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Preface 

Topology forms a  branch o f geometry emphasizin g connectednes s 
as th e mos t fundamenta l aspec t o f a  geometrica l object . I n topol -
ogy, therefore , on e ignore s virtuall y al l geometrica l trait s othe r tha n 
connectedness, suc h a s an y for m o f chang e i n a  geometrica l objec t 
that stretchin g o r shrinkin g migh t cause . Classificatio n i n topolog y 
is a  crud e tool , bu t on e tha t neve r fail s t o determin e i f a  geometri -
cal objec t i s connecte d o r not . I f a  geometrica l objec t i s connecte d 
then w e investigate t o wha t degre e i t i s connected. Jus t a s th e stat e 
of connectednes s characterize s th e essenc e o f man y phenomen a w e 
encounter i n ou r dail y lives , i t i s often necessar y t o describ e t o wha t 
extent a  certain objec t i s connected o r separated. Thu s the terms one 
employs i n topolog y ar e increasingl y becomin g importan t an d usefu l 
in othe r branche s o f mathematic s a s wel l a s i n variou s fields  i n th e 
natural sciences . 

There ar e numerou s algebrai c topolog y book s an d man y o f the m 
are excellent ; ye t w e have dared t o add anothe r boo k o n this subject . 
The singl e mos t difficul t thin g on e face s whe n on e begin s t o lear n 
a ne w branc h o f mathematic s i s t o ge t a  fee l fo r th e mathematica l 
sense o f thi s subject . T o somebod y wh o ha s mastere d th e subjec t 
this essentia l commo n sens e shoul d b e a s familia r a s th e ai r aroun d 
him. I t take s a  lon g tim e fo r a  beginne r t o ge t t o thi s point . Th e 
purpose o f thi s boo k i s t o hel p a n aspirin g first-time  reade r acquir e 
this topologica l atmospher e i n a  shor t perio d o f time . 

I believ e tha t th e mos t efficien t wa y t o fulfil l thi s purpos e i s t o 
investigate simpl e bu t meaningfu l example s i n som e concret e terms . 
It i s important tha t th e reade r gras p a  mathematica l objec t wit h hi s 
or he r ow n hands . B y touchin g i t on e ca n fee l it s physica l qualit y 
and the n kee p thi s a s one' s own . Thi s boo k i s a  simpl e manua l tha t 
the reade r ca n follow , an d i n fac t th e reade r wh o follow s ou r instruc -
tions ste p b y step wil l end u p wit h a  rea l workin g mode l o f algebrai c 
topology. 

xi 



xii P R E F A C E 

In order t o pursue thi s objective w e have therefore sacrifice d gen -
erality an d limite d th e object s o f ou r discussio n t o th e simples t bu t 
most essentia l cases . W e did not try to expand th e theory to its fulles t 
extent t o mak e ou r boo k a n encyclopedi c reference ; instead , w e us e 
the easies t possibl e example s t o hel p th e reade r se e th e backbon e o f 
our discussion . 

We wil l b e greatl y please d i f the reade r enjoy s readin g ou r boo k 
while acquirin g severa l essentia l method s o r approache s t o discus s 
algebraic topology . W e mus t awai t th e reactio n o f th e reade r t o se e 
if ou r pla n wil l succeed . W e wil l appreciat e i t i f th e reade r give s u s 
any feedbac k (criticism s an d comments) 1. 

The basi c framewor k o f th e boo k come s fro m th e semina r note s 
"Practical Topolog y fo r Physicists " give n b y Akihir o Tsuchiy a an d 
compiled b y Yasuhik o Yamad a a t th e Universit y o f Nagoy a i n 1986 . 
I a m deepl y indebte d t o Mr . Tsuchiy a fo r permittin g m e t o us e hi s 
seminar note s a s well as for givin g me much usefu l advic e throughou t 
every stage o f the writing . M y thanks als o go to Tadayosh i Mizutani , 
Tetsuya Ozawa , Yoshinor i Machida , an d Shige o Ichiraku , wh o no t 
only rea d th e entir e manuscrip t carefully , finding  man y mistakes , bu t 
also suggeste d variou s way s t o improv e th e final  product . Las t bu t 
not least , I  would lik e t o than k th e editor s a t Iwanam i Shoten . 

Hajime Sat o 

July 199 6 

See Prefac e t o th e Englis h Translatio n 



Preface t o th e Englis h Translatio n 

It i s a  grea t pleasur e t o m e tha t th e America n Mathematica l 
Society chos e t o publis h m y boo k "Algebrai c Topology : A n Intuitiv e 
Approach" i n thei r translatio n series . 

