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Preface 

This boo k wa s writte n i n 1996 , tw o hundre d year s afte r 1796 , 
which wa s a  ver y fruitfu l yea r fo r th e grea t Gauss , wh o mad e man y 
fundamental contribution s t o moder n numbe r theory . Gaus s wa s i n 
his lat e teen s a t th e time . O n Marc h 3 0 h e discovere d a  metho d o f 
construction o f a  regular 17-gon . O n Apri l 8  he proved th e quadrati c 
reciprocity la w (se e §2. 2 i n thi s volume) , whic h h e himsel f calle d a 
gem. O n May 31 he conjectured wha t would later be called "th e prime 
number theorem " concernin g th e distributio n o f prime numbers . O n 
July 1 0 h e prove d tha t an y natura l numbe r ca n b e expresse d a s a 
sum o f a t mos t thre e triangula r number s (se e §0.5) . O n Octobe r 1 
he obtaine d a  resul t o n th e numbe r o f solutions fo r a n equatio n wit h 
coefficients i n a  finite field,  which had a  great impac t o n mathematic s 
in late r eras . Al l thes e contribution s ar e discusse d i n thes e volumes , 
Number Theory  1,  2,  3. 

One, two , three , four.. . a s naiv e a s i t is , th e worl d o f number s 
encompasses man y wonder s tha t fascinate d youn g Gauss . A  discov -
ery i n one epoch induce s a  mor e profoun d discover y b y th e followin g 
generation. A  hundre d year s later , i n 1896 , th e prim e numbe r theo -
rem wa s proved . Afte r som e 12 0 years, the quadrati c reciprocit y la w 
had grow n int o th e clas s field  theory . Afte r 15 0 years , Andr e Weil , 
who had examined Gauss' s result o f October 1 , proposed the so-calle d 
Weil conjectures . Thes e conjecture s influence d a  grea t dea l o f alge -
braic geometr y i n th e twentiet h century . Th e brillianc e o f th e gem s 
polished by Gauss has increased through the efforts o f the mathemati -
cians o f followin g generations . I t i s sai d tha t ther e i s n o unexplore d 
place on the eart h an y longer , bu t th e world o f numbers i s still ful l o f 
mysteries. Tha t make s u s thin k o f th e profoundnes s an d richnes s o f 
nature. 

Wandering naivel y i n th e wonderlan d o f numbers , w e would lik e 
to describ e i n thi s boo k th e intricat e worl d o f number s tha t moder n 

ix 
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number theor y ha s discoverd . W e wil l b e ver y happ y i f th e reade r 
discovers th e wonder s o f number s an d th e grandeu r o f nature . 

Kazuya Kato , Nobushig e Kurokawa , Takesh i Sait o 



Preface t o th e Englis h Editio n 

The author s hop e tha t th e reader s enjo y th e wonderfu l worl d o f 
modern numbe r theor y throug h th e book . 

Our specia l thank s ar e due t o Dr . Masat o Kuwata , wh o no t onl y 
translated th e Japanes e editio n int o English bu t als o suggested man y 
improvements o n the tex t s o that th e presen t Englis h editio n i s more 
readable tha n th e origina l Japanes e edition . 
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Objectives an d Outlin e o f thes e Book s 

In these books, Number Theory  1,  2, 3,  we introduce core theorie s 
in modern numbe r theory , suc h a s clas s field  theory , Iwasaw a theory , 
the theor y o f modula r forms , etc . Th e structur e o f thi s boo k i s a s 
follows. 

The startin g poin t o f number theor y i s astonishment a t th e won -
ders o f numbers . Th e wor k o f Fermat , wh o i s considere d t o b e a 
founding fathe r o f moder n numbe r theory , illustrate s ver y wel l th e 
wonder o f numbers . W e firs t discus s th e wor k o f Ferma t o n numbe r 
theory i n the introduction t o Number  Theory  1.  Th e reader wil l lear n 
how mathematician s o f late r era s littl e b y littl e foun d a  fascinatin g 
world behin d eac h fac t discovere d b y Fermat . I n Number  Theory  1 
we study some important topic s in modern numbe r theory , such as el-
liptic curves (Chapte r 1) , p-adic number s (Chapte r 2) , the £-functio n 
(Chapter 3) , and number fields  (Chapte r 4) . Thes e chapters ar e mor e 
or les s independent ; th e materia l i n th e earlie r chapter s i s no t neces -
sary t o understan d eac h succeedin g chapter . Chapter s 2  an d 3  ma y 
be easie r t o rea d tha n Chapte r 1 . Th e reade r shoul d no t hesitat e t o 
skip part s tha t ar e difficul t t o understand . 

Number Theory  2  is devoted t o clas s field  theory . W e als o stud y 
the ^-functio n onc e again . I n Number  Theory  3  we explain Iwasaw a 
theory and the theory of modular forms , before coming back to elliptic 
curves onc e again . 

These books are part o f the series Fundamentals  of  Modern Math-
ematics, bu t w e were not satisfied wit h the introduction o f fundamen -
tals. W e tried t o include today' s development s i n number theory . Fo r 
example, w e include d som e importan t theorie s develope d i n recen t 
years, suc h a s th e arithemeti c theor y o f ellipti c curves , whic h i s par t 
of arithmeti c algebrai c geometry , an d Iwasaw a theory , t o whic h w e 
did no t find  a n introductio n elsewhere . W e hop e tha t w e convey th e 
best o f moder n numbe r theory . 

xii i 



xiv O B J E C T I V E S AN D OUTLIN E O F THES E BOOK S 

We wante d t o includ e mor e topics , bu t w e ha d t o omi t man y o f 
them due to the limitation on the number o f pages. W e regret tha t w e 
could no t mentio n Diophantin e approximation s an d transcendenta l 
number theory , bot h o f which ar e seein g ne w development s i n recen t 
years. 

