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Preface 

The representatio n theor y o f finite  group s i s now mor e tha n 10 0 years old . It s 
foundations wer e lai d dow n b y Probenius , Burnside , Schu r and , later , Brauer . I t 
was Probeniu s an d Burnsid e wh o firs t realize d th e importanc e o f representatio n 
theory fo r analyzin g th e structur e o f finite  groups . Thei r classica l paper s amaz e 
us eve n toda y wit h thei r dept h an d originality , an d expert s ar e stil l ponderin g th e 
same fundamenta l problems . I t suffice s t o not e tha t Probenius , i n hi s ver y first 
paper o n characte r theory , constructe d th e characte r tabl e o f the grou p PSL(2,p) , 
a resul t regarde d eve n now a s highly nontrivial . Th e representatio n theor y o f finite 
groups i s stil l developin g vigorously , wit h th e activ e participatio n o f prominen t 
mathematicians. 

Characters constitut e one of the main tools of the representation theor y of finite 
groups ove r th e comple x field  (w e will conside r onl y suc h representations) . 

The goa l o f thi s boo k i s t o plac e characte r theor y an d it s application s t o fi-
nite group s withi n th e reac h o f people wit h a  comparativel y modes t mathematica l 
background, exceedin g th e usua l algebr a cours e onl y wit h respec t t o finite  groups . 
In ou r opinion , i t shoul d no t b e ver y difficul t fo r peopl e wit h a  goo d knowledg e o f 
the theor y o f finite  group s t o rea d thi s boo k (whic h i s indee d intende d primaril y 
for suc h readers) . Bu t eve n peopl e wit h a  rathe r superficia l knowledg e o f finite 
groups wil l b e abl e t o maste r th e basic s o f representatio n theor y i f the y rea d th e 
first section s o f Chapter s 1-8 . 

The boo k consist s o f tw o parts . Par t 1  (published i n 1997 ) contain s Chapter s 
1-13. Th e presen t Par t 2  contains Chapter s 14-31 . 

Although a very detailed table of contents is provided, w e think i t is appropriate 
to surve y th e content s o f the book . I n thi s surve y w e will describe th e structur e o f 
the book , emphasiz e it s main themes , an d poin t ou t connection s betwee n chapters . 

Chapter 1 . W e introduce th e mai n notions , prov e such fact s o f primary impor -
tance a s Schur' s Lemm a an d Maschke' s Theorem , an d stud y th e grou p Lin(G ) o f 
all irreducible representations o f a finite  abelia n group over the complex field.  §1.1 0 
contains som e importan t corollarie s an d application s o f Maschke' s Theorem . 

Chapter 2 . W e prov e th e orthogonalit y relation s an d deduc e thei r simples t 
corollaries. Th e w e begin t o stud y th e relation s betwee n th e characte r tabl e X(G ) 
of a  group G  an d th e propertie s o f the grou p (thi s them e recur s throug h th e whol e 
book). Fo r example , i t i s show n i n [Gar2 ] tha t th e characte r tabl e o f a  solvabl e 
group enable s on e to determin e it s Frattin i subgrou p (i.e. , to describ e al l G-classe s 
that belon g to it); but, a s Garrison has shown, the character table does not generall y 
determine th e Frattin i subgroup . 

Chapter 3 . Startin g fro m th e fac t tha t th e value s o f character s ar e algebrai c 
integers, w e deduc e a  serie s o f dee p theorems , th e mos t importan t o f whic h i s 
Burnside's Theore m o n th e solvabilit y o f {p , g}-groups. Recentl y Kazari n [Kazl ] 

xiii 
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obtained a  substantial improvemen t o f the pa-Lemma tha t implie s Burnside' s The -
orem. Namely , h e showe d tha t an y elemen t o f G , th e inde x o f whose centralize r i s 
a prim e power , belong s t o a  solvabl e radica l o f G  (hi s proo f use s modula r theory) . 
Note tha t i n th e 1970 s ther e appeare d a  proo f o f Burnside' s {p , g}-Theorem tha t 
does no t us e characte r theor y (Goldschmidt , Bender , Matsuyama) . 

We present a  short introductio n t o the theory of rational groups , i.e. , groups al l 
of whose characters ar e rational-valued . Th e chapte r end s with a n extensive surve y 
of the character s o f p-groups (thi s surve y i s continued i n Chapte r 31 ; many o f th e 
results tha t w e present abou t th e character s o f p-groups ar e du e t o A . Mann) . 

Chapter 4  begin s wit h a  shor t introductio n t o multilinea r algebra . W e de -
fine some operation s wit h representation s an d character s an d prov e th e importan t 
Burnside-Brauer Theore m o n power s o f faithfu l characters , a s wel l a s a n analo -
gous resul t o n power s o f conjugac y classe s (Garrison) . Thes e tw o result s inspire d 
a larg e amoun t o f work o n analogie s betwee n irreducibl e character s an d conjugac y 
classes (Arad , Brenner , Mann , Blau , Chillag , Herzog , an d others ; se e [Arad2]) . 
We introduce th e Frobenius-Schu r indicato r an d presen t a  formula fo r th e numbe r 
of involution s i n a  group . Th e irreducibl e character s o f direc t product s an d thei r 
kernels an d quasikernel s ar e the n studie d i n detail . Fro m thes e result s w e deduc e 
an important corollary , du e to Schur , statin g tha t th e degree of an irreducible char -
acter divides the index of the cente r (th e proof we give is due to Tate) . Th e chapte r 
is conclude d wit h Frobenius ' proo f o f hi s fundamenta l theore m o n th e numbe r o f 
solutions o f th e equatio n x n =  1  in a  grou p (i n Chapte r 5  w e presen t tw o mor e 
proofs o f thi s theorem , on e o f them no t usin g characters) . 

Chapters 5  an d 7  ar e th e centra l chapter s o f th e book . Som e o f th e result s 
proved ther e ar e amon g thos e w e refer t o mos t ofte n i n th e sequel . 

Chapter 5 . Ou r presentatio n o f th e theor y o f induce d character s follow s a n 
approach outline d i n th e well-know n pape r o f Braue r an d Tat e [BraulO] , accord -
ing t o whic h th e Reciprocit y La w i s postulated . Nevertheless , th e chapte r end s 
with anothe r wa y to develop th e theor y o f induced representations , du e to Mackey . 
We prov e th e importan t Macke y Theorem s o n restriction s o f induce d character s 
[Macl]; thes e theorem s ar e the n use d t o deduc e irreducibilit y criteri a fo r induce d 
characters, du e t o Macke y an d Shoda . A s a  nic e applicatio n o f th e theor y w e 
present a  proo f o f th e Brauer-Suzuki-Wal l Theore m o n group s wit h elementar y 
abelian centralizer s o f involution s [Brau9 ] —  historicall y speaking , thi s wa s on e 
of the firs t characterizatio n results . W e mus t mentio n tha t thi s theore m appeare d 
in 190 0 i n a  pape r o f Burnside , whic h wa s forgotte n afterwards . Anothe r proo f o f 
this theorem , usin g Bender' s method , i s presented i n Chapte r 15 . Incidentally , th e 
whole directio n o f characterizatio n result s i n th e theor y o f finite  group s i s rathe r 
poorly represente d i n th e book . W e believ e tha t th e theorem s o n intersection s o f 
kernels o f certai n character s ar e o f som e interes t (se e Chapte r 1 4 fo r mor e result s 
of thi s type) . Th e chapte r end s wit h a  shor t surve y o f result s abou t th e numbe r 
of element s o f a  give n orde r an d th e numbe r o f subgroup s o f give n structur e i n a 
group. 

Chapter 6 . W e develo p a  theor y o f projectiv e representations , stud y Schu r 
multipliers an d representatio n groups , an d calculat e multiplier s o f abelia n group s 
(Schur). W e prov e tha t a n abelia n grou p possesse s a  faithfu l projectiv e repre -
sentation wit h a t mos t tw o irreducibl e component s (Zhmud 7). Fro m thi s resul t w e 
deduce a  description o f the abelia n groups tha t admi t faithfu l irreducibl e projectiv e 
representations (Fruch t [Fru]) . W e als o prov e a  realizatio n theore m ( a projectiv e 
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representation o f a  grou p G  ma y b e realize d ove r th e cyclotomi c field  generate d 
by th e |G|t h roo t o f unity ; th e proo f use s Brauer' s theore m o n th e realizatio n o f 
ordinary representations ; se e Chapter 8) . W e study p-groups with large multipliers . 
For example , w e show tha t a  grou p o f orde r p n ha s a  multiplie r o f orde r p n ( n - 1 ) / 2 

(i.e., o f maximal possibl e order ) i f and onl y i f i t i s an elementar y abelia n group ; we 
also describ e th e p-groups satisfyin g th e sam e conditio n wit h a  multiplie r o f orde r 
p)n(n-i)/2-i [Berl3] . W e als o prov e th e Gaschutz-Neubiiser-T i Ye n estimat e fo r 
the orde r o f the multiplie r o f a  p-group; thi s proof , du e t o th e secon d author , doe s 
not us e cohomology theory . Th e following resul t merit s attention : i f \G/Z(G)\  =  p n 

and \G'\  —  pn ( n _ 1 ) / 2 , the n G/Z(G)  i s an elementary abelia n o r nonabelian grou p of 
order p 3 an d exponen t p  [Berl3 ] (th e remark abou t th e orde r i s due to A . Mann) . 

Chapter 7  presents Clifford' s classica l wor k [Cli] . Hi s resul t o n th e ramifica -
tion inde x o f a n irreducibl e characte r ove r a  norma l subgrou p wil l b e especiall y 
important furthe r on . Thi s resul t implie s Ito' s Theore m 7.7 , whic h state s tha t th e 
degree o f an irreducibl e characte r divide s th e inde x o f an abelia n norma l subgrou p 
[Itol]. Similarl y w e prov e a  mor e genera l (thoug h les s ofte n used ) theore m o f 
Reynolds, whic h state s tha t th e degre e o f a n irreducibl e characte r <f>  o f a  grou p 
G divide s \G  :  i J |0( l ) , wher e H  <  G  an d <\>  G  Irr(G). Gallagher' s fundamenta l 
results (se e [Gal4] ) o n th e extensio n o f invarian t character s o f a  norma l subgrou p 
are presented. A s a corollary, we obtain th e inequality k(G)  <  k(H)k(G/H),  wher e 
H <  G  (se e [Gal6]) . Amon g othe r importan t result s w e want t o emphasiz e Tate' s 
p-nilpotency criterio n [Tat] . Th e chapte r end s with a  classification o f the nilpoten t 
subgroups o f class a t mos t tw o and orde r a t mos t (p n /2 — l )2 i n GL(n,p) (ou r proo f 
is a  modificatio n o f argument s du e t o Glauberman) . 

Chapter 8 . W e prov e th e Braue r Inductio n Theorems . Thes e theorems , to -
gether wit h thei r corollary , th e Realizatio n Theorem , ar e amon g th e mos t impor -
tant achievement s o f character theory . Th e res t o f the chapte r i s devoted to variou s 
applications o f thes e theorems . I n particular , w e presen t a  complet e expositio n 
of Brauer' s importan t pape r [Brau3 ] o n quotien t group s o f finite  groups . Th e 
Induction Theorem s undoubtedl y hav e a  potentia l fa r beyon d this . 

Chapter 9  give s a  necessar y an d sufficien t conditio n fo r a  grou p t o admi t a 
faithful representatio n wit h a t mos t k  irreducibl e constituent s [Zhml , Zhm3] . 
We believ e tha t specia l attentio n shoul d b e pai d t o th e theore m statin g tha t th e 
number o f kernel s equal s th e numbe r o f antikernel s (b y "kernel " w e mean th e ker -
nel o f a n irreducibl e character , an d b y "antikernel" , th e subgrou p generate d b y a 
conjugacy class) . Fo r example , i f distinc t irreducibl e character s hav e distinc t ker -
nels (suc h a  grou p i s calle d a  CM-group ) an d H  i s a n antikernel , the n th e clas s 
generating H  i s uniquel y determined . W e stud y th e structur e o f CM-group s an d 
their generalizations . CM-group s ar e rational. Al l the results of §§1 and 3  were first 
proved b y th e secon d autho r [Zhm9 , Zhm2I] , bu t ou r presentatio n i n § 3 differ s 
considerably fro m th e origina l on e (se e [Ber27]) . 

Chapter 10 . Th e chapte r revolve s aroun d Frobenius ' famou s theore m o n tran -
sitive group s i n whic h th e stabilize r o f an y tw o point s i s trivial . W e als o conside r 
other types of groups arising naturally i n this connection . W e prove several general -
izations and convers e theorems. Frobenius ' Theorem treat s a n important particula r 
case o f th e followin g proble m als o formulate d b y Frobenius : I f a  natura l numbe r 
n divide s \G\  an d th e numbe r o f solution s o f th e equatio n x n =  1  in G  i s n , i s i t 
true tha t th e solution s constitut e a  subgroup ? Thi s proble m wa s recentl y solve d 
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(in the affirmative ) usin g th e classificatio n o f finite  simpl e group s [Iiy] . I t i s shown 
that th e firs t colum n X i (G) o f th e characte r tabl e enable s on e t o decid e whethe r 
G i s a  Probeniu s group . W e giv e a  brie f introductio n t o th e theor y o f exceptiona l 
characters an d Suzuki' s Theore m o n th e solvabilit y o f CA-group s o f od d orde r ( a 
group i s called a  CA-grou p i f the centralize r o f any elemen t othe r tha n th e identit y 
is abelian) . W e not e tha t Xi(G ) determine s th e comple x grou p algebr a C G an d 
vice versa . W e consider severa l example s illustratin g th e influenc e o f Xi (G) o n th e 
structure o f G . Fo r example , w e prov e Isaacs ' Theore m whic h assert s tha t Xi(G ) 
enables on e t o decid e whethe r G  i s p-nilpotent . Thi s approac h i s generalize d i n 
Chapter 11 . 

Chapter 11 . W e introduc e th e function s T(G ) ( = th e su m o f degree s o f irre -
ducible character s o f G) , f(G ) =  T(G)/|G| , an d mc(G ) =  k(G)/|G| . O f course , 
the knowledg e o f Xi(G) permit s on e t o calculat e thes e function s (bu t th e convers e 
is no t true) . Th e Mai n Theore m classifie s thos e group s G  fo r whic h f(G ) >  1/p , 
where p  i s th e smalles t prim e diviso r o f |G| . Not e tha t T(G ) >  \{x  £  G\x 2 =  1} | 
(by the Frobenius-Schu r formula ; se e Chapte r 4) , and thi s make s i t possibl e t o us e 
the Mai n Theore m t o obtain a  description o f groups a t leas t hal f o f whose element s 
are involution s (se e [Wall] ; th e proo f presente d i s du e t o K . G . Nekrasov) . I t i s 
further show n tha t i f H  <  G , 0  e  I r r (#) , an d |  Irr(0G)| >  \G  :  #1/4, the n G/H  i s 
solvable (se e [Berl5]) . 

Chapter 12 . Blichfeld t wa s th e first  t o stud y group s tha t posses s a  faithfu l 
irreducible characte r o f relativel y smal l degree . W e analyz e th e structur e o f a 
p-solvable grou p o f p-lengt h 1  tha t ha s a  faithfu l irreducibl e characte r o f degre e 
smaller tha n th e exponen t o f it s Sylo w p-subgroup . 

Chapter 13 . W e prov e th e Brauer-Suzuk i Theore m o n group s whos e Sylo w 
2-group i s a  generalize d quaternio n grou p [Brau8] , [Gla3] . 

Chapter 1 4 i s devote d t o on e o f th e centra l theme s o f th e book , th e connec -
tion betwee n th e degree s an d kernel s o f irreducibl e characters . I t i s show n tha t 
the quasikerne l (and , therefore , th e kernel ) o f a n irreducibl e characte r o f maxima l 
degree i s nilpotent . Th e sam e ca n b e als o sai d abou t th e minimu m (wit h respec t 
to inclusion ) quasikernel s an d kernels = W e prov e Thompson' s Theore m [Tho2 ] o n 
the p-nilpotenc y o f a  grou p suc h tha t al l it s nonlinea r irreducibl e character s ar e 
of degre e divisibl e b y a  fixe d prim e p , an d presen t som e relate d results . Inciden -
tally, Chapte r 2 5 contains a  proof o f the fac t tha t th e groups arisin g i n Thompson' s 
Theorem ar e eve n solvabl e (her e w e us e th e classificatio n o f simpl e groups ; se e 
Proposition 25. 9 an d Remar k 1  afte r it) . A s a  simpl e corollar y o f Thompson' s 
Theorem on e obtain s anothe r theorem , als o du e t o Thompson , whic h assert s tha t 
G ha s a n ordere d Sylo w towe r i f cd G i s a  chai n wit h respec t t o divisibility . A 
similar situation , i n which c d G— {x(I)} i s a chai n fo r a  certain \  £  I r r i (G), an d i n 
addition i t i s assumed tha t x(I ) i s prim e t o an y elemen t o f the se t cd C —  {x(l)} , 
is muc h mor e difficult ; nevertheless , her e to o on e ca n achiev e a  goo d descriptio n 
of G . Not e tha t Tate' s Theore m o n p-nilpotenc y play s a  considerabl e rol e i n th e 
proof o f the latte r result . Thompson' s Theore m i s also a n eas y corollar y o f Tate' s 
Theorem. Tate' s Theore m i s also use d t o prov e Isaacs ' Theore m o n th e solvabilit y 
of a  grou p G  wit h |  cdG| <  3 . A  criterio n fo r 7r-closur e i s formulate d i n term s o f 
characters. Thre e appendice s t o th e chapte r ar e o f independen t interest . 

Chapter 15 . W e present result s o f important paper s by Brauer-Fowler [Brau7 ] 
and Bende r [Ben3 ] o n group s o f even orde r an d giv e some applications . 
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Chapter 16 . W e prov e a  theore m o f Veitsblit , whic h give s a  classificatio n o f 
groups with two infinitely distan t involution s (th e distance between two nonidentit y 
elements o f a  grou p G  i s defined i n Chapte r 15) . 

Chapter 17 . W e prov e Nagao' s Theore m [Nagl ] o n th e definabilit y o f a  sym -
metric grou p S n b y it s character table . Oyam a [Oya ] prove d a n analogou s theore m 
for alternatin g groups . W e are sure tha t analogou s result s ma y b e obtaine d fo r an y 
simple group , b y usin g th e classificatio n o f simpl e groups . Definabilit y o f a  simpl e 
group by the firs t colum n o f its character tabl e i s more difficult . Th e firs t colum n of 
the characte r tabl e i s not sufficien t t o determine whethe r th e grou p i s supersolvable 
(T. Hawkes) . Man y smal l group s ar e definabl e b y the firs t colum n o f the characte r 
table (thi s follow s fro m th e classificatio n o f al l group s wit h clas s numbe r a t mos t 
12 [Ber3]) . 

