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Foreword 

Financial mathematics  i s a t presen t goin g through a  period o f intensive devel -
opment, especiall y i n the are a connecte d wit h contemporar y stochastic  analysis.  I t 
is the method s o f th e genera l theor y o f rando m processe s tha t hav e turne d ou t t o 
be mos t suitabl e fo r a n adequat e descriptio n o f th e evolutio n o f basic  (bonds an d 
stocks) an d derivative  (forwards , futures , options , an d s o on) securities . 

Historically, the first  work (1900 ) in this direction was the dissertation o f Bache-
lier [13] , a student o f Poincare who, several years before Einstein and 2 3 years befor e 
Wiener, gav e a  mathematica l definitio n o f the concep t o f 'Brownia n motion' , use d 
it t o mode l th e dynamic s o f stoc k prices , an d gav e a  formul a fo r th e investmen t 
cost o f an option . Th e main deficienc y o f Bachelier's model , which was the possibl e 
negativity o f th e stoc k prices , wa s remove d i n 196 5 b y th e well-know n economis t 
Samuelson, wh o proposed a  geometric Brownian  motion  fo r describin g these prices . 
This mode l no w bear s th e name s o f Blac k an d Scholes , wh o i n 197 3 [15 ] obtaine d 
precise formula s fo r computin g th e fai r pric e an d hedgin g strategie s fo r Europea n 
options i n th e framewor k o f the model . 

Employing th e heuristi c argumen t tha t stoc k price s ar e eithe r risin g o r fallin g 
at an y momen t o f time , Cox , Ross , an d Rubinstei n [19 ] propose d regardin g thes e 
changes a s discrete  an d introduce d a  binomial  model  o f a  financial  market . The y 
showed tha t th e binomia l mode l ha s a  geometri c Brownia n motio n 'a s a  limit' , an d 
the formul a obtaine d fo r a  fai r pric e converge s t o th e Black-Schole s formula . 

These now-classica l paper s hav e becom e a  direc t basi s fo r th e applicatio n an d 
development o f methods fro m contemporar y stochasti c analysi s i n the mathemati -
cal theor y o f finance.  I t i s i n thi s direction , wit h th e us e o f element s o f functiona l 
analysis and conve x analysis , tha t dee p result s have been obtained abou t th e struc -
ture o f prices an d abou t th e propertie s o f arbitrage an d completenes s o f a  financial 
market. 

The goa l o f thi s boo k i s t o present , i n a  sufficientl y self-containe d form , th e 
methods an d result s o f th e contemporar y theor y o f financial  computation s fo r a 
discrete market . I t give s a  representation o f basic techniques i n stochastic analysis : 
martingales, semimartingales , stochasti c exponents , Ito' s formula , Girsanov' s the -
orem, an d s o on. Th e discretenes s o f the model s considere d abov e lead s t o a  whol e 
series o f technica l simplifications , an d ofte n t o greate r clarit y o f th e result s ob -
tained. Ye t a t th e sam e time , thi s discret e theor y contain s i n itsel f man y element s 
of th e ver y comple x technique s an d problem s i n th e genera l theory . Therefore , 
the boo k ca n b e regarde d a s a  sufficiently broa d introductio n t o th e contemporar y 
mathematics o f financial  computation s wit h derivativ e securities . 

In larg e par t thi s boo k i s base d o n th e materia l an d approache s expounde d 
in [12] , and i t represent s th e conten t o f th e cours e o f lecture s "Stochasti c analysi s 
in finance"  give n b y th e autho r i n 1994-199 7 i n th e Mechanic s an d Mathematic s 

xi 
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Notation 

a probabilit y spac e 

random variable s (RVs ) 

stopping time s 

a stochasti c bas e 

the optiona l <j-algebr a 

the predictabl e a-algebr a 

the a-algebra generate d by the random variables e\,... ,  s n 

the se t o f martingale measure s 

a stochasti c interva l 

the probabilit y o f an even t A 

the mathematica l expectatio n o f X 

the varianc e o f X 

the conditiona l mathematica l expectatio n o f X  wit h re -
spect t o th e cr-algebr a A 
the stochasti c exponentia l wit h respec t t o a  sequenc e U 

the quadrati c characteristi c (compensator ) o f a  square -
integrable martingal e M 

the standar d norma l distributio n 

the se t o f random variable s X  suc h tha t E  |  X | 2 <  o o 

equivalence o f two probabilit y measure s 

Hd d-dimensiona l Euclidea n spac e 

Z + th e se t { 0 , 1 , . . . }  of nonnegativ e number s 

1,4 th e indicato r functio n o f a  se t A 

0 th e empt y se t 

( f i ^ . p ) 
X,Y,... 