Since the publicatio n o f the origina l versio n o f this boo k i n 1996 , 
several o f my friend s (includin g th e translator ) hav e complained tha t 
the gap between my claim that no  previous knowledge  of  mathematics 
is required. .. an d th e actua l contents of the book i s too big. S o I have 
provided th e reade r wh o ha s n o knowledg e o f sets , topology , groups , 
etc. wit h a  basic minimal lis t of definitions an d result s that ma y prove 
useful, togethe r wit h readabl e references . Thi s i s in the Appendi x a t 
the en d o f th e book . Thi s doe s no t reall y chang e my  origina l vie w 
that th e boo k i s readabl e fo r anybod y wh o wishe s t o find  ou t abou t 
algebraic topology . I  think tha t technica l term s hel p both th e reade r 
and th e autho r organiz e thei r thoughts , bu t the y wil l no t d o muc h 
good unles s both th e reade r an d th e autho r hav e "goo d vibes " abou t 
the subject . I  hav e als o use d th e boo k fo r my  topolog y semina r (fo r 
seniors) an d cam e t o se e tha t th e readin g go t a  littl e roug h towar d 
the en d o f th e book . Thi s i s al l righ t too , sinc e i t simpl y show s tha t 
good vibes alone cannot conque r everything; however , I  have modifie d 
some o f thos e troublesom e spots , filling  i n missin g link s an d s o on . 

I a m gratefu l t o th e translator , Kik i Hudson , fo r conveyin g my 
writing styl e an d philosoph y a s faithfull y a s possibl e i n he r transla -
tion. W e discusse d al l th e change s verbally , an d consequentl y sh e 
had t o d o mor e writin g tha n translating . Thi s i s especiall y s o wit h 
the Appendix . I  woul d als o lik e t o than k Marti n Gues t fo r valuabl e 
suggestions, Yoshinor i Machid a fo r spotting numerou s typos , an d th e 
AMS editor s fo r presentin g th e boo k i n splendi d style . 

Hajime Sat o 

September 199 8 

xii i 
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Objectives 

As I stated in the Preface, i n topology we investigate one aspect of 
geometrical object s almos t exclusivel y o f the others : tha t is , whethe r 
a given geometrica l objec t i s connected o r no t connected . W e classif y 
objects according to the nature of their connectedness . On e focuses on 
the connectivity , ignorin g change s cause d b y stretchin g o r shrinking . 

One ca n measur e th e lengt h o f a  geometrica l objec t i n meter s 
and th e weight i n kilograms. Ho w do we measure th e exten t t o which 
a geometrica l objec t i s connected ? Ca n w e develo p a  syste m wit h 
suitable unit s an d numbere d scales ? 

For example , w e ca n us e th e numbe r o f hole s i n a  geometrica l 
object. Bu t the n wha t i s a  hol e an d ho w d o we count th e numbe r o f 
holes? I n thi s book , yo u wil l fin d a  mathematica l interpretatio n o f 
these concepts , terme d "homotop y groups","homolog y groups" , an d 
"cohomology groups" . Thes e ar e some of the majo r concern s i n alge-
braic topology . W e actuall y g o beyond countin g th e numbe r o f hole s 
and develop "characteristi c classes " t o describe how a geometrical ob-
ject bend s globally . Intuitivel y th e "z-t h homotop y group " describe s 
the "i-dimensiona l round  holes"  an d "z-t h homolog y group " reveal s 
the numbe r o f "z-dimensiona l rooms"  i n a  geometrica l object . 

In the problem described above , which may appear t o be too slip-
pery to grasp, it would be nice if the reader would come to understan d 
and appreciat e ho w contemporar y mathematic s ha s constructe d th e 
theory of algebraic topology, translating geometrica l concept s int o al-
gebraic terms. I t ha s managed t o express these problems cleanly an d 
algebraically i n group-theoretica l term s (involvin g almos t onl y th e 
additive grou p o f integer s o r cycli c group s o f integer s modul o prim e 
numbers). I  want th e reader t o spend a  few minutes befor e beginnin g 
the boo k imaginin g th e proble m o f classifyin g geometrica l object s 
only wit h a  yardstic k tha t measure s thei r connectedness . The n afte r 
finishing th e boo k th e reade r shoul d compar e it s content s wit h thi s 
original concept . I f the concept an d reality are far apar t yo u will have 

XV 



xvi OBJECTIVE S 

opened a  door t o a  brave ne w world, an d i f they ar e rather clos e your 
mathematical intuitio n wil l have proved t o be excellen t (an d yo u wil l 
continue t o g o on th e righ t trac k wit h conviction) . 

