [4 ] suggested usin g 
K(A) a s a  dimensionles s paramete r (th e dichotom y quality ) tha t characterize s ho w 
"deeply" th e spectru m o f the matri x A  i s located i n th e lef t half-plane . 

Similar construction s ca n be used t o study an d describ e the asymptoti c behav -
ior o f th e matri x power s A n a s n  — > oo.  Som e generalization s wer e als o studied , 
e.g., t o th e case s wher e th e spectru m i s divide d int o part s lyin g i n th e righ t an d 
left half-planes , o r insid e an d outsid e a  disk , o r eve n insid e an d outsid e a  domai n 
bounded b y a  certai n curv e dividin g th e plan e int o tw o parts . Suc h problem s ar e 
known as spectrum dichotom y problems . Th e use of quadratic form s i n solving sim-
ilar question s wa s suggested b y Jacob i an d Hermit e bac k i n the middl e o f the 19t h 
century. Thi s ide a wa s describe d an d develope d i n the smal l (4 5 page) monograp h 
by M . G . Krei n an d M . A . Naimark , "Th e metho d o f symmetri c an d Hermitia n 
forms fo r separatin g root s o f algebrai c equations" . Thi s boo k wa s publishe d i n 
Khar'kov i n 193 6 and i s practically inaccessibl e a t present . 

We not e tha t th e quadrati c Lyapuno v functio n (Hx,x)  ca n b e regarde d a s a 
version o f th e Jacobi-Hermit e for m tha t i s specificall y adapte d fo r formulatio n o f 
the fac t tha t th e spectru m o f a  matri x A  lie s i n on e (left ) half-plane . 

For the numerica l analysi s o f the spectru m dichotom y b y the imaginary axis , i t 
was suggeste d i n [12 ] t o us e quadrati c form s wit h matrice s admittin g th e integra l 
representation 

H= J  G*{t)G(t)dt, 
— oo 

where G(t)  i s th e Gree n functio n fo r th e boundary-valu e proble m x  —  Ax  =  f(x) 
on th e rea l line . 

It shoul d b e pointe d ou t tha t t o stud y th e dichotom y o f th e spectru m b y th e 
imaginary axis , Daletski i an d Krei n suggeste d ([6] , §7 , Chapte r 1 , §7 ) usin g a n 
indefinite quadrati c for m wit h th e matri x W  admittin g th e integra l representatio n 

0 oo 

W =  -  f  G*(t)G(t)dt+  fG*(t)G(t)dt, 

- o o 0 

which i s simila r t o th e integra l for m o f H.  I  believ e tha t th e choic e o f a  positiv e 
definite matri x H  i s mor e convenien t i n thi s case . However , indefinit e form s pla y 
an importan t rol e in the study o f the orthogonal-power algorith m (se e Chapter 14) . 

Bulgakov [5 ] showe d tha t if , togethe r wit h a  matri x H  generalizin g th e Lya -
punov matrix , w e consider th e (commutatin g wit h A)  projection s P  an d I  — P ont o 
the invariant subspace s of A correspondin g the points of the spectra lying in disjoin t 
domains o f the comple x plane , the n H  an d P  satisf y a  syste m o f matrix equation s 
that generalize s th e classica l Lyapuno v equatio n an d ha s simila r properties . Thi s 
allows u s t o develo p algorithm s fo r solvin g dichotom y problem s wit h subsequen t 
verification o f accuracy . 

It i s interestin g t o not e tha t th e argument s o f Bulgako v i n th e stud y o f th e 
matrices H  an d P  wer e clos e t o th e analysi s give n i n [6] . 



xiv PREFAC E 

Actually, the suggestion developed i n our group consists in using the dichotom y 
criteria rathe r tha n eigenvalue s themselve s i n question s involvin g numerica l solu -
tions o f spectral problems . Thi s allow s us to trea t spectra l problem s fo r nonselfad -
joint operator s a s problem s admittin g a  solutio n wit h guarantee d accuracy . Th e 
dichotomy criteri a an d th e corresponding matri x equation s ar e considered i n Chap -
ters 9  and 10 . 