T, (7 , .  .  . 

(fi.-F.F.P) 
O 

V 
a{ei,... ,£ r 

P* 

[r,<r[ 
P{A} 

EX 

D I 

E(X\A) 

Sn(U) 
(M) 

&(x) 

L2(n,r,-p) 
p ~ p * 



NOTATION 

AXn 

a A  b 

aVb 

a+ 

[a] 

f ~9 

o(x) 

O 
X* 

C(N) 

CT(A) 

(f,N) 
(B, S)  -market 

SF 

SFarb 

n(:z,/,A0 
GF 

— X n —  X n_i 

= mi n {a, b] 

= ma x {a, b} 

= aW0 

the intege r par t o f a  numbe r a 

equivalence o f function s /  an d g  a s x  — > a , whic h mean s 
that lim x_>a/(a;)/^(x) =  1 

a functio n suc h tha t lim^-^ o o (x)/x =  0 

the numbe r o f combination o f N  things , take n n  a t a  tim e 

the valu e o f a  strateg y (portfolio ) n 

the fai r pric e o f a n optio n wit h expiratio n tim e N 

the fai r pric e o f a n optio n wt h expiratio n tim e T  an d dis -
creteness ste p A 
a contingen t clai m 

a marke t mad e u p o f the asset s B  an d S 

the se t o f self-financin g strategie s 

the se t o f arbitrag e strategie s 

the se t o f hedgin g strategie s fo r (/ , TV) with initia l valu e x 

the se t o f G-financin g strategie s 
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Hints fo r solvin g th e problem s 

2.1. Prov e th e mor e genera l fac t tha t E(M T2 |  T Tl) =  M Tl fo r an y stoppin g 
times 0  < n  <  r 2 <  N,  an d henc e EM T2 =  EM Tl =  EM 0 . Conside r a  se t A  G  TTx 

and th e se t £  =  A  n  {a ; : n =  n} , and sho w tha t 

/ M T2dP =  f  M TldP, o r /  M T2dP =  f  M ndP. 
i y l 7  A i B n { T 2 > n } i B n { r 2 > n } 

These equalitie s ar e consequence s o f the followin g chai n o f relations , whic h ar e 
valid i n vie w o f the martingal e propert y o f M: 

f M ndV =  f  M ndP +  /  M ndP 
J Bn{r2>n} JBr){T 2=n} J  BC\{r 2>n} 

= /  M ndP +  /  E ( M n + 1 |  Tn) dP 
JBn{r2=n} JBn{r 2>n} 

= /  M ndP +  /  M n+1dP 
J Bn{r2=n} J  Bn{r 2>n} 

[ M T2dP+ J  M n+2dP, 
J Bn{n<r2<n+l} JBC\{r 2>n+2} 

and s o on . 

2.2. Fo r an y A  G  J-N-I th e propertie s o f mathematica l expectation s giv e u s 
that, o n th e on e hand , 

/ Yd?  =  f  E(Y\  F N-i)dI> =  f  E ( y |  ^ - 1 ) ^ - 1 ^ 
7 A 7  A 7 A ' A . / A JA 

and o n th e othe r hand , 

/ YdP  =  /  y Z N d P -  /  E ( y Z N I  .Fjv-i)dP. 
7A 7 A 7 A 

2.3. Lettin g AU n =  exp(AC7 n) —  1 , show tha t 

/ n  \  n 

exp(Un) =  e x p (^ A£/ n )  =  Y[(l  +  AUk) =  £ N(U). 
x / e = l 7  fc =  l 

2.4. Sinc e 

S-1(A) =  (l[E(exp(a kAVk)\Tk-1)) \ 

121 
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it follow s tha t 

Zn =  e x p ( ^ a f c A y f c J  (JjE(exp(afcAVfc) |  ^ _ i )) ' 

n 

= Y[exp(a kAVk)(E(exp(akAVk) |  ^ - i ) ) " 1 , 
k=l 

and henc e 

E(Zn |  Tn-X) =  Zn-iECexpCanAKJCECexpKAV; ) |  ^n - i ) ) _ 1 I  .Fn-i ) =  ^n- i -