Prerequisites to Number Theory  1  are the fundamentals o f groups, 
rings an d fields.  I n Number  Theory  2  we recommend tha t th e reade r 
be familia r wit h Galoi s theory . 

The reade r i s advised t o write down simple and easy examples on 
scratch paper . Jus t a s astronomica l observation s ar e indispensabl e 
to th e stud y o f astronomy, i t i s indispensable t o observe the number s 
in orde r t o stud y numbe r theory . Th e wonder s ar e ther e t o b e dis -
covered. Also , numbe r theor y ha s a  lon g history , whic h teache s u s 
interesting lessons . W e advis e yo u t o tak e a n interes t i n th e histor y 
of mathematics . 



Notation 

Throughout th e boo k w e use th e followin g symbols : 

Z th e se t o f al l integer s 
Q th e se t o f al l rationa l number s 
M th e se t o f al l rea l number s 
C th e se t o f al l comple x number s 

A ring is always assumed t o have an identity elemen t (writte n 1) , 
and a  homomorphis m o f rings i s assumed t o sen d 1  to 1 . 

If A  i s a  ring , A x denote s th e grou p o f invertibl e element s o f A. 
In particular , i f A  i s a field,  A x i s the multiplicativ e grou p consistin g 
of al l the nonzer o element s o f A. 
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Answers t o Question s 

In wha t follow s w e write ord p(a) t o indicat e whic h powe r o f the prim e 
number p  divide s th e intege r a  (se e §1. 3 and §2.4) . 

Chapter 1 

1.1. Suppos e tha t a  i s th e squar e o f a  rationa l numbe r r . Fo r an y 
prime numbe r p  w e hav e ord p(a) =  2ord p(r) . Sinc e ord p(a) >  0 , w e hav e 
ordp(r) >  0 . Th e numbe r r  i s a n intege r sinc e w e hav e ord p(r) >  0  fo r al l 
prime number s p. 

1.2. Suppos e tha t p  i s a  prim e facto r o f a* . B y hypothesi s w e hav e 
ordp(aj) —  0  fo r al l j  differen t fro m i.  Thus , w e hav e ord p(ai •  •  •  ar) = 
ordp(ai). O n th e othe r hand , sinc e a\  . . . a r i s a  k-th  power , ord p(ai •  •  •  ar) 
is a  multipl e o f k.  Thus , fo r an y prim e numbe r p,  ordp(aj ) i s a  multipl e o f 
k. Thi s implie s tha t at  i s th e produc t o f integer s o f th e for m p km (m  i s a 
natural number) , an d thu s a ; i s a  k-th  power . 

1.3. Le t (x,y)  b e th e coordinate s o f th e nonzer o elemen t P  i n E(K). 
Then, th e coordinate s o f —  P ar e (x , —y). Th e conditio n 2P  =  O  is  equiva -
lent t o th e conditio n P  =  —P.  Thus , i t i s equivalent t o y  —  —y, i.e., y  =  0. 
If K  i s a n algebraicall y close d field , ther e ar e thre e nonzer o element s P 
in E(K)  whos e ^-coordinat e i s 0 . Therefore , {P  e  E(K)  \  2P  =  O}  i s a 
group o f orde r 4 . Sinc e twic e o f ever y elemen t i n th e grou p E(K)  i s O , w e 
see tha t E(K)  i s isomorphi c t o Z/2 Z 0  Z/2Z . 

1.4. Th e firs t par t i s easy . A s fo r th e secon d part , tak e A  —  Q. Then , 
we hav e A/ 2A —  {0}, but A  i s no t finitel y generated . 

Chapter 2 

2.1. Fo r example , (^- , | ) . Thi s i s the poin t o f intersectio n betwee n th e 
circle an d th e lin e wit h slop e — 3 passing throug h (2,1) . 

139 



140 ANSWERS T O QUESTION S 

2.2. I t suffice s t o find a  rationa l poin t o n th e circl e x 2 +  y 2 =  1  tha t 

is ver y clos e t o th e rationa l poin t (  -4=, 4= J. Th e slop e o f th e lin e joinin g 

( -1 ,0) an d f^= , ^ ) i s y/2  -  1  =  0.414 - • , whil e th e slop e o f th e lin e 

joining (—1,0 ) an d (fM ' T§§ ) * s T5  = 0-41 6 • •  •, a s we have seen in the text . 
Thus, i t suffices t o take the line passing through (0 , —1) whose slope is 0.415 
and t o find  th e othe r poin t o f intersectio n wit h th e circle . A  calculatio n 
shows tha t th e coordinat e o f th e othe r poin t o f intersectio n i s give n b y 

(iii.!ii).andweseethat 

331112 + 332002 = 468892. 

"(T)-(T)(i)-(y)(l)<-",i,-(i)-
2.4. Facto r m  a s m —  l\ •  • • Ik - r, wher e h ,..., Ik  are odd prim e number s 

and r  6  {±2 n |  n >  0}. I f m  i s odd , w e have r  E  {±1}, an d 

( = ) - ( £ ) - ( £ ) ( T ) 
= (  — ) •  • • ( — ) x  (numbe r determine d b y p  mod 4) . 

Similarly, i f m  i s even , w e hav e 

( — J =  \T)  ''  \T~)  x  l 1111111^61* determined b y p  mod 8) . 

2.5. Th e fac t tha t th e circl e ~x 2 —  ^y2 =  1  does no t hav e a  rationa l 
point ca n b e see n fro m th e fac t tha t ( | | , —  ^) =  (15 , — l )p =  —  1 if p =  2 
or p  =  3 . 

2.6. o rd p (£ r = o^ ~jh)=  OTd p ( - ^ ) >  n  + 1. 

