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Preface 

In hi s well-known 196 2 IC M address , Bore l gav e a  panorami c pictur e o f a  rel -
atively fres h (fo r tha t period ) domain , th e arithmeti c o f linea r algebrai c groups , 
presenting it s achievements alon g with arisin g problems [Borel2] . I n particular , h e 
pointed ou t tha t investigatio n o f important characteristic s o f a connected algebrai c 
fc-group G  suc h a s th e Tamagaw a numbe r r(G)  o r th e se t 111(G ) o f principa l ho -
mogeneous space s o f G  trivia l i n al l completion s o f a  numbe r field  k  le d t o a  reall y 
dramatic situation . Conjecture s concernin g th e number s r(G)  an d |III(G) | wer e 
disproved almos t immediatel y afte r bein g stated . Retrospectively , w e see  tha t th e 
arithmetic of algebraic groups lacked deepe r information o n birational nature o f the 
variety o f the grou p G.  Hironaka' s result s o n desingularization [Hi ] became a  ver y 
important sourc e o f additiona l information . Eve n earlie r investigatio n o f surface s 
by Manin and Shafarevich showe d that th e group if1(fc, PicX), where X =  X0fcfc s, 
is a  birationa l invarian t i n th e clas s o f smoot h projectiv e surface s X  define d ove r 
fc, and thi s fac t wa s successfull y employe d [Maninl] . Th e ver y firs t applicatio n 
of birationa l techniqu e t o th e stud y o f linea r algebrai c group s le d t o nontrivia l re -
sults [Vo2] . Birationa l geometr y provide d ne w insigh t int o causa l relation s i n th e 
vast worl d o f linea r algebrai c group s an d thei r homogeneou s spaces . B y now , th e 
birational geometr y o f algebrai c group s i s a  well-develope d area . I t record s man y 
fundamental results , including , fo r example , th e solutio n o f E . Noether' s proble m 
on th e field  o f invariant s o f a  permutatio n grou p an d Zariski' s proble m o n sta -
bly rationa l varieties ; i t als o establishes th e birationa l natur e o f many arithmetica l 
invariants. 

In thi s book we present th e mai n result s in the area , whic h hav e been obtaine d 
in the pas t 2 5 years. Sometime s we do not giv e detailed proof s restrictin g ourselve s 
by sketche s an d comments . Firs t w e giv e a  genera l remark . Variou s question s 
necessarily lea d t o consideratio n o f algebrai c varietie s define d ove r a  nonclose d 
field k  o r ove r a  ring . Le t X  b e suc h a  variety , k s a  separabl e closur e o f fc,  Q = 
Gal(fcs/fc) th e Galoi s grou p o f k s/k. The n w e have a n objec t comprisin g ver y ric h 
information, th e variet y X  =  X  ®kk s define d ove r the field  k s an d viewe d togethe r 
with th e actio n o f Q  on X  vi a th e secon d factor . Thu s w e obtai n a n impressiv e 
collection o f associate d C?-set s an d Galoi s (/-modules : point s X(k s), differentia l 
forms, PicX , B r X , etc . Thu s th e stud y o f th e variet y X  ca n b e divide d int o 
two stages : th e geometri c par t dealin g with the investigatio n o f X  ove r fcs, and th e 
algebraic part focusin g on Galois modules associated to the scheme X. An y attemp t 
to give a comprehensive unified expositio n o f these two stages would make the boo k 
voluminous an d unreadable . I n the presen t work , we give a detailed overvie w of the 
second algebraic aspect o f the study o f varieties assuming the geometric backgroun d 
known. W e are mainly interested i n algebraic groups and their homogeneous spaces. 
This topi c i s reflected i n severa l monograph s [Borel3] , [Hum] , [Pl/Ra] , [SGA3] , 

xi 



xii PREFAC E 

[Sp], [Vi/Oni] . Ou r styl e o f exposition i s close to Springer' s [Sp] , and w e refer th e 
reader t o tha t review . 

Certainly, th e abov e mentione d subdivisio n int o tw o stage s i s too rough . Eve n 
from th e forma l poin t o f view , th e variet y X  i s onl y on e fiber  o f a  fc-scheme  X. 
In th e numbe r field  case , on e ca n consider , fo r example , th e p-adi c completion s 
kp o f k  an d th e correspondin g p-adi c varietie s X  & & k p wit h thei r ow n collection s 
of Galoi s modules . Furthermore , arithmeti c problem s requir e introducin g intege r 
structures i n fc-varieties,  and on e is immediately le d to a  problem o f classifying suc h 
structures, computin g thei r characteristics , etc . T o treat suc h problems , on e has t o 
use subtl e device s suc h a s Tamagaw a measure s an d Siege l formulas . W e conside r 
this techniqu e i n detail . 

