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Preface

In his first paper [35] on the theory of hyperfunctions, M. Sato treated the Fourier
expansion of hyperfunctions on the unit circle in connection with the Laurent ex-
pansion at the origin of the complex plane.

The characterization of spherical harmonic expansion of hyperfunctions on the
sphere S" = {r € R""1;2? = 22 + 22 + .-+ + 22, = 1} was first obtained by
Hashizume-Minemura-Okamoto [7]. Their methods rely on the characterization
of real analytic functions by means of the Laplace-Beltrami operator (see Lions-
Magenes [16] and Seeley [37]) and can be applied not only to the sphere but also
to a general compact real analytic manifold. But their methods are far from the
complex analysis that Sato employed in the case of the one-dimensional sphere,
that is, the circle.

In this book, we shall construct a complex neighborhood S™(r) of the sphere
S™ by means of the Lie norm. The complex neighborhood S§"(r) is a direct gener-
alization of the annular neighborhood {z € C; 1 < |2| < r} of the circle and allows
us a complex analysis approach to the theory of spherical harmonic expansion.

Let us overview the monograph chapter by chapter.

In Chapter 1, we recall, as a motivation for later chapters, some facts on Fourier
expansion of real analytic functions, C*° functions, distributions, and hyperfunc-
tions on the circle. These materials are well-known to a specialist but students may
find them useful.

Our first tool for studying the higher-dimensional sphere is, of course, the
classical theory of spherical harmonics. Following mainly Miiller [33] and referring
also to Vilenkin [43] and to Stein-Weiss [41], we present it in Chapter 2 with
detailed calculation. (Recently another related book was published by Miiller [34].)
We also state the characterization of C* functions and distributions on S™ by the
growth condition of their spherical harmonic expansion. In §2.8 and §2.9 we study
the Poisson formula which represents the unique harmonic function in the unit ball
having a given continuous boundary value on the sphere S™.

Our second tool is the cross norm, which is presented in the first two sections
of Chapter 3 according to Druzkowski [1]. The Lie norm L(z) on C**! is the cross
norm of the Euclidean norm on R™*! and is powerful enough to estimate spherical
harmonics.

In the later sections of Chapter 3, we introduce the Lie ball B(r) = {z €
C"*1; L(2) < r}, which turns out to be E. Cartan’s classical bounded domain of
type 4 (see Hua [12]). We study the space of holomorphic functions on B(r) and

ix
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their expansion by homogeneous polynomials. The Shilov boundary of B(r) is called
the Lie sphere. (See [20] for the spherical harmonic expansion of hyperfunctions on
the Lie sphere.) The complex sphere §* = {z € C"t1;22 = 22+ 22 +-- 422, =1}
is the natural complexification of the sphere S*. We put §*(r) = §" N B(r). The
family {S"(r);r > 1} is a fundamental system of complex neighborhoods of the
sphere S™. We shall find a characterization of holomorphic functions on S» (r) by
the growth condition of their spherical harmonic expansion.

In Chapter 4, we introduce hyperfunctions on S™ and more generally analytic
functionals on the complex sphere §*. Then in §4.10, we show that a harmonic
function in the unit ball is in one-to-one correspondence with its hyperfunction
boundary value on S™. This fact motivated the introduction of hyperfunctions.

A special case of the complex sphere is the complex light cone Sy = {z €
Crt1;22 = 22+ 224+ -+ 22, = 0}. Because of the cone structure, we can develop
the theory of expansion holomorphic functions and analytic functionals on Sy into
homogeneous components. It was our starting point (see Morimoto-Fujita [27]) but
in this book we try to state the theory in the complex sphere of complex radius in
general.

Now suppose a hyperfunction T on the sphere S™ is given. If we define the
function F(¢) on R™*! by

(0.1) F(§) = (T., exp(iX§ - w))
the function F'(£) satisfies the differential equation
(0.2) (Ag + X2)F(€) =0.

But a solution of the differential equation (0.2) is not always represented in the form
of (0.1) with a hyperfunction 7. In order to represent all the solutions of (0.2),
T in the formula (0.1) should be something more general than hyperfunctions (see
Hashizume-Kowata-Minemura-Okamoto [6]). In the case of n = 1, Helgason [8]
showed that this “something” is an analytic functional of a certain kind (entire
functional). We obtained some detailed results in the case of n = 1 in [19], and
then, in [22], proved that this “something” is an entire functional for general n; we
treat this topic in Chapter 5 (see also Helgason [10]).

In Chapter 6, we introduce several spaces of entire functions, which will be used
to describe the image of the Fourier-Borel transformation in subsequent chapters.

Chapter 7 is based on Morimoto-Fujita [31], where we introduce the Fourier-
Borel transformation for analytic functionals on the complex sphere S). The image
turns out to be the space of A-harmonic entire functions.

Chapter 8 is based on Morimoto-Fujita [30], where we introduce the spherical
Fourier-Borel transformation of y-harmonic functionals on the Lie ball. The image
turns out to be the space of entire functions on the complex sphere S,,.

The present volume is an enlarged version of my lecture note [21] on spherical
harmonic expansion of hyperfunctions on the sphere, which was intended to com-
plement the book [17] on hyperfunctions and microfunctions and the lecture note
[18] on the Fourier transformation of hyperfunctions.