2.7. Th e equation (2.9 ) i s equivalent t o ]T^o 6 x (-5)* =  1  (5-addically). 
The latte r show s tha t w e hav e YlT^o  ®  x  (~^T  =  1  m° d 5 n whe n m  i s 
sufficiently large . 

2.8. W e have \  -  ^  =  1  - 3  + 3 2 - 3 3 + 3 4 - 3 5 + 3 6 =  6 1 - 3 5 + 
36 —  • • . Therefore , 6 1 i s the invers e o f \. 

2.9. I f N  i s a natura l numbe r greate r tha n 1 , then th e iV-adi c expansio n 
of a  rea l numbe r a  i s to expres s a  a s 

oo 

a =  J2  a n A T n , a n e  { 0 , 1 , . . . , N  -  1} . 

On th e othe r hand , th e p-adi c expansio n o f a  p-adic numbe r i s of th e for m 
^ ^ L m ci np

n. Th e difference i s that i n the p-adic expansion of a real number , 
the term s p n wit h negativ e n  ma y appea r infinitel y man y time s an d th e 
terms p n wit h positiv e n  appea r onl y finitely  man y times , wherea s i n th e 
p-adic expansio n o f a  j9-adi c numbe r th e term s p n wit h negativ e n  ma y 
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appear onl y finitely  man y time s an d th e term s p n wit h positiv e n  appea r 
infinitely man y times . 

2.10. Th e existenc e o f a  squar e roo t o f a  follow s fro m Propositio n 2.1 8 
and th e fac t tha t ± 1 ar e square s i n F5. 

2.11. I f p  y£  2 , i t follow s fro m Propositio n 2.1 8 tha t 

Qp ha s a  squar e roo t o f — 1 «<=> - F p ha s a  squar e roo t o f —1 . 

If p  =  2 , i t follow s fro m Propositio n 2.1 8 an d th e fac t — 1 ^ 1 mo d 8  tha t 
Q2 doe s no t hav e a  squar e roo t o f —1 . 

2.12. I t follow s fro m field  theor y tha t an y quadrati c extensio n o f a  field 
K o f characteristic differen t fro m 2  is of the form K(y/a),  (a  6  K,  y/a  0  K), 
and 

K(y/a) =  K(y/b)  ^=>  ab' 1 i s a  squar e i n K. 

Thus, th e correspondenc e tha t associate s a  mod (K x)2 ( a £  K,  y/a  0  K) 
to K(y/a)  i s a one-to-one correspondenc e betwee n th e quadrati c extension s 
of K  an d th e element s o f K x/(Kx)2 differen t fro m th e identity . I f p  ^  2 , 
then the order of Q* /(Q* )2 i s 4 (Proposition 2.19(1)) . Thus , the number of 
quadratic extension s o f Qp i s 4 — 1 = 3 . Furthermore , th e grou p Q 5 /(Q5 ) 2 

consists of classes of 1 , 2, 5 and 10 , and thu s Q 5 (V2), Q 5 (Vb) an d Q 5 (>/l6) 
are al l th e quadrati c extension s o f Q5. 

Chapter 3 

3.1. B y Propositio n 3.3(1 ) w e hav e 

1 1 ^ / 1 1  \  _  1  y ^ 1 
l W ~ " 2  '  2ixi  ^  \i  +  n  +  i-n)  ~  2ir  ^ n 2 +  1 ' 

On th e othe r hand , w e have h\{%)  —  — ^- •  ——+e '' 2 

3.2. Us e th e formul a 

J_ ^  (e~ 7T+e7T)/2 
1i '  (e~ 7T-en)/2i' 

1 1  1 1 / 1 1 
+ (n2 +  l ) 2 4( i +  n) 2 4( i —  n) 2 4i  \i  +  n i  — n 

3.3. Th e imag e o f \  i s th e se t o f al l th e n-t h root s o f unit y {£ n |  1  < 
r <  n)  fo r som e n  >  2 . Le t k  b e th e orde r o f th e kerne l o f x - Fo r eac h 
r satisfyin g 1  <  r  <  n , \  take s th e valu e C n °n k  differen t element s i n G. 

Thus,E„6Gx(a) = £;Li*-G =  o. 
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3.4. W e hav e 

c < 4 ) = 2 S ( ^ + ^ + ^ + ' 
n = l 
f - l - ( E -
^ n s \  ^  (2n 

- i x 

i (2n) M 3 

= 2*<(S) - CW - 2s - ( § 

Thus, w e hav e 

lim ( - £ (a, 0 + C(a)) = lim (2 - 2s)C(s) + 2 + 

= l i m ^ ( S - l ) C ( S ) +  2+ ? 
s-*l S — 1 O 

= | - 2 1 o g ( 2 ) . 

Here, we used lim s_>i(s —  1)C(S) —  1  (Proposition 3.15(2) ) t o prov e the las t 
equality. 

3.5. B y Propositio n 3.24(1) , a  prime facto r o f the denominato r o f ((m) 
satisfies m  =  1  mod p  — 1. Sinc e p—1 divides 1  —  m, w e have p—1 <  1  —  m. 
Hence p  <  2  —  m. 

C h a p t e r 4 

4 .1 . Facto r the equation a s x3 —  (y+i)(y—i), an d us e a similar argumen t 
as i n Propositio n 0.1 1 t o obtai n 

y + i  —  ( a +  bi)  ,  a , b  6  Z . 

Comparing th e imaginar y part s o f bot h sides , w e obtai n 1  = 3a 2b —  b 3 — 
(3a2 —  b2)b. Thus , w e have b  = ± 1 . Th e res t i s easy . 