Chapter 18 . W e obtain a  description o f the irreducible linea r groups G  of degree 
p, wher e p  i s th e leas t prim e diviso r o f |G| ; w e als o prov e th e importan t Jorda n 
Theorem o n linea r group s (th e proo f presente d her e i s due t o Frobenius) . 

Chapter 19 . Th e firs t hal f o f th e chapte r i s a n introductio n t o th e characte r 
theory o f multipl y transitiv e groups . I n th e las t sectio n w e presen t th e firs t step s 
of Young's approac h t o representation s o f symmetri c groups . 

Chapter 20 . W e construct th e characte r tabl e of SL(2,p n). Constructio n o f th e 
character tabl e i s on e o f th e mos t importan t part s o f characte r theory . Lon g ago , 
Frobenius proposed a  method to construct th e character table s for symmetric , alter -
nating, an d som e other group s (independently , Youn g developed th e representatio n 
theory o f symmetri c groups) . 

Chapter 21 . A s fa r a s w e know , thi s i s the mos t complet e presentatio n o f th e 
theme "zero s o f characters " (Karpilovsky's boo k [Kar3 ] contain s a  specia l chapte r 
on this topic) . Lon g ago , Burnside showe d tha t an y nonlinea r irreducibl e characte r 
has a zero (i.e. , an element o f the group on which the character take s the value zero). 
Further result s o n zeros , obtaine d b y Gallaghe r [Gal5] , ar e complemente d an d 
strengthened i n thi s chapter . A n importan t rol e i s played b y Veitsblit' s inequality , 
which give s an estimat e fo r th e numbe r o f zeros o f a n irreducibl e characte r [Veil] . 
The chapter contain s an extensive survey of the theory of the so-called 5-characters , 
a notio n du e t o th e secon d autho r (a s ar e al l result s o f the survey) . 

Chapter 2 2 i s a n elementar y introductio n t o th e theor y o f th e Schu r index , 
constituting a n importan t par t o f the them e "arithmeti c propertie s o f characters" . 
This materia l wa s move d fro m Chapte r 3  to Par t 2  for reason s o f continuit y only . 

Chapter 23 . W e stud y group s tha t satisf y th e followin g condition . 
If {1 } <  N  <  G'  and  N  <  G  and  <j>  G  Irr(TV) -  {IN},  then  the  irreducible 

components of  the  character  <j) G have  pairwise  distinct  degrees. 
We classify th e solvabl e group s tha t satisf y thi s condition ; amon g thes e group s 

are th e group s al l o f whose nonlinea r irreducibl e character s ar e o f pairwise distinc t 
degrees (w e als o presen t her e a  classificatio n o f thes e group s du e t o Berkovich , 
Chillag, an d Herzo g [Ber23]) . 

Chapter 24 . W e study group s tha t posses s onl y tw o nonlinear irreducibl e char -
acters o f the sam e degre e (Di-groups) . Solvabl e Di-group s ar e classified . I t follow s 
from the result o f Kazarin and the first autho r [Berl7 ] tha t PSL(2 , 5) and PSL(2 , 7) 
are th e onl y unsolvabl e D x-groups. A n importan t rol e i s playe d her e b y th e char -
acterizations o f Frobenius group s prove d i n Chapte r 10 . 

Chapter 25 . B y Thompson's Theore m (Theore m 14.11(a)) , any non-p-nilpoten t 
group G  possesses a  nonlinear irreducibl e characte r o f p'-degree. I n thi s chapte r w e 
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estimate th e su m o f degree s o f nonlinea r irreducibl e character s o f ^/-degree s an d 
study th e structur e o f group s fo r whic h th e estimat e i s attaine d (cf . [Bral]) . I n 
Proposition 25. 9 w e prov e som e propertie s (no t mentione d earlie r i n literature ) o f 
groups i n Thompson' s Theore m (i n particular , thi s propositio n implie s tha t suc h 
groups are solvable). Th e Appendix to this chapter treat s a  generalization o f Frobe-
nius kernels . 

Chapter 26 . Le t H  <  G.  W e stud y pair s o f group s fo r whic h th e differenc e 
T(G) —  T(if ) i s smal l (T(G ) i s the su m o f degrees o f irreducibl e character s o f G) . 
The result s o f the chapte r ar e taken fro m [Ber25] . 

Chapter 27 . W e stud y group s al l o f whos e nonlinea r irreducibl e character s 
take exactl y thre e values , als o provin g som e relate d results . Al l th e result s o f thi s 
chapter wer e prove d jointly b y Chilla g an d th e author s (se e [Ber24]) . 

Chapter 28 . W e stud y group s G  i n whic h th e numbe r o f involution s i s a t 
least \\G\.  Thi s resul t i s deduced fro m a  muc h mor e genera l resul t concernin g th e 
function mc(G) . 

Chapter 29 . W e classif y th e group s i n whic h an y tw o differen t kernel s o f non -
linear irreducibl e character s ar e nonincident . 

Chapter 3 0 is a continuation o f Chapter 27 . W e study th e group s whose mono -
lithic character s tak e a t mos t thre e value s ( a characte r x  i s calle d monolithi c i f i t 
is irreducibl e an d G/kerx  i s a  monolith , i.e. , contain s onl y on e minima l norma l 
subgroup). I n Propositio n 30.1 8 w e generaliz e som e well-know n result s o f charac -
ter theory . Appendi x B  t o Chapte r 30 , base d o n a  pape r o f M . Roitma n [Roi] , 
contains elementar y proof s o f Zsigmondy' s fundamenta l number-theoreti c theore m 
and Feit' s theorem s o n larg e Zsigmond y primes . 

Chapter 31 . We give a  classification o f groups G  with n(G ) <  3 , where n(G ) i s 
the numbe r o f nonlinear irreducibl e character s o f G . W e study group s al l o f whos e 
nonlinear irreducibl e character s ar e algebraicall y conjugate , an d als o group s G  fo r 
which Lin(G ) act s transitivel y o n Irri(G) . 

It i s evident tha t w e concentrate mostl y o n applications , whil e purely theoreti c 
questions occup y a  relativel y modes t par t o f th e book . A  reade r intereste d i n a 
more detaile d stud y o f th e theor y i s referre d t o th e book s b y Isaacs , Feit , Dorn -
hoff, Huppert , Gorenstein , Suzuki , Collins , Curtis-Reiner , an d als o t o th e book s 
of Karpilovsky , whic h ca n b e viewe d a s a n encyclopedi a o f representatio n theory . 
Moreover, w e regar d ou r boo k a s a  complemen t t o thos e mentione d above . I t i s 
especially usefu l t o rea d i t i n paralle l wit h on e o f the m (especiall y thos e o f Isaac s 
and Karpilovsky) . 

In bot h th e content s an d th e styl e o f th e presentatio n w e wer e greatl y influ -
enced b y Isaacs ' text , whil e th e influenc e o f othe r author s i s comparativel y small . 
Karpilovsky's multivolum e treatise , th e mos t complet e textboo k o f characte r the -
ory (a t th e tim e o f writing th e presen t book) , was published afte r th e presen t boo k 
had bee n written , an d therefor e coul d no t hav e influence d us . 

The materia l o f Chapter s 9 , 11 , 12, 14 , 16 , 17 , 21, 23-31 i s presented i n mono -
graph for m fo r th e first  time . Othe r chapter s als o contai n muc h ne w material . 

Our presentatio n i s fairl y detailed . Sinc e w e have restricte d ourselve s t o ordi -
nary representations , th e mathematica l prerequisite s ar e rathe r modest . W e hop e 
that reader s acquainte d wit h th e basic s o f th e theor y o f finite  group s will  no t find 
the boo k difficult . 
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The exercise s scattere d throug h th e whol e boo k for m a n importan t par t o f th e 
presentation. The y ar e o f varyin g degree s o f difficult y —  fro m purel y technica l 
ones, use d i n th e mai n text , t o reall y hard , ofte n unsolve d problems . I n addition , 
we provid e a  lon g lis t o f ope n problem s a t th e en d o f Par t 2 , writte n b y th e firs t 
author (man y unsolve d question s ar e formulate d i n th e mai n tex t o f th e boo k a s 
well). Mos t o f the problem s i n the lis t wer e posed b y the firs t author , bu t ther e ar e 
also som e know n problems . W e als o appen d a  lis t o f frequentl y me t concept s an d 
notations (containin g definitions) . 

The author s o f th e result s ar e mentione d whereve r thei r name s ar e know n t o 
us (unfortunately , th e literatur e sometime s show s discrepancies o n this point) . Th e 
bibliography a t th e en d o f the book , thoug h ver y incomplete , nevertheles s contain s 
many importan t works . Man y article s ar e include d i n th e Bibliography , an d w e 
recommend tha t yo u familiariz e yoursel f wit h them . Som e work s i n th e lis t ar e 
devoted t o modula r theory , whic h i s not presente d i n the tex t (bu t w e hope to ad d 
a larg e chapter , "Modula r Characters" , i n a  futur e editio n o f thi s book) . 

We shal l b e gratefu l fo r critica l remarks . 
During th e almos t fourtee n year s o f ou r wor k w e hav e enjoye d th e hel p an d 

support o f many o f our colleagues . A . E . Zalessk i rea d th e tex t originall y prepare d 
for Rosto v Universit y Pres s (tha t editio n neve r materialized , thoug h typesettin g 
began) an d mad e som e substantia l remarks . Ou r contact s wit h A . I . Saksono v 
were very useful ; h e read som e chapters an d mad e usefu l supplement s (hi s theorem , 
presented i n Chapte r 10 , appeare d i n th e process) . Whil e writin g Chapte r 1 1 we 
received grea t hel p fro m K . G . Nekraso v (th e mai n theore m o f tha t chapte r wa s 
proved b y hi m an d th e firs t author) . H e als o prepare d th e tex t o n whic h Chapte r 
17 is based. Ove r the las t fiv e year s the firs t autho r ha s been activel y collaboratin g 
with A . Mann , an d th e entir e boo k include s man y interestin g result s du e t o th e 
him (fo r example , Chapte r 2 6 i s a  presentatio n o f a  joint pape r b y Man n an d th e 
first author) . Chapter s 2 3 and 2 4 are generalizations o f a joint pape r b y Berkovich , 
Chillag an d Herzog . L . S . Kazari n an d M . Roitma n rea d th e fina l tex t an d mad e 
numerous useful remarks. W e wish to express our gratitude to all of these colleagues. 
We are greatl y indebte d t o th e editor s o f Zentralblatt  fiir  Mathematik,  wh o sen t u s 
about 10 0 papers an d dissertation s whic h wer e unavailabl e t o us . 

We remember ou r late friend Samui l Davidovich Berma n (1922-1987 ) wit h spe-
cial warmth . Ou r contact s wit h thi s outstandin g mathematicia n an d remarkabl e 
person ha d grea t influenc e o n our mathematica l growth . Discussion s o f some chap-
ters o f thi s boo k a t hi s semina r wer e especiall y useful . W e dedicat e thi s boo k t o 
his memory . 

Since 199 1 the wor k o f th e firs t autho r ha s bee n supporte d b y th e Ministr y o f 
Absorption an d th e Ministr y o f Scienc e an d Technolog y o f Israel . Durin g th e las t 
three year s th e wor k o f the secon d autho r ha s bee n supporte d b y a  gran t fro m th e 
American Mathematica l Society . W e ar e gratefu l t o al l o f them . Th e firs t autho r 
is also indebted t o Professo r J . Arazy , Hea d o f the Aful a Researc h Institute , fo r hi s 
constant interes t an d suppor t o f thi s work . 

The Russia n versio n o f the boo k wa s accepte d b y th e Rosto v Universit y Pres s 
in 199 0 an d th e typesettin g wor k began ; however , fo r variou s extraneou s reason s 
the boo k wa s no t published . Fo r th e presen t edition , initiate d b y S . I . Gelfand , w e 
have substantiall y improve d th e ol d versio n o f the book . I t i s a  grea t hono r fo r u s 
to hav e ou r boo k publishe d b y th e America n Mathematica l Society . 
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Chapters 1- 4 wer e translate d fro m th e Russia n b y P . Shumyatsky ; th e res t o f 
Part 1  and Chapte r 2 0 wa s translate d b y V . Zobina . Chapter s 14-1 9 an d 21-3 1 
were translate d b y th e firs t author . W e ver y muc h appreciat e numerou s remark s 
and suggestion s b y N . Zobin . Th e Englis h versio n wa s edite d b y D . Louvish . 

Yakov Berkovic h (Afula , Israel ) 
Emmanuel Zhmud ' (Kharkov , Ukraine ) 



List o f Notatio n 

Set Theor y 

\M\ i s the cardinalit y o f a  se t M  (i f G  i s a  group , the n \G\  is calle d th e orde r 
ofG). 

x G  M mean s tha t x  i s an elemen t o f M. 
N C  M  mean s tha t N  i s a  subse t o f M ; i f i V ^ M  w e write N  d  M. 
0 i s the empt y set . 
TV i s calle d a  nontrivia l subse t o f M , i f AT ^  0  and N  C  M.  I f A T c  M  w e say 

that A/ " is a  prope r subse t o f M . 
M n i V i s th e intersectio n an d M U i V i s th e unio n o f set s M  an d N.  I f M , AT 

are sets , the n N  —  M  i s the differenc e o f N  an d M. 
C i s the se t (field ) o f complex numbers . 
R i s the se t (field ) o f rea l numbers . 
Q i s the se t (field ) o f rationa l numbers . 
Z i s the se t (ring ) o f integers : Z  =  {0 , ± 1, ± 2 , . .. } . 
N is the se t o f natura l numbers . 

Number Theor y an d Genera l Algebr a 

p is always a  prim e number . 
ra, n  ar e alway s natura l numbers . 
(m, n) i s the greates t commo n diviso r o f m  an d n . 
m |  n shoul d b e rea d as : m  divide s n. 
7r(ra) i s the se t o f al l prim e divisor s o f m. 
7r is a  se t o f primes (i t ma y b e th e empt y set) . 
7r' i s the se t o f primes no t containe d i n n. 
m^ i s the numbe r satisfyin g th e followin g conditions : 

TT^TT) C  7r , 171^  |  ra,  ^(m/m-Tr ) C  7r /. 

We write ra p, p
f instea d o f ra{ p}, {p}' , respectively. 

ra i s a  7r-number , i f 7r(ra ) C  TT  (o r ra^ =  ra). 
GF(pm) i s the finite field  containin g p 171 elements . 
F* i s the multiplicativ e grou p o f a  field  F. 
Fn i s the n-dimensiona l vecto r spac e ove r F. 
Fn i s the se t o f al l n  x  n  matrice s ove r F. 
If A  i s a  squar e matrix , the n de t A,  t r A  ar e th e determinan t an d th e trac e o f 

A (tha t is , the su m o f elements o n it s principa l diagonal) , respectively . 
In i s the n  x  n  identit y matrix . 
a i s the numbe r conjugat e t o a  £  C . 
[x] is the intege r par t o f x  G  R. 

xx i 
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Groups 

G i s always a  finit e group . 
H <  G  mean s tha t H  i s a  subgrou p o f G. 
H <  G  mean s tha t H  <  G  an d H  ^  G  (i n thi s cas e H  i s calle d a  prope r 

subgroup o f G).  {1 } denotes th e grou p o f order 1 . i f i s a  nontrivia l subgrou p o f G 
if {1 } <  H  <  G . 

if i s a  maximal subgrou p o f G  i f i f <  G  and H  <  M <  G  impl y tha t H  =  M. 
H <  G  means tha t i f i s a normal subgrou p o f G; moreover , i f i f ^  G  we writ e 

H<\G and sa y tha t i f i s a proper norma l subgrou p o f G. i f <G i s called a  nontrivia l 
normal subgrou p o f G  i f |i f | > 1 . 

if i s a  minima l norma l subgrou p o f G  i f (a ) H  <  G ; (b ) i f >  {1} ; (c ) N  <  G 
and N  <  H  implie s T V =  {1} . Thus , {1 } has n o minima l norma l subgroups . 

G i s simple i f i t i s a  minima l norma l subgrou p o f G  (i n particular , \G\  > 1) . 
if i s a  maxima l norma l subgrou p o f G  i f G/H  i s simple . 
G i s a monolith i f G =  {1 } or i f G contains onl y one minimal norma l subgroup . 
The subgrou p generate d b y al l minima l norma l subgroup s o f G  i s calle d th e 

socle of G and i s denoted b y Sc(G) . On e ca n represen t Sc(G ) a s the direc t produc t 
of certai n minima l norma l subgroup s o f G . W e pu t Sc({l} ) =  {1} . Obviously , 
Sc(G) i s a  characteristi c subgrou p o f G . 

NG(M) =  {x  G  G | x~lMx =  M}  i s the normalize r o f a  subse t M  i n G . 
CG(X) i s the centralize r o f a n elemen t x  i n G  :  CG(X)  =  {z  G  G | zx =  xz}. 
CQ{M) =  ClxeM  CG(X) i s the centralize r o f a  subse t M  i n G . 
Aut G  is the grou p o f al l automorphisms o f G (th e automorphism grou p o f G) . 
Inn G  i s the grou p o f al l inne r automorphism s o f G . 
Out(G) =  Au t G / I n n G . 
[x, y] = x~ ly~lxy i s the commutato r o f element s x , y o f G . I f M , N C  G  the n 

[M,N] =  ([x,y]  \x  G  M,y G  iV). (However , i n Chapte r 1 1 [M , AT] = {[X,T/ ] |  X  G 
M,yGiV}.) 