3.1. W e represen t th e stochasti c sequenc e V n i n (3.2 ) accordin g t o th e Doo b 
decomposition i n th e for m V n =  M n +  A n, wher e M  i s a  martingal e an d A  i s a 
predictable sequence . B y Girsanov' s theorem , th e stochasti c sequenc e 

n 

M* =  (V-  A)* n = (V-  A) n -  Y^nz^AiV  -  A) k \  F k_{) 
fe =  l 

is a  martingal e wit h respec t t o th e measur e P * wit h loca l densit y Z n wit h respec t 
to P . I n vie w o f Theore m 2. 1 the densit y Z  mus t b e chose n s o tha t 

rn =  AU n =  AA n +  E(E(Z-^Z nA(V -  A) n \  F n_x) 

= AA n +  E(Z-\Z nAVn |  ^n_x) -  Z-\AA nE{Zn \  T n-x) 

— ~E(Z n-iZnAVn I  J-'n-i)  —  'Ei{Z n_1Znpn I  F n_{), 

that is , the formul a connectin g r , p , an d Z  i s preserved fo r th e "martingale " case . 

3.2. T o construc t a  spatiall y infinit e marke t (d  —  oo) w e conside r th e spac e 
Rz+ o f numerica l sequences . Le t £1  = Z + , T§  =  {0,£7} , T\  =  .T 7 =  2 n , an d 
P =  Yl^=i  2 _n^n5 wher e S n{k} =  1  fo r k  =  n  an d 0  fo r k  ^  n.  W e defin e a n 
Rz+-valued stochasti c sequenc e (5 n)n =o,i b y 

5 0 =  0 , S((u) 

1 fo r uo  =  j , 

— 1 fo r UJ  =  j  +  1 , 

0 otherwise , 

where S j i s the j th coordinate . The n th e relatio n P*{j } =  P*{ j +1} mus t hol d fo r 
a martingale measur e P* , which cannot b e true for arbitrar y j  G  Z+. Consequently , 
such a  measur e doe s no t exist . 

For th e othe r "infinite " cas e (N  =  oo ) w e follow [20 ] an d defin e a  "risky " asse t 
S =  (S k)kez+ t o b e th e sequenc e o f partia l sum s o f independen t rando m variable s 

H-! with probabilit y p  ^  1/2 , 

with probabilit y 1  — p, 

and w e let T k —  cr(£i,. . ., £&). No w if P* i s a martingale measure , then P*(£/ c =  1  I 
Tk-\) —  1/2 (a.s.) . Further , b y th e la w o f larg e number s fo r th e measure s P  an d 
P*, S n/n — > 2p  — 1  7^ 0 P-a.s . an d 5 n / n — • 0  P*-a.s . a s n  — > oo , an d thi s mean s 
that P  an d P * ar e no t equivalent . 
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3.3. Th e assertion s a)-c ) ar e simpl e exercise s wit h conditiona l expectations . 
From them , 

xo =  EX NZN >  E{X NZNI{_CN<XN<0}} +  E{X%Z NI{XN>£}I{ZN>6}} 

>-CN +  e2P{X%>£, Z N>e}. 

Further, 

X$ +  C N >  eP{X% >  e, Z N >  e} >  e2(P{X% >  e} -  P{Z N <  0}). 

Passing t o th e limit , w e ge t tha t Pj^o o <  s}  >  l i m s u p ^ ^ ^ P{X$  >  £} • I f 
the portfoli o 71"* ^ i s asymptoticall y arbitrage-free , the n ther e exist s a n e'  >  0  suc h 
that limsupjY^ ^ P{X^ N >  s'} =  S  for som e 6  > 0. Consequently , P{^o o <  s} >  S 
for e  >  e\  whic h contradict s a  conditio n o f th e problem . W e remar k tha t th e 
condition P{Zo o <  0 } = 1  means th e continuit y o f { P ^ } wit h respec t t o {P*^ } i n 
the sens e tha t i f A N G  T N an d i f P*N(AN) - > 0  as N  - > oc , then P N{AN) - > 0  as 
TV - > oo. 

