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Preface 

In hi s firs t pape r [35 ] on th e theor y o f hyperfunctions , M . Sat o treated th e Fourie r 
expansion o f hyperfunction s o n th e uni t circl e i n connectio n wit h th e Lauren t ex -
pansion a t th e origi n o f the comple x plane . 

The characterizatio n o f spherical harmoni c expansio n o f hyperfunctions o n th e 
sphere S n =  {x  e  E n + 1 ; x 2 =  x\  +  x\  +  •  • • + x^ + 1 =  1 } wa s first  obtaine d b y 
Hashizume-Minemura-Okamoto [7] . Thei r method s rel y o n th e characterizatio n 
of rea l analyti c function s b y mean s o f th e Laplace-Beltram i operato r (se e Lions -
Magenes [16 ] an d Seele y [37] ) an d ca n b e applie d no t onl y t o th e spher e bu t als o 
to a  genera l compac t rea l analyti c manifold . Bu t thei r method s ar e fa r fro m th e 
complex analysi s tha t Sat o employe d i n th e cas e o f th e one-dimensiona l sphere , 
that is , the circle . 

In thi s book , w e shal l construc t a  comple x neighborhoo d § n(r) o f th e spher e 
§ n b y mean s o f the Li e norm . Th e comple x neighborhoo d § n(r) i s a  direc t gener -
alization o f the annula r neighborhoo d {z  £  C ; £ <  \z\  <  r}  o f the circl e an d allow s 
us a  comple x analysi s approac h t o th e theor y o f spherica l harmoni c expansion . 

Let u s overview th e monograp h chapte r b y chapter . 
In Chapter 1 , we recall, as a motivation for later chapters, some facts on Fourier 

expansion o f rea l analyti c functions , C°°  functions , distributions , an d hyperfunc -
tions on the circle . Thes e materials are well-known to a specialist bu t student s ma y 
find the m useful . 

Our first  too l fo r studyin g th e higher-dimensiona l spher e is , o f course , th e 
classical theor y o f spherical harmonics . Followin g mainl y Miille r [33 ] and referrin g 
also t o Vilenki n [43 ] an d t o Stein-Weis s [41] , w e presen t i t i n Chapte r 2  wit h 
detailed calculation . (Recentl y another relate d book was published b y Miiller [34]. ) 
We als o stat e th e characterizatio n o f C°°  function s an d distribution s o n S n b y th e 
growth conditio n o f their spherica l harmoni c expansion . I n §2. 8 and §2. 9 we stud y 
the Poisso n formul a whic h represent s the uniqu e harmonic functio n i n the uni t bal l 
having a  give n continuous boundar y valu e o n th e spher e S n . 

Our secon d too l i s the cros s norm , whic h i s presented i n th e first  tw o section s 
of Chapte r 3  according to Druzkowsk i [1] . Th e Li e norm L(z)  o n C n + 1 i s the cros s 
norm o f the Euclidea n nor m o n E n + 1 an d i s powerful enoug h t o estimat e spherica l 
harmonics. 

In th e late r section s o f Chapte r 3 , w e introduc e th e Li e bal l B(r)  =  {z  € 
C n + 1 ;L(z) <  r } , which turn s ou t t o b e E . Cartan' s classica l bounde d domai n o f 
type 4  (se e Hu a [12]) . W e stud y th e spac e o f holomorphi c function s o n B(r)  an d 

ix 
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their expansion by homogeneous polynomials. Th e Shilov boundary of B(r) i s called 
the Lie sphere. (Se e [20 ] for th e spherica l harmonic expansio n o f hyperfunctions o n 
the Lie sphere.) Th e complex sphere Sn =  {z  e  C n + 1 ; z2 =  z 2 + z% + - • -  + 4 +i =  1 } 
is the natura l complexificatio n o f th e spher e § n . W e pu t § n(r) =  S n D  B(r). Th e 
family {S n(r);r >  1 } i s a  fundamenta l syste m o f comple x neighborhood s o f th e 
sphere S n . W e shal l fin d a  characterizatio n o f holomorphi c function s o n § n(r) b y 
the growt h conditio n o f their spherica l harmoni c expansion . 

In Chapte r 4 , we introduce hyperfunction s o n S n an d mor e generall y analyti c 
functional o n th e comple x spher e § n . The n i n §4.10 , w e sho w tha t a  harmoni c 
function i n th e uni t bal l i s i n one-to-on e correspondenc e wit h it s hyperfunctio n 
boundary valu e o n S n . Thi s fac t motivate d th e introductio n o f hyperfunctions . 