If M  C  G, the n (M ) i s the subgrou p o f G  generate d b y M . 
G7 i s th e subgrou p generate d b y al l commutator s [x,y],  x,y  G  G (i.e. , G ; = 

[G,G]), G " =  (G')' , G //; =  (G^ y an d s o on . 
Z(G) =  HXE G ^ G W i s th e cente r o f G . 
$(G) i s th e Frattin i subgrou p o f G  (th e intersectio n o f al l maxima l subgroup s 

of G) . 
F(G) i s the Fittin g subgrou p o f G  (th e maxima l norma l nilpoten t subgrou p o f 

G). 
S(G) i s the solvabl e radica l o f G  (th e maxima l solvabl e subgrou p o f G) . 
exp G  i s th e exponen t o f G  (th e leas t commo n multipl e o f th e order s o f th e 

elements o f G) . 
o(x) i s the orde r o f a n elemen t x  o f G . 
k(G) i s the numbe r o f conjugac y classe s o f G  ( = G-classes) , th e clas s numbe r 

of G . 
If M  C  G , the n kc(M ) i s the numbe r o f G-classe s containin g element s o f M . 
TT(G) =  7T(|G|) . 
O^G) i s th e maxima l norma l 7r-subgrou p o f G , 0(G ) =  02'(G ) (obviously , 

0P(G) € Sylp(F(G))) . 
O^G) i s th e subgrou p generate d b y al l ^-element s o f G . 
C(ra) i s the cycli c grou p o f orde r m. 
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A x  B  i s the direc t produc t o f groups A  an d B. 
A *  B i s a  centra l produc t o f groups A  an d B. 
G° =  {1} ; G m i s the direc t produc t o f m  copie s o f G . 
E(pm) =  C(p) rn i s the elementar y abelia n grou p o f order p m . 
A grou p G  i s sai d t o b e homocycli c i f i t a  direc t produc t o f isomorphi c cycli c 

subgroups (obviously , elementar y abelia n p-group s ar e homocyclic) . 
ES(ra,p) i s a n extraspecia l grou p o f orde r p 1 + 2 m ( a p-grou p G  i s sai d t o b e 

extraspecial i f G'  —  3>(G ) = Z(G ) i s o f orde r p) . 
A specia l p-grou p i s a  nonabelia n p-grou p G  suc h tha t G'  =  3>(G ) =  Z(G ) i s 

elementary abelian . 
(A, B) i s a  Frobeniu s grou p wit h kerne l B  an d Frobeniu s complemen t A  (A 

and B  d o no t determin e (A,  B)  u p t o isomorphism) . 
D(2ra) i s the dihedra l grou p o f orde r 2m , m  >  2. 
Q(2m) i s the generalize d quaternio n grou p o f order 2 m >  2 3. 
SD(2m) i s the semidihedra l grou p o f orde r 2 m >  2 4. 
cl G i s the nilpotenc y clas s o f a  p-group G . 
CL G  i s the se t o f al l G-classes . 
A p-grou p o f maxima l clas s i s a  nonabelia n grou p G  o f orde r p m wit h c l G = 

m —  1 . 
If G  i s a  p-group, the n Vt m(G) =  (x  G  G |  xp = 1 ) . 
m - G = (x m | X G G ) . 

Syl(G) i s the se t o f al l Sylo w subgroup s o f G . 
Sylp(G) i s the se t o f al l Sylo w p-subgroups o f G . 
H i s a  Hal l subgrou p o f G  i f (\H\,  \G  :  H\) =  1 . 
H i s a  7r-Hal l subgrou p o f G  i f \H\  =  \G\ n. 
Sn i s the symmetri c grou p o f degree n. 
An i s the alternatin g grou p o f degre e n . 
GL(n, F) i s the se t o f al l nonsingula r n  x  n  matrice s wit h entrie s i n a  fiel d F , 

the genera l linea r grou p ove r F. 
SL(n, F) =  {A  G  GL(n, F) |  det A  =  1  G F }, the specia l linea r grou p ove r F . 
PGL(m,F) =  CL(n,F)/Z(GL(n,F)) . 
PSL(n,F) -  SL(n,F)/Z(SL(n,F)) . 
AGL(n, F) i s the natura l extensio n o f Fn b y GL(n, F), the affm e genera l linea r 

group. 
Sz(2m) i s the simpl e Suzuk i group , m  >  1  being odd . 
For H  <  G , i^ c =  DxeG 00'1^00 ls  can "ed th e cor e o f th e subgrou p H  i n G . 

Obviously, i7 G <  G . 
An elemen t x  G  G i s a  7r-elemen t i f 7r(o(x) ) C  TT. 
G i s a  7r-grou p i f n(G)  C  7r . Obviously , G  i s a  7r-grou p i f an d onl y i f al l it s 

elements ar e zr-elements . 
0*(G) =  (xeG\  TT(O(X))  C  TT 7}. 

On>a(G) =  O cr(On(G)). 
A grou p G  i s a n extensio n o f A ^ < G  b y a  grou p i 7 i f G/A T =  H.  A  grou p G 

splits ove r N  if  G  =  H  -  N wit h H  <  G  an d i f n  A T = {1 } (i n tha t case , G  i s a 
semidirect produc t o f H  an d N  wit h kerne l N) . 

A grou p G  i s p-solvable i f al l indice s o f it s compositio n serie s ar e equa l t o p  o r 
are p'-numbers. A  group G  i s 7r-solvable i f i t i s p-solvable fo r al l p G  TT. A  grou p G 
is 7r-separable i f al l indice s o f it s compositio n serie s ar e TT-  o r ^-numbers . 

If M  C  G, x  G  G, the n M x =  x ^ M x =  { x ^ a x |  a G  M} . 
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H i s a  Tl-subgrou p o f G  i f H  n  H x =  {1 } fo r al l x  G  G -  N G{H). M  i s a 
Tl-subset o f G  i f M  n  M * C  {1 } for al l x  G  G - N G(M) 

iJ# =  H —  {e#} , where e # i s the identit y elemen t o f the grou p H.  I f M  C  G , 
then M*  =  M -  {e G}. 

A permutation a  o f a  se t M  i s regular i f a{x)  ^  x  fo r al l x  G  M. A n automor -
phism a  o f G  i s regular ( = fixed-point-free ) i f i t induce s a  regula r permutatio n o n 
G*. 

If x , y G  G, the n th e expressio n " x ~  ? / m ^ " niean s tha t x , ?/ are conjugat e i n 
G. Similarly , " M ~  T V i n G " mean s tha t subset s M , iV are conjugat e i n G . 

An involutio n i s an elemen t o f orde r 2  in a  group . 
An elemen t x  G  G i s rea l i f x  ~  x _ 1 i n G . A n elemen t x  i s rationa l i f al l 

generators o f th e subgrou p (x)  ar e conjugat e i n G . A n involutio n i s a  rea l an d 
rational element . 

A sectio n o f a  grou p G  i s an epimorphi c imag e o f some subgrou p o f G . 
A group G  i s p-closed i f |  Sylp(G)| =  1  (i.e. , O p(G) G  Sylp(G)). 
A grou p G  i s p-nilpotent i f i t ha s a  norma l p-complement , i.e. , a  norma l sub -

group H  o f orde r \G\P>. 
An S(j9 a, g6, qc)-group i s a  ^-close d minima l nonnilpoten t grou p G  o f orde r 

paqb+c wit h |Z(G) | =p a-1qc (se e Chapte r 11) . 
If F  =  GF(p n), the n w e write GL(m,p n ) . . . instea d o f GL(m , F ) . . . . 
If M  C  G, the n M G o r ((M) ) i s the norma l closur e o f M  i n G . 

Characters an d Representation s 

F[G] i s the se t o f al l function s fro m G  t o C . 
CF[G] i s the se t o f al l centra l (=class ) function s fro m G  t o C . 
Char(G) i s the se t o f al l comple x character s o f G . I t i s convenien t t o conside r 

the zer o functio n OG-> C a s a n elemen t o f the se t Char(G) . 
Irr(G) i s the se t o f al l irreducibl e character s o f G . 
A characte r o f degre e 1  is said t o b e linear . 
Lin(G) i s the se t o f al l linea r character s o f G  (obviously , Lin(G ) C  Irr(G)) . 
Irri(G) =  Irr(G ) —  Lin(G ) i s th e se t o f al l nonlinea r irreducibl e character s o f 

G. n(G ) =  |  Irri(G)| i s the numbe r o f nonlinea r irreducibl e character s o f G . 
A clas s functio n 9  i s sai d t o b e a  generalize d characte r o f G  i f 6  —  \i ~  X2> 

where Xi>X 2 £  Char(G) . 
Ch(G) i s the se t o f al l generalize d character s o f G . 
If (9 , A G  F[G], xeG,  the n (0X)(x)  =  0(x)X(x). 
FG i s the grou p algebr a o f G  ove r th e field  F. 
x(l) i s the degre e of a character \  ° f G\  deg T  i s the degre e o f a  representatio n 

Tof G . 
If x  £  Char(G) , cj>  G  Char(iJ), H  <  G , the n \H  i s th e restrictio n o f \  t o iJ , 

and (\P  i s the induce d characte r ((p G G Char(G)). 
If ^ , ^GCF[G] , the n 

(^^) = \G\-1J2^)W) 
xeG 

is the scala r (o r inner ) produc t o f $  an d / 0-
If H  <  G, 0  G  Irr(i7), the n I G ( 0 ) =  {x  e  G  \ 4> X —  (/)} is  the inerti a grou p o f (/) 

in G  (wher e </> x(h) =  4>{xhx~ l) fo r h  G  H). 
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If i f <  G  an d (j)  G  CF[if], the n 0  i s the functio n i n CF[G ] tha t coincide s wit h 
0 o n H  an d vanishe s o n G  — H. 

1Q i s the principa l characte r o f G  (1G{X)  =  1  for al l x  G  G). 
PG i s the regula r characte r o f G . 
Irr(x) i s the se t o f al l irreducibl e constituent s o f a  characte r x  o f G , Irri(x ) = 

Irr(x) H  Irri(G). (Th e expressio n i\)  G  Irr(x ) mean s tha t th e characte r ip  i s a 
constituent o f x O 

X(G) i s th e characte r tabl e o f G , Xi(G ) i s it s first  colum n (consistin g o f th e 
degrees o f irreducibl e characters , countin g multiplicities) . 

M(G) i s the Schu r multiplie r o f G . 
If M  i s a  set , th e Kronecke r symbo l < 5 : M x M - + { 0 , l } i s define d a s follows : 

_ J  1  i f a  = b; 

* ° ' b ~ l 0 i f a  ±b. 

c d G =  { x ( l ) | x £ l r r ( G ) } . 
cdi G = {x(l) | x e Irn(G)} = cd G - {1}. 
b(G) =  max{ n |  n G  c d G}. 
ker T  i s the kerne l o f a  representatio n T. 
ker x  i s the kerne l o f a  characte r \. 
Z(x) =  {x  G  G | |x(^)| =  X(l) } i s the quasikerne l o f x  G  Char(G). 
T(x) =  {x  G  G | x(z) =  0 } is the se t o f zeros o f x  e  Ch(G) . 
U(x) =  { ^ G  G  | |x(x)l =  1 } i s th e se t o f x - u n i tary element s o f G  (wher e 

X € Ch(G)) . 
Let N  <  G . The n Irrjv(G ) =  { x G  Irr(G) |  N <  ker * } . W e ofte n identif y th e 

sets Iir N(G) an d Irr(G/iV) . Next , Irr(G , N) =  Irr(G) -  TTT(G/N). 

Linyv(G) =  Lin(G ) n  lir N{G). 
Irr0(G) =  { x G  Irr(G ) \(XN,<I>)  >  0} , where T V <  G , (/ > G  Irr(iV) . 
Let i 7 <  G , 0  G  Irr(i7) , x  £  Irr(G) . The n x  i s a n extensio n o f 0  t o G  i f 

XH =  0 -
z^(x) i s th e Frobenius-Schu r indicato r o f x  £  Irr(G ) (se e Chapte r 4) . 
mc(G) =  k(G)/|G | i s the measur e o f commutativit y o f G . 
T(G) =  £ x e M G ) X(l) , f(G ) =  T(G)/|G| . 
Let T  b e a  representation , affordin g th e characte r x  o f G . The n th e functio n 

det x  •  G - » C * i s define d b y (de t x)0* 0 =  d e t ^(x) , x  G  G. Obviousl y de t x  £ 
Lin(G). 

If x  € CF(G) , the n x  :  G -» C  i s defined b y x(x ) =  x(x) , ^ G . 
If X  C  Irr(G) , the n X # =  X  -  {1 G}. I n particular , Irr #(G) i s th e se t o f al l 

nonprincipal character s o f G . 
Irr1(G,p') =  { x e I r r 1 ( G ) | p t x ( l ) } . 

Ti(G,p') =  E x e i r r i ( G , P ^ ( 1 ) -
If P  e  Syl p(G), the n T x{G,P,p') =  £ x 6 l r r i ( G i P , ) P £ / k e r x x U ) -
Kern G  =  {ke r \  \  \ € I r r^G)} . 
v( i ) =  | { X ( i ) | i 6 G } | . 
A characte r x  o f G  i s monolithi c i f X  ^  Irr(G ) an d G / ke r x  i s a  monolith . 

Irrm(G) i s the se t o f al l monolithic character s o f G , Irri jm(G) =  Irr m(G) fllrri(G) . 
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Notes o n th e Bibliograph y 

We recommend th e books [Hup2,3] , [Gorl,2] , and [Suz3 ] fo r th e clarificatio n 
of al l question s i n grou p theory . The y als o contai n als o a  lo t o f interestin g ma -
terial o n application s o f representatio n theory . A  mor e complet e bibliograph y o f 
representation theor y ca n b e foun d i n [Curl,2] , [Dor] , [Karl—7] , and [Gor2] . 

In ou r Bibliograph y w e list onl y thos e book s o n the theor y o f characters whos e 
intersection wit h our s i s comparativel y small . W e conside r [Isal ] t o b e th e mos t 
suitable fo r a  first  reading . Extensiv e discussio n o f relate d question s (a s wel l a s 
other material ) i s contained i n the multivolum e boo k o f Karpilovsky [Kar3—7 ] an d 
other book s b y tha t author . Th e book s [Col] , [Dor] , [Fei4 ] ar e als o useful , bu t 
more difficul t t o read . 

Much of the material in this book is taken from unpublished note s of the author s 
(referred t o belo w a s {B } an d {Z } respectively) . 

The questio n o f degree s an d kernel s o f irreducibl e character s i s centra l t o th e 
book. I t i s discussed i n Chapter s 9-12 , 14 , 23-26, 28-31 . Considerabl e attentio n i s 
devoted t o th e value s o f irreducibl e character s (Chapter s 21 , 27, 30). 

We now discus s thi s par t chapte r b y chapte r (se e also the correspondin g note s 
in Par t 1) . 

Chapter 14 . Sectio n 1  wa s writte n followin g [Garl] , bu t i t contain s som e 
new results . A  partia l cas e o f Theore m 14. 9 wa s prove d b y Amitsu r [Ami] . I n 
full generalit y thi s theore m wa s prove d i n [Isal3] . Theore m 14.1 1 appeare d i n 
[Tho2] (fo r generalization s see  Proposition s 25. 9 an d 30.18) . Theore m 14.1 9 wa s 
proved i n [Isa5] . Sectio n 8  an d Sectio n 1 4 ar e fragment s o f a n unpublishe d wor k 
by T.Y . Tarakhtelyuk . Sectio n 9  was take n fro m {B} . Sectio n 1 0 follows [Chil] , 
but contain s som e ne w results . Theore m 14.3 4 i s identica l t o Theore m 12. 4 i n 
[Isal]. Section s 12 , 13 , 1 7 are take n fro m {B} . Section 1 6 coincide s wit h [Ber9] . 
Appendices A , B  an d C  ar e du e t o th e first  autho r (se e [Be r 18,33,35]. 

Chapter 15 . Th e first  fou r section s presen t th e celebrate d pape r [Brau7] . 
Section 5  gives an exposition of Bender's important metho d fo r investigating group s 
of even order [Ben3] . Theorem s 15.4 3 and 15.4 4 (due to the first  author) sho w some 
applications o f this method . W e apply Brauer' s Theore m 15.4 7 to the classificatio n 
of groups i n whic h on e quarte r o f the element s ar e involution s (se e Chapte r 28) . 

Chapter 16 . Thi s i s a continuation o f the previous chapter . Th e materia l o f th e 
chapter i s take n fro m undergraduat e researc h o f A . I . Veitsbli t ( a forme r studen t 
of Zhmud') . Sectio n 3  contains som e result s fro m [Zhml2] . 

Chapter 17 . Thi s chapte r wa s writte n b y K . G . Nekraso v followin g [Nagl] . 
An analogou s resul t wa s prove d i n [Oya ] fo r A n . 

Chapter 18 . Thi s chapte r present s a  proo f o f th e celebrate d Jorda n Theorem , 
due t o Probenius . Som e estimate s ar e give n fo r th e inde x o f a n abelia n norma l 
subgroup i n a  linea r grou p (se e [Isal] , Theore m 14.12) . 
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Chapter 19 . Thi s chapter i s an elementary introductio n t o the characte r theor y 
of multipl y transitiv e groups . Th e las t section , presentin g th e firs t step s o f th e 
representation theor y o f symmetri c groups , i s due t o A . Young . 

Chapter 20 . I n connectio n wit h thi s chapte r w e recommen d th e well-writte n 
book [Pia] . 

Chapter 21 . Theore m 21. 1 was proved i n [Veil] . Othe r result s o f thi s chapte r 
are du e t o th e secon d author . 

Chapter 22 . Thi s i s a  shor t introductio n t o th e theor y o f the Schu r index . 
Chapter 23 . A  classificatio n o f group s i n whic h th e degree s o f th e nonlinea r 

irreducible character s ar e distinc t ma y b e foun d i n [Ber23] . Th e las t resul t i s a 
corollary o f the mai n theorem . 

Chapter 24 . Thi s chapter , a  continuatio n o f th e previou s one , studie s group s 
in whic h th e degree s o f onl y tw o nonlinea r irreducibl e character s ar e equa l (Di -
groups). Theore m 24. 7 gives a  classificatio n o f solvable Di-groups . Recently , L . S . 
Kazarin an d th e firs t autho r prove d tha t PSL(2 , 5) an d PSL(2 , 7) ar e th e onl y 
nonsolvable Di-groups . 

Chapter 25 . Accordin g t o Theore m 14.11 , a  grou p G  i s p-nilpotent i f a  prim e 
p divides th e degre e o f eac h nonlinea r irreducibl e characte r o f G  (i t follow s fro m 
Proposition 25. 9 an d Remar k 1  following i t tha t suc h a  grou p G  i s solvable) . Le t 
Ti(G,_p/) denot e th e su m o f degree s o f al l nonlinea r \  £  Irr(G ) suc h tha t p  doe s 
not divid e x(l) - B y th e above , i f G  i s no t p-nilpotent , the n T\(G,p f) >  0 . Brandi s 
[Bral] prove d tha t i n thi s cas e Pi(G,p')  >  p  —  1 . W e sho w tha t eve n Ti(G,p' ) > 
(f(\P :  P'\), wher e P  £  Syl p(G), an d describ e th e structur e o f G  when th e equalit y 
is attained. Thi s chapte r i s almost identica l with [Ber20] . Th e Appendi x i s due t o 
the first  author . 