4 .1 . Fo r a  complete no-arbitrage (1 , S^-market (3.1 ) Theorem 4. 1 and Jensen' s 
inequality giv e u s tha t 

C{N+l) =  V*((SN+1 -  K)+)  =  W{{S N{\ +  PN+1) -  K)+) 

= W{W{{S N+l-K)+)\TN) 

> E * ( ( 5 J V E * ( ( 1 +  p N+1) |  ^JV ) -  K)+) 

= E*((S N-K)+) =  C {N). 

4.2. Th e case s a ) an d c ) ar e simpl e exercises , s o w e dwel l o n th e mor e com -
plicated cas e c ) fo r a  complet e (l,5)-marke t (3.2 ) wit h a  uniqu e martingal e mea -
sure P* . Sinc e th e functio n (x  —  K)^  i s conve x wit h respec t t o K,  w e hav e fo r 
p e [0,1 ] tha t 

P(S0£N(V) -  X i ) + +  ( 1 -  P)(S 0£N(V) -  K 2)+ 

= £N(V)( P(S0 -  K^-'iV))^  +  ( 1 - p)(S 0 -  KE N\V)Y) 

> £ N(V)(So -pK^iV)  -  (l-p)K 2£-\V))+ 

= (S 0£N(V) - VKX -  ( 1 -p)K 2y. 

Taking th e mathematica l expectatio n wit h respec t t o th e measur e P * no w gives 
the necessar y inequality : 

pC(S0, N, K x) +  ( 1 - p)C(S 0, N, K 2) >  C(50 , W,p#i +  ( 1 - p)K 2). 

Convexity wit h respec t t o So  i s proved similarly . 

4.3. Le t 7T i and 7r 2 b e tw o minima l hedge s o n a  complet e (13 , S)-market (3.1 ) 
with martingal e measur e P* . The n wit h regar d t o thi s measur e th e sequence s 

n 

Mi =  B~ xXt =  C(N)B^  +Y. BklliSk-i{Pk -  r fc), i  =  1,2 , 
fc =  l 

are martingales , an d M^  =  B^ 1 f  =  Mjy . Thei r differenc e 

n 

Mn=Ml-M2
n =  YJ Bk\ll  ~  iDSk-.iPk -  r k) 

k=l 
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is als o a  martingal e suc h tha t M n =  E*(M; v |  Tn) an d Mo — M  ̂—  0. Conse -
quently, M n =  0, and hence 7^ = 7^ , k  < N. 

4.4. I t is clear that the required exchang e rate is equal to the ratio S^/S^ , and 
thus is a solution of the difference equatio n A(S 1/S2)n =  {Si/Sl)(p 1

n —  p 2
1)/{lJrp2

n). 

5.1. Usin g the procedure describe d i n the proof o f Theorem 5. 1 for construct-
ing r * -  r * =  min{ 0 <  k  <  1  :  Y k =  f k/Bk} an d C(1) =  sup 0<T<iE*(l + 
r)-l(3*(ST-l)+, w e get 

a) B^  = ( S ° i 1 ) + =  °  <  E* y i =  <*Pp*(\  - 1 ) = » r * = 1 , and C(l) = E*Yi = 
4*(A-1); 

b) A  =  A  -  1 , E*y x =  a/3p*(A 2 -  1 ) =  ( 1 + r ) " 1 / ? ^ 2 -  1 ) ^ ^ - 7 ^ = 
/?(A - a) , and if /3 > ^ , the n E*y x >  A  - 1  = » r * =  1  and C(l) = 
E*Yi =  / ? ( A - a ) . 

5.2. A s in the solution o f Problem 5.1 , to find th e optimal stoppin g tim e r* 
we mus t compar e th e quantities fo/B 0 =  \ h -  1  and E*Yi =  E*(5 i -  l ) + a / 5 = 
a / ^ A ^ - l H a / ^ l - p * ) ^ - 1 - ! ) =  aP(p*(Xk+1-Xk-1)-h\k'1-l) =  f5{X k-a). 
Thus, r f =  1  for Afc — 1  < (3{X k - a) , and otherwise r * = 0. Correspondingly , 

C ( l ) = su p E*( l + r ) - r > T * ( 5 r * - 1 ) + = m a x ( A / c - l , / ? ( A f c - a ) ) . 
0 < r < l 

These argument s lea d t o the solution. 