If yo u alread y hav e an y familiarit y wit h algebrai c topology , yo u 
might rightl y gues s fro m th e tabl e o f content s tha t th e followin g ar e 
the ke y word s i n th e book : 

homeomorphisms, homotopy  equivalences,  torus,  Mobius  strip,  closed 
surfaces, Klein  bottle,  cell  complexes,  fundamental  groups,  homotopy 
groups, homology  groups,  cohomology  groups,  fiber bundles,  vector 
bundles, spectral  sequences,  characteristic  classes,  etc. 

If yo u hav e see n som e (o r all ) o f thes e word s somewher e befor e 
and they have vaguely interested you, then you will find upon finishing 
the boo k tha t the y ar e no t difficul t a t al l bu t tha t the y for m som e 
of the basi c concept s i n contemporar y mathematics . I f you hav e ha d 
nothing t o d o wit h the m s o far , I  hop e tha t th e strang e soun d the y 
make intrigue s yo u enoug h t o star t th e book . 

Topology has developed (perhap s unintentionally) o n the strengt h 
of severa l attractiv e geometrica l figures  whic h serv e a s characteristi c 
examples for th e theory. Thi s pattern ma y not b e unique in topology ; 
we may see it repeated i n other branches of mathematics an d possibl y 
in ever y othe r academi c discipline . 

I emphasiz e agai n tha t th e purpos e o f thi s boo k i s to familiariz e 
the reade r wit h th e wa y t o thin k abou t algebrai c topology . I  use th e 
axiomatic approac h t o introduc e homolog y an d cohomolog y theories , 
and will later construct concret e examples such as simplicial homolog y 
groups, a s I  fee l tha t thi s orde r migh t wor k bette r t o sharpe n th e 
reader's intuitiv e understanding . 

Needless to say, algebraic topology evolve d from genera l topolog y 
(the theory o f topological spaces) . I f you have already studied genera l 
topology (especiall y it s geometrica l aspects) , fo r instanc e i f you hav e 
read Chapter s fro m I  to X I in Topology  of James Dugundji 2, yo u wil l 
be ideall y prepared ; however , I  hav e trie d t o kee p my  explanatio n 
basically intuitiv e s o that eve n readers with n o previous knowledge of 
general topolog y wil l b e abl e t o follo w th e book . 

The reade r migh t fee l a  nee d fo r th e theor y o f groups , bu t es -
sentially al l you nee d i n orde r t o rea d thi s boo k i s to understan d th e 
following tw o concepts : 

2 Topology  b y Jame s Dugundji , Willia m C . Brown , 198 9 
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(1) Th e additio n o r subtractio n o f tw o integer s give s anothe r 
integer (w e say tha t th e se t Z  o f the integer s i s an additiv e group) . 

(2) I n certai n situations , w e regard tw o integers whic h diffe r b y 
a fixed  prim e numbe r p  t o be equal (w e say tha t w e consider integer s 
modp). W e writ e Z p fo r th e se t o f th e integer s modp . Th e additio n 
and subtractio n o f integer s carr y ove r t o thos e operation s mod p (w e 
say tha t mod p i s a  cycli c group o f order p) . 

The only talen t thi s boo k demand s o f the reade r i s a flexible  an d 
resilient mind . 

L I S T O F S Y M B O L S 

Symbol 
/o ^ / i 
[X,Y] 
X~Y 
Dn 

gn-1 
I 
Pn(R) 
el 

el 

7Tn(X,Xo) 

7Tn(X) 

hp(X) 

MX) 
pt 
HP(X-G) 
H+(X\G) 
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K{X) 
C 
ZP(C) 
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S 
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homotopy se t 
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n-dimensional rea l projectiv e plan e 
(open) z-cel l 
closed 2-cel l 
n-th homotop y grou p o f X 
n-th homotop y grou p o f X 
p-th homolog y grou p o f X 
direct su m X^L o M-^0 ° f M-^ 0 
singleton se t 
hp(X) fo r h 0(X)^G 
direct su m Yl^o  °^  ^p(^> ^ ) 
cone ove r A 
reduced homolog y o f group X 
chain comple x 
group o f p-cycles 
group o f p-boundarie s 
simplex cr- 7 belongs t o th e boundar y o f a n 

(aj i s a  fac e o f a n tha t i s different fro m a n) 
g-th chai n grou p o f S  over Z 
<7-th homology grou p o f S  over Z 
n-dimensional comple x projectiv e spac e 
p-th cohomolog y grou p o f X 
simplicial comple x 
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Appendix 

This chapte r offer s a  shor t lis t o f basi c definition s an d result s a t 
an introductor y level , which will  help the reade r star t ou r book . 