Chapter 26 . Le t T(G ) -  E xeirr(G) *(!) • I f H  <  G > t h e n T (H) <  T ( G ) - P u t 

6{G,H) =  T(G ) -  T(H).  I n thi s chapte r (whic h coincide s wit h [Ber25] ) w e stud y 
the pair s H  <  G  with T(G,H)  <  2. Th e chapte r ma y b e considered a n applicatio n 
of result s fro m Chapter s 1 0 an d 14 . Th e chapte r contain s som e relate d results . 
Theorem 26. 8 i s due t o A . Mann . 

Chapter 27 . Thi s chapte r (minu s exercises ) coincide s wit h [Ber24] . 
Chapter 28 . I t follows from Theore m 11.2 4 that a  group in which more than hal f 

of the elements are involutions i s solvable. I n this chapter we classify al l nonsolvable 
groups i n whic h a t leas t on e quarte r o f th e element s ar e involutions . Som e relate d 
and mor e genera l result s ar e prove d a s well . Thi s chapte r coincide s wit h [Berl4] . 

Chapter 29 . Thi s chapte r i s a  fragmen t o f {B}. 
Chapter 30 . Thi s chapter , whic h i s a  continuatio n o f Chapte r 27 , coincide s 

with [Ber28] . Appendi x A  i s du e t o th e first  autho r [Ber32] . Appendi x B  i s a n 
exposition o f the pape r [Roi2] . 

Chapter 31 . Le t n(G ) denot e the numbe r o f nonlinear irreducibl e character s o f 
G. Seit z [Seil ] classifie d th e group s G  wit h n(G ) =  1 . Th e classificatio n o f group s 
G wit h n(G ) =  2  i s treate d i n severa l papers . I n thi s chapte r w e classif y group s 
G wit h n(G ) =  3 . Not e tha t [Ber3 ] an d [BerlO ] contai n list s o f group s G  wit h 
n(G) <  8  and k(G ) =  10 , 11 , 1 2 (list s o f group s G  wit h k(G ) <  9  are known ; the y 
were obtaine d b y Burnsid e an d Mille r (k(G ) <  5) , Polan d (k(G ) =  6,7) , Kazari n 
and Kosvintze v (k(G ) =  8) , an d Kazari n e t al . (k(G ) =  9) . 

Problems. Thi s sectio n wa s written b y th e first  author . Som e o f the question s 
are no t new . 



Bibliography 

[Alpl] J . L . Alperin , Local  representation  theory,  Cambridg e Univ . Press , Cambridge , 1986 . 
[Alp2] J . L . Alperi n an d D . Gorenstein , The  multiplicators  of  certain  simple  groups,  Proc . 

Amer. Math . Soc . 1 7 (1966) , 515-519 . 
[Alp3] J . L . Alperi n an d Ku o Tzee-Nan , The  exponent  and  the  projective  representations  of  a 

finite group,  Illinoi s J . Math . 1 1 (1967) , 410-414 . 
[Alp4] J . L . Alperin , Groups  and  representations,  Graduat e Text s i n Mathematics , vol . 162 , 

Springer-Verlag, Ne w York , 1995 . 
[Alv] D . Alvi s an d M . Barry , Character  degrees  of  simple  groups,  J . Algebr a 14 0 (1991) , 

116-123. 
[Ami] G . Ami t an d D . Chillag , Character  tables,  conjugacy  classes  and  a  problem  of  Feit, 

Houston J . Math . 1 2 (1986) , 1-9 . 
[Ami] S . A . Amitsur , Groups  with  representations  of  bounded  degree  2 , Illinoi s J . Math . 5 

(1961), 191-205 . 
[Aral] Z . Ara d an d G . Glauberman , A  characteristic  subgroup  of  a  group  of  odd  order,  Pacifi c 

J. Math . 5 6 (1975) , 305-319 . 
[Ara2] Z . Arad an d H . Herzog M . (eds.) , Products  of  conjugacy  classes  in  groups,  Lectur e Note s 

in Math. , vol . 1112 , Springer-Verlag , Berlin , 1985 . 
[Ara3] Z . Arad , D . Chillag , an d M . Herzog , On  a  problem  of  Frobenius,  J . Algebr a 7 9 (1982) , 

516-523. 
[Ara4] Z . Arad an d D . Chillag , On  finite groups  with  condition  on  the  centralizers  of  p-elements, 

J. Algebr a 5 1 (1978) , 164-172 . 
[Ara5] Z . Arad , D . Chillag , an d M . Herzog , Powers  of  characters  of  finite  groups,  J . Algebr a 

103 (1986) , 241-255 . 
[Art] E . Artin , The  orders  of  the  linear  groups,  Comm . Pur e an d Appl . Math . 8  (1955) , 

355-365. 
[Asal] K . Asano , Einfacher  Beweis  eines  Brauerschen  Satzes  iiber  Gruppencharaktere,  Proc . 

Japan Acad . 3 1 (1951) , 501-503 . 
[Asa2] K . Asan o un d K . Shoda , Zur  Theorie  der  Darstellungen  einer  endlicher  Gruppe  durch 

Kollineationen, Compositi o Math . 2  (1935) , 230-240 . 
[Asc] M . Aschbacher , Finite  group  theory,  Cambridg e Univ . Press , Cambridge , 1986 . 
[Ban] W . Bannusher , Uber  Gruppen  mit  genau  zwei  irreduzieblen  Charaktergraden  I , II , Math . 

Nach. 15 4 (1991) , 253-263 . 
[Bel] V . A. Belonogov , Representation s an d character s o f finite groups , Preprin t (1990) , Sverd -

lovsk. (Russian ) 
[Bel2] V . A . Belonogo v an d A . N . Fomin , Matrix  representations  in  the  theory  of  finite groups, 

"Nauka", Moscow , 1976 . (Russian ) 
[Benl] H . Bender , A  group-theoretic  proof  of  Bumside's  p a q b-theorem, Math . Z . 12 6 (1972) , 

327-338. 
[Ben2] ,  The  Brauer-Suzuki-Wall  theorem,  Illinoi s J . Math . 1 8 (1974) , 229-235 . 
[Ben3] ,  Finite  groups  with  large  subgroups,  Illinoi s J . Math . 1 8 (1974) , 223-228. . 
[Ben4] ,  Transitiven  Gruppen  gerader  Ordnung,  in  denen  jede  Involution  genau  einen 

Punkt festlasst,  J . Algebr a 1 7 (1971) , 527-554. . 
[Ben5] H . Bende r an d G . Glauberman , Local  analysis  for  the  odd  order  theorem,  Cambridg e 

Univ. Press , Cambridge , 1994 . 
[Berg] T . Berger , Characters  and  derived  length  in  groups  of  odd  order,  J . Algebr a 3 9 (1976) , 

199-207. 

311 



312 BIBLIOGRAPHY 

[Bergg] J . L . Berggren , Finite  groups  in  which  every  element  is  conjugate  to  its  inverse,  Pacif . 
J. Math . 2 8 (1969) , 289-293 . 

[Berl] Ya . Berkovich , Relations  between  the  class  numbers  of  a  group  and  a  subgroup,  Prob -
lems o f Grou p Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl 7, 1985 , 
pp. 49-61 . (Russian ) 

[Ber2] ,  Calculation  of  group  order  in  the  Brauer-Suzuki-Wall  theorem  by  means  of  the 
Bender method,  Problem s o f Grou p Theor y an d Homologica l Algebra , Yaroslavl 7, 1987 , 
pp. 24-27 . (Russian ) 

[Ber3] ,  Finite  groups  with  a  small  number  of  nonlinear  irreducible  characters,  Izv . 
Severo-Kavkazskogo Tzentr a Vysche i Skoly , Estestvenny e Nauki , vol . 1 , 1987 , pp . 8-13 . 
(Russian) 

[Ber4] ,  Finite  groups  of  small  height,  Publ . Math . Debrece n 3 4 (1987) , 151-159 . (Rus -
sian) 

[Ber5] ,  Existence  of  normal  subgroups  in  a  finite  group,  Publ . Math . Debrece n 3 7 
(1990), 1-13 . (Russian ) 

[Ber6] ,  Degrees  of  irreducible  characters  and  normal  structure  of  finite groups,  Publ . 
Math. Debrece n 3 7 (1990) , 339-343 . (Russian ) 

[Ber7] ,  Finite  groups  with  a  given  class  number,  Publ . Math . Debrece n 3 3 (1986) , 
107-123. (Russian ) 

[Ber8] ,  Counterexamples  to  a  conjecture  about  the  sum  of  the  degrees  of  irreducible 
characters, Publ . Math . Debrece n 3 9 (1991) , 1-4 . 

[Ber9] ,  Sufficient  condition  for  n-closure  of  a  finite group,  Publ . Math . Debrece n 4 1 
(1992), 311-315 . 

[BerlO] ,  Finite  groups  with  eight  nonlinear  irreducible  characters,  Att i Accad . Naz . 
Linzei CI . Sci . Fis . Mat . Natur . Rend . Lince i Ser . (9 ) Mat . Appl . 5 , fasc . 2  (1994) , 
141-148. 

[Berll] ,  On  irreducible  components  of  a  restriction  of  an  irreducible  induced  character 
to a  normal  subgroup,  C . R . Math . Rep . Acad . Sci . Canad a 1 1 (1989) , 39-40 . 

[Berl2] ,  Degrees of  irreducible  characters  and  normal  p-complements,  Proc . Amer. Math . 
Soc. 10 6 (1989) , 33-35 . 

[Berl3] ,  On  the  order  of  commutator  subgroup  and  the  Schur  multiplier  of  a  finite p-
group, J . Algebr a 14 4 (1991) , 269-272 . 

[Berl4] ,  Non-solvable  groups  with  a  large  fraction  of  involutions,  Structur e Theor y o f 
Set Addition , CIRM , Marseille , Jun e 7-11 , 1993 , pp . 187-196 . 

[Berl5] ,  On  induced  characters,  Proc . Amer . Math . Soc . 12 1 (1994) , 679-685 . 
[Berl6] ,  Generalizations  of  M-groups,  Proc . Amer . Math . Soc . 12 3 (1995) , 3263-3268 . 
[Berl7] Ya . Berkovic h an d L . Kazarin , Finite  groups  in  which  only  two  nonlinear  irreducible 

characters have  equal  degree,  J . Algebr a 18 4 (1996) , 538-560 . 
[Berl8] Ya . Berkovich , On  the  Taketa  theorem,  J . Algebr a 18 2 (1996) , 501-510 . 
[Berl9] ,  Relations  between  some  invariants  of  finite solvable  groups,  Soobshch . Akad . 

Nauk Gruzin . SS R 12 3 (1986) , 469-473 . (Russian ) 
[Ber20] ,  Finite  groups  with  small  sums  of  some  nonlinear  irreducible  characters,  J . Al -

gebra 17 1 (1995) , 426-443 . 
[Ber21] ,  On  p-groups  of  finite order,  Sibirsk . Mat . Zh . 9  (1968) , 1284-1306 ; Englis h 

transl. i n Siberia n Math . J . 9  (1968) . 
[Ber22] ,  A  generalization  of  theorems  of  Ph.  Hall  and  Blackburn  and  an  application  to 

non-regular p-groups,  Izv . Akad . Nauk . SSS R Ser . Mat . 3 5 (1971) , 800-830 ; Englis h 
transl. i n Math . USSR-Izv . 5  (1971) . 

[Ber23] Ya . Berkovich , D . Chillag , an d M . Herzog , Finite  groups  in  which  the  degrees  of  the 
nonlinear irreducible  characters  are  distinct,  Proc . Amer . Math . Soc . 11 5 (1992) , 955 -
959. 

[Ber24] Ya . Berkovich , D . Chillag , an d E . Zhmud /, Finite  groups  in  which  all  nonlinear  irre-
ducible characters  have  three  values,  Housto n J . Math . 2 1 (1995) , 17-28 . 

[Ber25] Ya . Berkovic h an d A . Mann , On  sums  of  degrees  of  irreducible  characters,  J . Algebr a 
199 (1998) , 646-665 . 

[Ber26] Ya . Berkovic h an d K . Nekrasov , On  degrees  of  characters  of  finite groups,  Problem s o f 
Group Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl 7, 1987 , pp. 150 -
154. (Russian ) 



BIBLIOGRAPHY 313 

[Ber27] Ya . Berkovic h an d E . Zhmud' , Finite  groups  with  large  number  of  kernels,  Vest . Khar -
kovsk. Gos . Univ . (1989) , no . 334 , 79-91 . (Russian ) 

Ber28] ,  On  monolithic  characters,  Housto n J . Math . 2 2 (1996) , 263-278 . 
Ber29] Ya . Berkovich , Finite  groups  like  Frobenius',  Manuscript . 
Ber30] ,  Finite  groups  in  which  the  degrees  of  non-linear  constituents  of  some  induced 

characters are  distinct,  Publ . Math . Debrecen , 4 4 (1994) , 225-234 . 
Ber31] ,  Finite  solvable  groups  in  which  only  two  nonlinear  irreducible  characters  have 

equal degrees,  J . Algebr a 18 4 (1996) , 584-603 . 
Ber32] ,  On  Isaacs'  three  character  degrees  theorem,  Proc . Amer . Math . Soc . 12 5 (1997) , 

669-677. 
Ber33] ,  On  Isaacs'  solvability  criterion,  Algebr a Colloq . 3  (1996) , 325-329 . 
Ber34] ,  Some  corollaries  of  Maschke's  theorem,  Manuscript . 
Ber35] ,  On  n-separable  groups,  J . Algebr a 18 6 (1996) , 120-131 . 
Berml] S . D . Berman , Generalized  characters  of  finite groups,  Dopovid i Akad . Nauk . Ukrain . 

RSR 1957 , 539-542 . (Russian ) 
Berm2] ,  Characters  of  linear  representations  of  finite groups  over  an  arbitrary  field, 

Mat. Sb . 4 4 (1958) , 409-456 . (Russian ) 
Berm3] ,  On  characters  of  finite nilpotent  groups,,  Uspekh i Mat . Nau k 1 4 (1959) , 217 -

218. (Russian ) 
Berm4] ,  Representations  of  finite groups,  Itog i Nauk i i  Tekhniki . Sovremenny e Prob -

lemy Matematiki . Algebra , Topologiya , Geometriya , VINITI , Moscow , 1964 , pp. 83-122 . 
(Russian) 

Bey] F . R . Bey l an d J . Tappe , Group  extensions,  representations  and  the  Schur  multiplicator, 
Lecture Note s i n Math , vol . 958 , Springer-Verlag , Berlin , 1982 . 

Blaul] H . Bla u an d D . Chillag , On  powers  of  characters  and  powers  of  conjugacy  classes  of  a 
finite group,  Proc . Amer . Math . Soc . 9 8 (1986) , 7-10 . 

Blau2] H . Blau , On  trivial  intersection  of  cyclic  Sylow  subgroups,  Proc . Amer . Math . Soc . 9 4 
(1985), 572-576 . 

Blau3] ,  A  fixed-point theorem  for  central  elements  in  quasisimple  groups,  Proc . Amer . 
Math. Soc . 12 2 (1994) , 79-84 . 

Blau4] H . Blau an d J . P . Zhang, Linear  groups  of  small  degree  over  fields of  finite characteristic, 
J. Algebr a 15 9 (1993) , 358-386 . 

Blau5] H . Blau , On  real  and  rational  representations  of  finite groups,  J . Algebr a 15 0 (1992) , 
57-72. 

Blau6] ,  On  linear  groups  with  a  cyclic  TI  Sylow  subgroup,  J . Algebr a 11 4 (1988) , no . 2 , 
268-285. 

Blau7] ,  On  linear  groups  of  degree  p n -  2 , Comm . Algebr a 1 3 (1985) , 1899-1906 . 
Blau8] ,  Character  degrees  of  groups  with  a  cyclic  Sylow  subgroup,  Comm . Algebr a 1 3 

(1985), 419-463 . 
Blau9] ,  Under  the  degree  of  some  finite linear  groups,  Trans . Amer . Math . Soc . 15 5 

(1971), 95-113 . 
BlaulO] ,  An inequality  for  complex  linear  groups  of  small  degree,  Proc . Amer . Math . Soc . 

28 (1971) , 405-408 . 
Blaul 1] ,  Degrees  of  exceptional  characters  of  certain  finite groups,  Trans . Amer . Math . 

Soc. 24 9 (1979) , 85-96 . 
Blaul2] ,  On  linear  groups  of  degree  p  -  2 , J . Algebr a 3 6 (1975) , 495-498 . 
Blaul3] ,  Som.e  criteria  for  the  nonexistence  of  certain  finite linear  groups,  Proc . Amer . 

Math. Soc . 4 3 (1974) , 283-286 . 
Bli] H.F . Blichfeldt , Finite  collineation  groups,  Chicago , 1917. . 
Boe] H . Boerner , Representations  of  groups,  North-Holland , Amsterdam , 1970 . 
Bral] A . Brandis , Uber  die  Grade  irreduzieblen  Charaktere  endlichen  Gruppen,  J . Algebr a 9 7 

(1985), 23-29 . 
Bra2] ,  Beweis  einer  Satzes  von  Alperin  und  Kuo  Tzee-nan,  Illinoi s J . Math . 1 3 (1969) , 

275. 
Braul] R . Brauer , On  the  representation  of  a  group  of  order  g  in  the  field of  the  g-th  roots  of 

unity, Amer . J . Math . 6 7 (1945) , 461-471 . 
Brau2] ,  Representations  of  finite groups,  Lect . i n Moder n Mathematics , vol . 1 , Wiley , 

New York , 1961 , pp. 133-175 . 