A specia l cas e o f th e comple x spher e i s th e comple x ligh t con e § o =  {z  £ 
C n + 1 ; z 2 =  z\  +  z\  H  V  z„+i =  0} . Because of the cone structure, we can develo p 
the theor y o f expansion holomorphi c function s an d analyti c functional s o n S o int o 
homogeneous components . I t was our starting point (se e Morimoto-Fujita [27] ) bu t 
in thi s boo k w e try t o stat e th e theor y i n th e comple x spher e o f complex radiu s i n 
general. 

Now suppos e a  hyperfunctio n T  o n th e spher e S n i s given . I f w e defin e th e 
function F(£ ) o n R n + 1 b y 

(0.1) F ( 0 =  (r a,,exp(tA{.w)) 

the functio n F(£)  satisfie s th e differentia l equatio n 

(0.2) (A * + X2)F(0 =  0 . 

But a  solution of the differential equatio n (0.2 ) is not always represented i n the for m 
of (0.1 ) wit h a  hyperfunctio n T.  I n orde r t o represen t al l th e solution s o f (0.2) , 
T i n th e formul a (0.1 ) shoul d b e somethin g mor e genera l tha n hyperfunction s (se e 
Hashizume-Kowata-Minemura-Okamoto [6]) . I n th e cas e o f n  =  1 , Helgaso n [8 ] 
showed tha t thi s "something " i s a n analyti c functiona l o f a  certai n kin d (entir e 
functional). W e obtaine d som e detaile d result s i n th e cas e o f n  =  1  in [19] , an d 
then, i n [22] , proved tha t thi s "something " i s an entir e functiona l fo r genera l n ; we 
treat thi s topi c i n Chapte r 5  (se e also Helgason [10]) . 

In Chapter 6 , we introduce several spaces of entire functions, whic h will be used 
to describ e th e imag e o f the Fourier-Bore l transformatio n i n subsequen t chapters . 

Chapter 7  i s base d o n Morimoto-Fujit a [31] , where w e introduc e th e Fourier -
Borel transformation fo r analyti c functional s o n the complex sphere §A - Th e imag e 
turns ou t t o b e th e spac e o f A-harmoni c entir e functions . 

Chapter 8  is based o n Morimoto-Fujit a [30] , where w e introduce th e spherica l 
Fourier-Borel transformatio n o f 7-harmonic functional s o n th e Li e ball . Th e imag e 
turns ou t t o b e th e spac e o f entire function s o n th e comple x spher e § 7 . 

The presen t volum e i s an enlarge d versio n o f my lectur e not e [21 ] on spherica l 
harmonic expansio n o f hyperfunction s o n th e sphere , whic h wa s intende d t o com -
plement th e boo k [17 ] o n hyperfunction s an d microfunction s an d th e lectur e not e 
[18] on th e Fourie r transformatio n o f hyperfunctions . 



PREFACE XI 

Chapter 1  was rea d a t Rikky o Universit y fro m Apri l t o July , 1978 . Fro m Sep -
tember 197 8 for on e year o f my sabbatica l leav e of absence, I  stayed i n Europe an d 
attended seminar s on harmonic analysi s at th e Universities of Nancy, of Strasbourg , 
and o f Lyon , wher e I  read som e par t o f thi s lectur e note . 

In May , 1979 , I  wa s invite d b y Stepha n Banac h Internationa l Mathematica l 
Center a s a  lecturer a t th e Semeste r o n Complex Analysi s and rea d [22] , which was 
published 4  years later. Th e discussion wit h Professor J . Sicia k a t th e semeste r wa s 
stimulating; I  learned th e Li e norm an d coul d improv e m y result s considerably . 

The ai m o f [21 ] wa s t o presen t a  self-containe d expositio n o f th e theor y o f 
holomorphic function s an d analyti c function s o n th e comple x spher e usin g th e Li e 
norm. Th e lectur e wa s read a t Sophi a Universit y i n 198 0 and i n 1987 . 

Meanwhile, man y interestin g result s o f th e theor y hav e bee n obtaine d b y R . 
Wada [45] , [48] , an d [46] , especiall y i n connectio n wit h th e comple x ligh t cone . 
I trie d t o presen t the m i n a  unifie d manne r i n thi s enlarge d version , whic h wa s 
prepared whil e visiting the University o f Maryland a t Colleg e Park fro m Novembe r 
1992 to Marc h 199 3 (se e [23]) . 

After comin g bac k t o Japan , I  wa s abl e t o obtai n severa l result s jointl y wit h 
K. Fujit a [3] , [26], [27], [2] , [28], [29], [30] , [31] , [4] , [5]. I  try t o incorporat e the m 
into thi s boo k a s muc h a s possible . 

March 19 , 199 8 
Mitsuo Morimot o 

(Sophia University ) 
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