Sets 

We will  not  give  a  rigorous  definition  of  sets.  A  set  i s a  collec -
tion o f items . Th e item s i n a  se t ar e it s elements  o r members . W e 
often denot e a  se t b y a  capita l lette r an d lis t it s element s b y lowe r 
case letter s within braces . Fo r instance , A  =  {a , 6, c} represents a  se t 
consisting o f th e element s a , b  and c . Suppos e P(x)  i s som e state -
ment abou t x.  The n w e write {x\  P(x)}  t o represen t th e se t o f al l x 
for whic h P(x)  i s valid . Fo r instanc e Z e =  {x\  x  i s an eve n intege r } 
says tha t Z e i s th e se t o f th e eve n integers ; w e ca n als o writ e Z e = 
{..., —4 , —2,0,2,4,... }. I f x  belong s t o a  se t A,  w e write x  e  A.  I f 
x i s not i n A,  w e write x  £  A. 

DEFINITION 1 . Le t X  b e a  set . A  se t Y  i s a  subse t o f X  (w e 
write Y  C  X  o r X  D  Y)  i f ever y x  e Y  satisfie s x  G  X. H  X C  Y 
and F c l w e writ e X  =  Y  an d sa y tha t the y ar e th e same . 

If Q(x) i s some statement abou t x , then S  =  {x  € X\  Q(x)}  read s 
"5 i s th e subse t o f X  fo r whic h Q(x)  i s true" . I f a  se t i s empt y w e 
call i t th e empt y se t (al l empt y set s ar e equal ) an d denot e i t b y 0 . 
We say tha t X  i s finite i f i t contain s onl y finitel y man y elements . 

When A  i s an infinite se t we often us e an index  set  A to label its el-
ements. Fo r instance we can write { a ; }^ instead of {a\, a^,  as,..., } . 
Here N  i s th e se t o f th e natura l numbers . A n indexin g se t i s mos t 
likely t o appea r whe n on e define s a  se t whos e element s ar e set s (i n 
this cas e w e use the expressio n a  family of  sets). 

DEFINITION 2 . Le t A  an d B  b e subset s o f a  se t X  (W e ofte n 
ignore th e se t X  an d preten d A  an d B  ar e just sets) . W e define th e 
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union i U B , th e intersectio n Af)B  an d th e cartesia n produc t Ax  B 
of A  an d B  b y 

AuB =  {xeX\xe AOT  xe  £ } , 
AC\B =  {x  G  X\x  G  A an d x  G  £  } , 

AxB =  {(x,y)\xeX,yeB}. 

Two sets A  an d B  ar e disjoint  whe n A  fl 5 =  0 . 

Evidently th e operation s U  and D  satisfy th e followin g propertie s 
for an y set s A,  B  an d C . 
(1) A u A =  A n A =  A . 
(2) Au(Bf)C)  =  (A\jB)n(A\JC)\  A n ( S U C ) =  (AnB)U(AnC) . 
(3) (AUJB)uC=AU(BUC) ; (AnB)nB  =  A n ( £ n C ) (associativity) . 

Because o f the associativity propert y w e can denot e by A\  U  A<i U 
• • •  U An th e unio n o f n  set s A* . W e write thi s mor e briefl y a s |J ^ A if 

i =  1,2,.. . , n. Similarly , f) i A * denotes th e intersectio n o f n  set s A*. 
The cartesia n produc t x  satisfie s th e associativit y property : A  x 

(B xC)  =  (Ax  B)  x  C.  I t i s also distributive ove r th e unio n an d th e 
intersection. 

We ca n generaliz e thes e operation s ove r a  famil y o f set s indexe d 
by a  se t A . 

If B  C  A  the n th e complemen t A  -  B  o f B  i n A  i s define d b y 
A —  B =  {x£A\x£  B}.  Sometime s w e just writ e —B. 

DEFINITION 3 . A  map /  fro m A  t o B,  writte n a s /  :  A —• J5 , is 
a subse t /  o f A  x  B  wit h th e properties : (1 ) fo r eac h x  G  X ther e 
is y  G  Y suc h tha t (x,?/ ) G  /; (2 ) i f (x,y)  an d (x,y f) ar e bot h i n / , 
then y  =  y f. 

A map /  :  A —• J 3 is an injection  (w e also say that /  i s one-to-one) 
if f(x)  =  /(y ) implie s x  =  y.  A  ma p /  :  A — • B  i s a  surjectio n ( / i s 
onto) i f for ever y y  G  B ther e i s x G  A with / (x ) =  y.  I f /  :  A —> JE ? is 
both injectiv e an d surjective w e say that i t i s a bijection,  o r a bijectiv e 
map. 

We have the identity ma p I  A • ' A  —* A  of A defined b y 7A(# ) =  x , 
x G  A. I n particular , i f A is a subse t o f B  the n w e have the inclusio n 
(map) i  :  A — > B  define d b y i(x)  =  x,  x  € A.  Th e inclusio n (map ) i 
is the identit y ma p I  A o f A  if we choose t o ignor e th e se t B. 