314 BIBLIOGRAPHY 

[Brau3] ,  On  quotient  groups  of  finite groups,  Math . Z . 8 3 (1964) , 72-84 . 
[Brau4] ,  Theory  of  group  characters,  Kinokuniy a Boo k Store , Tokyo , 1979 . 
[Brau5] ,  A  characterization  of  characters  of  groups  of  finite order,  Ann . o f Math . 5 7 

(1953), 357-377 . 
[Brau6] ,  On  pseudogroups,  J . Math . Soc . Japan . 2 0 (1968) , 13-22 . 
[Brau7] R . Braue r an d K. A Fowler , On  groups  of  even  order,  Ann . o f Math . 6 2 (1955) , 565-583 . 
[Brau8] R . Braue r an d M . Suzuki , On  finite groups  of  even  order  whose  2-Sylow  group  is  a 

quaternion group,  Proc . Nat . Acad . Sci . US A 4 5 (1959) , 1757-1759 . 
[Brau9] R . Brauer , M . Suzuki , an d G . E . Wall , A  characterization  of  the  one-dimensional  uni-

modular projective  groups  over  finite fields,  Illinoi s J . Math . 2  (1958) , 718-745 . 
[BraulO] R . Braue r an d J . Tate , On  the  characters  of  finite groups,  Ann . o f Math . 6 2 (1955) , 

1-7. 
[Bur] W . Burnside , The  theory  of  groups  of  finite order,  Dover , Ne w York , 1955 . 
[Cam] A . Camina , Some  conditions  which  almost  characterize  Frobenius  groups,  Israe l J . Math . 

31 (1978) , 153-160 . 
[Chil] D . Chilla g an d M . Herzog , On  character  degrees  quotients,  Arch . Math . 5 5 (1989) , 

25-29. 
[Chi2] D . Chillag , Character  values  of  finite groups  as  eigenvalues  of  nonnegative  integer  ma-

trices, Proc . Amer . Math . Soc . 9 7 (1986) , 565-567 . 
[Chi3] ,  Generalized  circulants  and  class  functions  of  finite groups,  Linea r Algebr a an d 

Appl. 9 3 (1987) , 191-208 . 
[Chi4] ,  Characters,  nonnegative  matrices  and  generalized  circulants,  Proc . Symp . Pur e 

Math., vol . 4 7 Par t 2 , Amer . Math . Soc , Providence , RI , 1987 , pp . 33-40 . 
[Chi5] D . Chillag , A . Mann , an d C . Scoppola , Generalized  Frobenius  groups.  2 , Israe l J . Math . 

62 (1988) , 269-282 . 
[Chi6] D . Chilla g an d M . Herzog , On  the  length  of  conjugacy  classes  of  finite groups,  J . Algebr a 

130 (1990) , 100-124 . 
[Chi7] D . Chillag , A . Mann , an d O . Manz , The  codegrees  of  irreducible  characters,  Israe l J . 

Math. 7 3 (1991) , 207-223 . 
[Cle] K.-H . Clemens , Fixtpunktfreie  Automorphismen  endlicher  Gruppen,  Diplomarbeit , 

Math. Inst . Albert-Ludwigs-Universitat , Freibur g (1978) . 
[Cli] A . H . Clifford, Representations  induced  in  invariant  subgroups,  Ann . o f Math. 3 8 (1938) , 

553-560. 
[Col] A . J . Coleman , Induced  representations  with  applications  to  S n and  GL(n),  Queen' s 

Papers i n Pur e an d Applie d Math. , vol . 4 , Queen' s Univ. , Kingston , Ont. , 1966 . 
[Coll] M . Collins , Representation  theory  and  characters  of  finite groups,  Cambridg e Univ . 

Press, Cambridge , 1989 . 
[Con] J . H . Conway , R . T . Curtis , S . P . Norton , R . A . Parker , an d R . A . Wilson , Atlas  of  finite 

groups, Clarendo n Press , Oxford , 1985 . 
[Curl] C . W . Curti s an d I . Reiner , Representation  theory  of  finite groups  and  associative  alge-

bras, Interscience , Ne w York , 1962 . 
[Cur2] ,  Methods  of  representation  theory  with  applications  to  finite groups  and  orders, 

vol. 1 , Wiley , Ne w York , 1981 . 
[Dadl] E . C . Dade , On  normal  complements  to  sections  of  finite groups,  J . Austral . Math . Soc . 

19 (1975) , 257-262 . 
[Dad2] ,  Character  theory  pertaining  to  finite simple  groups,  Finit e Simpl e Groups , Aca -

demic Press , London , 1971 , pp. 249-327 . 
[Dad3] ,  Characters  of  groups  with  normal  extra-special  subgroups,  Math . Z . 15 2 (1976) , 

1-31. 
[Dad4] ,  A  correspondence  of  characters,  Proc . Symp . Pur e Math. , vol . 37 , Amer . Math . 

Soc, Providence , RI , 1979 , pp . 401-404 . 
[Die] L . E . Dickson , Linear  groups,  Dover , Ne w York , 1958 . 
[Dixl] J . D . Dixo n an d B . M . Puttaswaswamaiah , Modular  representations  of  finite groups, 

Academic Press , Ne w York , 1977 . 
[Dix2] J . D . Dixon , The  structure  of  linear  groups,  Va n Nostrand , Princeton , NJ , 1971 . 
[Dor] L . Dornhoff , Group  representation  theory,  Marce l Dekker , Ne w York , 1971 , 1972 . 
[Ernl] J . Ernest , Central  intertwining  numbers  for  representations  of  finite groups,  Trans . 

Amer. Math . So c 9 9 (1961) , 499-508 . 



BIBLIOGRAPHY 315 

[Ern2] ,  Embedding  numbers  for  finite groups,  Proc . Amer . Math . Soc . 1 3 (1962) , 567 -
570. 

[Far] K . B . Farmer, A  survey  of  projective representation  theory  of  finite groups,  Nieuw . Arch . 
Wisk. (3 ) 2 6 (1978) , 292-308 . 

[Feil] W . Feit , On  a  conjecture  of  Frobenius,  Proc . Amer . Math . Soc . 7  (1956) , 177-187 . 
[Fei2] ,  On  the structure  of  Frobenius  groups,  Canad . J . Math . 9  (1957) , 587-596 . 
[Fei3] ,  Group  characters.  Exceptional  characters,  Proc . Symp . Pur e Math. , Amer . 

Math. Soc , Providence , RI , 1962 , pp . 67-70 . 
[Fei4] ,  Characters  of  finite groups,  Benjamin , Ne w York , 1967 . 
[Fei5] ,  The  current  situation  in  the  theory  of  finite simple  groups,  Acte s Congr . Inter -

n a l Math . Nic e 1970 , vol . 1 , Gauthier-Villars , Paris , 1971 , pp. 55-93 . 
[Fei6] ,  The  representation  theory  of  finite groups,  North-Holland , Amsterdam-Ne w 

York, 1982 . 
[Fei7] ,  Some  consequences  of  the  classification  of  finite simple  groups,  Proc . Symp . 

Pure Math. , vol . 37 , Amer . Math . Soc , Providence , RI , 1980 , pp . 175-181 . 
[Fei8] ,  Some  properties  of  characters  of  finite groups,  Bull . London . Math . So c 1 4 

(1982), 129-132 . 
[Fei9] W . Fei t an d J . G . Thompson , Groups  which  have  a  faithful representation  of  degree  less 

than ( p -  l ) / 2 , Pacific . J . Math . 1 1 (1961) , 1257-1262 . 
[FeilO] ,  Finite  groups  which  contain  a  self-centralizing  subgroup  of  order  3 , Nagoy a 

Math. J . 2 1 (1962) , 185-197 . 
[Feill] ,  Solvability  of  groups  of  odd  order,  Pacifi c J . Math . 1 3 (1963) , 775-1029 . 
[Feil2] W . Feit , On  a  class  of  doubly  transitive  groups,  Illinoi s J . Math . 6  (1960) , 170-186 . 
[Feil3] ,  On  groups  which  contain  Frobenius  groups  as  subgroups,  Proc . Symp . Pur e 

Math., vol . 1 , Amer . Math . Soc , Providence , RI , 1959 , pp . 22-28 . 
[Feil4] ,  Groups  which  have  a  faithful  representation  of  degree  less  than  p  —  1 , Trans . 

Amer. Math . So c 11 2 (1964) , 287-303 . 
[Feil5] ,  On  finite linear groups  I , II , J . Algebr a 5  (1967) , 378-400 ; 3 0 (1974) , 496-506 . 
[Feil6] W . Fei t an d J . Tits , Projective  representations  of  minimum  degree  of  group  extensions, 

Canad. J . Math . 3 0 (1978) , 1092-1102 . 
[Feil7] W . Feit , On  large  Zsigmondy  primes,  P r o c Amer . Math . Soc . 10 2 (1988) , 29-36 . 
[Feil8] W . Fei t an d G . Seitz , On  finite rational  groups  and  related  topics,  Illinoi s J . Math . 3 3 

(1988), 103-131 . 
[Feil9] W . Feit , Theory  of  finite groups  in  the  twentieth  century,  America n Mathematica l Her -

itage: Algebr a and Applie d Mathematics , Texa s Tech Univ. , Lubbock , TX , 1981 , pp. 37 -
60. 

[Fei20] W . Fei t an d G . Seitz , On  finite rational  groups  and  related  topics,  Illinoi s J . Math . 3 3 
(1988), 103-131 . 

[Ferl] P . A . Ferguson , Complex  linear  groups  of  relatively  small  degree,  J . Algebr a 8 0 (1983) , 
73-89. 

[Fer2] ,  Complex  linear  groups  of  degree  at  most  v  —  3 , J . Algebr a 9 3 (1985) , 246-252 . 
[Fer] P . A . Ferguso n an d I . M . Isaacs , Induced  characters  which  are  multiples  of  irreducibles, 

J. Algebr a 12 4 (1989) , 149-157 . 
[Fin] H . Finkelstein , Solving  equations  in  groups:  survey  of  Frobenius'  theorem,  Periodic a 

Math. Hungar . 9  (1978) , 187-204 . 
[Fox] R . F . Fox , A  simple  new  method  for  calculating  the  characters  of  the  symmetric  groups, 

J. Comb . Theor y 2  (1967) , 186-192 . 
[Fra] J . S . Frame , G . d e B . Robinson , an d R . M . Thrall , The  hook  graphs  of  the  symmetric 

groups, Canad . J . Math . 6  (1954) , 316-324 . 
[Frol] G . Frobenius , Uber  Relationen zwischen  den  Charakteren  einer  Gruppe  und  denen  ihrer 

Untergruppen, Sitzungsber . Preuss . Akad . Wiss . Berli n (1898) , 501-515 . 
[Fro2] ,  Uber  auflosbare  Gruppen.  IV , Sitzungsber . Preuss . Akad . Wiss . Berli n (1901) , 

1216-1220. 
[Fro3] ,  Uber  einen Fundamentalsatz  der  Gruppentheorie.  II , Sitzungsber . Preuss . Akad . 

Wiss. Berli n (1907) , 428-437 . 
[Fro4] ,  Verallgemeinerung  des  Sylowschen  Satze,  Sitzungsber . Preuss . Akad . Wiss . 

Berlin (1895) , 981-993 . 



316 BIBLIOGRAPHY 

[Fro5] G . Frobeniu s un d I . Schur , Uber  die  reellen  Darstellungen  der  endlichen  Gruppen, 
Sitzungsber. Preuss . Akad . Wiss . Berli n (1906) , 186-208 . 

[Pro6] G . Frobenius , Uber  die  Charaktere  der  symmetrishen  Gruppe,  Sitz . Preuss . Akad . Wiss . 
Berlin (1900) , 516-534 . 

[Fru] R . Frucht , Darstellungen  abelscher  Gruppen  durch  Kollineationen,  J . Reine . Angew . 
Math. 16 6 (1931) , 16-29 . 

[Gagl] S . M . Gagola , Characters  vanishing  on  all  but  two  conjugacy  classes,  Pacifi c J . Math . 
109 (1983) , 363-385 . 

[Gag2] S . M . Gagola , S . C . Garrison , an d M . H . Pettet , On  a  vanishing  product  in  the  integral 
group ring,  Amer . Math . Monthl y 8 8 (1981) , 195-196 . 

[Gall] P . Gallagher , Group  characters  and  commutators,  Math . Z . 7 9 (1962) , 122-126 . 
[Gal2] ,  Group  characters  and  normal  Hall  subgroups,  Nagoy a Math . J . 2 1 (1962) , 223 -

230. 
[Gal3] ,  Group  characters  and  Sylow  subgroups,  J . Londo n Math . Soc . 3 9 (1964) , 720 -

722. 
[Gal4] ,  Determinants  of  representations  of  finite  groups,  Hamb . Abh . 2 8 (1965) , 162 -

167. 
[Gal5] ,  Zeros  of  characters  of  finite groups,  J . Algebr a 4  (1966) , 42-45 . 
[Gal6] ,  The  number  of  conjugacy  classes  in  a  finite group,  Math . Z . 11 8 (1970) , 175 -

179. 
[Gal 7] ,  The  conjugacy  classes  infinite  simple  groups,  J . Rein e Angew . Math . 2 3 9 / 2 4 0 

(1969), 363-365 . 
[Gal8] ,  The  generation  of  the  lower  central  series,  Canad . J . Math . 1 7 (1965) , 405-410 . 
[Garl] S . C . Garrison , Bounding  the  structure  constants  of  a  group  in  terms  of  its  number  of 

irreducible character  degrees,  J . Algebr a 3 2 (1974) , 623-628 . 
[Gar2] ,  Determining  the  Frattini  subgroup  from  the  character  table,  Canad . J . Math . 

28 (1976) , 560-567 . 
[Gasl] W . Gaschiitz , Endliche  Gruppen  mit  treuen  absolut  irreduzieblen  Darstellungen,  Math . 

Nachr. 1 2 (1954) , 253-255 . 
[Gas2] ,  Zur  Erweiterungstheorie  der  endlichen  Gruppen,  J . Rein e Angew . Math . 19 0 

(1952), 93-107 . 
[Gas3] ,  Uber  die  $  - Untergruppe endlicher  Gruppen,  Math . Z . 5 8 (1953) , 160-170 . 
[Gas4] W . Gaschiitz , J . Neubiiser , an d T i Yen , Uber  die  Multiplikator  von  p-Gruppen,  Math . 

Z. 10 0 (1967) , 93-96 . 
[Glal] G . Glauberman , Correspondence  of  characters  for  relatively  prime  operator  groups, 

Canad. J . Math . 2 0 (1968) , 1465-1488 . 
[Gla2] ,  On  a  class  of  doubly  transitive  groups,  Illinoi s J . Math . 1 8 (1974) , 394-399 . 
[Gla3] ,  On  groups  with  a  quaternion  Sylow  2-subgroup,  Illinoi s J . Math . 1 8 (1974) , 

60-65. 
[Gla4] ,  Factorization in  local  subgroups of  finite groups,  Conf . Board Math . Sci. , vol . 35, 

Amer. Math . Soc , Providence , RI , 1977 . 
[Glul] D . Gluck , Bounding  the  number  of  character  degrees  of  a  solvable  group,  J . Londo n 

Math. Soc . 3 1 (1985) , 457-462 . 
[Glu2] ,  Primes  dividing  character  degrees  and  character  orbit  sizes,  Proc . Amer . Math . 

Soc. 10 1 (1987) , 219-225 . 
[Glu3] D . Gluc k an d O . Manz , Prime  factors  of  character  degrees  of  solvable  groups,  Bull . 

London Math . Soc . 1 9 (1987) , 431-437 . 
[Gol] D . Goldschmidt , Lectures  on  character  theory,  Publis h an d Perish , Berkeley , CA , 1980 . 
[Gorl] D . Gorenstein , Finite  groups,  Harpe r an d Row , Ne w York , 1968 . 
[Gor2] D . Gorenstei n (ed.) , Reviews  on  finite  groups,  Amer . Math . Soc , Providence , RI , 1974 . 
[Gowl] R . Gow , Character  values  of  groups  of  odd  order  and  a  conjecture  of  Feit,  J . Algebr a 

68 (1981) , 75-78 . 
[Gow2] ,  Groups  whose  characters  are  rational-valued,  J . Algebr a 4 0 (1976) , 280-299 . 
[Gow3] ,  Real-valued  characters  and  the  Schur  index,  J . Algebr a 4 0 (1976) , 258-270 . 
[Grel] J . A . Green , On  the  converse  to  a  theorem  of  R.  Brauer,  Proc . Cambr . Phil . Soc . 5 1 

(1955), 237-239 . 
[Gre2] ,  On  the  number  of  automorphisms  of  a  finite group,  Proc . Roy . Soc . Londo n A 

237 (1956) , 574-580 . 



BIBLIOGRAPHY 317 

[Gre3] ,  The  characters  of  the  finite  general  linear  groups,  Trans . Amer . Math . Soc . 8 0 
(1955), 402-447 . 

[Gri] R . Griess , Schur  multipliers  of  the  known  simple  groups,  Proc . Symp . Pur e Math. , 
vol. 37 , Amer . Math . Soc , Providence , RI , 1980 , pp . 279-282 . 

[Gud] P . M . Gudivok , The  relation  between  the  orders  of  conjugate  elements  and  the  degrees 
of absolutely  irreducible  representations  for  a  class  of  groups,  Izv . Vyss . Ucebn . Zaved . 
Matematika 1963 , no . 2(33) , 44-52 . (Russian ) 

[Hall] P . Hall , On  a  theorem  of  Frobenius,  Proc . Londo n Math . Soc . 4 0 (1936) , 468-501 . 
[Hal2] ,  A  characteristic  property  of  soluble  groups,  J . Londo n Math . Soc . 1 2 (1937) , 

198-200. 
[Hal3] ,  A  contribution  to  the  theory  of  groups  of  prime  power  order,  Proc . Londo n 

Math. Soc . (2 ) 3 6 (1933) , 29-95 . 
[Hal4] ,  A  note  on  soluble  groups,  J . Londo n Math . Soc . 3  (1928) , 98-105 . 
[Hal5] ,  Theorems  like  Sylow's,  Proc . Londo n Math . Soc . (3 ) 6  (1956) , 286-304 . 
[Hal6] P . Hal l an d G . Higman , On  the  p-length  of  p-solvable groups  and  the  reduction  theorems 

for Burnside's  problem,  Proc . Londo n Math . Soc . (3 ) 6  (1956) , 1-42 . 
[Har] K . Harada , A  characterization  of  the  Zassenhaus  groups,  Nagoy a Math . J . 3 3 (1968) , 

117-127. 
[Hawl] T . Hawkins , The  origin  of  the  theory  of  group  characters,  Arch . Histor y Exac t Sci . 7 

(1970-1971), 142-170 . 
[Haw2] ,  Hypercomplex  numbers,  Lie  groups  and  the  creation  of  group  representation 

theory, Arch . Histor y Exac t Sci . 8  (1971-1972) , 243-287 . 
[Haw3] ,  New  light  on  Frobenius'  creation  of  the  theory  of  group  characters,,  Arch . His -

tory Exac t Sci . 1 2 (1974) , 217-243 . 
[Her] M . Herzog , On  finite  groups  which  contain  a  Frobenius  subgroup,  J . Algebr a 6  (1967) , 

192-221. 
[Higl] G . Higman , Suzuki  2-groups,  Illinoi s J . Math . 7  (1963) , 79-96 . 
[Hig2] ,  Construction  of  simple  groups  from  character  tables,  Finit e Simpl e Groups , 

Academic Press , London , 1971 , pp. 205-214 . 
[Hob] C . Hobby , The  Frattini  subgroup  of  a  p-group, Pacifi c J . Math . 1 0 (1960) , 209-211 . 
[Hupl] B . Huppert , Monomiale  Darstellungen  endlicher  Gruppen,  Nagoy a Math . J . 6  (1953) , 

93-94. 
[Hup2] ,  Endliche  Gruppen  Bd . 1 , Springer-Verlag , Berlin , 1967 . 
[Hup3] B . Hupper t an d N . Blackburn , Finite  groups.  Vols . 2,3 , Springer-Verlag , Berlin , 1982 . 
[Hup4] B . Huppert , Lineare  auflosbare  Gruppen,  Math . Z . 6 7 (1957) , 479-518 . 
[Hup5] B . Hupper t an d O . Manz , Degree  problems:  squarefree  character  degrees,  Arch . Math . 

