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Introduction 

The purpose of this book is to study a  smooth integrable Hamiltonian system on 
a smooth four-dimensiona l symplecti c manifold M  ( a Hamiltonian syste m with tw o 
degrees o f freedom i n the terminolog y accepte d i n mechanics) i n invarian t domain s 
containing singula r points . Th e notio n o f integrabilit y whic h appeare d almos t a t 
the ver y beginnin g o f th e developmen t o f th e theor y o f differentia l equation s ha s 
undergone a  significan t evolution : fro m th e attempt s t o obtai n solution s o f a  dif -
ferential equatio n i n th e for m o f elementar y functions , thei r integrals , an d invers e 
functions o f integrals (integratio n i n quadratures) i n works of Johann, bot h Nicolai , 
and Danie l Bernoulli , Ricatti , Euler , Clairau t an d othe r classics , vi a th e discover y 
of the importan t particula r case s o f integrable system s i n mechanic s an d geometr y 
in th e work s o f Euler , Lagrange , Jacobi , Neumann , Clebsc h an d man y others , vi a 
the Liouvill e theorem, t o the modern understandin g o f the integrabilit y o f a Hamil -
tonian syste m wit h n  degree s o f freedo m a s th e existenc e o f n  almos t everywher e 
independent integral s i n the involution . Apparently , th e Liouvill e theore m wa s th e 
first genera l geometri c resul t i n the theor y o f integrable system s becaus e thi s theo -
rem depend s no t o n a  particula r for m o f the syste m bu t onl y o n the existenc e o f n 
independent integral s i n th e involution , an d give s a  descriptio n o f th e behavio r o f 
all trajectories o f the syste m i n the considere d neighborhood . I n [1 ] Arnold state d 
this theore m i n th e moder n for m an d globalize d th e theorem' s statement . 

The modern breakthrough in the theory of finite-dimensional  integrabl e system s 
occurred afte r th e discover y o f infinite-dimensional integrabl e Hamiltonia n system s 
of th e type s o f Korteveg-d e Vrie s equations , nonlinea r Schrodinge r equation , sin -
Gordon equation , Landau-Lifshit s equation , an d th e developmen t o f th e invers e 
scattering proble m metho d an d algebrai c integratio n method s (Gardner , Green , 
Kruskal, Miura , Lax , Zakharov , Faddeev , Hirota , Toda , Calogero , Moser , Novikov , 
Dubrovin, Shabat , Mischenko , Fomenko , Bogoyavlensk y an d man y others) , whic h 
led t o th e discover y o f ne w an d rediscover y o f alread y know n finite-dimensional 
integrable Hamiltonia n systems . Thes e powerfu l analyti c method s allo w u s t o es -
tablish integrabilit y (t o b e mor e precise , no t t o establis h integrabilit y o f particula r 
systems bu t t o construc t classe s o f integrabl e equations ) an d obtai n explici t solu -
tions. Bu t thes e method s ar e poorl y suite d fo r obtainin g a  globa l descriptio n o f a 
particular syste m o r it s phas e portrait , it s structure , etc. , i n th e terminolog y use d 
in the theory o f dynamical systems . Th e first  ste p i n the developmen t o f geometri c 
theory wa s mad e b y Smal e [2 ] an d Marsde n an d Weinstei n [3] . Smal e formulate d 
the approac h t o th e stud y o f a  Hamiltonia n syste m invarian t wit h respec t t o som e 
Lie grou p action , an d Marsde n an d Weinstei n [3 ] develope d th e notio n o f th e re -
duction fo r a  Hamiltonia n syste m wit h symmetries . Thes e work s wer e amon g th e 
most importan t one s which le d the author s o f this boo k t o the ide a of applying th e 
dynamical systems methods to the study of Hamiltonian systems [4 , 5, 6 , 7 , 8 , 73] . 