4.2. Facto r th e equatio n a s x 3 =  (y  +  y/—ll){y  —  \J—11), an d us e a 
similar argumen t a s i n Propositio n 0.1 0 t o obtai n 

y + V^TT - ( a + b  ^  J  ,  a , 6G 

(Here, w e use d th e fac t tha t th e onl y commo n prim e factor s o f y  -+ - \/—1 1 
and y  —  y/— 11 ar e ±V—1 1 an d ±2. ) Comparin g th e imaginar y part s o f 
both sides , w e obtai n 1  =  3  (a + | ) |  —  l l ( | ) .  Fro m thi s w e obtai n 
(3a2 +  3a 6 - 2b 2)b =  2 . Thus , w e have b  € {±1 , ±2}. Th e res t i s easy . 
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4.3. Le t m  b e an intege r tha t i s not divisibl e by any squar e excep t fo r 1 . 
Let K  =  Q(y/rn)  ,  a =  x  +  yy/m  (x,  y  E  Q) an d a ' =  x  —  2/A/rn. 

(i) Firs t w e show that a  E  OK is equivalent t o the fact tha t th e rationa l 
numbers a  +  a ' =  2x  an d a a ' =  x 2 —  rra/ 2 bot h belon g Z . I f a  E  O K, 
then b y replacin g a  b y a ' i n th e equatio n a n +  c i a n - 1 +  •  • •  + c n =  0 
(n >  1 , c i , . . . , cn E  Z) , w e se e tha t a  E  OK-  Therefore , w e hav e a  +  a' , 
a a ' E  Ox. Thus , thes e number s belon g t o OK  D  Q =  Z . Conversely , i f we 
have a  -j - a ' , a a' E  Z, the n a  satisfie s th e equatio n a 2 +  c i a +  C 2 =0 wit h 
d =  —  (a +  a' ) an d C 2 = a a ' . Thi s implie s tha t a  belong s t o O K -

(ii) B y (i ) i t suffice s t o sho w th e following : Fo r x,  y  E  Q 

2x,x2—my E Z <=̂ > x , t /GZ , 

if ra =  2, 3 mo d 4 , an d 

2x, x 2 —  my 2 E  Z <̂ = > 2x , 2y E  Z an d x  —  y E  Z, 

if m  =  1  mod 4 . 
(iii) Sho w firs t tha t if  x,y  E  Q  satisfie s 2x , x 2 —  my 2 E  Z , the n w e 

have 2y  E  Z . I f /  i s a n od d prim e number , i t follow s fro m ordj(x ) >  0 
and x 2 —  my 2 E  Z  tha t ordj(ra ) +  2ordi(y)  >  0 . Sinc e ord/(ra ) <  1 , w e 
have 2ord^(y ) >  —  1. Thu s w e hav e ordi(y)  >  0 . Sinc e ord2(x ) >  —  1 an d 
x2 —  my 2 E  Z, w e hav e ord2(m ) +  2ord2(y ) >  —  2. Sinc e ord2(m ) <  1 , w e 
have 2ord2(?/ ) >  —3 . Thus , w e hav e ord2(2/ ) >  —  1. Summin g i t al l up , w e 
see tha t 2y  E  Z. 

(iv) T o show the equivalence in (ii) , we may assume 2x,  2y  E  Z becaus e 
of (iii) . Suppos e 2x  =  u  and 2y  =  v  (u,  v E  Z). I f m =  2, 3 mo d 4 , it suffice s 
to sho w 

u2 —  mv 2 =  0  mo d 4  <(= > ^  =  ^  =  0  mo d 2 , 

and i f m  =  1  mod 4 , i t suffice s t o sho w 

ix2 — mv 2 =  0  mo d 4  4=4 > u  =  v  mo d 2 . 

These ar e eas y t o show . 

4.4. Simila r t o th e proo f o r Propositio n 4.1(5) . 

4.5. Th e answers are 1 , 2, 2 and 2 , respectively. A s an example , we trea t 
the cas e Q( V

/ : I2). W e hav e w K =  2  and i V = 8 , an d \  '  (Z/8Z) X - » C x i s 
given b y 

X(l mo d 8 ) =  x( 3 mod 8 ) =  1 , x( 5 mo d 8 ) =  x( 7 mo d 8 ) =  - 1 . 

By Corollary 4.29 we have hK =  -^s  E L i x(p)a  =  - ^ ( 1 + 3 - 5 - 7 ) -  1 . 
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Answers t o Exercise s 

Chapter 0 

0.1. Suppos e tha t th e n-t h roo t o f 5  i s a  rationa l numbe r an d tha t 
it factor s a s i p i 1 •  •  -pr r (pi , • •  • ,Pr distinc t primes , a  integer s satisfyin g 
ei 7 ^ 0) . Takin g th e n-t h power , w e hav e 5  =  p™ ei • • •p? e r . Thi s i s a 
contradiction t o th e uniquenes s o f prim e factorizatio n sinc e n  >  2 . 

0.2. I f y/2  +  y/%  is a  rationa l number , s o i s 5  + 2A/6 . Thus , \/ 6 i s a 
rational number . Bu t w e ca n sho w tha t y/6  i s a n irrationa l numbe r b y a 
similar metho d a s Exercis e 0 .1 . 

0.3. 2 9 = 2 2 +  5 2, 3 7 = l 2 +  6 2, 4 1 = 4 2 +  5 2, 5 3 = 2 2 +  7 2. 

0.4. Combinin g factorization s 5  = ( 2 + i ) ( 2 - i) an d 1 3 = ( 3 + 2 i ) (3-2 i ) , 
we hav e 

652 =  (( 2 + i)( 3 + 2 i ) ) 2 ( ( 2 - z ) ( 3 - 2 2 ) ) 2 

= ( -3 3 +  56i)(-3 3 -  56i ) =  33 2 -f 56 2, 

652 =  (( 2 + i ) ( 3 - 2 i ) ) 2 ( ( 2 - z ) ( 3 +  2i)) 2 

= (6 3 - 16i)(6 3 + 16i ) =  63 2 + 16 2. 