45 (1985) , 125-132 . 
[Hun] D . C . Hunt , Character  tables  of  certain  finite simple  groups,  Bull . Australian Math . Soc . 

5 (1971) , 1-42 . 
[Iiy] N . Iiyor i an d H . Yamaki , On  a  conjecture  of  Frobenius,  Bull . Amer . Math . Soc . 2 5 

(1991), 413-416 . 
[Isal] I.M . Isaacs , Character  theory  of  finite  groups,  Academi c Press , Ne w York , 1976 . 
[Isa2] ,  Finite  groups  with  small  character  degrees  and  large  prime  divisors,  Pacifi c J . 

Math. 2 3 (1967) , 273-280 . 
[Isa3] ,  Character  degrees  and  derived  length  of  a  solvable  group,  Canad . J . Math . 2 7 

(1975), 146-151 . 
[Isa4] ,  Primitive  characters,  normal  subgroups,  and  M-groups,  Math . Z . 17 7 (1981) , 

267-284. 
[Isa5] ,  Groups  having  at  most  three  irreducible  character  degrees,  Proc . Amer . Math . 

Soc. 2 1 (1969) , 185-188 . 
[Isa6] ,  Complex  p-solvable  linear  groups,  J . Algebr a 2 4 (1973) , 513-530 . 
[Isa7] ,  Characters  of  solvable  and  symplectic  groups,  Amer . J . Math . 9 5 (1973) , 594 -

635. 
[Isa8] ,  Character  correspondence  in  solvable  groups,  Adv . i n Math . 4 3 (1982) , 284-306 . 
[Isa9] ,  On  the  character  theory  of  fully ramified  sections,  Rock y Mountai n J . Math . 1 3 

(1983), 689-698 . 
[IsalO] ,  Characters  of  TT-separable  groups,  J . Algebr a 8 6 (1984) , 98-128 . 



318 BIBLIOGRAPH Y 

[Isall] ,  Subgroups  with  the  character  restriction  property,  J . Algebr a 10 0 (1986) , 403 -
420. 

[Isal2] ,  The  fixed-point  space  dimension  function  for  a  finite group  representation,  Proc . 
Amer. Math . Soc . 10 7 (1989) , 867-872 . 

[Isal3] I . M . Isaac s an d D . S . Passman , A  characterization  of  groups  in  terms  of  the  degrees  of 
their characters,  I , II , Pacifi c J . Math . 1 5 (1965) , 877-903 ; 2 4 (1968) , 467-510 . 

[Isal4] ,  Groups  whose  irreducible  representations  have  degrees  dividing  p e, Illinoi s J . 
Math. 8  (1964) , 446-457 . 

[Isal5] ,  Groups  with  relatively  few  nonlinear  irreducible  characters,  Canad . J . Math . 2 0 
(1968), 1451-1458 . 

[Isal6] I . M . Isaacs , The  number  of  generators  of  a  linear  p-group,  Cana d J . Math . 2 4 (1972) , 
852-858. 

[Isal7] ,  The  p-parts  of  character  degrees  inp-solvable  groups,  Pacifi c J . Math . 3 6 (1971) , 
677-691. 

[Isal8] ,  Solvable  group  character  degrees  and  sets  of  primes,  J . Algebr a 10 4 (1986) , 
209-219. 

[Isal9] ,  Counting  objects  which  behave  like  Brauer  characters  of  finite groups,  J . Algebr a 
117 (1988) , 419-433 . 

[Isa20] ,  Coprime  group  actions  fixing  all  non-linear  irreducible  characters,  Cana d J . 
Math. 4 1 (1989) , 68-88 . 

[Isa21] ,  Extensions  of  certain  linear  groups,  J . Algebr a 4  (1966) , 3-12 . 
[Isa22] ,  Two  solvability  theorems,  Pacifi c J . Math . 2 3 (1967) , 281-290 . 
[Isa23] ,  Generalizations  of  Taketa's  theorem  on  the  solvability  of  M-groups,  Proc . Amer . 

Math. Soc . 9 1 (1984) , 192-194 . 
[Isa24] ,  A  note  on  groups  of  p-length  1 , J . Algebr a 3 8 (1976) , 531-535 . 
[Isa25] ,  Algebra:  a  graduate  course,  Brooks/Cole , Pacifi c Grove , CA , 1994 . 
[Itol] N . Ito , On  the  degrees  of  irreducible  representations  of  a  finite group,  Nagoy a Math . J . 

3 (1951) , 5-6 . 
[Ito2] ,  On  a  theorem  of  H.  F.  Blichfeldt,  Nagoy a Math . J . 5  (1953) , 75-77 . 
[Ito3] ,  On  monomial  representations  of  finite  groups,  Osak a Math . J . 6  (1954) , 119 -

127. 
[Ito4] ,  Lectures  on  Frobenius  and  Zassenhaus  groups,  Chicago , 1969 . 
[Ito5] ,  Some  studies  on  group  characters,  Nagoy a Math . J . 2  (1951) , 17-28 . 
[Ito6] ,  On  the  characters  of  soluble  groups,  Nagoy a Math . J . 3  (1951) , 31-48 . 
[Ito7] ,  On  a  class  of  doubly  transitive  permutation  groups,  Illinoi s J . Math . 6  (1962) , 

341-352. 
[Ito8] ,  Note  on  the  characters  of  solvable  groups,  Nagoy a Math . J . 3 9 (1970) , 23-28 . 
[Jaml] G . D . James , The  representation  theory  of  the  symmetric  groups,  Lectur e Note s i n 

Math., vol . 682 , Springer-Verlag , Berlin , 1978 . 
[Jam2] G . D . Jame s an d A . Kerber , The  representation  theory  of  the  symmetric  group,  Addiso n 

Wesley, Reading , MA , 1981 . 
[Jonl] M . R . Jones , Multiplicators  of  p-groups,  Math . Z . 12 7 (1972) , 165-166 . 
[Jon2] ,  Some inequalities  for  the  multiplicator  of  a  finite group,  Proc . Amer . Math . Soc . 

39 (1973) , 450-456 . 
[Karl] G . Karpilovsky , Projective  representations  of  finite  groups,  Marce l Dekker , Ne w York , 

1985. 
[Kar2] ,  The  Schur  multiplicator,  Clarendo n Press , Oxford , 1986 . 
[Kar3] ,  Group  representations,  vol . 1 , North-Holland , Amsterdam , 1992 . 
[Kar4] ,  Group  representations,  vol . 2 , North-Holland , Amsterdam , 1993 . 
[Kar5] ,  Group  representations,  vol . 3 , North-Holland , Amsterdam , 1994 . 
[Kar6] ,  Group  representations,  vol . 4 , North-Holland , Amsterdam , 1995 . 
[Kar7] ,  Group  representations,  vol . 5 , North-Holland , Amsterdam , 1996 . 
[Kar8] ,  The  number  of  representations  of  a  group  induced  from  the  irreducible  repre-

sentations of  a  normal  subgroup,  Math . Scand . 4 2 (1978) , 5-8 . 
[Kar9] ,  On  extension  of  characters  from  normal  subgroups,  Pro c Edinburg h Math . Soc . 

27 (1984) , 7-9 . 
[Kazl] L . S . Kazarin , On  Burnside's  p a-lemma, Mat . Zametk i 4 8 (1990) , no . 2 , 45-48 ; Englis h 

transl. i n Math . Note s 4 8 (1990) . 



BIBLIOGRAPHY 319 

[Kaz2] ,  On  certain  criteria  of  nonsimplicity  and  solvability  of  finite factorizable  groups, 
Problems o f Grou p Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl' , 
1977, pp . 72-93 . (Russian ) 

[Kaz3] ,  On  the  product  of  a  2-group  and  a  group  of  odd  order,  Problem s o f Grou p 
Theory an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl' , 1985 , pp . 85-92 . 
(Russian) 

[Kaz4] ,  A  criteria  for  existence  of  a  normal  p-solvable  subgroup  in  a  finite  factoriz-
able group,  Problem s o f Grou p Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , 
Yaroslavl', 1992 , pp . 111-122 . (Russian ) 

[Kaz5] ,  On  groups  with  isolated  conjugacy  classes,  Izv . Vyss . Ucebn. Zaved . Matematik a 
1981, no . 7(230) , 40-45 ; Englis h transl . i n Sovie t Math . (Iz . VUZ ) 2 5 (1981) . 

[Kaz6] ,  On  the  product  of  an  abelian group  and  a  group  with  non-trivial  center,  Manu -
script No . 3565-81 , deposite d a t VINIT I (1981) . (Russian ) 

[Kaz7] ,  On  the  product  of  finite  groups,  Dokl . Akad . Nau k SSS R 26 9 (1983) , no . 3 , 
528-531; Englis h transl . i n Sovie t Math . Dokl . 2 7 (1983) . 

[Kaz8] ,  On  the Szep  problem,  Izv . Akad. Nau k SSS R Ser . Mat . 5 0 (1986) , no. 3, 479-507; 
English transl . i n Math . USSR-Izv . 2 8 (1986) . 

[Kaz9] ,  Products  of  two  groups,  Manuscrip t No . 2920-B88 , deposite d a t VINIT I (1988) . 
(Russian) 

[KazlO] ,  Finite  ABA-groups  with  an  abelian  Tl-subgroup  A  and  a  cyclic  subgroup  B, 
Algorithmic Problem s i n th e Theor y o f Group s an d Semigroups , Tula , 1991 , pp . 112 -
133. (Russian ) 

[Kazll] ,  On  the  product  of  a  group  with  cyclic  Sylow  p-subgroup  and  a  group  with  non-
trivial center,  Ukrain . Mat . Zh . 4 4 (1992) , no . 6 , 773-779 ; Englis h transl . i n Ukrainia n 
Math. J . 4 4 (1992) . 

[Kazl2] L . S . Kazari n an d O . A . Isarov , To  the  theory  of  the  group  convolution,  Problem y 
Peredachi Informatsi i 2 0 (1993) , no . 3 , 104-106 ; Englis h transl . i n Problem s Inform . 
Transm. 2 0 (1993) . 

[Kazl3] L . S . Kazari n an d Ya . Berkovich , On  Thompson's  theorem,  Manuscript . 
[Kazl4] ,  Finite  groups  in  which  only  two  nonlinear  monolithic  characters  have  equal 

degrees, J . Algebr a 18 4 (1996) , 538-560 . 
[KerlJ A . Kerber, Algebraic  combinatorics  via  finite group actions,  Wissenschaftsverlag , Mann -

heim, 1991 . 
[Ker2] ,  Representations  of  permutation  groups.  I , II , Lectur e Note s i n Math. , vols . 240 , 

495, Springer-Verlag , Heidelberg , 1971 , 1975 . 
[Kle] D . Kletzing, Structure  and  representations  ofQ-groups,  Lectur e Note s in Math, vol . 1084 , 

Springer-Verlag, Berlin , 1984 . 
[Kor] A . V . Korzukov , On  Burnside's  p a q* 3-theorem, Mat . Zametk i 1 7 (1975) , no . 2 , 277-283; 

English transl . i n Math . Note s 1 7 (1975) . 
[Kov] L . G . Kovac s an d C . E . Praeger , Finite  permutation  groups  with  large  abelian  quotients, 

Pacific J . Math . 13 6 (1989) , 283-292 . 
[Laf] T . J . Laffey , Finite  groups  with  a  unique  minimal  normal  subgroup,  J . Londo n Math . 

Soc. (2 ) 5  (1972) , 222 . 
[Lam] T.-Y . Lam , Artin  exponent  of  finite  groups,  J . Algebr a 9  (1968) , 94-119 . 
[Lan] V . Landazur i an d G . Seitz , On  the  minimal  degrees  of  projective  representations  of  the 

finite Chevalley  groups,  J . Algebr a 3 2 (1974) , 418-443 . 
[Lei] U . Leiserin g an d O . Manz , A  note  on  character  degrees  of  solvable  groups,  Arch . Math . 

48 (1987) , 32-35 . 
[Leol] H . S . Leonard, On  finite groups  which  contain  a  Frobenius factor  group,  Illinoi s J . Math . 

9 (1965) , 47-58 . 
[Leo2] ,  Finite  linear  groups  having  an  abelian  Sylow  subgroup,  1 , 2 , J . Algebr a 2 0 

(1972), 57-69 ; 2 6 (1973) , 368-382 . 
[Leo3] ,  On  the Brauer-Suzuki  theorem,  Proc . Symp . Pur e Math. , vol . 47 , Amer . Math . 

Soc, Providence , RI , 1987 , pp . 57-69 . 
[Lie] H . Liebeck an d D . MacHale, Groups  with  automorphisms  inverting  most  elements,  Math . 

Z. 12 4 (1972) , 51-63 . 
[Lieb] M . W . Liebeck , C . E . Praege r an d J . Saxl , The  maximal  factorizations  of  the  finite 

simple groups  and  their  automorphism  groups,  Mem . Amer . Math . Soc . (1990) , no . 432 . 



320 BIBLIOGRAPHY 

[Lit] D . Littlewood , The  theory  of  group  characters,  Oxfor d Univ . Press , Oxford , 1958 . 
[Macl] G . W . Mackey , On  induced  representations  of  groups,  Amer . J . Math . 7 3 (1951) , 576 -

592. 
[Mac2] ,  Symmetric  and  antisymmetric  Kronecker  squares  and  intertwining  numbers  of 

induced representations  of  finite  groups,  Amer . J . Math . 7 5 (1953) , 387-405 . 
[Mac3] ,  On  multiplicity-free  representations  of  finite  groups,  Pacifi c J . Math . 8  (1958) , 

503-510. 
[Mac4] ,  Harmonic  analysis  as  the  exploitation  of  symmetry  -  a  historical  survey,  Bull . 

Amer. Math . Soc . 3  (1980) , 543-698 . 
[MacW] A . R . MacWilliams , On  2-groups  with  no  normal  abelian  subgroup  of  rank  3  and  their 

occurrence as  Sylow  2-subgroups  of  finite  simple  groups,  Trans . Amer . Math . Soc . 15 0 
(1970), 345-408 . 

[Manl] A . Mann , Some  remarks  on  p-groups,  Manuscript . 
[Man2] ,  Minimal  characters  of  p-groups  (t o appear) . 
[Man3] ,  Products  of  classes  and  characters  in  finite groups  (t o appear) . 
[Man4] ,  Finite groups  containing  many  involutions,  Proc . Amer . Math . Soc . 12 2 (1994) , 

383-385. 
[Man5] A . Man n an d C . Scoppola , On  p-groups  of  Frobenius  type,  Arch . Math . 5 6 (1991) , 

320-332. 
[Man6] A . Mann , N . Gavioli , V . Monti , A . Previtali , an d C . Scoppola , Groups  of  prime  power 

order with  many  conjugacy  classes,  J . Algebr a 20 2 (1998) , 129-141 . 
[Man7] A . Mann , Conjugacy  classes  infinite  groups,  Israe l J . Math . 3 1 (1978) , 78-84 . 
[Man8] ,  Some  finite  groups  with  large  conjugacy  classes,  Israe l J . Math . 7 1 (1990) , 

55-63. 
[Manzl] O . Manz , Arithmetical  conditions  on  character  degrees  and  group  structure,  Proc . Symp . 

Pure Math. , vol . 47 , Amer . Math . Soc , Providence , RI , 1987 , pp . 65-69 . 
[Manz2] O . Manz , R . Stazewsky , an d W . Willems , On  the  number  of  components  of  a  graph 

related to  character  degrees,  Proc . Amer . Math . Soc . 10 3 (1988) , 37-47 . 
[Manz3] O . Manz , Endliche  auflosbare  Gruppen,  deren  samtliche  Charaktergrade  Primzahlpoten-

zen sind,  J . Algebr a 9 4 (1985) , 211-255 . 
[Manz4] ,  Endliche nicht-auflosbare  Gruppen,  deren  samtliche  Charaktergraden  Primzahl-

potenzen sind,  J . Algebr a 9 6 (1985) , 114-119 . 
[Manz5] O . Manz , W . Willems , an d T . Wolf , The  diameter  of  the  character  degree  graph,  J . 

Reine Angew . Math . 40 2 (1989) , 181-198 . 
[Mas] H . Maschke , Uber  die  arithmetischen  Charakter  der  Koeffizienten  der  Substitutionen 

endlicher linearer  Substitutions  gruppen,  Math . Ann . 5 0 (1898) , 482-498 . 
[McKl] J . McKay , The  nonabelian  simple  groups  G,  \G\  <  10 6 —  character  tables,  Comm . 

Algebra 7  (1979) , no . 13 , 1407-1445 . 
[McK2] ,  The  largest  degrees  of  irreducible  representations  of  the  symmetric  group,  Math . 

Comput. 3 0 (1976) , 624-631 . 
[Micl] G . O . Michler , Modular  representation  theory  and  the  classification  of  finite simple 

groups, Proc . Symp . Pur e Math. , vol . 47 , Amer . Math . Soc , Providence , RI , 1987 , 
pp. 223-232 . 

[Mic2] ,  Brauer's  conjecture  and  the  classification  of  finite simple  groups,  Lectur e Note s 
in Math. , vol . 1178 , Springer-Verlag , Berlin , 1986 , pp . 129-142 . 

[Mill] G . A . Mille r an d H . Moreno , Non-abelian  groups  in  which  every  subgroup  is  abelian, 
Trans. Amer . Math . Soc . 4  (1903) , 398-404 . 