The majo r par t o f th e tex t i s relate d t o th e theor y o f algebrai c tor i whic h i s 
presented fro m th e poin t o f vie w o f birationa l geometry . I n th e genera l theor y o f 
complex linea r algebrai c groups , algebrai c tor i alway s playe d a n auxiliary , thoug h 
important, role . Thi s i s understandable becaus e ove r a n algebraicall y close d field a 
torus has a  very simple structure : i t i s a product o f several copies of the multiplica -
tive grou p G m . Th e situatio n change s radicall y whe n on e passe s t o a  nonclose d 
field k.  I n thi s case , th e categor y o f algebrai c tor i ove r a  field  k  i s dua l t o th e 
category o f integra l representation s o f th e Galoi s grou p £ , an d henc e th e stud y 
of algebrai c tor i provide s a n amoun t o f wor k sufficien t fo r al l futur e generation s 
of mathematicians . Th e birationa l geometr y o f algebrai c tor i turne d ou t t o b e a 
good pattern fo r statin g (an d subsequentl y proving ) conjecture s i n the genera l cas e 
of linea r algebrai c groups . Conversely , severa l genera l conjecture s (lik e Zariski' s 
conjecture) ar e bein g trie d usin g th e provin g groun d o f algebrai c tori , an d th e in -
formation obtaine d lead s to nontrivia l results . Durin g th e pas t twent y year s a  ne w 
domain wa s created , th e theor y o f tori c varieties . I t allow s on e t o reduc e man y 
nonlinear problem s o f algebraic geometr y an d topolog y t o problem s abou t integra l 
points i n certai n polyhedra . On e ca n poin t ou t man y importan t problem s suc h a s 
resolution o f singularities , estimatin g th e numbe r o f solutions t o a  system o f equa -
tions, birationa l geometr y o f linear algebrai c groups . Successfu l developmen t o f th e 
theory o f tori c varietie s ca n b e explaine d b y it s natura l origin . Le t M  b e a  fre e 
abelian group of rank n.  W e may view M wit h the group structure written i n eithe r 
additive, o r multiplicativ e form . Th e isomorphis m M  =  Z n allow s on e t o regar d 
M a s a  lattic e i n the vecto r spac e M  0  k.  O n th e othe r hand , b y embeddin g M  a s 
a multiplicativ e subgrou p i n th e field  o f rationa l function s k(M)  =  fc(a?i,...  , x n ) , 
where x i , . . . , x n i s a  basi s o f th e multiplicativ e grou p M , w e ar e le d t o birationa l 
geometry o f integra l representations , i.e. , th e theor y o f tori c varieties . T o presen t 
the theor y o f tori , we badly nee d th e techniqu e o f group schemes . W e give a  diges t 
of group schemes in the very beginning . W e freely us e various cohomology theories , 
referring th e reade r t o [Ca/Ei] , [Gro2] , [Serre2] . 

The theory of invariants o f finite transformation group s was developed i n a nat -
ural framework o f birational geometr y o f group varieties . Thi s topi c i s a significan t 
subject o f ou r attention . 

The notio n o f inequivalence introduce d b y Mani n [Manin2 ] i s an analogu e of 
the notio n o f a  fundamenta l grou p o f a  continuou s variety . I t turne d ou t t o b e 
a natura l on e i n th e categor y o f algebrai c group s G  ove r a  field  k.  Th e classe s o f 
^-equivalence i n G(k)  for m a  group with respec t t o multiplication i n G(k),  an d thi s 
group i s a  birationa l invariant . Th e Mani n grou p i s trivial ove r C  an d R , probabl y 
this bein g th e reaso n fo r it s relativel y recen t discover y [CT/San l ] . Th e stud y o f 
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this invarian t enable d one , i n particular , t o establis h a  clos e relationshi p betwee n 
algebraic geometr y an d centra l simpl e algebra s [V610] . 