0.5. I f x  an d y  satisf y x 2 -  2y 2 =  1 , then w e have ( | -  >/2 ) ( § +  V^ ) = 

-4-. Thus , w e have 0  <  -  —  \/2  <  i  9 . Thi s show s tha t -  become s close r 

to \/ 2 a s y  get s bigger . 

0.6. I t suffice s t o sho w tha t infinitel y man y pair s o f natura l number s 
(x,y) satisf y \y(y  +  1 ) =  x 2. Rewrit e thi s equatio n a s 

(2y + l ) 2 - 2 ( 2 x ) 2 =  1 . 

For n  >  1 , define a n an d b n b y ( 1 + y/2) n =  a n -f - b ny/2. W e hav e 

a2 -  26 2 =  (a n +  b nV2)(an -  b nV2) =  ( 1 + \ /2 ) n ( l -  V^2) n =  ( - l ) n . 

By expandin g ( 1 + y/2) n, w e se e tha t a n =  1  + (eve n number ) an d 6 n = 
n - h (even number) . Thus , i f w e tak e a n eve n numbe r a s n , the n w e hav e 

145 
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a2 —  26 2 =  1  with a n od d an d b n even . I f w e se t y  =  an
2
 x  an d x  =  fy, 

then w e hav e (2y  +  l ) 2 -  2(2x) 2 =  1 . 

C h a p t e r 1 

1.1. Answer : Th e se t i n questio n consist s o f nin e point s O , (0 , ±1), 
( - v ^ i v 7 ^ ) , ( - v ^ i v ^ ) an d (-v^Cf , ± ^ 3 ) , wher e C a is a  prim -
itive cub e roo t o f unity . 

The metho d o f finding  thes e points : First , w e se e tha t 3 P =  O  i s 
equivalent t o 2P  —  — P. I n general , i f we denote b y x(P)  th e x-coordinat e 
of P  e  E(C),  P^O,  the n w e hav e 

x(P) =  x(Q)  ^=^Q  =  ±P 

for an y P , Q e  P(C) . Thus , w e hav e 

3P =  O , P^O  4=> > x(2P)  =  x(P ) an d P^O. 

For an y poin t P  i n P(C ) satisfyin g 2 P /  O  w e hav e x(2P ) =  ^ ^ ^ f + i ^ 

(§1.2(1.4)). Therefore , x(2P)  =  x(P)  i f and onl y i f x(P) =  0 , -¥i,  -^4C a 

1.2. Le t m  an d n  b e relativel y prim e integer s an d le t 

A= |(ra 3 +  32n 3)ra| an d P  =  |4(ra 3 -  4n 3)n|. 

Denote b y D  th e greates t commo n diviso r o f A  an d P . I n orde r t o sho w 
the inequalit y i n question , i t suffice s t o sho w tha t D  i s a  diviso r o f 144 . 
For, i f tha t i s the cas e an d i f the x-coordinat e o f P  i s give n b y ~  (n  ^  0 ) 
in lowes t terms , the n w e hav e 

H(x-coordinate o f 2P ) =  H  (  — ] =  —  max(,4, B) 

> —  max(m, n)4 =  —H (x-coordinate o f P ) . 

Let p  b e a  prim e number . W e hav e ord p(D) =  min(ord p(^4),ordp(P)) 
(since ordp indicate s ho w many times p divides the number) . I f p i s a prim e 
factor o f £> , then p  doe s no t divid e n  (sinc e i f i t does , p  doe s no t divid e ra, 
and thu s p  doe s no t divid e m 3 +  32n 3 an d A).  I f p  i s a  prim e facto r o f D 
and p / 2 , the n p  doe s no t divid e ra  (sinc e i f p  ^  2  and p  divide s ra,  the n 
p does no t divid e P ) . Thus , i f p i s a  prim e facto r o f D  an d p  /  2 , then w e 
have 

ordp(D) =  min(ord p(m +  32 n ) , ord p(ra —  4n ) ) 

< ord p((ra3 +  32n 3) -  (ra 3 -  4n 3)) 

= ord p(36n3) =  ord p(36). 

Hence, w e have p  =  3  and orda(D ) <  2 . 
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Next, w e conside r ord2(D) . I f m  i s odd , the n ord2(A ) =  0 . I f m  i s 
even, then ord2(ra 3 —An3) —  2 since n  i s even. Henc e we have 016.2(B)  —  4 . 
Therefore, D  i s a divisor of 24 x 32 =  144 , and thus the inequality i n questio n 
is proved . 

If r  >  6 , the n w e hav e th e inequalit y j^r 4 >  r.  I f a  rationa l poin t 
P o n th e ellipti c curv e i n questio n satisfie s ii f (x-coordinate o f P)  >  6 , 
then w e hav e i7(x-coordinat e o f P)  >  i/(x-coordinat e o f 2P) . The n th e 
height o f th e x-coordinat e o f P , 2P,  4P , 8P , 16P, . . . ar e al l different . 
Thus, thes e point s ar e al l distinct . Thi s mean s ther e ar e infinitel y man y 
rational point s o n thi s ellipti c curve . (T o be mor e precise , w e can sho w th e 
following. I f integer s m  an d n  satisf y m  ^  0  mod 3  or n  ^  0  mod 3 , the n 
m3 —  4n 3 ^  0  mod 9 . Thi s ca n b e don e b y checkin g al l th e possibilitie s o f 
0 <  m  <  8 , 0 < n < 8 . Thu s w e see tha t D  i s a  diviso r o f 2 4 x  3  = 4 8 an d 
that 

48 • #  (x-coordinat e o f 2P ) >  #(x-coordinat e o f P ) 4 . 