By the inverse image of a subset B f C  A by /  w e mean th e subse t 
{x G  A ] / (x) £  B'  } . Wit h a n abus e o f notatio n w e indicat e thi s se t 
by r\B). 
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The composite  o f map s /  :  A  — • B an d g  :  B  — > C  i s a  ma p 
g o f :  A —>  C  define d b y #  o f(x) =  g(f(x))  (chec k tha t thi s make s 
sense). 

If A!  i s a  subse t o f A,  the n th e composit e /  o  % :  A!  — > B  o f 
z : ̂ 4' —> A  and /  :  A^B i s the restriction  o f /  t o yl' . W e denote thi s 
restriction b y / U ' -

DEFINITION 4 . W e say ~ i s a binary relation on a set A  i f for an y 
two element s a  an d b  (in thi s order ) o f A , a  i s related t o b  by ~  (w e 
write thi s a s a  ~  6 ) o r a  i s no t relate d t o b  by ~  ( a ^  6) . A  binar y 
relation ~  i n A  i s a n equivalenc e relatio n i f i t satisfie s th e followin g 
properties: 

(1) a  ~ a  fo r ever y a  G  A (reflexivity) . 
(2) a  ~ b  implies b  ~ a  fo r a , b G A (symmetry) . 
(3) a  ~  6  and b  ~ c  implies a  ~  c  for a , 6, c G A (transitivity) . 

Let ~  b e a n equivalenc e relatio n o n A.  Fo r a n elemen t a  G  A 
we denot e b y [a]  th e subse t { x G  A | a ; ~ a }. The n w e sa y tha t [a] 
is th e equivalence  class  o f a  wit h respec t t o ~  an d tha t a  (o r an y 
element i n [a])  is a  representative  o f [a] . W e denot e b y A/  ~  (rea d 
"A modul o tilde") th e se t o f al l equivalence classe s o f A  wit h respec t 
to A  an d sa y tha t i t i s th e quotient  set  o f A  (wit h respec t t o ~ ) . 
Each elemen t o f A/  ~  i s som e subse t o f A>  and i f [a]  ^ [b]  the n 
[a] n  [6 ] =  0 . Moreove r th e unio n o f th e equivalenc e classe s o f A  i s 
equal t o A.  Not e tha t th e numbe r o f equivalence classe s ma y no t b e 
finite an d i n tha t cas e we must conside r a n infinit e union . Bu t w e do 
not g o int o a  theoretica l discussio n o f thi s nature . Let' s sa y tha t w e 
only conside r th e circumstanc e wher e thi s typ e o f unio n exists . W e 
define th e projectio n 7 r : A — • A/  ~  b y 7r(a? ) =  [x]  (verify tha t thi s i s 
well-defined). 

The se t o f integer s modp , denote d b y Z p , p  a  prim e number , i s 
the quotien t se t o f Z  b y th e equivalenc e relatio n ~ : a~boa  —  b is 
divisible b y p. 

Topological space s an d continuou s map s 

DEFINITION 5 . Le t X  b e a  set . A  topolog y i n X  i s a  famil y 
U o f subset s o f X,  whic h w e cal l open  sets,  satisfyin g th e followin g 
properties: 
(1) A  union o f elements o f U i s again a n elemen t o f U. 
(2) A  finite  intersectio n o f elements o f U i s again a n elemen t o f U. 
(3) Th e empt y se t 0  and X  bot h belon g t o U. 
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In term s o f open set s we can rephras e thes e properties : 
(1) A  union o f open set s i s an ope n set . 
(2) A  finite intersectio n o f open set s i s an ope n set . 
(3) 0  and X  ar e bot h ope n sets . 

We say tha t A T i s a topological  space whenever X  ha s some topol -
ogy U  define d i n it . W e ofte n writ e (X,U)  t o indicat e tha t X  i s a 
topological spac e wit h topolog y U. 

DEFINITION 6 . I n a  topologica l spac e (X,W ) a  subse t Y  C  X  i s 
closed in X  i f —  Y i s open; tha t is , if —  Y € U. 

The close d sets of a topological spac e (X , U) satisf y th e followin g 
properties: 
(1') Th e intersectio n o f closed set s i s a  close d set . 
(2') Th e unio n o f finitely man y close d se t i s a  close d set . 
(3') X  an d 0  are bot h close d sets . 

DEFINITION 7 . Le t (X,U)  b e a  topologica l spac e an d le t x  e  X. 
We say tha t U  £  U  i s a  neighborhood  of x  i f x  G  U. 

Let (X,U)  b e a  topologica l space . Le t Y  b e a  subse t o f X.  Se t 

Uy =  {UnY\U€U}. 