Introductory Chapter s 1- 4 presen t standar d fact s require d i n furthe r consid -
erations. Thes e fact s ar e illustrate d b y man y importan t an d no t to o trivia l exam -
ples (se e e.g. , §1.3) . Specia l orthogona l an d unitar y transformation s ar e described . 
These transformation s ar e used i n the know n computationa l algorithm s (se e §§2.1 -
2.3 and §§3.1-3.3) . I n th e subsequen t chapter s w e refer t o th e techniqu e describe d 
in thes e introductor y chapters . Th e detaile d descriptio n o f algorithm s o f orthogo -
nal transformation s an d th e us e o f these algorithm s fo r solvin g symmetri c spectra l 
problem ar e give n i n [15] . I n thi s boo k w e concentrat e mainl y o n nonselfadjoin t 
problems. Self-adjoin t problem s (fo r example , variationa l principle s i n Chapte r 7 ) 
are mentione d onl y whe n w e want t o mak e th e expositio n self-contained . 

It shoul d b e noted tha t th e introductory chapter s o f the monograph o f Gohberg 
and Krei n [19 ] significantl y influence d th e choic e o f th e material . Thes e chapter s 
in [19 ] were often use d i n the specia l courses presented b y the author . Once , a  par t 
in suc h a  cours e wa s taugh t b y A . N . Malyshev . I n particular , h e gav e a  lectur e 
with a  proof o f the Hor n theore m whic h i s the convers e o f the Wey l theorem abou t 
the locatio n o f eigenvalues an d singula r values . Hi s note s wer e use d t o pla n topic s 
of Chapter s 5  and 6. 2 

The basic idea of the spectra l theory i s to use unitarily invarian t characteristic s 
of operators. A s is known, such characteristics ca n be expressed i n terms of singular 
values. Thus , i n [25] , where th e infinite-dimensiona l cas e i s considered , th e autho r 
used Keldysh' s assumptio n tha t th e su m o f certai n power s o f singula r value s con -
verges. T o formulate an d prove the theorem abou t th e annular spectru m dichotom y 
(see §13.5) , th e notio n o f th e spectra l conditio n number s i s introduce d (se e §7.8) . 
These number s giv e the quantitativ e criteri a fo r a n operato r t o belon g to a  certai n 
Keldysh class . Chapte r 1 2 deal s wit h estimate s fo r th e spectra l conditionalit y o f 
operators use d i n the application s o f finite elemen t method s t o th e approximation s 
of second orde r ellipti c differentia l operators . 

It i s importan t t o emphasiz e tha t w e d o no t us e th e norma l canonica l Jorda n 
form anywhere . W e ca n avoi d thi s becaus e th e whol e spac e i s decompose d int o 
invariant subspace s correspondin g t o eigenvalue s lyin g i n disjoin t spectra l spots ; 
moreover, i n ou r approac h th e stud y o f th e detaile d structur e o f th e operato r o n 
the subspac e correspondin g t o on e o f these spot s ca n b e avoided . 

In Chapte r 14 , computationa l algorithm s ar e discussed . Th e chapte r begin s 
with th e quickl y convergen t Davison-Ma n metho d o f solvin g th e Lyapuno v equa -
tion. Thre e section s ar e devote d t o th e orthogona l exhaustio n metho d du e t o 
Malyshev [26]-[28 ] an d t o application s t o spectru m dichotom y problems . Usin g 

2The representatio n o f th e geometr y o f Hausdorf f set s i n Chapte r 1 1 wa s prepare d b y th e 
author togethe r wit h Gordienk o an d wa s based o n the articl e S . K. Goduno v an d V . M . Gordienko , 
The Hausdorff  sets  of  matrices  and  estimates  for  the  angle  between  invariant  subspaces,  Sibirsk . 
Mat. Zh. , 2 6 (1995) , no . 3 , 531-533 . 
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Malyshev's algorithm , w e ca n solv e som e matri x equation s generalizin g th e Lya -
punov equation . Suc h equation s ar e considere d i n Chapte r 10 . Malyshev' s algo -
rithm ca n b e regarded a s a  modification o f the matri x sign-functio n algorith m tha t 
was introduce d b y Robert s [30 ] (se e als o Abramo v [1] ) an d ha s bee n widel y use d 
in recen t years . However , th e Malyshe v modificatio n ha s th e advantag e tha t i t 
does not requir e the computatio n o f the invers e matrix a t eac h step of the iteratio n 
process. 

