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Preface 

The almos t 30 0 yea r histor y o f th e calculu s o f variation s involve s th e name s 
of many outstandin g mathematician s o f the past . Th e subjec t ha s bee n treate d i n 
a numbe r o f excellen t monographs . Th e foundation s o f thi s scienc e seeme d t o b e 
firmly establishe d an d subjec t t o n o revision. However , thi s prove d t o b e no t quit e 
so. 

About 4 0 years ago there emerge d a  new science, optimal contro l theory , whic h 
deals with mor e compicate d problem s tha n thos e i n the calculu s o f variations. Th e 
new idea s an d method s o f optima l contro l provide d u s wit h a  ne w outloo k o n it s 
predecessor, th e calculu s o f variations. Thi s wa s one o f the stimulatin g reason s fo r 
the author s t o writ e thi s book . 

Like the majorit y o f treatises o n the calculu s o f variations an d optima l control , 
our boo k begin s wit h formulatin g th e proble m an d determinin g th e clas s o f varia -
tions to be considered in the subsequent theory . Th e key concept i n our setup is that 
of a  contro l system . Th e principa l typ e o f contro l variation s ar e spik y variations , 
i.e., variation s tha t tak e nonnegligibl e value s o n a  se t o f smal l measure . 

These variation s lea d t o th e notio n o f minimu m tha t i s stronge r tha n a  wea k 
minimum usuall y considere d i n th e calculu s o f variations ; w e refe r t o i t a s a  Pon -
tryagin minimum . Bot h concepts , th e contro l syste m an d Pontryagi n minimum , 
originate fro m optima l control . Thei r formulatio n i s fairl y simpl e an d require s n o 
preliminary knowledge . 

We specif y a  clas s o f problems , relate d t o a n arbitrar y contro l system , whos e 
properties ar e simila r t o thos e o f problem s i n th e calculu s o f variations . W e refe r 
to thes e problem s a s problems o f the calculu s o f variations, althoug h formall y the y 
are mor e genera l an d allo w u s t o illustrat e theoretica l development s b y example s 
from optima l control . 

We explor e th e interactio n betwee n th e idea s o f th e calculu s o f variations an d 
optimal contro l withi n th e framewor k o f thi s clas s o f problems . Th e fundamenta l 
concepts o f th e calculu s o f variation s suc h a s a n extremal , a  fiel d o f extremals , 
the secon d variatio n o f a  functional , quadrati c conditions , ar e relate d t o a  wea k 
minimum. W e stud y ho w thes e concept s transfor m whe n w e appl y the m t o a 
Pontryagin minimu m an d develo p the theor y o f Pontryagin minimu m fo r problem s 
of the calculu s o f variations . I t turn s ou t tha t a  Pontryagi n minimu m allow s u s t o 
construct a  deeper an d mor e natural theor y than a  weak minimum. I n particular , i t 
requires weake r smoothnes s assumptions . Moreover , thi s theor y i s self-consistent , 
and we dare to recommend ou r book as an introduction t o the calculus of variations. 
On th e othe r hand , th e boo k provide s a  goo d introductio n t o optima l control . 

The boo k i s accessibl e t o graduat e student s i n mathematic s an d ca n b e rec -
ommended t o al l o f thos e wh o us e extremu m theor y i n thei r researc h o r applie d 
studies. W e hope that i t wil l be of interest t o mathematicians workin g in extremu m 

xi 
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theory du e t o th e novelt y o f materia l an d th e possibilit y t o exten d th e result s t o 
a wide r variet y o f problems . Moreover , th e boo k ca n b e use d fo r teachin g course s 
in th e calculu s o f variations an d optima l control . I n fact , it s first  versio n emerge d 
from suc h course s taugh t b y th e author s a t Mosco w Stat e Universit y i n th e 1980s . 

We ar e thankfu l t o V . M . Tikhomiro v an d S . I . Gelfan d wh o suggeste d tha t 
we write th e boo k an d assiste d i n accomplishin g thi s task . W e ar e gratefu l t o th e 
American Mathematica l Societ y fo r th e publicatio n o f ou r book . W e expres s ou r 
gratitude t o D . M . Chibiso v wh o translate d th e boo k int o English . Th e author s 
thank th e G . Soro s Cultura l Initiativ e Foundatio n an d th e Russia n Foundatio n fo r 
Fundamental Researc h fo r substantia l financia l support . 

A. A . Milyuti n 
N. P . Osmolovski i 
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