It i s easy to check that Uy  i s a topology i n Y , makin g Y  a  topologica l 
space. W e say that Uy  i s the relative  topology  on Y  wit h respec t t o U 
and tha t (Y,liy)  i s a  topological  subspace (subspace , fo r short ) o f X. 

DEFINITION 8 . Le t X  an d Y  b e topologica l spaces . W e say tha t 
a ma p /  :  X — > Y  i s continuous  i f th e invers e imag e o f a n arbitrar y 
open se t i n Y  i s open i n X. 

Suppose X  i s a  topologica l spac e an d /  :  X — • Y  i s a  surjectio n 
(here Y  i s a set) . The n 

V = {  V C  Y  |  /- 1 ( ^ ) i s an ope n subse t o f X  } 

defines th e identification  topology  or quotient  topology  on Y. 
In particular, i f ~ i s an equivalence relation on a topological space 

X, the n the projection o f X t o X/ ~  i s an onto map. S o X/ ~  become s 
a topologica l spac e with the quotien t topolog y wit h respec t t o ~ . W e 
then sa y tha t Xj  ~  i s the quotient  space 

THEOREM 9 . In  the  above  setting  f  :  X  — > Y is  continuous. 
Moreover, if  we  give Y another  topology  V for  which  f  is  continuous, 
then V  C  V. 
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In othe r words , th e quotient topolog y i s the strongest (largest ) 
topology o f Y suc h tha t /  :  X — • Y  i s continuous. 

Let (Y , V) be a topological space. Le t / :  X — > Y  b e a map from a 
set X to Y. The n the family {  f~l{V) \  V € V } of subsets of X define s 
a topology on X, called the topology  induced by  f :  X —>Y.  Evidentl y 
/ :  (XM) - > (V, V) is continuous. Moreover , if / :  (X, W) -* (V, V) is 
continuous wit h respec t t o any other topolog y W o n X the n U Cli'. 
In othe r words , th e topology o n X induce d b y /  :  X  — • Y i s the 
weakest (smallest ) topolog y on X makin g /  continuous . 

Let X\  an d X2 be topological spaces and consider thei r se t prod-
uct Xi  x  X 2. Le t -Ki :  Xi x  X2  — • -ST*, z = 1,2 , be the projections. 
Then ther e is a smallest topolog y on X\ x  X2 making both ix\  and TT2 
continuous. Thi s topolog y i s called the product topolog y (als o calle d 
the wea k topology ) o n the product space  X\ x  X2 (th e sam e nam e as 
before, bu t notice tha t thi s tim e i t has become a  topological space) . 
This generalize s to the product o f spaces indexe d b y an index set A. 

DEFINITION 10 . A topological spac e X  i s connected i f it is not a 
union of two open sets . 

A subse t o f a topological spac e i s connected i f it is connected as 
a subspac e (wit h respec t t o the relative topology) . 

THEOREM 11 . A  space  X  is  connected  if  and  only  if  the  only 
subspaces of  X that  are  both open and closed are the empty set  0 and 
X. 

Groups 

Suppose tha t a  set G satisfies th e following properties : T o every 
pair a , b  of elements o f G there correspond s a  third elemen t a  • 6, in 
such a  way tha t 
(1) a  - (b  • c) = (a  - b) - c (associativity) , 
(2) ther e exist s a n element 1  in G  such tha t a  • 1  = 1  •  a  for every 
a e G (L  is the identity elemen t o f G), 
(3) t o every elemen t a  G G, there correspond s a  uniqu e elemen t a 
such tha t aa^a-a  —  t  (ever y a  in G has its inverse elemen t a). 

Then we say that G  is a group. 
If G  satisfies a  • b = b • a as well, we say that th e G is abelian or 

commutative. 
Question: wha t i s purple an d commutes ? Answer : a n abelia n grape . 

EXAMPLE 12 . Le t Z b e the set of the integers wit h th e usua l 
addition, 4- . The n (Z , +) i s an abelia n grou p (w e usually sa y an 
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additive group) . Th e identit y elemen t i s 0 and th e invers e o f a  is —a, 
of course . Pro m no w o n Z  implie s thi s grou p structure . 

On the other hand , Z  with the usual multiplication fail s to satisf y 
property (3) , and s o i t i s not a  group . 

The quotien t se t Gj  ~  o f a  grou p G  wit h respec t t o a n equiva -
lence relatio n ~  inherit s th e grou p structur e o f G : [a]  •  [b] =  [a  •  6] . 
One mus t sho w tha t thi s operatio n doe s no t depen d o n th e choic e of 
representatives (easy) . W e say tha t G / ~ i s the quotien t grou p o f G 
with respec t t o ~ . 

A subset i f o f a  grou p G  i s a  subgroup  of G  i f H  i s closed  under 
the grou p operatio n o f G  (ab  £ H  fo r an y a,  b  € H). 