6.1. Th e solution her e is analogous t o 4.3. 

6.2. Fro m (6.6 ) and (6.7), 

N N 

W£^xfG) =  *o"(G) - E^iiE*AGfc <  X0
n(G) - JiX^E'AD*. 

fc=l fc=l 

Hence, X 0
n(G) >  E * ^ 1 * ^ 0 0 +  ^ = i ^ - i E * A D f c . I n particular , fo r AG n = 

CcSn-i an d ADn =  C^S^- i th e resulting inequalit y i s valid whe n Co  > C^. 

7.1. Suppos e tha t o n a (1 , 5)-market th e original measur e P  =  P * is a mar -
tingale measure . Minimizin g th e remaining ris k 

N 

j£ =  E((/-X?-J>fcSfc_1pfc) \T n 

with respec t t o X an d 7, we get the equations 

dRn 

— ^ =  2E( / - 4 _ ! -  *y NSN-lPN I  FN-I)  =  0, 

— =  2E(( / -  X N_1 -  7NSN-IPN)SN-IPN  I  FN-I) =  0 . 
C77iV-l 

Therefore, th e risk-minimizing strateg y is determined b y the relations XN-I 

Xjt =  E ( / I  Tk-i))- Fo r an optima l strateg y n  i t follow s fro m th e martingal e 
property o f Gn =  ]C£=1 AGk an d Mn =  ^=1 Pk  that X n =  E ( / |  .Fn). Sinc e M 

E ( / I  ^ J V - I) an d 7J V =  E(fpN  I  ^ V - I ) / ( 5 , T V _ I E ( P ^ |  J^AT-I) ) (th e procedur e i s 
extended i n the natural wa y to k <  N: ^y k = E(fpk |  JT/c_1)/(S'/e_1E(p| |  !F k-i)), 
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and G  are orthogonal, i t follows that 0  = E(p kAGk |  Fk-i) =  -E(/)fcAJf c |  Tk-i)-\-
jkE(pkASk |  fk-i)  o r %  =  E(fp k |  ^ r

fc-i)/(S'fe_iE(p| |  Fk-ij).  Compariso n o f 
the formula s obtaine d lead s t o th e necessar y assertio n o f the problem . 

7.2. Fo r a  self-financing portfoli o 7r n =  (/3 n,7n) th e value X^  i s determined b y 
the formul a (3.5') . Usin g (3.5' ) an d th e notatio n XI  =  S~ lXl, f N =  £~ lf', AT J = 
x, an d AS * =  E^Sn-^pn  -  r n ) , w e ge t tha t AT ^ = A^O ) =  a ; + ^ L i 7/cAS^ . 
Hence, the original problem reduces to finding  an x* >  0  and a  predictable sequenc e 
7* suc h tha t 

H$(x*) =  E ( X ^ V) -  f Nf =  MRl(x). 

Here th e first  componen t (3*  of th e optima l self-financin g portfoli o 7r * ca n b e 
uniquely recovere d fro m 7* . 

Note als o tha t (5^ ) an d (X^(x))  ar e martingales , an d x  =  EXJ[(x).  Further , 
rewriting lV N(x) =  (E(f N-x))2 +  E((Xjj(x)-x)-(fN-EfN))2 an d differentiatin g 
with respec t t o x,  w e hav e tha t (R 1

N(x))/ =  —2E(/A T —  x)  —  0 . Consequently , 
x* =  E/TV - NO W tak e hypothetica l optima l variable s t o b e 7 * =  E[^j^AS\  \ 
JFn_1)/E((AS'^)2 I  T n-\), an d for m th e martingal e 

L*n = E(fN I  .F n) - E(£>fcAS £ J  ^ n ) _  x*. 

Setting n  =  A/" , we get , fo r example , th e representatio n 

N 

k=l 

^N 

N-

Since the martingale s ^2 k=1 7 ^ A5^ an d L ^ ar e orthogonal , 

E ( A L ; 7 ; A 5 i | ^ n _ i ) =  0 . 

Next, 

N \  x  2  /  N 

Rl(x*) =E(fN- (x*  +J2j*kASl)) =  E(J2(lt -  Jk)ASl + L 
^ ^  fc=i  ' / V= i 

/ N  \ 2 

= E ( ^ ( 7 ^ - 7 f e ) A 5 n + E ( L ^ ) 2 > E ( L ^ ) 2 . 
\ 7 1  / 

It i s clea r tha t equalit y her e i s possible onl y whe n 7 ^ =  7j£ . 