If r  >  4 , the n -~r 4 >  r.  Thus , i f P  =  (5,11) , the n th e x-coordinate s o f 
P, 2P, 4P, 8 P , . .. al l hav e differen t heights . Thi s implie s tha t w e se e th e 
existence o f infinitel y man y rationa l point s a s soo n a s we find  on e rationa l 
point (5,11). ) 

1.3. Sinc e fo r (x , y) 6  X  w e hav e 

/x —  y\2 1 _ 4 x 2 —  xy +  y 2 _  4k  1 
\x +  y)  + 3 " 3 ' (x  + y) 2 "  ~3 ~ '  (x  +  y) 3 ' 

we hav e (^4- , f r ^ ) £  Y.  Thi s ma p i s bijectiv e sinc e th e ma p Y  — » X 
given b y (x , y) 1— > ( ^ ^ , ~ ~ ) i s the inverse . (W e omit th e proo f o f the fac t 
that w e hav e ( ^ ~ , ^ r ) ^  ^  ^ or ( xiV) ^  ^  an ( ^ tha t ^ n e composition s 
X - > y  - > X  anc f V 4  X  - ^ y  ar e bot h identities. ) 

1.4. Th e invers e i s given by  (x,y)  *-*  ( ^ , f  +  | ) . 

1.5. W e omi t th e proo f o f 1. 5 sinc e eac h verificatio n i s straightforward , 
as wa s th e cas e wit h 1. 3 an d 1.4 . 

1.6. (i ) Answer : (x,y)  =  (0,0) , (2, ±4). Reason : I f (x,y)  ^  (0,0 ) i s 
a rationa l poin t o n th e curv e y 2 —  x3 +  4x , the n b y considerin g th e cas e 
k =  —  1 i n Questio n 1.5 , w e se e tha t g(x,y)  —  ( f —  ^ ? | ( l ~ ^ ) ) * s a 

rational poin t o n th e curv e y 2 —  x3 —  x.  Pro m Propositio n 1. 2 w e kno w 
that thi s poin t i s one o f (0,0) , (±1, 0). Therefore , w e have |  ( l —  4j- ) =  0 . 
Hence y  —  0 or x  —  ±2. 

(ii) Answer : (x,y)  =  (±1,0) . Reason : I f (x,y)  i s a  rationa l poin t o n 
the curv e y 2 =  x 4 —  1 , then b y considerin g th e cas e k  =  — 1 in 1. 4 an d 1.5 , 
the imag e o f (x , y) b y th e ma p X  — • Y  — • E(K)  give n b y (x , y) 1— • (x 2, xy) 
is a  rationa l poin t o n th e curv e y 2 =  x 3 —  x. Thus , w e obtain xy  =  0 . 
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(iii) Answer : (x , y) =  (0 , ±2). Reason : Jus t a s (ii) , we see that i f (x , y) 
is a rational poin t o n the curve y 2 —  x4 +4 , the n (x 2, xy) i s a rational poin t 
on th e curv e y 2 =  x 3 +  4x . Thus , i t follow s fro m (i ) tha t (x 2,xy) equal s 
one o f (0,0) , (2, ±4). 

Chapter 2 

2.1. Fo r example , 2
2
+1 converge s t o 1  in R , bu t i t converge s t o 0  in Q2. 

The sequenc e 2
 2

 3 n converge s t o 1  in Q 3 (sinc e 3 n — * 0) , bu t i t converge s 
to 1  in Q2 . 

2.2. Le t /  b e a n elemen t o f Hor n (z  U l /Z , Z U l / z ) .  Fo r an y n  >  1 

we denot e b y / n th e restrictio n o f /  t o f  -4rZ) /Z . Th e imag e o f th e ma p 

/ n :  (jn%)  / Z ~+  Z M  / Z i s containe d i n th e kerne l f  ^ - z) / Z o f th e 

multiplication-by-pn ma p o f Z  N H /Z (sinc e every elemen t o f the subgrou p 

( \lA / Z become s 0  if it i s multiplied b y pn). Thus , f n i s a homomorphis m 

from ( ^ r Z j / Z t o ( ^ r Z j /Z , an d i t coincide s wit h th e multiplieation-by -

an ma p o f Z/p n Z fo r som e elemen t a n. Thus , w e obtain a  rin g homomor -
phism 

<p :  Horn ( Z | j ] /Z , Z [± ] / z ) - > limZ/p nZ; y>(/ ) -  (a n ) n >i . 
n 

Conversely, w e can find a  rin g homomorphis m 

i/> :  l imZ/pnZ -  Hor n ( z [± ] /Z , Z  [ l ] / z ) 
n 

as follows . Le t (a n)n>i G  l imn Z/p n Z. Fo r x  E  Z -  / Z ther e exist s a  pos -

itive intege r n  suc h tha t x  6  (  4 r ^j / Z sinc e Z  -  / Z =  |Jn> i ("^"^ J /^ -

We obtai n a  homomorphis m /  G  Hor n ( Z -  /Z , Z  -  /Z J b y definin g 

/ (x ) =  a nx. Defin e ^((a n )n>i) =  / • I t i s eas y t o chec k tha t ij)  o  ip an d 

(f o ip are th e identitie s o f Hor n ( Z -  /Z , Z  -  /Z j an d l im n Z/p n Z, re -

spectively. Hence , w e hav e 

Horn ( Z [ i ] /Z , Z  [ i ] /Z ) S * limZ/p nZ S  Z p . 
n 

2.3. Fo r n  ^  0  defin e / c =  ord3(n) . Fro m Propositio n 2.14(4 ) w e se e 
the following . Sinc e 4  belong s t o 1  + 3Z3 , bu t no t t o 1  + 9Z3 , log(4 ) 
belongs t o 3Z 3, bu t no t t o 9Z3 . Thus , nlog(4 ) belong s t o 3 fc+1Z3, bu t no t 
to 3 fc+2Z3. Thus , 4 n =  exp(nlog(4) ) belong s t o 1-f - 3 fc+1Z3, bu t no t t o 
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1 + 3 fc+2Z3. Thu s 4 n -  1  belongs t o 3 * + % , but no t t o 3 fc+2Z3. Hence , w e 
h a v e o r d 3 ( 4 n - l ) =  fc + l . 