[Mil2] G . A . Miller , L . E. Dickson , an d H . F . Blichfeldt , Theory  and  application  of  finite groups, 
Stechert, 1938 . 

[Mur] F . D . Murnaghan , The  theory  of  group  representations,  Dover , Ne w York , 1963 . 
[Myr] J . Myrheim , A  theorem  on  restricted  group  representations,  Math . Scand . 3 7 (1975) , 

93-96. 
[Nagl] H . Nagao , On  the  groups  with  the  same  table  of  characters  as  symmetric  groups,  J . Inst . 

Polytech. Osak a Cit y Univ . A 8 (1957) , 1-8 . 
[Nag2] ,  A  remark  on  the  orthogonality  relations  in  the  representation  theory  of  finite 

groups, Canad . J . Math . 1 1 (1959) , 59-60 . 
[Nag3] ,  On  the  theory  of  representations  of  finite groups,  Osak a Math . J . 3  (1951) , 

11-20. 



BIBLIOGRAPHY 321 

[Nag4] H . Naga o an d Y . Tsushima , Representations  of  finite  groups,  Academi c Press , Ne w 
York, 1989 . 

[Nai] M . A. Naimark, Theory  of  group representation,  "Nauka" , Moscow , 1976 ; English transl. , 
Springer-Verlag, Ne w York-Berlin , 1982 . 

[Nak] T . Nakayama , Some  studies  of  regular  representations,  induced  representations  and 
modular representations,  Ann . o f Math . 3 9 (1938) , 361-369 . 

[Nekl] K . G . Nekrasov , Elementary  proof  of  Wall's  result  on  the  structure  of  finite groups 
with a  large  number  of  involutions,  Manuscrip t No . 784-84 , deposite d a t VINIT I (1984) . 
(Russian) 

[Nek2] ,  Structure of  finite groups  with  a  large  number  of  involutions,  Problem s o f Grou p 
Theory an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl' , 1985 , pp . 23-25 . 
(Russian) 

[Nek3] K . G . Nekraso v an d Ya . Berkovich, , Necessary  and  sufficient  condition  for  cyclicity  of 
the Frattini  subgroup  of  a  finite  group,  Problem s o f Grou p Theor y an d Homologica l 
Algebra, Yaroslav . Gos . Univ. , Yaroslavl 7, 1985 , pp . 35-37 . (Russian ) 

[Nek4] ,  Finite  groups  with  large  sums  of  the  degrees  of  the  irreducible  characters,  Publ . 
Math. Debrece n 3 3 (1986) , 833-854 . (Russian ) 

[Neu] B . H . Neumann , On  some  finite  groups  with  trivial  multiplicator,  Publ . Math . Debrece n 
4 (1955) , 190-194 . 

[NeumJ P . M . Neumann , Two  combinatorial  problems  in  group  theory,  Bull . Londo n Math . Soc . 
21 (1989) , 456-458 . 

[Ngl] N . H . Ng , Degrees  of  irreducible  projective  representations  of  finite  groups,  J . Londo n 
Math. Soc . (2 ) 1 0 (1975) , 379-384 . 

[Ng2] ,  Faithful  irreducible  representations  of  metabelian  groups,  J . Algebr a 3 8 (1976) , 
8-28. 

[Opo] H . Opolka , Projective  representations  of  extra-special  p-groups,  Glasgo w Math . J . 1 9 
(1978), 149-152 . 

[Osil] M . Osima , On  the  representations  of  groups  of  finite order,  Math . J . Okayam a Univ . 1 
(1952), 33-61 . 

[Osi2] ,  On  the  induced  characters  of  groups  of  finite order,  Math . J . Okayam a Univ . 3 
(1953), 47-64 . 

[Osi3] ,  On  some  character  relations  of  symmetric  groups,  Math . J . Okayam a Univ . 1 
(1952), 63-68 . 

[Oya] T . Oyama , On  the  groups  with  the  same  table  of  characters  as  alternating  groups,  Osak a 
J. Math . 1  (1964) , 91-101 . 

[Pah] H . Pahlings , Normal  p-complements  and  irreducible  characters,  Math . Z . 15 4 (1977) , 
243-246. 

[Pasl] D . S . Passman , Permutation  groups,  Benjamin , Ne w York , 1968 . 
[Pas2] ,  Groups  with  normal  solvable  Hall  p'-subgroups,  Trans . Amer . Math . Soc . 12 8 

(1966), 99-111 . 
[Pea] R . M . Peacock , Groups  with  a  cyclic  Sylow  subgroup,  J . Algebr a 5 6 (1979) , 506-509 . 
[Pia] I . Piatetsky-Shapiro , Complex  representations  of  GL(2,  K)  for  finite fields K,  Contemp . 

Math., vol . 16 , Amer . Math . Soc , Providence , RI , 1983 . 
[Poll] S . S . Poljak , Irreducible  complex  representations  of  the  group  of  triangular  matrices  over 

a finite prime  field,  Dokl . Akad . Nau k Ukrain . SS R 196 6 (1966) , 13-16 . (Russian ) 
[Pol2] ,  On  the  characters  of  of  irreducible  complex  representations  of  the  group  of 

triangular matrices  over  a  prim,e  finite field  196 6 (1966) , Dokl . Akad . Nau k Ukrain . 
SSR, 434-436 . (Russian ) 

[Rea] E . W . Read , On  the  Schur  multiplier  of  a  wreath  product,  Illinoi s J . Math . 2 0 (1976) , 
456-466. 

[Ree] R . Ree , On  generalized  conjugate  classes  in  a  finite group,  Illinoi s J . Math . 3  (1959) , 
440-444. 

[Rey] A . Reyes , Representation  theory  of  semi-direct  products,  J . Londo n Math . Soc . (2 ) 1 3 
(1976), 281-290 . 

[Reyn] W . F . Reynolds , Projective  representations  of  finite groups  in  cyclotomic  fields,  Illinoi s 
J. Math . 9  (1965) , 394-405 . 

[Rib] P . Ribenboim , Catalan's  conjecture,  Academi c Press , Ne w York , 1994. . 



322 BIBLIOGRAPH Y 

[Rob] G . d e B . Robinson , Representation  theory  of  the  symmetric  group,  Uni v Toront o Press , 
Toronto, 1961 . 

[Roil] M . Roitman , A  complete  set  of  invariants  for  finite  groups  and  other  results,  Adv . i n 
Math. 4 1 (1981) , 301-311 . 

[Roi2] ,  On  Zsigmondy  primes,  Proc . Amer . Math . Soc . 12 5 (1997) , 1913-1919 . 
[Rom] A . V . Romanovsky , Exceptional  characters  of  finite groups,  "Nauk a i  Tehnika" , Minsk , 

1985. (Russian ) 
[Roql] P . Roquette, Realisierung  von  Darstellungen  endlicher  nilpotenter  Gruppen,  Arch . Math . 

9 (1958) , 241-250 . 
[Roq2] ,  Uber  die  Existenz  von  Hall-Komplementen  in  endlichen  Gruppen,  J . Algebr a 1 

(1964), 242-246 . 
[Rus] D . J . Rusin , What  is  the  probability  that  two  elements  of  a  finite group  commute,  Pacifi c 

J. Math . 8 2 (1979) , 237-247 . 
[Rut] D . E . Rutherford , Substitutional  analysis,  Edinburg h Universit y Press , Edinburgh , 1948 . 
[Sah] C . H. Sah, Existence  of  normal complements  and  extension  of  characters  infinite  groups, 

Illinois J . Math . 6  (1962) , 282-291 . 
[Sakl] A . I . Saksonov , Answer  to  a  Brauer  question,  Izv . Akad . Nau k BSS R Fiz.-Mat . Nauk i 

1 (1967) , 129-130 . (Russian ) 
[Sak2] ,  Criterion  for  a  finite group  to  be  p-closed in  terms  of  the  degrees  of  its  charac-

ters, Mat . Zametk i 4 2 (1987) , 177-179 ; Englis h transl . i n Math . Note s 4 2 (1987) . 
[Schl] I . Schur , Neue  Begriindung  die  Theorie  der  Gruppencharaktere,  Sitzungsber . Preuss . 

Akad. Wiss . Berli n (1905) , 406-432 . 
[Sch2] ,  Uber  die  Darstellung  der  endlichen  Gruppen  durch  gebrochene  lineare  Substi-

tutionen, J . Rein e Angew . Math . 12 7 (1904) , 20-50 . 
[Sch3] ,  Untersuchungen  uber  die  Darstellungen  der  endlichen  Gruppen  durch  gebroch-

ene lineare  Substitutionen,  J . Rein e Angew . Math . 13 2 (1907) , 85-137 . 
[Sch4] ,  Uber  die  Darstellungen  der  symmetrischen  und  alternierenden  Gruppen  durch 

gebrochene lineare  Substitutionen,  J . Rein e Angew . Math . 13 9 (1911) , 155-250 . 
[Sch5] ,  Uber  die  reellen  Kollineationsgruppen,  die  der  symmetrischen  oder  der  alter-

nierenden Gruppen  isomorph  sind,  J . Rein e Angew . Math . 15 8 (1927) , 63-79 . 
[Sch6] ,  Uber  die  Darstellung  der  symmetrischen  Gruppe  durch  homogene  lineare  Sub-

stitutionen, Sitzungsber . Preuss . Akad . Wiss . Berli n (1908) , 664-678 . 
[Sco] W . R . Scott , Group  theory,  Prentic e Hall , Englewoo d Cliffs , NJ , 1964 . 
[Seil] G . Seitz , Finite  groups  having  only  one  irreducible  representation  of  degree  greater  than 

one, Proc . Amer . Math . Soc . 1 9 (1968) , 459-461 . 
[Sei2] ,  M-groups  and  the  supersoluble  residual,  Math . Z . 11 0 (1969) , 101-122 . 
[Sho] K . Shoda , Bemerkungen  uber  die  induzierten  Charaktere  endlicher  Gruppen,  Proc . Imp . 

Acad. Tokyo . 1 8 (1942) , 336-338 . 
[Sin] T . G . Singh , Some  bounds  for  the  multiplicator  of  a  finite group,  India n J . Pur e Appl . 

Math. 1 0 (1979) , 1383-1389 . 
[Soil] L . Solomon , On  the  sum  of  elements  in  the  character  table  of  a  finite group,  Proc . Amer . 

Math. Soc . 1 2 (1961) , 962-963 . 
[Sol2] ,  On  the  Schur  index  and  the  solutions  of  x n —  1 in  a  finite group,  Math . Z . 7 8 

(1962), 122-125 . 
[Sol3] ,  The  solution  of  equations  in  groups,  Arch . Math . 2 0 (1969) , 241-247 . 
[Str] S . P . Strunkov , Conditions  for  existence  of  p-blocks  of  defect  0  in  finite  groups,  Mat . 

Sb. 18 4 (1990) , 1144-1149 ; Englis h transl . i n Math . USSR^Sb . 7 9 (1991) . 
[Suzl] M . Suzuki , Applications  of  group  characters,  Proc . Symp . Pur e Math. , vol . 1 , Amer . 

Math. Soc , Providence , RI , 1959 , pp . 88-99 . 
[Suz2] ,  Applications  of  group  characters,  Proc . Symp . Pur e Math. , vol . 6 , Amer . Math . 

Soc , Providence , RI , 1962 , pp . 101-105 . 
[Suz3] ,  Group  theory  1,11 , Springer-Verlag , Berlin , 1982 , 1986 . 
[Suz4] ,  On  the  existence  of  a  Hall  normal  subgroup,  J . Math . So c Japan . 1 5 (1963) , 

387-391. 
[Suz5] ,  The  nonexistence  of  a  certain  type  of  simple  groups  of  odd  order,  Proc . Amer . 

Math. Soc . 8  (1957) , 686-695 . 
[Suz6] ,  On  a  class  of  doubly  transitive  groups,  Ann . o f Math . (2 ) 7 5 (1962) , 105-145 . 



BIBLIOGRAPHY 323 

[Suz7] ,  Two  characteristic  properties  of  (ZT)-groups,  Osak a Math . J . 1 5 (1963) , 143 -
150. 

[Suz8] ,  On  generalized  (ZT)-groups,  Arch . Math . 1 3 (1962) , 199-202 . 
[Tak] K . Taketa , Uber  die  Gruppen,  deren  Darstellungen  sich  samtlich  auf  monomiale  Gestalt 

transformieren lassen,  Proc . Acad . Toky o 6  (1930) , 31-33 . 
[Tat] J . Tate , Nilpotent  quotient  groups,  Topolog y 3  (1964) , 109-111 . 
[Thol] J . G . Thompson , Finite  groups  with  fixed-point-free  automorphisms  of  prime  order, 

Proc. Nat . Acad . Sci . US A 4 5 (1959) , 578-581 . 
[Tho2] ,  Normal  p-complements  and  irreducible  characters,  J . Algebr a 1 4 (1970) , 129 -

134. 
[Tho3] ,  Invariants  of  finite groups,  J . Algebr a 6 9 (1981) , 143-145 . 
[Tho4] ,  Nonsolvable finite groups  all  of  whose  local  subgroups are  solvable.  I , Bull . Amer . 

Math. Soc . 7 4 (1968) , 383-437 . 
[Tho5] ,  A  non-duality  theorem  for  finite group,  J . Algebr a 1 4 (1970) , 1-4 . 
[Uno] K . Uno , Character  correspondences  in  p-solvable  groups,  Osak a J . Math . 2 0 (1983) , 

713-725. 
[Vei] A . I . Veitsblit , On  zeros  of  irreducible  complex  characters  of  finite groups,  Manuscrip t 

No. 3767-78 , deposited a t VINIT I (1978) . (Russian ) 
[Veil] A . I . Veitsblit an d E . M . Zhmud' , Generalized  Zassenhaus  groups,  Publ . Math . Debrece n 

29 (1982) , 201-217 . (Russian ) 
[Ver] L . R . Vermani , On  the  multiplicator  of  a  finite group,  J . London . Math . Soc . 8  (1974) , 

765-768. 
[Wad] T . Wada , On  the number  of  irreducible  characters  in  a finite group,  I , II , Hokkaid o 

Math. J . 1 2 (1983) , 74-82 ; 1 4 (1985) , 149-154 . 
[Wae] B . L . va n de r Waerden , Gruppen  von  linearen  Transformationen,  Ne w York , 1948 . 
[Wag] A . Wagner , An  observation  of  the  degrees  of  projective representations  of  the  symmetric 

and alternating  group,  Arch . Math . 2 9 (1979) , 583-589 . 
[Wall] D . B . Wales , Some  projective  representations  ofS n, J . Algebr a 6 1 (1969) , 37-57 . 
[Wal2] ,  Finite  linear  groups  of  prime  degree,  Canad . J . Math . 2 1 (1968) , 1025-1041 . 
[Wall] C . T . C . Wall , On  groups  consisting  mostly  of  involutions,  Proc . Cambridg e Phil . Soc . 

67 (1970) , 251-262 . 
[Walt] J . H . Walter , Character  theory  of  finite groups  with  trivial  intersection  subsets,  Nagoy a 

Math. J . 2 7 (1966) , 515-524 . 
[Warl] H . N . Ward , The  analysis  of  representations  induced  from  a  normal  subgroup,  Michiga n 

Math. J . 1 5 (1968) , 417-428 . 
[War2] ,  The  triviality  of  primary  parts  of  the  Schur  multiplier,  J . Algebr a 6 0 (1968) , 

377-382. 
[War3] ,  An  extension  of  a  theorem  on  monomial  groups,  Amer . Math . Monthl y 7 6 

(1969), 534-535 . 
[Weis] L . Weisner , Condition  that  a  finite group  be  multiply isomorphic  with  each  of  its  irre-

ducible representation,  Amer . J . Math . 6 1 (1939) , 709-712 . 
[Wiel] J . Wiegold , Multiplicators  and  groups  with  finite central  factor-groups,  Math . Z . 8 9 

(1965), 245-247 . 
[Wie2] ,  The  multiplicator  of  a  direct  product,  Quart . J . Math . Oxfor d Ser . (2 ) 2 2 (1971) , 

103-105. 
[Wie3] ,  Some  groups  with  non-trivial  multiplicators,  Math . Z . 12 0 (1971) , 307-308 . 
[Wie4] ,  The  Schur  multiplicator:  an  elementary  approach,  Group s -  St . Andrews , 1981 , 

London Math . Soc . Lect . Notes , vol . 71 , Cambridg e Univ . Press , Cambridge , 1982 , 
pp. 137-154 . 

[Wiell] H . Wielandt , Finite  permutation  groups,  Academi c Press , Ne w York , 1964 . 
[Wiel2] ,  Uber  die  Existenz  von  Normalteilern  in  endlichen  Gruppen,  Math . Nachr . 1 8 

(1958), 274-280 . 
[Wiel3] ,  p-Sylowgruppen und  p-Faktorgruppen,  J . Rein e Angew . Math . 18 2 (1940) , 180 -

193. 
[Wig] E . P . Wigner , On  representations  of  certain  finite groups,  Amer . J . Math . 6 3 (1941) , 

57-63. 
[Winl] D . L. Winter, Finite  p-solvable  linear  groups  with  a  cyclic Sylow  p-subgroup,  Proc . Amer . 

Math. Soc . 1 8 (1967) , 341-343 . 



324 BIBLIOGRAPHY 

[Win2] ,  p-solvable  linear  groups  of  finite order,  Trans . Amer . Math . Soc . 15 7 (1971) , 
155-160. 

[Win3] ,  On  the  structure  of  certain  p-solvable  linear  groups,  II , J . Algebr a 3 3 (1975) , 
170-190. 