7.3. Suppos e tha t a n optio n ha s cos t x  >  C*, an d i t wa s bough t a t thi s price . 
Then th e selle r ha s th e followin g arbitrag e opportunity . Fo r thi s i t i s necessar y t o 
invest capita l y  6  (C*,x ) o n a  (B,  S)-marke t i n suc h a  wa y tha t XQ  (y)  =  y  an d 
XJj (y)  >  f.  Thi s i s possibl e i n vie w o f th e definitio n o f C* . Her e th e nonrisk y 
gain o f the seller  i s strictly positive : 

(x-f) +  {Xl\y)  - y) =  ( x-y) +  {XI {y)  -f)>x-y>0. 

But i f th e buye r acquire d th e contrac t a t a  pric e x  <  C* , the n a n arbitrag e 
opportunity i s realized b y the buyer . Accordin g to the definitio n o f C*, there exist s 
for y  e  (C*,# ) a  portfoli o 7r * such tha t 

Xf(y)=y, Xji(y)<f. 
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Here th e buye r proceed s a s follows : h e borrow s y  an d invest s i t accordin g t o 
the portfoli o 7r * and receive s th e nonrisk y profi t 

(f-X£(y)) +  (y-x)>y-x>0. 

7.4. Ther e i s a  hin t i n th e formulatio n o f the problem . 

8.1. Sinc e the tota l expenditure s o f the partie s i n a  forward contrac t ar e zero , 
for the contrac t t o be represented a s a composition o f a call option an d a  put optio n 
it i s necessary tha t thes e option s hav e equa l prices : CA T — PAT . Further , i t follow s 
from th e call-pu t parit y C N =  F N +  5 0 -  K(l  +  r)~ N tha t K  =  5 0(1 +  r) N. Th e 
latter quantit y coincide s precisel y wit h th e strik e pric e fo r th e forwar d contract . 

8.2. A  forward contrac t (o n a n asse t (5 n)n<;v) wit h strik e pric e F n i s equiva -
lent t o acceptin g th e contingen t clai m 

J 0 , fc =  n , . . . , W - l , 

\SN- F n , n  =  N. 

It follow s fro m th e genera l theor y o f pricin g contingen t claim s tha t a  no -
arbitrage pric e C ^ mus t b e foun d withi n th e limit s 

Cn =  in f E(S N -  F n |  Tn) <  C ^ <  su p E{S N -  F n \  Tn) =  C n. 
PGP* p G P * 

On th e othe r hand , th e cos t C ^ fo r th e forwar d contrac t i s equa l t o zero . 
Consequently, C n <  0  and C n >  0 , which implie s th e require d assertion . 

8.3. T o determin e th e future s price s F£  o n th e complet e (J5 , *S)-market wit h 
martingale measur e P * w e us e "backwar d induction" . I n concludin g th e future s 
contract a t tim e N  —  1  for th e purchas e o f a  uni t o f the asse t a t th e pric e F N_1 i t 
is necessar y t o deposi t i n th e margi n accoun t AM n =  m n M n _ i , — 1 < m n <  r n , 
the quantit y 

QLNFN-I =  VNM N_I, 

where HN  is the numbe r o f unit s i n thi s account . A t tim e N  th e investo r get s 

SN —  Fpj-i +  UNMN. 

Consequently, th e contingen t clai m 

IN =  SN  ~  F N +  HNM N 

is connected wit h thi s future s contract , an d it s cos t i s 

CJV-I =  E * ( IJ^L(SN ~  F* N_, +  » NMN) |  ? N_^. 

Since ther e ar e n o arbitrag e opportunities , 

' # . 

and henc e 

% n - i >  E*(-g-^(S* - F N_, +nNMN) I  TN-A, 

EH* > 
N~1 ~  1  + aN(rN -m N) ' 

Conclusion o f the future s contrac t t o sel l i s equivalent t o th e contingen t clai m 

IN =  ^AT- I -  SN  +  HNM N, QLNF N_1 =  ii NMN-i-
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In a  wa y analogou s t o tha t abov e we get tha t 

7V_1 ~  1  ~aN(rN -m N) ' 

Continuing these arguments leads to the establishment o f bounds for the future s 
prices F*  fo r al l n  <  N. 