Let (Gi , +) an d (G2 , -f) b e abelia n groups . A  ma p (f> : G\  — • G 2 
is a  (group ) homomorphism  i f 4>{a  + b)  =  4>(a)  +  (j){b)  fo r al l a , 6  in 
G\ (th e operatio n -j - o n the left-han d sid e i s for G\ , an d tha t o n th e 
right-hand sid e i s fo r G2) . 

For a  homomorphism </ > :  G\ — * G 2 we use the following notation : 

ker0 =  { X G G I |  0 ( E ) = 0 } , 

im (j) = {  y G  G2 | 0(#) =  y  fo r som e x  E  G\ } . 

Then ke r 0 (rea d th e kernel  o f 0) i s a  subgroup o f Gi , an d im 0 (rea d 
the image  of G2 under 0 , o r simply the imag e (j>)  i s a subgroup o f G2. 

The homomorphism (j) : G\ — > G 2 is a monomorphism i f ker 0 =  0 
or equivalen t ly i f 0  i s one-to-one, an d 0  i s an epimorphis m i f im 0 = 
G2 o r equivalen t ly i f (j)  i s onto . I f (j)  i s a  monomorphis m an d a n 
epimorphism the n i t i s an isomorphism. 



Answers t o Exercise s 

CHAPTER ON E 

1.1. Sho w tha t bot h ar e homeomorphi c t o th e lette r I . 
1.2. Le t /  :  P — > R  be th e identit y ma p o f P  a s th e subspac e o f R . 
Let g  :  R  — > P b e th e ma p whic h sen d th e subspac e P  o f R  onto P 
(as th e identit y ma p o f P ) an d th e le g o f R  to th e join t o f P . The n 
go f  =  id  :  P —> P  and s o it i s enough t o show tha t fog:R—>PcP 
is homotopi c t o th e identit y map . W e ca n construc t a  homotop y b y 
pulling a  leg continuously ou t o f the joint . 
1.3. Exten d th e homeomorphis m betwee n A  an d D  to a  homeomor -
phism fro m A  onto R . 

CHAPTER TW O 

2.1. Thi s quotien t spac e i s homeomorphic t o th e quotien t spac e o f 
A =  {(# , y) e  I 2\ y  <  x  }  i n whic h th e point s o n eac h o f th e thre e 
boundary segments are identified wit h respect t o its center. Th e latte r 
space i s homeomorphic t o S 2. 
2.2. I f on e open s u p th e Mobiu s ban d alon g it s latitudina l cente r 
line on e get s a  ban d tha t i s homeomorphi c t o /  x  S l. B y resewin g 
the cu t w e get th e suggeste d attachin g map . 
2.3. W e ge t a  spac e homeomorphi c t o a  squar e b y openin g u p th e 
double torus along a suitable se t o f four loop s joined a t a  single point . 
Therefore, th e doubl e torus has a cell division consisting of one 0-cell , 
four 1-cell s and on e 2-cell . Mor e generally , th e n-pl e toru s ha s a  cel l 
division o f one 0-cell , 2 n 1-cell s and on e 2-cell . 

CHAPTER THRE E 

3.1. Give n a  ma p o f (I n,dln) int o (S k,Xo), w e ca n choos e a  poin t 
X\ £  S k an d chang e th e ma p b y a  smal l homotop y s o tha t it s imag e 
misses x\  ( ^ XQ)  £  S k. No w S k —  x\ i s homeomorphic t o th e interio r 
of D k. Follo w th e proo f o f 7T n(D

k) =  0. 
3.2. Z 2. 

i n 
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3.3. Th e grou p generate d b y ai,/3i,a2,/? 2 wit h th e relatio n 

CHAPTER FOU R 

4.1. Fo r p ^  q,  h0(SPVS<t) *  G , W^S * VS«) ^  G , h«(S*  V  Sq) s  G ; 
all other s ar e 0 . Fo r p  =  q,  h?{S p V  Sq) 9*  G, h?(S p V  Sq) ^  G  e G; 
all other s ar e 0 . 

CHAPTER FIV E 

5.1. 

H,(5n;Z) a J Z' '  ~  °'n' i^(D n;Z) ^ J  Z' J ' " °' 
10, otherwise ; 10 , otherwise . 

5.2. Fro m th e Mayer-Vietori s sequenc e fo r T 2 =  T§  U51 D2 w e ge t 
the homolog y group s o f T 0

2 (th e robot' s glove) : 

#0(T0
2;Z) S * Z, # i (T 2 ;Z ) S  Z 0 Z , #;(T 0

2;Z) =  0 , i  >  2 . 