PREFACE xi

Chapter 1 was read at Rikkyo University from April to July, 1978. From Sep-
tember 1978 for one year of my sabbatical leave of absence, I stayed in Europe and
attended seminars on harmonic analysis at the Universities of Nancy, of Strasbourg,
and of Lyon, where I read some part of this lecture note.

In May, 1979, I was invited by Stephan Banach International Mathematical
Center as a lecturer at the Semester on Complex Analysis and read [22], which was
published 4 years later. The discussion with Professor J. Siciak at the semester was
stimulating; I learned the Lie norm and could improve my results considerably.

The aim of [21] was to present a self-contained exposition of the theory of
holomorphic functions and analytic functions on the complex sphere using the Lie
norm. The lecture was read at Sophia University in 1980 and in 1987.

Meanwhile, many interesting results of the theory have been obtained by R.
Wada [45], [48], and [46], especially in connection with the complex light cone.
I tried to present them in a unified manner in this enlarged version, which was
prepared while visiting the University of Maryland at College Park from November
1992 to March 1993 (see [23]).

After coming back to Japan, I was able to obtain several results jointly with

K. Fujita (3], [26], [27], (2], [28], [29], [30], [31], [4], [5]. I try to incorporate them
into this book as much as possible.

March 19, 1998

Mitsuo Morimoto

(Sophia University)
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on the sphere, 21 cotangential vector bundle, 72
two-dimensional case, 4 cross norm, 51

Legendre differential equation, 32

Legendre polynomial, 27 distribution
Lie ball, 59 on the sphere, 37

on the unit circle, 7
domain of holomorphy, 61
dot product

Lie norm, 58
Lie sphere, 63

Oka-Cartan Theorem B, 86 onE, 15
on E, 58
Plancherel measure double series expansion
on %, 138 of holomorphic function on B(r), 85
on S., 151, 154 dual Fréchet-Schwartz space, 61
Poisson integral dual Lie norm, 55, 120
of continuous function on S!, 4
of continuous function on S, 44 entire Bessel function, 104
of hyperfunction on S!, 11 entire function of exponential type
of hyperfunction on Sy, 96 onE, 117
Poisson integral formula on S,, 123
on S,, 68 entire functional
on Sy, 80 on E, 120
Poisson kernel on S, 141
classical, 67 exponential function, 107
generalized, 80 extended Legendre polynomial, 65

with real variables, 44

. fundamental system, 29
Poisson transform

of harmonic functional on B[r], 82 generating formula
Poisson transformation for the Gegenbauer polynomials, 97
on Bir], 82 for the Legendre polynomials, 40, 42
of the extended Legendre polynomials, 66

Rodrigues formula
for Legendre polynomial, 31
for the Gegenbauer polynomial, 97

germ
of y-harmonic functions on B[r], 103
of complex harmonic functions on B|r], 65
of harmonic functions on B[r], 68
of holomorphic functions on K, 1
of holomorphic functions on Byr], 61
of holomorphic functions on S[r], 86

Sherman transformation, 79
Sobolev lemma, 37
Stirling formula, 77

addition theorem

for spherical harmonics, 27 harmonic entire functional

analytic functional on IE,.129 .

on Blr], 102 harxfn;nlchex.tenls;i)n .

on Sx(r), 90 of k-sp erxca. armor.ucs, 87~

& of holomorphic function on Sj, 90
on Sy[r], 90 . .
harmonic function

balanced, 61 on B(r), 68
ball on E, 16

(Euclidean), 58 harmonic functional

on Blr], 81

complex Laplacian, 65 holomgrphic function
complex cone, 71 on ?N(T)’ 61
complex harmonic function on B(r), 65 on Sx(r), 86
complex light cone, 71 homogeneous of degree k, 16
complex orthogonal group, 72 hyperfunction
complex sphere, 71 on Sy, 94

complexification, 51 on the unit circle, 7
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on L%(S), 24
on Pk(E), 22
integral formula
for the Bessel function, 105

modified Bessel function, 137

norm
in L2(S), 24

orthogonal group, 72

orthogonal relation
for Legendre polynomials, 30
of Gegenbauer polynomials, 98
of spherical harmonics on S, 16

polynomial
of n 4 1 variables, 23
on S, 23
principal coefficient
of Legendre polynomial, 31

rapidly decreasing, 6
real analytic function

on Sy, 94

on the unit circle, 2
real sphere

of complex radius, 71
reproducing kernel

for HK(S), 25

for H*(S,), 76

for bi(é(r)), 84

for h72(B(r)), 113
reproducing property

for HK(S), 25

with respect to ((, )7, 153

with respect to ((, )):{’T, 147

with respect to ((, ), ., 133
restriction mapping, 2

slowly increasing, 7
sphere, 15
spherical Fourier transform
of -harmonic function on B(r), 148
spherical Fourier-Borel transform
of y-harmonic functional on B[r], 139
of A-harmonic entire functional on lﬁ‘., 130
spherical Fourier-Borel transformation
on Blr], 139
on E, 130
square integrable function on S, 58
symbolic integral form
on S,, 67
on X, 64
on S, ., 80, 89

theorem
of Cauchy-Hadamard type, 63
of Martineau type, 120

INDEX

truncated complex sphere, 72

zonal function, 26
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