8.4. Thi s ca n b e establishe d directly . 

9.1. Le t BQ  = B\.  The n th e yiel d o f the portfoli o n  take s th e for m R  =  FT  = 
XI/XQ —  1 , and maximizatio n o f the mea n yiel d EK*  reduce s t o maximizatio n o f 
the expectatio n 

EA? =  X 0 +  7lS0(bp +  o(l -  p) ) -  <5S 0|A7i| 

with respec t t o 71. 
The functio n obtaine d i s piecewise linear i n 71 and attain s it s maximum a t th e 

break poin t 7 1 =  7 0 (th e portfoli o remain s a s before ) o r o n th e limit s 7 1 =  0  (al l 
the stock s ar e sol d a t tim e zero ) an d 7 1 =  (Xo  —  70So)/ (So(l 4 - 6)) +  7 0 o f th e 
possible values . Th e res t i s a  direc t computatio n o f EX i an d sup ^ Ei?71". 

9.2. Fo r th e single-perio d mode l o f a  (1 , S)-market i t follow s sinc e 71 is deter -
ministic (7 1 i s measurable wit h respec t t o FQ  —  {0, fi} ) tha t th e proble m reduce s 
to th e standar d proble m o f minimizin g th e quadrati c (wit h respec t t o 71 ) functio n 
E(Xf —  f) 2 i n th e tw o region s 7 1 > 7 0 and 7 1 <  70 . 

9.3. I t i s clea r tha t fo r th e functio n u(x)  =  x a/a th e correspondin g func -
tion v  i s v(x)  =  x 1 ^ " - 1 ) , an d th e for m o f th e optima l termina l valu e i s X^  = 
{yZ*N)ll^~l\ Further , 

V(2/)=E su p (X%/a-yZ* NXN) 
xN>o 

= E((X* N)a/a -  (yZ* N)X*N) =  ( i -  l ) y a / ( « - 1 ) E ( ^ ) Q / ( « - 1 ) , 

and, wit h us e o f the notatio n c  = E(Z^) a^a~1\ 

ip(x) =  in f (^(y) +  yx)  =  in f (c(l/a -  l)y a/{a-1] +  yx). 
y>0 y>0 

The quantit y y  =  (x/c) a~1 minimize s th e functio n c(l/a  —  l )ya / ( a _ 1 ) - f yx, 
and henc e 

/ " I \  spOt  rpOt  rpCX.  ™ 

<p{x) =  (  i -  l ) - ^ - +  - ^ - =  ^ — ,  X* v =  -(Z* N) l / ( a - l ) 

To find  a n optima l strateg y 7r ^ =  (/?^,7^ ) w e introduc e th e proportio n a £ o f 
the risk y par t o f the portfolio . Equatin g th e tw o expression s fo r th e termina l valu e 
gives u s tha t 

and, a s a  consequence , 

«i = \{( A +  (^%)1/(Q_1) A)"1 - A-
k b\\a-b  \a(l-p)J  b-a/  J 
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As a result, 7r £ is found fro m th e formula s 

Pk =  X k-l(l ~  a *k)i Ik  =  a kXk-l/Sk-l-

10.1. Us e the Black-Schole s formul a directly . 

10.2. Considerin g a  (B,  5 , A)-market wit h parameter s satisfyin g (10.6) , we 
find tha t a  martingale measur e satisfie s 

f = £tz*k±z£^l. I  (, +1 VA) + „ (A). 
F

 e ax/A _  e- a^A 2  V ( J J 
Further, sinc e thi s i s a "binomial " model , 

e r AC(s, t) =  p*C(5ea v / K , t + A) + (1 - p*)C(5e- a V ^ , t + A). 

From Taylor' s formul a w e get tha t a s A —» 0 

e r AC(s, t) = (1 + r A)C(s, t) + o(A); 
£J î T̂̂  1 £l2 /T^ 

C ( S e ^ , t  + A) = C(s, i) + - C ( s, t)  +  ̂ W A ~ +  - -g^s 2a2A +  o(A); 

< 9 _ ,  dC  nr  1<9 2C 
, t + A j = (U(,s, t) + 

Consequently, 

C{Se-"^, t  + A)= C(s,  t)  +  —C(s , t) - -g^sa^A  +  - — s V  A  + o(A). 

(1 + rA)C(s, t)  =  C(S, t) + ^  A  + g r sA +  ^s V  A  + o(A), 

and passag e t o th e limi t a s A —> 0 leads to the Black-Schole s equation . 
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