Further, w e use the Mayer-Vietori s sequenc e fo r 

M2 =  T 2 U5 1 T 0
2 

to obtai n 
# 0 (M 2 ;Z) ^  Z , ff 1(Af2;Z) ^  Z 4 =  Z e Z e Z e Z , H 2{M2\T) &  Z. 

5.3. Divid e M n int o on e 0-cell , 2 n 1-cell s and on e 2-cell . The n th e 
boundary operator s ar e al l zer o maps . Therefore , w e ge t 

2n copie s 

H0(Mn;Z)^Z, # 1 ( M „ ; Z ) ^ Z 2 n =  Z e - - - © Z , H 2(Mn;Z)^Z. 

CHAPTER SI X 

6.1. H 0(T
2;Z)S*Z, H\T 2;Z) S  Z 2 =  Z © Z , H 2(T2;Z)^Z. 

6.2. i / ° ( P 2 ( R ) ; Z ) ^ Z , ff x(P2(R);Z)=0, # 2 (P 2 (R) ;Z) £  Z 2. 

CHAPTER SEVE N 

7.1. # o ( P 2 ( ] R ) x P 2 ( R ) ; Z ) ^ Z , i 7 1 ( P 2 ( R ) x P 2 ( R ) ; Z ) ^ Z 2 e Z 2 , 
# 2 (P 2 (R) x  P 2(R);Z) £  Z 2, ^ 3 ( P 2 W x  P 2(R);Z) S  Z 2, 
# 4 ( P 2 ( K ) x P 2 ( R ) ; Z ) =  0 . 
7.2. # ° ( P 2 ( R ) ; Z ) ^ Z , / f 1 ( P 2 ( R ) ; Z ) = 0 , # 2 (P 2 (R) ;Z) S  Z 2 . 
7.3. #° (P 2 (R) x  P 2(E);Z) S  Z , H 1(P2(R) x  P 2(R);Z) =  0 , 
H2(P2(R) x  P 2(R);Z) S  Z 2 ©  Z2, # 3 ( P 2 ( R ) x  P 2(R);Z) £  Z 2, 
tf4(P2(R)xP2(R);Z)^Z2. 
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7.4. / * :  H2(S2; Z ) £  Z  - > # 2 ( S 2 V  S4; Z) ^  Z  i s a n isomorphism . 
Hence, a n arbitrar y elemen t a ^ o f H 2(S2 V  S4; Z) i s of the for m a * = 
/*(a;), en  £ H 2{S2;Z). Sinc e a i Uo 2 G  ff4(S2;Z) =  0 , i t follow s tha t 
oi U  a2 =  f*(ai)  U  /*(a2) =  /*(a i U  a2) =  0 . 
7.5. # 0 ( ^ 2 ( M ) ; Z 2 ) ^ Z 2 , #!(P 2(1R);Z2) ^  Z 2, i7 2(P2(M);Z2) ^ 
Z2. 

7.6. tf°(P 2(R);Z2) ^  Z 2, H 1(P2(R);Z2) =  Z 2, # 2 (P 2 (R) ;Z 2 ) £ 
Z2, H 2(P2;Z2)=Z2> 

CHAPTER EIGH T 

8.1. Th e natura l projectio n n  :  7 x  5 1 — > 7  becomes th e projectio n 
of th e Klei n bottl e ont o S 1 . Th e loca l trivialit y i s obvious , an d w e 
have th e fiber  bundl e ove r S 1 wit h th e fiber  S 1 whos e tota l spac e i s 
the Klei n bottle . 
8.2. Ther e i s a  one-to-on e correspondenc e betwee n th e rea l Grass -
mannian manifol d G R an d S 1 (th e rea l number s R  plu s th e poin t 
at infinity) . Similarly , eac h comple x lin e throug h th e origi n i n th e 
complex plan e ha s th e slop e tha t correspond s t o a  comple x numbe r 
(including th e poin t infinity) . Th e spac e C  o f complex number s plu s 
the poin t o o is S 2. 

CHAPTER NIN E 

9.1. Th e spectra l sequenc e collapse s an d w e hav e 

H0{E- Z ) £  Z , H 2{E; Z ) S* Z  0 Z , H±{E\  Z) 9*  Z . 

All others ar e zero . 
9.2. Se e the discussio n i n §9.3 . 
9.3. A s in §9.3 , we show tha t th e sequenc e 

> H*+*(E;R)  -  E%*  — £ j + ' + 1 ' ° - ^ H^+\E-R)  -  •  -  • 
is exact . W e can d o thi s b y settin g fi =  d n + i ( l ) , 1  € H°(B]R)  =  E , 
to show that ty(u)  =  (—l) p<iJ+i(tx) jus t a s in §9.5 , and the n b y sliding 
the sig n facto r on e ter m over . 
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