The las t thre e section s o f Chapte r 1 4 presen t th e orthogonal-powe r metho d 
and it s modification , th e Qi^-algorithm . W e appl y thi s metho d t o find a  sequenc e 
of invarian t subspace s wit h spectr a separate d b y circle s |A | =  cons t o n whic h th e 
norm o f th e resolven t i s no t to o large . Suc h circle s realiz e th e circl e dichotom y 
of th e spectrum . Th e expositio n i s base d o n th e articl e [18] , wher e th e stabilit y 
of th e proces s wit h respec t t o computatio n error s i s prove d usin g th e idea s o f th e 
orthogonal swee p metho d o f solvin g boundary-valu e problems . Th e appearanc e o f 
a boundary-valu e proble m i n theor y o f iteration procedure s i s quite unexpected . 

The orthogona l swee p metho d wa s develope d i n 195 7 (an d first  publishe d i n 
1961). Originall y i t wa s use d i n computin g th e critica l parameter s o f nuclear reac -
tors [2 , 10] . 

We hav e alread y mentione d th e boo k [15] , whic h i s devote d t o th e questio n 
of guarantee d accurac y fo r linea r algebr a problems . I n [15 ] w e focuse d o n th e 
algorithms fo r solvin g linea r system s tha t ar e no t to o larg e an d o n th e spectra l 
problems fo r symmetri c matrices . Th e stud y o f thes e question s doe s no t requir e 
significant change s i n th e poin t o f vie w an d modification s i n th e formulation s o f 
the problems . I n fact , th e onl y ne w aspec t o f [15 ] i s the detaile d expositio n o f th e 
algorithm o f two-sided Stur m sequences . Thi s algorithm , suggeste d i n [17] , is used 
in the precisio n computatio n o f eigenvectors o f symmetric three-diagona l matrices . 

Both this book and [15 ] complete the detailed exposition o f ideas that appeare d 
as a  resul t o f investigations o f the semina r organize d b y the autho r i n Novosibirsk . 
The mai n result s o f these work s were included i n the tal k [11 ] a t th e 198 6 Interna -
tional Congres s o f Mathematicians i n Berkeley . 

At presen t i t i s no t clea r ho w t o formulat e computationa l problem s fo r larg e 
sparse matrices . However , I  hop e tha t Chapter s 11-1 3 wil l b e usefu l t o specialist s 
working in this area . I t seem s necessary t o develop closer contact s betwee n special -
ists i n application s an d specialist s i n functiona l analysis . I  bega n t o stud y aspect s 
of linea r algebr a i n connectio n wit h th e stud y o f sparse matrices . S o far, I  have n o 
definite opinio n abou t statement s o f problems i n whic h suc h matrice s appear . M y 
reasoning i s presented i n Chapter s 11-13 . However , the y canno t b e taken a s a  final 
understanding o f al l idea s require d i n th e analysi s o f the algorithms . 

Work o n thi s boo k starte d thre e yea s ag o whe n T . N . Rozhkovskay a insiste d 
that I  allow her to edi t th e note s of my lectures . Late r thi s materia l was repeatedl y 
rewritten an d supplemented . I t forme d a  basi s o f th e first  te n chapter s an d a 
part o f Chapte r 14 . Chapter s 11-1 3 appeare d late r i n th e proces s o f rewriting . I n 
particular, I  understood th e rol e of the works of Keldysh an d Lidski i in overcomin g 
the difficultie s connecte d with the necessity to use spots of the ^-spectrum bu t no t a 
discrete sequence of eigenvalues. I n many practical problems, such spots do not glu e 
together, bu t fal l into smaller spots containing spectral clusters of small multiplicity . 
I thin k tha t thi s fac t wil l b e usefu l i n constructin g algorithm s o f spectra l analysi s 
for nonselfadjoin t operator s appearin g i n a  numbe r o f importan t applications . 
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