We giv e a  detaile d expositio n o f th e arithmeti c o f linea r algebrai c group s us -
ing th e discovere d direc t connectio n o f arithmetica l characteristic s o f a  grou p G 
with it s birationa l properties . W e presen t i n detai l th e constructio n o f the famou s 
Tamagawa measur e o n adel e group s an d discus s a  motivatio n fo r introducin g thi s 
notion in treating diophantine problems . W e compute Tamagaw a number s i n man y 
important cases . Durin g the cours e of the computation , w e elucidate appearanc e o f 
Eisenstein serie s and Gindikin-Karpelevic h integrals , s o that thi s par t ca n serv e a s 
a goo d introductio n t o harmoni c analysi s o n semisimpl e groups . W e prov e Siegel' s 
formula i n Tamagawa' s for m an d illustrat e it s applicatio n i n a  serie s o f classica l 
examples. W e presen t th e detaile d computatio n o f loca l £>-adic volumes whic h ar e 
necessary fo r getting precise formulas. A  similar approac h t o algebraic tori provide s 
index formulas fo r number field s which generalize classical formulas o f Dirichlet an d 
Hasse. 

Terminology an d notatio n ar e mor e o r les s standard . I n particular , Z  i s th e 
ring o f integers , Q  i s the field  o f rational numbers , R  i s the field  o f rea l numbers , C 
is the field  o f complex numbers , ¥ p i s the prim e field  o f p elements , Q p i s the field 
of p-adic numbers . Al l ring s ar e assume d t o hav e unity , A*  denote s th e grou p o f 
invertible element s of a ring A.  I f a , 6 € Z , we denote by (a , 6) the greates t commo n 
divisor. Th e symbo l \X\  stand s fo r th e cardinalit y o f a set X.  W e denote by (L  :  k) 
the degre e o f a n extensio n L/fc , an d b y (G  :  H)  th e inde x o f a  subgrou p H  i n a 
group G.  B y a n algebrai c variet y ove r a  field  k  w e usuall y mea n a  geometricall y 
irreducible, reduced , separate d schem e of finite  typ e ove r k.  W e denote by k[X]  th e 
ring o f regular function s an d b y k(X)  th e field  o f rationa l function s o f X. 

It i s m y pleasur e t o expres s dee p gratitud e t o Bori s Kunyavski i wh o kindl y 
agreed to translate the manuscript int o English. H e is one of the active developers of 
geometry an d arithmeti c o f algebraic groups , an d hi s advice an d critica l comment s 
were alway s useful . 

V. E . Voskresenski i 
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Bibliographical Remark s 

As note d i n th e preface , whe n studyin g algebrai c group s denne d ove r a  non -
closed field,  on e ha s t o regar d the m a s grou p object s i n th e categor y o f schemes . 
The theor y o f grou p scheme s i s presente d i n detai l i n [SGA3] , bu t th e presen t 
book i s mainly aime d a t th e reader wit h som e background i n algebrai c groups ove r 
a close d field.  Suc h a  reade r i s use d t o identif y a  give n grou p wit h th e se t o f it s 
geometric point s whic h migh t onl y giv e a  superficia l understandin g o f problem s 
typical for th e non-closed case . I  believe that whil e reading this book, a n intereste d 
reader coul d b e stimulate d fo r seriou s stud y o f th e genera l theor y o f schemes . I n 
Chapter 1  we gathere d som e basic s o n functors , grou p schemes , an d cohomolog y 
which ar e necessar y fo r th e subsequen t exposition . Chapte r 1  also contain s man y 
important example s whic h d o no t jus t illustrat e th e formulate d result s bu t als o 
serve as a motivatio n fo r introducin g a  particula r notio n an d indicat e directions fo r 
subsequent constructions . 

A specia l rol e i n th e presen t theor y i s playe d b y diagona l group s an d thei r 
forms. I n Chapte r 1 , they ar e studie d i n detail . W e follow th e approac h suggeste d 
in Grothendieck' s tal k o n th e semina r o n grou p schemes . Ou r need s bein g mod -
est enough , w e restric t ou r attentio n t o group s ove r affin e schemes . Mos t result s 
concernings th e Braue r grou p o f an algebrai c variet y ar e als o due t o Grothendiec k 
[Gro2]. 