2.4. First , (1 ) follows fro m Propositio n 2.1 8 and th e fac t tha t fo r a n od d 
prime numbe r p  w e hav e 

/ - 2 N 

p = 1, 3 mo d 8 . 
P J 

Next, th e equatio n # 2 +  y 2 —  —2 in (2 ) ca n b e writte n a s —  \x2 —  \y2 = 
1. Th e necessar y an d sufficien t conditio n fo r th e existenc e o f x,y  G  Q p 

satisfying th e equation i s (—| , —  |) =  1  by Proposition 2.20 . But , i f p 7 ^ 2, 

we hav e (—| , —  |) =  1 , ( — | ? ~ ^ ) 2 ~  ~ ~ 1- ^ n o r d e r t o sho w (3) , i t suffice s 
to show the existenc e o f elements x , y  an d 2  in Q2 satisfyin g x 2 +  y2 +  z2 = 
—2 (since if p /  2 , a solution of x2 -\-y 2 =  — 2 satisfies x 2-f-y2+02 =  —2) . I n 
Q2, 1 4 is very close to - 2 , an d we have l 2 + 2 2 + 3 2 =  14 . Sinc e ^ | =  - 7 =  1 
mod 8 , i t follow s fro m Propositio n 2.1 8 tha t ther e exist s a  6  Q 2 suc h tha t 
a2 =  1 | . Thus , w e have - 2 =  £  =  (±) 2 +  ( f ) 2 +  ( f ) 2 . 

Chapter 3 

3.1. (1 ) Conside r th e Dirichle t characte r x  :  (Z/8Z) X - > C x give n b y 
X(l mo d 8 ) =  x( 3 mod 8 ) =  1  and x( 5 mod 8 ) =  x( 7 mod 8 ) =  - 1 . The n 
(1) i s to fin d L(l ,x) - Sinc e x ( ~ l ) =  ~"1 > ^ follow s fro m Theore m 3. 4 tha t 

L(i,x) =  -^ •  \ •  (/ii(Cs) + MC!) - MCf ) -  MCs 7)) = ~^. 

(2) Conside r th e Dirichle t characte r x  :  (Z/8Z) X - > C x give n b y 
X(l mo d 8 ) =  x (7mod8 ) =  1 , \ (3 mo d 8 ) =  x( 5 mo d 8 ) =  - 1 . The n 
(2) i s to fin d L(2,x) . Sinc e x ( ~ l ) =  1 > & follows fro m Theore m 3. 4 tha t 

L(2,X) = ( ~ x ) '  \ •  {h2{& -  / l 2 ^ ) -  W®  +  h 2 ^ =  ^ 2 -

3.2. (1 ) ( 1 -  tf-'KOO =  E~=i £  -  2  E~ i  (^F =  !  - £  +  £ -  £  + 
J- _ JL + ... 

(2) Um s^i+o(s-l)C(s) =  l im s^ 1 +o ~^7-(l  - £ +  £*-*>+•••)  = 
i s b - l o g 2 =  l . 

3.3. B y calculatin g s±  —  53 —  55 + 57 , we hav e 

where x  i s th e sam e characte r a s th e on e i n Exercis e 3.1(2) . W e hav e 

- l o g((rrW)= 2^L ( 1'x )-
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Hence, L ( l ,x ) =  ^ l o g ( l +  v^ ) . 

3.4. W e omi t th e proo f o f absolut e convergence , an d w e explai n th e 
analytic continuation an d th e values a t nonpositiv e integers . Fo r simplicity , 
we denot e th e su m ove r n\ ,..., rtk  >  0  just b y Yl-  W e hav e 

r ( s )C(s , ^c 1 , - . - , c f c ) =  | 0 0 e - V ^ . ^ X 

POO 

- / 
Jo 

£ +  CiTl i H  h  CkUk) S 

du - ( z + c i nH hc knk)uu. 

e xu 

• • ( 1-
sdu 

- e~° kU) u / 0 ( l - e ~ c i - ) 

Let a  >  0 . Divid e th e integra l J 0°° =  f 0
a +  f^°- Sinc e e~ xu approache s 

very rapidl y a s u  goe s t o oc , th e par t f^°  ca n b e analyticall y continue d 
to th e entir e plan e a s a  holomorphi c functio n i n s.  Tak e a  smal l enoug h 
that 1  — e~ CiU ( 1 <  i  <  k)  doe s no t hav e a  zer o i n 0  <  \u\  <  a.  Then , i n 
0 <  u  <  a  w e hav e 

_ — xu ° ° 
e -k  ST^  A  n 

C\ '  •  •  Cf c •  7 - r  r  —U  >  A nU , 

where A n i s a polynomial i n a: , c i , . . ., Ck wit h Q coefficients . Thus , we have 
pa ° ° s  + n —/c 

io £f 0 s  + n - f c 

Therefore, £ ( s , # ; c i , . . . , c^ ) ma y b e analyticall y continue d t o th e entir e 
plane and we see that i t i s holomorphic outside 1 , 2 , . . ., k.  I f m i s a negative 
integer o r 0 , the n w e hav e 

d •  •  -c k •  C(ra;x ,c i , . . . ,c fe) 

1 a s _ m 

lim — - •  Ak-m  =  Ak-m  •  ( - l ) m •  |m|!. 
s-+m 1  ( s j S  —  m 

Chapter 4 

4 .1 . Sinc e x 2 +  xy +  2y 2 =  (x  +  y1+l^ J  (x  +  y 1~\^ J , w e hav e 

There exist s a  G  Z 1 + V W such tha t p  =  aa. 