ix 



x I N T R O D U C T I O N 

Before w e start describin g ou r approac h i t i s natural t o pu t th e followin g ques -
tion. I t i s known that integrabl e systems form a  pretty "thin " [13 ] subset i n the se t 
of al l Hamiltonia n system s o n a  symplecti c manifol d (i n th e spac e o f thei r Hamil -
tonians), s o i s i t worthwhil e t o stud y thei r structure ? I n ou r opinion , th e answe r 
is positiv e an d i t i s motivate d b y th e followin g considerations . I n th e firs t place , 
"general position " arguments , althoug h quit e fruitful , ar e no t absolute . Fo r exam -
ple, the y d o no t explai n suc h a  phenomeno n a s frequen t occurrenc e o f integrabl e 
models i n differen t physica l systems . Apparently , th e symmetr y consideration s ar e 
always tacitly present i n the constructions of such models, which often lead s to thei r 
integrability, or , i n the multidimensiona l case , to th e existenc e o f a  sufficiently ric h 
group o f symmetries . I n th e secon d place , integrabl e system s ofte n appea r i n loca l 
problems whe n th e dynamic s o f a  nonintegrable syste m i n neighborhoods o f singu -
lar point s an d periodi c trajectorie s ar e studied . Moreover , whe n a  singular poin t i s 
degenerate, i t become s necessar y t o stud y th e propertie s o f familie s o f the Hamil -
tonian system s i n a  neighborhoo d o f thi s poin t [14] . I t ofte n lead s t o integrabl e 
normal form s dependin g o n parameters , i.e. , to a  peculiar bifurcatio n theor y i n th e 
class o f integrabl e systems . I t i s wort h mentionin g tha t althoug h a  norma l for m 
transformation usuall y diverges , i t nevertheles s convey s a  lo t o f information abou t 
the behavio r o f trajectorie s i n a  neighborhoo d o f a  singula r poin t o r a  periodi c 
orbit. Th e reaso n i s tha t nonintegrabilit y effect s (fo r example , splittin g o f separa -
trix surface s o f singula r point s an d periodi c trajectories ) ar e usuall y exponentiall y 
small when w e are engaged i n the loca l study o f unfolding o f a Hamiltonian syste m 
with a  degenerat e singula r poin t unde r th e conditio n o f integrabilit y o f it s norma l 
form. Thi s lead s t o a  goo d asymptoti c approximatio n o f th e rea l solution s b y th e 
solutions obtaine d fro m th e norma l for m [15] . 

In ou r opinion , ther e i s a  thir d reaso n fo r th e interes t i n integrabl e systems . 
It i s know n tha t th e gradien t system s playe d a  significan t rol e i n th e differentia l 
topology fo r th e studie s o f th e topolog y o f smoot h manifold s [16] , i n particular , 
for th e solutio n o f th e famou s Poincar e proble m fo r n  >  4 . W e believ e tha t th e 
study o f integrabl e Hamiltonia n system s ma y hel p i n th e stud y o f th e topolog y o f 
symplectic manifolds . Th e futur e wil l sho w whethe r thi s i s true o r not . 

In addition t o the above reasons, one can mention anothe r importan t argumen t 
in favor o f the study o f integrable systems : thi s i s one of few classes of Hamiltonia n 
systems fo r whic h i t i s possible , i n principle , t o carr y ou t a  complet e stud y o f th e 
structure o f th e flow.  Anothe r well-know n exampl e o f thi s typ e i s th e opposit e 
case o f complet e nonintegrability—th e cas e o f th e geodesi c flow s o n manifold s o f 
negative curvatur e (se e [17 ] an d th e reference s therein) . Intuitio n i s sharpened o n 
such classes . 

The authors ' interes t i n these problems was stimulated t o a  large extent b y th e 
desire t o understan d th e structur e o f som e mode l system s whic h appeare d i n th e 
theory o f th e domai n wall s propagatio n i n magneti c medi a [18 , 19] . I t i s know n 
that th e mai n phenomenologica l equatio n o f thi s theor y i s th e Landau-Lifshit s 
equation, whic h fo r one-dimensiona l mediu m (plan e wave ) ha s th e form : 

mt =  m  x  m xx +  m  x  Jra , 

where ra(x,£)  i s a  three-dimensiona l vecto r o f magneti c momentum , m 2 —  1 , 
J =  diag ( J i, J2 , J3), x  £  JR . Stationary wave s of the form m(x , t) —  v{£),  £  = x  — ut 
satisfy th e equatio n whic h reduces , afte r a  substitution , t o a n integrabl e Hamil -
tonian syste m whos e phas e spac e i s th e cotangen t bundl e T*5 2 t o th e spher e 