The theor y o f form s i s assume d t o b e known , althoug h on e ca n hardl y giv e a 
good reference fo r it s detailed exposition . I n [Weill ] an d [Lang/Tate] , the theor y 
of forms wa s first  distinguishe d a s a  specia l topic . I n Serre' s lecture s [Serre2 ] on e 
can find a  detaile d expositio n o f Galoi s cohomology . Th e operatio n o f restrictio n 
of the ground field  was introduced b y Weil [Weil3] , see also [Grol ] fo r the descen t 
theory i n a  mor e genera l setting . 

The fibration  int o maximal tori in a reductive group was studied in a pioneerin g 
paper b y Chevalle y [Chev] , an d ou r expositio n follow s th e approac h suggeste d i n 
[SGA3]. Th e module of rational characters o f a generic torus in a semisimple grou p 
has bee n compute d b y the autho r [V613] . Th e Picar d grou p o f a  connecte d linea r 
algebraic fc-group  wa s studie d i n [Vol ] an d [Po] . Th e Braue r grou p o f a  linea r 
group an d it s compactificatio n i s described i n detai l i n [CT/Sanl ] an d [San] . 

In Manin' s an d Shafarevich' s paper s o n th e theor y o f surfaces , on e first  en -
counters a  new birational invarian t [PicX] , where X  i s a smooth projectiv e surfac e 
over a  non-close d field  k  [Maninl] . Th e fac t tha t th e structur e o f th e Galoi s 
module P ic X i s importan t fo r th e arithmeti c o f a  surfac e X  wa s mentione d a s 
early a s i n [Segre2] . Segr e considere d th e birationa l invarian t [PicX ] i n th e cas e 
where X  i s a  smoot h projectiv e mode l o f a  connecte d linea r algebrai c group G  an d 
studied i t i n a  serie s o f subsequen t papers . I t turne d ou t tha t th e categor y o f al -
gebraic tor i i s the mos t natura l domai n fo r usin g the invarian t [PicX(T) ] =  Pk(T). 

20 7 
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For example , th e clas s Pk{T)  determine s th e variet y o f T  u p t o stabl e equivalenc e 
[Vo8], [Vo9] . Furthermore , th e clas s Pk(T)  ca n b e define d i n a  purel y algebrai c 
way. I t turne d ou t tha t th e Picar d modul e P icX(T ) ha s a n interestin g property : 
H-1(ir,'Pic'X(T)) =  0  fo r an y subgrou p n  o f th e splittin g grou p I I o f T  [Vo8] , 
[Vo9]. Thi s provide s a  canonica l resolutio n fo r an y finite  dimensiona l torsion-fre e 
Galois modul e f.  Suc h a  resolutio n uniquel y determine s th e clas s Pk(T).  Colliot -
Thelene an d Sansu c [CT/Sanl ] suggeste d callin g suc h a  resolutio n fiasque  sinc e 
it induce s a  fiasque fibration.  Th e theor y o f fiasque  resolution s le d t o substan -
tial progres s i n th e stud y o f th e semigrou p o f stabl e equivalenc e Z(L/k)  an d it s 
maximal subgrou p Z°(L/k)  [Vo8] , [Vo9] , [Endo/Miyl] - [Endo/Miy6] , [Kill] , 
[Chil], [Chi2] . Th e grou p Z°(L/k)  turne d ou t t o b e isomorphi c t o a  grou p stud -
ied earlie r b y Dres s [Dress] . I t i s o f finite  typ e bu t no t alway s finite.  I n [Chi2 ] i t 
is shown tha t i n mos t case s the semigrou p Z(L/k)  i s not finitely  generated . I f T  i s 
a toru s with a  cycli c splitting field,  th e clas s Pk{T) i s invertible i n the semigrou p o f 
similarity classe s o f modules . Thi s fundamenta l fac t ha s bee n first  establishe d b y 
Endo an d Miyat a [Endo/Miy3] . Usin g th e abov e result , Chisto v [Chil ] prove d 
Theorem 1  of 5. 3 givin g birationa l classificatio n o f tor i wit h a  cycli c splittin g field 
(up to stable rationality). Man y interesting results in this domain are due to Lenstr a 
[Lei] wh o studie d th e fields  o f invariant s o f finite  abelia n transformatio n groups . 