Using a  simila r argumen t t o th e proof s o f Proposition s 0.2 , 0. 3 an d 0. 4 i n 
§4.1, w e hav e 

The abov e conditio n <=>  (  — j  =  1  <£= > p  =  1,2, 4 mo d 7 , 

if P + 2 , 7. 
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4.2. I f (ii ) i s satisfied , the n w e hav e n  =  Tn 2Y[rj=iPji wher e m  i s a 
natural number , r  >  0 , an d pj  i s a  prim e numbe r congruen t t o 1  modulo 4 
or pj  =  2.  W e hav e pj  =  OLJ~OLJ,  OLJ  G  Z[y/—1]. Writin g rnj~n =1

 a i a s &  an (^ 
putting (3  =  x  +  yi (x , y G  Z), w e hav e n  =  /3/ 3 = x 2 +  y 2. 

If (ii ) i s no t satisfied , the n ther e exist s a  prim e numbe r p  =  3  mod 4 
such tha t ordp(n ) i s odd . Sinc e (—l,n) p =  (  —) =  —1 , w e se e tha t ther e 
do no t exis t x , y G  Q suc h tha t n  =  x 2 +  y 2. 

4.3. Pu t p  =  af t ( a i s a  prim e elemen t o f Z[i]) , an d pu t a 2n —  x -\-  yi. 
Then w e hav e p 2n —  a 2na2n —  x 2 +  y 2. Becaus e o f th e uniqu e prim e 
factorization propert y w e hav e x / 0 , y  ^  0 . Thus , p n i s th e hypotenus e 
of th e righ t triangl e forme d b y x , y  an d p n. Sinc e a 2 n i s no t divisibl e p , 
the greates t commo n diviso r o f th e thre e side s i s 1 . W e sho w tha t thi s 
is th e onl y triangl e u p t o congruence . Suppos e tha t p 2n =  x 2 +  y 2 wit h 
x, y natura l numbers . W e hav e p2n =  ( x + yi)(x  —  yi). Conside r th e prim e 
factorization o f both sides , we see that x+yi  =  a rasf3, x  — yi —  as a r ^ , r  > 
0, s  >  0 , r  +  s  =  2rc , £  G  {±1, ± i}. I f r  ^  0 , 5  7 ^ 0, x  +  y i i s divisibl e 
by p,  an d thu s x,y,p n ar e al l divisibl e b y p.  I f r  =  0  o r s  =  0 , w e hav e 
x +  y i =  a 2n/3 or  x  +  yi  =  a 2n(3. Eac h give s a  triangl e equivalen t t o th e 
one w e obtained above . 

4.4. Usin g th e notatio n o f Propositio n 4.27 , w e se e tha t (2,1 ) G  P3 i s 
the elemen t i n P 3 whos e y-coordinat e i s th e smallest . Th e assertio n no w 
follows fro m Propositio n 4.27 . 

4.5. B y Theore m A. 2 i n Appendi x A , ] T p cp i s th e larges t fractiona l 
ideal i n A  containe d i n bot h a  an d b , an d a  D b ha s th e sam e property . 
Similarly, ] T p dp i s th e smalles t fractiona l idea l i n A  containin g bot h a 
and b , and a  + b  has th e sam e property . 

4.6. W e hav e x 3 =  (y  +  2 V
/ZI5)(2/ -  2^5).  W e sho w tha t y  +  2 ^ 5 

is a  cub e i n Z[y/—5].  A  prim e idea l tha t contain s bot h (y  +  2^/^5 ) an d 
(y — 2y/—b) contain s the element (y  + 2\J—5) — (y — 2\J—5) =  4y/—5.  W e can 
show that th e prime factorization o f (2 ) i s (2) =  a 2, wher e a  = (2, 1 + ^/—5) , 
and (A/—5 ) i s a  prim e ideal . Thus , w e hav e 

(y + 2 v
/ z 5 ) =  a m ( ^ 5 ) n b , ( y - 2 ^ 5 ) =  a m (v / z 5) n c , m  >  0 , n  >  0 , 

where a , (>/—5) , b  and c  are pairwis e relativel y prim e ideals . Pro m (x) 3 = 
a2rn(y/—5)2nbc w e se e tha t m  an d n  ar e multiple s o f 3 , an d tha t b  an d c 
are cubes . Thus , (y  + 2\J—5) i s the cub e o f an ide a c) . Thi s mean s tha t th e 
cube o f D  i s a  principa l ideal . But , sinc e th e clas s numbe r i s no t divisibl e 
by 3 , $  itsel f i s a  principa l idea l b y a  simila r argumen t a s th e on e use d i n 
§4.4. Pu t D  = (a) , a  G  l\yj^>].  Pro m (y  +  2 V

/I :5) =  (a 3) , w e se e tha t 
y •+- 2>/^5 =  d=a 3 =  (±a ) 3 . Hence , y  + 2>/— 5 is a  cub e i n Z[y/— 5]; i.e. , 

2/ + 2 ^ 5 =  ( a +  b v ^ ) 3 , a , 6 G Z [ \ ^ ] . 



152 ANSWERS T O EXERCISE S 

Thus, w e hav e y  =  a 3 -  15ab 2 an d 2  =  3a 2b -  56 3 =  (3a 2 -  56 2)6. Th e 
latter show s tha t b  — =bl, ±2 . Th e res t i s easy . 
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