[Woll] T . Wolf , Characters  of  p'-degrees in  solvable  groups,  Pacifi c J . Math . 7 4 (1978) , 267-271 . 
[Yam] K . Yamazaki , A  note  on  projective  representations  of  finite groups,  Sci . Paper s Colleg e 

Gen. Ed . Univ . Toky o 1 4 (1964) , 27-36 . 
[Yos] T . Yoshid a Character-theoreti c transfer , J . Algebr a 5 2 (1978) , 1-38 ; 11 8 (1988) , 498 -

527. 
[Zasl] H . Zassenhaus , Kennzeichnung  endlicher  linearer  Gruppen  als  Permutationsgruppen, 

Abh. Math . Sem . Univ . Hambur g 1 1 (1936) , 17-40 . 
[Zas2] ,  An  equation  for  the  degrees  of  the  absolutely  irreducible  representations  of  a 

group of  finite order,  Canad . J . Math . 2  (1950) , 166-167 . 
[Zas3] ,  The  theory  of  groups,  Chelsea , Ne w York , 1958 . 
[Zhml] E . M . Zhmud' , On  isomorphic  linear  representations  of  finite groups,  Mat . Sb . 3 8 

(1956), 417-430 . (Russian ) 
[Zhm2] ,  A  group-theoretic  Mobius-Dels  arte  function  and  the  theory  of  linear  represen-

tations of  finite groups,  Izv . Vyss . Ucebn . Zaved . Matematik a 1957 , no . 1 , 133-141 . 
(Russian) 

[Zhm3] ,  On  kernels  of  homomorphisms  of  linear  representations  of  finite groups,  Mat . 
Sb. 4 4 (1958) , 353-408 . (Russian ) 

[Zhm4] ,  Isomorphisms  of  irreducible  projective  representations  of  finite groups,  Zap . 
Meh.-Mat. Fak . i  Kharkov . Mat . Obsc . (4 ) 2 6 (1960) , 333-372 . (Russian ) 

[Zhm5] ,  The  group-theoretic  Mobius  function,  Zap . Meh. Mat . Fak . i  Kharkov Mat . Obsc . 
(4) 2 8 (1961) , 73-96 . (Russian ) 

[Zhm6] ,  Lattice-theoretic  properties  of  the  kernels  of  homomorphisms  of  irreducible  rep-
resentations of  finite groups,  Algebr a an d Math . Logic ; Studie s i n Algebra , Izdat . Kiev . 
Univ., Kiev , 1966 , pp . 98-110 . (Russian ) 

[Zhm7] ,  Finite groups  which  have  a  unique minimal  normal  subgroup  and  a  unique class 
of isomorphic  irreducible  representations,  Vest . Kharkov . Gos . Univ . No . 2 6 (1967) , 16 -
19. (Russian ) 

[Zhm8] ,  The  isomorphisms  of  the  lattice  of  normal  subgroups  of  a  finite nilpotent  group, 
Vest. Kharkov . Gos . Univ . No . 2 6 (1967) , 3-7 . (Russian ) 

[Zhm9] ,  Finite  groups  with  uniquely  generated  normal  subgroups,  Mat . Sb . 7 2 (1967) , 
135-147; Englis h transl . i n Math . USSR-Sb . 1  (1967) . 

[ZhmlO] ,  On  a  notion  of  connectivity  of  a  finite group,  Publ . Math . Debrece n 2 9 (1982) , 
177-189. (Russian ) 

[Zhmll] ,  On  a  property  of  fields of  group  characters,,  Publ . Math . Debrece n 2 9 (1982) , 
315-318. (Russian ) 

[Zhml2] ,  Connectivity  of  a  finite group  and  generalized  characters,  Problem s o f Grou p 
Theory an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl' , 1985 , pp . 13-23 ; 
English transl. , Contemp . Math . 9 3 (1989) , 349-357 . 

[Zhml3] ,  On  restriction  of  group  characters  on  subnormal  subgroups,  Problem s o f Grou p 
Theory an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl' , 1983 , pp . 35-42 . 
(Russian) 

[Zhml4] ,  On  zeros  of  group  characters,  Uspekh i Mat . Nauk . 3 2 (1977) , no . 6 , 223-224 . 
(Russian) 

[Zhml5] same , On  finite  groups  possessing  an  irreducible  complex  character  with  one  class  of 
zeros, Dokl . Akad . Nau k SSS R 24 7 (1979) , 788-791 ; Englis h transl . i n Sovie t Math . 
Dokl. 2 0 (1979) . 

[Zhml6] ,  Symplectic  geometries  and  projective  representations  of  finite abelian  groups, 
Mat. Sb . 8 7 (1971) , 3-17 ; Englis h transl . i n Math . USSR-Sb . 1 5 (1971) . 

[Zhml7] ,  On  kernels  of  projective  representations  of  finite groups,  Teor . Funktsii , Funk -
tsional. Anal , i  Prilozhen . No . 5 5 (1991) , 34-49 ; Englis h transl. , J . Sovie t Math . 5 9 
(1992), 607-615 . 

[Zhml8] ,  Symplectic  geometries  on  finite abelian  groups,  Mat . Sb . 8 6 (1972) , 9-33 ; Eng -
lish transl . i n Math . USSR-Sb . 1 6 (1972) . 



BIBLIOGRAPHY 325 

[Zhml9] ,  Upper  and  lower  complements  in  finite modular  lattices  and  the  representation 
theory of  finite groups,  Vest . Kharkov . Gos . Univ . No . 3 3 (1967) , 8-13 . (Russian ) 

[Zhm20] ,  On  a  variety  of  nonnegative  generalized  characters  of  finite groups,  Ukrain . 
Mat. Zh . 4 7 (1995) , 1338-1349 ; Englis h transl . i n Ukrainia n Math . J . 4 7 (1995) . 

[Zhm21] ,  On  the  structure  of  finite groups  with  uniquely  generated  normal  subgroups, 
Problems o f Grou p Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , Yaroslavl 7, 
1977, pp . 57-71 . (Russian ) 

[Zhm22] ,  On  estimates  of  the  number  of  zeros  of  irreducible  characters  of  a  finite group, 
Publ. Math . Debrece n 3 3 (1986) , 125-146 . (Russian ) 

[Zhm23] ,  On  a  class  of  finite groups,  Vest . Kharkov . Gos . Univ . No . 9 3 (1973) , 3-11 . 
(Russian) 

[Zhm24] ,  On  Gallagher's  theorem  about  zeros  of  group  characters,  Publ . Math . Debrece n 
37 (1990) , 345-353 . (Russian ) 

[Zhm25] ,  Finite  groups  possessing  an  irreducible  character  with  conjugate  zeros  1 , Publ . 
Math. Debrece n 3 0 (1983) , 183-203 . (Russian ) 

[Zhm26] ,  On  the  multiplier  of  a  finite group  with  nontrivial  center,  Ukrain . Mat . Zh . 4 7 
(1995), 546-550 ; Englis h transl . i n Ukrainia n Math . J . 4 7 (1995) . 

[Zhm27] ,  On  finite groups  possessing  an  irreducible  character  that  separates  the  conjugacy 
classes, Problem s o f Grou p Theor y an d Homologica l Algebra , Yaroslav . Gos . Univ. , 
Yaroslavl7, 1979 , pp . 81-90 . (Russian ) 

[Zhm28] ,  On  finite groups  all  of  whose  irreducible  characters  take  at  most  three  non-zero 
values, Ukrain . Mat . Zh . 4 7 (1995) , 1144-1148 ; Englis h transl . i n Ukrainia n Math . J . 
47 (1995) . 

[Zhm29] ,  On  zeros  of  irreducible  complex  characters  of  finite groups,  Vestni k Kharkov . 
Gos. Univ . No . 36 1 (1991) , 80-95 . (Russian ) 

[Zho] X . Zhou , On  the  order  of  Schur  multipliers  of  finite  p-groups,  Comm . Algebr a 2 2 (1994) , 
no. 1 , 1-8 . 



This page intentionally left blank



Author Inde x 

and jus t 1 4 mean s th e whol e o f Chapte r 14 . In thi s index , "14.1 " mean s "Chapte r 14 , §1", 

Alperin J . L. , 25. 5 
Angelis J . H . de , 15. 6 

Bannucher, 31. 3 
Bender H. , 15. 5 
Berger T. , 1 4 
Berkovich Y. , 14 , 15 , 17 , 23-28 , 30 , 3 1 , 

Problems 
Bertram E. , Problem s 
Blichfeldt H.F. , 14. 2 
Brandis A. , 25. 1 
Brauer R. , 1 5 
Broline D. , 14. 1 
Burnside W. , 19.7 , 30.1 , 31.1 , 31. 6 

Chillag D. , 14.10 , 23 , 2 7 

Feit W. , 14.A , 14.B , 14.C , 24 , 28 , 30. B 
Fowler K. , 15.1- 4 

GagolaS., 27. 1 
Gallagher P. , 14.6 , 21. 1 
Garrison S. , 14. 1 

Hall P. , 14.2 , 14.C , 31. 1 
Herzog M. , 14.10 , 2 3 
Higman G. , 24. 5 

Isaacs I . M. , 14.1 , 14.2 , 14.4 , 14.7 , 14.11 , 
14.B, 30.A , 31.5 , 31.8 , Problem s 

Ito N. , 14. C 

Jordan C , 18. 2 

Kazarin L . S. , 24.1 , 25.5 , 31.8 , Problem s 
Klein F. , 18. 1 

Landau E. , 31. 2 

Mackey G. , 14.A , 14. B 
Mann A. , 25.1 , 26 , 31.1 , 31.5-7 , Problem s 
Manz O. , 14.1 2 
McKay J. , 25. 5 
Michler G . O. , 14.9 , 30. 4 
Minkowski H. , 14.1 5 

Nagao H. , 1 7 

Nakayama T. , Problem s 
Nekrasov K . G. , 31. 5 

Osima M. , Problem s 
Oyama T. , 1 7 

Passman D. , 14.2 , 14.4 , 31.5 , 31. 8 

Ribenboim P. , 30. B 
Roitman M. , 30.B , Problem s 

Schmidt O . Y. , 18. 1 
Schur I. , 20 , 2 2 
Seitz G. , 24 , 31. 3 
Shalev A. , 25. 1 
Sibley D. , 14. 3 
Siegel C , 21. 1 
Suzuki M. , 14.C , 15.5 , 16. 4 

Taketa K. , 14. C 
Tarakhtelyuk T . Y. , 14.8 , 2 9 
Thompson J . G. , 14.3 , 14.9 , 14.C , 15.6 , 

16.3, 30. 4 

Veitsblit A.I. , 16 , 21. 1 

Wall C . T . C , 2 8 
Wall G . E. , 15. 5 
Wedderburn J . H . M. , 30. B 
Wielandt H. , 14. 2 
Witt E. , 14. C 

Young A. , 19. 8 

Zassenhaus H. , 21.2 , 30. 1 
Zhmud' E. , 16 , 21 , 27 , 30 , 31 , Problem s 
Zsigmondy, 30. B 

327 



This page intentionally left blank



Subject Inde x 

In thi s index , "14.1 " mean s "Chapte r 14 , §1! 

algebraically conjugat e characters , 31. 3 

Bell's numbers , 19. 3 
Bender's method , 15. 5 
Berkovich-Chillag-Zhmud' theorem , 2 7 
Berkovich-Mann theorems , 2 6 
Blichfeldt's theorem , 14. 2 
Brauer-Suzuki-Wall theorem , 15. 5 

CC-group, 1 6 
character degre e (divisibility) , 14.3 , 25. 1 
character table , 17 , 19.5 , 19.6 , 2 0 
character value , 21 , 27 , 3 0 
class number , 15 , 3 1 
connectivity, 1 6 
cyclotomic polynomial , 30. B 

degree o f a  character , 14 , 23 , 24 , 25 , 2 8 
diagram, 1 9 

extraspecial p-group , 14. C 

Feit's theorems , 30. B 
Feit-Seitz theorem , 2 4 
field o f a  character , 14. 2 
formulas o f Braue r an d Thompson , 15. 6 
Frobenius kernel , 2 5 (Appendix ) 
Gallagher's theorems , 14.6 , 21. 1 
Galois group , 1 4 
Garrison's theorems , 14. 1 

Hall subgroup , 14. C 
Hall's theore m o n th e clas s numbe r o f p-

groups, 30. 1 

intersection o f kernels and quasikernels , 14. 9 
involution, 15 , 1 6 
Isaacs' theorems , 14.7 , 14.11 , 14. B, 30.A , 

31.5 
Isaacs-Passman theorems , 14.2 , 14.4 , 31. 5 

Jordan's theorem , 18. 2 

X-character, 2 2 
kernel o f a  character , 2 9 
Klein's theorem , 18. 1 

, an d jus t 1 4 mean s th e whol e o f Chapte r 14 . 

Landau's theorem , 31. 2 

Mann's theorems , 26 , 31.5 , 31. 7 
M-group, 14 , 14.A , 14. B 
monolith, 3 0 
monolithic character , 3 0 
monomial character , 14.17 , 14. A, 14. B 
m-transitive action , 19.2- 4 

Nagao's theorems , 1 7 
nilpotency class , 14. C 
nonincident subgroups , 2 9 
nonlinear character , 23 , 24 , 25 , 27 , 30 , 3 1 
nonmonomial character , 14.1 7 
nonreal class , 1 5 
nonreal element , 1 5 
number o f involutions , 2 8 

partition, 1 9 
p-defect o f a  character , 15. 4 
permutation character , 1 9 
permutation representations , 1 9 
7r-closed group , 14.1 6 
7r-closure criterion , 14.1 6 
7r-nilpotency criterion , 14. 5 
7r-separable group , 14. C 
p-nilpotent group , 14.3 , 25 , 30. 4 

Q-conjugate elements , 31. 3 
quasikernel o f a  character , 14.1 3 

Schur index , 2 2 
semidirect product , 14. C 
solvability criteria , 14 , 23 , 25-3 1 
solvable radica l 14. A, 14. B 
special p-group , 14. C 
sums o f characte r degrees , 25 , 2 8 
Suzuki's theorems , 16. 4 
symmetric group , 1 7 

tableau, 1 9 
Taketa's theorem , 14. A 
theorems o f Hal l o n solvabl e groups , 14. C 
Thompson's A  x  B-lemma , 14. C 
Thompson's theorems , 14.3 , 30. 4 

329 



330 

unitary element , 21. 1 

values o f a  character , 27 , 3 0 
Veitsblit's theorems , 16.1 , 16.2 , 21. 1 
Wielandt triple , 2 5 (Appendix ) 
Wielandt's D-theorem , 14. 2 
Witt 's theorem , 14. C 

SUBJECT INDE X 

Zassenhaus groups , 1 6 
zero o f a  character , 2 1 
Zhmud"s theorems , 16 , 21 , 30 , 3 1 
Zsigmondy prime , 30. B 
Zsigmondy's theorem , 30. B 
ZT-group, 16. 4 



List o f Correction s t o Par t 1 

p. xiii , 1 . 17-18 . Mus t be : th e degre e o f a n irreducibl e characte r \  o f a  grou p 
G divide s \G  : H\</>(1), wher e H  <  G  an d </>  e  Irr(iJ) . 

p. xxiii , 1 . 5- . Mus t be : £ x€im(G,p'),P£ker x  xW -
p. 2 , 1 . 24-25 . Mus t be : However , GL(n,F ) ^  S(F n) a s permutatio n groups , 

since GL(n , F) leave s the zer o column fixed.  Besides , these group s ar e no t isomor -
phic a s groups . Indeed , i f F  i s finite,  the y hav e differen t orders ; i f F  i s infinite , th e 
center o f the first  grou p i s nontrivial (i t i s isomorphic t o F*)  an d th e cente r o f th e 
second grou p i s trivial . 

p. 11 , 1. 14 . Mus t be : bein g a  (finite ) abelia n subgroup . 
p. 11,1 . 14- . Mus t be : (a ) An y irreducibl e abelia n grou p o f matrices i s cyclic. 
p. 28 , 1.19 . Chang e th e perio d t o a  semicolon , an d afte r i t insert : al l othe r 

aij{g) ar e equa l t o 0 . 
p. 28 , 1. 11- . Must be : Therefore , eac h T u i  e  { 1 , . . . , r } , is. 
p. 38 , 1. 5- . Mus t be : Theore m 21.1. 
p. 42 , 1 . 12 . Mus t be : a  =  m in{ /x |  \ € Irri(G)} . 
p. 59 , 1. 10- . Delet e par t (c ) o f Exercis e 18 . 
p. 65 , 1. 21 . Mus t be : th e intersectio n o f kernels of . 
p. 94 , 1 . 4-5 . Mus t be : \im n^J-^ =  ^ y . Henc e ( X

n^) >  0. 
p. 100 , 1 . 13- . Mus t be : I f \ ^ € Irri(G ) an d ^  ^  A x for al l A  G  Lin(G), the n 

I r r ( x ^ ) C I r n ( G ) . 
p. 105,1 . 14-Mus t be : l ^ r 1 £ t G G 0 * ^ . 
p. 146 , 1 . 1-2 . Instea d o f these lines , mus t be : Th e assertio n follow s fro m th e 

equivalence o f the followin g assertions . 

p. 152 , 1 . 4 . Mus t be : k^  =  E ^ G ^ ( ^ ) ^ -
p. 152 , 1 . 7- . Mus t be : o([n])  divides de g P. 
p. 187 , 1 . 10 . Mus t be : V 9 ~  # . 
p. 189 , 1 . 6 . Mus t be : (x H ,0) =  (x^ G). 
p. 213 , 1. 25 . Mus t be : P  <  N <  G. 
p. 226 , 1 . 18- . Mus t be : YJi=i  d iXi =  0 . 
p. 227 , 1 . 1 . Mus t be : x  € Ch*(G) . 
p. 227 , 1 . 6 . Mus t be : a * 6  R. 
p. 227 , 1 . 5- . Mus t be : I f u j ^  u. 
p. 228 , 1 . 1 . Mus t be : ^  G  Ch R(H). 
p. 230 , 1 . 24 . Mus t be : o(xi)  =  p^ . 
p. 238 , 1 . 25 . Mus t be : \J x£G(NH)x. 
p. 268 . Instea d o f line s 15-17 , mus t be : 

fiG{x) = h-1 J2  M*) -
t£H:x

teA 
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332 LIST O F CORRECTION S T O PAR T 1 

If x  G  A, the n x l e  A  fo r al l t  G  H. Therefore , fi G{x) =  h~ l J2teH  M x ) =  K x)- I f 

x G  Ho, the n x l G  HQ for  al l h  G  if; henc e /x G(x) =  0  — /x(x) . Thus , /x G(x) =  //(# ) 
for al l x  G  if , an d s o (^ G)H —  M- D 

p. 268 , 1. 5- . Mus t be : w e have, b y condition . 
p. 269 , 1 . 2 . Mus t be : 

0°(1) =  ^ ( 1 ) +  0(1 ) =  | G :  ff|/i*(l) +  0(1 ) =  0(1 ) >  0 . 

p. 269 , 1 . 5 . Mus t be : V  = In -
p. 270 , 1 . 2- . Mus t be : y  G  f\GG N* . 

p. 271 , 1. 1-2 . Mus t be : O n th e othe r hand , i f G  =  IjEi^ 1 Nt i i s a  partition , 
then 

\G:N\ 

\D\ = \G\-\\J(N-Nvy\>\G\- J2  \(N-N^\ 
teG i = i 

and the n a s i n th e text . 
p. 343 , 1. 4- . Mus t be : h° u =  \Kx\. 
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