Introducing birationa l characteristic s i n th e framewor k o f linea r algebrai c 
groups allowe d on e t o tackl e a n ol d proble m o f rationalit y o f th e field  o f invari -
ants o f a  finite  transformatio n grou p actin g linearl y o n a  finite  dimensiona l space . 
The first  exampl e (Q , 47) o f th e field  o f invariant s whic h i s no t rationa l ove r Q  i s 
due t o Swa n [Swan2] . A t th e sam e time , b y anothe r occasion , th e sam e exampl e 
was give n b y th e autho r [Vo3] , [Vo4 ] wh o notice d tha t th e field  o f invarian t o f a 
finite abelia n grou p actin g linearl y o n a  vecto r spac e V  ca n b e naturall y describe d 
as th e functio n field  o f som e toru s isogenou s t o a  maxima l toru s o f GL{V).  Thi s 
allowed one to us e the theory o f birational invariant s o f algebraic tor i and translat e 
the proble m int o th e languag e o f finite  dimensiona l modules . Jus t tha t languag e 
was use d i n [Lei ] an d [Endo/Miy3 ] wher e the classificatio n o f fields  of invariant s 
of finite  abelia n linea r group s wa s completed . 

The first  exampl e o f a non-rational field  o f invariants o f a  finite  grou p G  actin g 
on a  linea r spac e ove r a  close d field  k  ha s bee n constructe d b y Saltma n [Sail] . H e 
managed t o comput e th e unramifie d Braue r grou p o f k(V) G whic h i n man y case s 
turned ou t t o be non-trivial . Bogomolo v [Bog2 ] suggeste d a n elegan t constructio n 
for suc h a  computation . Se e als o a n expositor y pape r [CT/San4 ] wher e th e au -
thors presen t thei r ow n interpretation o f the problem, an d [Barge ] where there ar e 
interesting result s concernin g quotient s o f finite  group s actin g o n tori c varieties . 
In [Fori] , [For2] , on e ca n find a  moder n expositio n o f th e classica l proble m o n 
reducing a  pai r o f matrices t o th e simples t form . Namely , i t i s shown tha t th e field 
of rationa l function s o f the quotien t (M(n ) 0  M(n))/GL(n ) ca n b e realize d a s th e 
field o f rational function s o f some algebraic torus which ca n b e describe d explicitly . 
In [Be/LB] , th e computation s wer e mad e fo r n  dividin g 420 , fo r al l suc h n  th e 
above quotien t turne d ou t t o b e stabl y rational . 

Yet anothe r directio n i n th e theor y o f algebraic group s appeare d a s a  resul t o f 
successful stud y o f ^-equivalenc e o n algebrai c tor i [CT/Sanl] . Continuin g thei r 
research, th e autho r notice d [VolO] , [Voll ] tha t ^-equivalenc e o n the unimodula r 
group o f a  simpl e algebr a i s intimatel y tie d wit h Platonov' s result s [P12] , [P13 ] 
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on th e Tannaka-Arti n problem . Recentl y Merkurje v [Me2 ] invente d a  devic e fo r 
computing inequivalenc e o n semisimpl e group s o f adjoin t typ e an d showe d tha t 
among them there are non-rational groups, thus disproving a well-known conjecture . 

Problems concernin g th e arithmeti c o f algebrai c group s ar e presente d i n de -
tail wit h al l necessar y comments . W e onl y not e tha t on e ca n refe r t o [ANT ] o r 
[Borev/Sha] fo r basic s o n numbe r fields. 

Finally, w e shoul d mentio n som e relate d researc h area s whic h ar e lef t aside . 
First, thi s i s analyti c arithmeti c o f algebrai c tor i an d tori c varietie s whic h aris e 
naturally fro m classica l problem s o f analyti c numbe r theor y [Draxll] , [Morozl] ; 
see [Moroz2 ] an d reference s therei n fo r furthe r development . Fo r anothe r ap -
proach fittin g int o a  genera l theor y o f asymptoti c distributio n o f rationa l point s 
on algebrai c varieties , we refer t o [Bat/Tschl]-[Bat/Tsch3] . Thi s topi c i s bein g 
extensively develope d an d certainl y deserve s a  separat e publication . 

Yet anothe r analyti c aspect , relate d t o clas s number s o f algebrai c tor i an d 
L-functions, wa s develope d i n [Shyr2] , [Moril] . W e ca n als o poin t ou t som e 
miscellaneous areas of applications such as rational surfaces (vi a their Neron-Sever i 
tori) [Ku/Ts] , [K /S /Ts ] , arithmeti c o f bilinea r form s [Gras/Cor] , an d dens e 
sphere packing s [Ku5] . 
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