I N T R O D U C T I O N x i 

S2 :  v\  +  v\  +  v\  —  1 . Thi s syste m depend s o n tw o parameter s u  an d e  = 
(J3 —  J2)/(J2  ~  Ji)  a n d ca n b e integrate d i n term s o f Prim' s ^-function s [20] . 
However, i t i s stil l quit e difficul t t o "see " th e dynamic s o f al l solution s fro m thi s 
fact. Thi s led us to the proble m o f developing some version o f a "qualitativ e theor y 
of integrabl e Hamiltonia n systems " [4 , 5] . I n th e bas e o f thi s theor y w e pu t th e 
study o f th e orbi t structur e fo r th e induce d actio n o f th e grou p R 2 generate d b y 
a pai r o f commuting Hamiltonia n vecto r field s XH  , XK ,  where H  i s the Hamilto n 
function o f th e Hamiltonia n vecto r field , an d K  i s it s additiona l integral . Suc h 
an approac h wa s quit e natura l fo r u s sinc e i t i s typica l fo r "Andronov' s schoo l o f 
oscillation theory " t o whic h th e author s belong . Pro m thi s poin t o f vie w th e first 
problem wa s t o stud y th e actio n i n a  neighborhoo d o f th e singula r se t o f th e ac -
tion, i.e. , i n th e unio n o f orbit s whos e dimensio n i s les s tha n two . Th e theore m 
of Liouville-Arnold , whic h describe s th e structur e o f orbit s i n a  neighborhoo d o f 
a two-dimensiona l compac t orbit , th e torus , doe s no t wor k here . W e not e tha t 
studying th e structur e o f orbits i n a  neighborhood o f a  singular poin t o f the actio n 
we are led to the necessit y o f the globa l study o f their behavior , sinc e usually ther e 
are orbit s containin g a  singula r poin t i n thei r closur e bu t deviatin g fa r fro m thi s 
singular point . Therefore , w e ar e le d t o th e notio n o f extende d neighborhoo d o f a 
singular poin t an d t o th e stud y o f th e behavio r o f actio n orbit s an d Hamiltonia n 
system trajectorie s i n thi s neighborhood , whic h i s invarian t wit h respec t t o th e 
action. Thi s i s the mai n topi c o f our book . 

It shoul d b e note d tha t suc h a  stud y i s conducte d i n a  four-dimensiona l ex -
tended neighborhoo d an d canno t b e reduce d t o th e stud y o f th e dynamic s o n a 
smooth three-dimensiona l leve l se t o f th e Hamilto n functio n H.  Th e constructe d 
equivalence invariant s ar e determine d bot h b y th e behavio r o f th e syste m o n th e 
level set o f H containin g the singular poin t an d b y its behavior o n nearby leve l sets. 
Clearly, fo r a  global stud y o f a  system o n a  symplectic manifol d on e needs to kno w 
the behavio r o f the syste m o n thos e leve l set s o f the Hamilto n functio n H  tha t d o 
not contai n singula r points . Thi s was done i n the works o f Fomenko an d coauthor s 
[9, 10 , 11] . Sinc e thes e result s ar e presente d i n man y publication s an d books , w e 
will no t repea t the m here , referrin g th e intereste d reade r t o th e origina l works . 

For th e reader' s convenienc e w e lis t som e nonstandar d abbreviation s use d 
throughout th e book : 

IHVF -  integrabl e Hamiltonia n vecto r field , 
PA -  Poisso n action , 
SPT -  singula r periodi c trajectory , 
CSP -  curv e o f singular points . 
The exact meanin g of this terms i s explained i n the appropriat e section s o f thi s 

book. Als o w e woul d lik e t o mentio n th e numeratio n o f th e formulas , definitions , 
statements (lemmas , propositions , theorems , corollaries ) an d remark s accepte d i n 
the book . Ever y chapter , excep t fo r smal l Chapte r 4 , is divided int o sections, whic h 
have doubl e numeration . Fo r example , Sectio n 3. 2 denote s Sectio n 2  o f Chapte r 
3. Formula s ar e numbere d consecutivel y withi n eac h chapter . Definitions , remark s 
and figures  ar e numbere d consecutivel y withi n eac h chapter , an d thei r number s 
are o f th e for m m.n , wher e m  i s th e numbe r o f th e chapte r an d n  i s th e numbe r 
of th e correspondin g definition , remark , o r figure.  Th e statement s ar e numbere d 
consecutively withi n eac h section , s o the y hav e tripl e number s p.q.r. , wher e p  i s 
the numbe r o f th e chapter , q , th e numbe r o f the section , an d r , th e numbe r o f th e 
corresponding statement . 
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