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Introduction 

In 1980 , while a  third yea r studen t a t Mosco w Stat e University , th e autho r wa s 
given1 a  rathe r simpl y formulate d proble m t o solve . Tak e a  connecte d Li e grou p 
G an d a  discret e subgrou p T  wit h th e manifol d G/T  compac t (suc h a  subgrou p T 
is calle d a  uniform  lattice  i n G).  No w multipl y T  o n th e lef t b y a  one-paramete r 
subgroup gm  C G  an d tak e th e closur e g^T  C  G/T.  Th e question : I s thi s closur e 
a submanifol d i n G/T?  I f on e lift s everythin g t o th e grou p G , th e proble m seem s 
purely algebrai c (an d eas y t o solv e i f G  i s commutative o r compact) . 

One can somewhat exten d th e problem an d conside r al l orbits  g^x, x  £  G/T,  o f 
the actio n (t,x)  — > gtx,  calle d a  homogeneous  flow.  A  more cautiou s formulatio n i s 
the following : I s it tru e tha t th e closure g^x  C  G/T  i s a manifold fo r a  generic orbi t 
(that is , for almos t al l x G  G/T)? Thi s question i s related to ergodic theory (a n are a 
about whic h th e autho r the n ha d onl y a  rathe r vagu e idea) . Expert s advise d hi m 
in thi s connectio n t o rea d th e boo k o f Auslander , Gree n an d Hah n [AGH ] "Flow s 
on homogeneous spaces" , written i n the earl y sixties . Thi s i s how the autho r foun d 
himself i n th e are a tha t combine s ergodi c theor y an d Li e groups . A s becam e clea r 
later, th e proble m o f orbi t closure s was already a t th e focu s o f attention o f expert s 
due t o application s i n numbe r theory , bu t th e mai n event s wer e ye t t o follow . 

Having n o ide a abou t th e story , th e autho r firs t decide d t o stud y th e cas e 
of nilpoten t Li e group s G , th e nex t i n complexit y afte r th e commutativ e case . 
Fortunately, th e boo k [AGH ] containe d al l th e informatio n necessar y t o solv e th e 
problem: Green' s ergodicity criterion an d a  result du e to Auslander sayin g that an y 
ergodic nilflo w (G/T,g^)  i s minimal,  tha t is , al l orbit s ar e dens e i n G/T.  A n eas y 
induction show s tha t i n th e nonergodi c case , th e closure s g^x,  a s fo r commutativ e 
groups G , ar e no t onl y submanifold s bu t eve n homogeneous  subspaces  (tha t is , fo r 
every point x  G  G/T ther e exists a subgroup F  C  G such that g^x  =  Fx).  Th e nex t 
class - compac t extension s o f nilpotent group s -  reveale d tha t al l orbi t closure s ar e 
still smoot h bu t no t alway s algebraic . 

To repor t th e result s obtained , th e autho r cam e t o (an d becam e a  constan t 
participant in ) th e semina r o n dynamica l system s heade d b y D . V . Anoso v an d 
A. M . Stepin . I t becam e clea r a t onc e tha t i n th e genera l cas e on e canno t hop e 
that al l orbit s ar e "good" . A s a n exampl e on e take s eithe r th e geodesi c flo w o n a 
compact surfac e o f constan t curvatur e — 1 (here G  =  SL(2,IR)) , o r th e suspensio n 

over the automorphis m f  2 j  j  o f the torus T 2 (thi s gives rise to a  three-dimensiona l 

solvable grou p o f exponentia l type) . I n bot h case s on e obtain s Anosov  flows,  th e 
theory o f which was developed b y Anosov , Sinai , Smale , e t al . Orbit s o f such flow s 
were studie d i n detai l b y mean s o f symboli c dynamic s (see , fo r instance , [Al ] o r 

In connectio n wit h integratio n o f Hamiltonia n system s [N , K K , M F ] . 

ix 



x INTRODUCTIO N 

[Bo79]). Moreover , lon g ago , back i n the twenties , Mors e had constructe d a n orbi t 
of th e geodesi c flo w whos e closur e i s nowher e locall y connecte d (an d locall y look s 
like the produc t o f a  Canto r se t an d a n interval) ! (Not e that th e algebrai c origi n of 
the geodesi c flo w wa s firs t explore d onl y i n the fiftie s b y Gelfan d an d Fomi n [GF] , 
and thi s le d t o th e moder n theor y o f dynamica l system s o n homogeneou s spaces. ) 

Still, on e coul d hop e tha t th e closur e o f a  generi c orbi t i s a  manifold . Thi s 
is supporte d b y th e eas y observatio n tha t almos t al l orbit s o f a n ergodi c flow  ar e 
everywhere dense . Moreover , i t i s natura l t o exten d th e clas s o f homogeneou s 
spaces under questio n b y considering al l spaces G/D  o f finite volume,  tha t is , those 
carrying a  smooth finit e G-invarian t measur e (suc h spaces need no t b e compact , a s 
is see n fro m th e exampl e SL(2,R)/SL(2,Z)) . Thus , on e ha s t o stud y nonergodic 
flows o n space s o f finit e volume . I t turne d ou t tha t th e ergodicit y criterio n fo r 
homogeneous flows was essentially known by that time . Mor e precisely, in the sixties 
Moore [M066 ] examined the semisimple case, and Auslander [Au ] the solvable case. 
Spectral invariant s o f ergodic flows in these case s were found b y Stepi n [Ste69,73 ] 
and Safono v [Saf| . Th e key step in reducing the genera l case to the semisimple an d 
solvable case s was made b y Dan i [Da77] . Thi s stag e o f the theor y o f homogeneou s 
flows was summarize d i n th e pape r o f Brezi n an d Moor e [BM] , where the y foun d 
the ergodicit y criterio n an d calculate d th e spectru m o f homogeneou s flows  o n th e 
so-called admissibl e space s o f finite  volume. 2 I t remaine d t o construc t explicitl y 
the ergodic  decomposition  o f homogeneou s flows.  Th e fac t tha t th e spac e G/Y 
breaks int o close d invarian t (no t necessaril y homogeneous ) submanifold s suc h tha t 
the flow on each o f them i s ergodic relativ e t o a  smooth invarian t measur e wa s no t 
difficult t o prov e [St83] . Bu t eve n thi s implie s tha t th e closur e o f a  generi c orbi t 
is smoot h (mor e specifically , i s equa l t o th e correspondin g ergodi c submanifold) . 
More surprisin g wa s tha t ever y ergodi c manifol d ca n b e finitely  covere d (togethe r 
with th e flow thereon) b y a  homogeneou s spac e o f finite  volum e (se e [St86b,89]) . 
Therefore th e theor y o f homogeneou s flows was reduced t o th e ergodi c case . 

These results ar e expounded i n a fairly detaile d way in Chapte r 1  of the presen t 
book. I t i s wort h notin g tha t th e ergodicit y criterio n i s base d o n th e Mautne r 
phenomenon [M08O ] fo r unitar y representations ; t o establis h th e latte r w e appl y 
a nic e argumen t suggeste d b y Marguli s [Ma91b ] whic h doe s no t involv e spectra l 
theory. Whil e studyin g homogeneou s space s w e appl y th e method s o f algebrai c 
groups. 

As fo r individual  orbits,  i t becam e clea r afte r th e exampl e wit h th e geodesi c 
flow that everythin g depend s o n th e subgrou p gu  C  G.  O n on e hand , i t ma y b e 
the cas e tha t th e actio n o f g^  b y lef t translation s o n th e grou p G  ha s a t mos t a 
polynomial rat e o f divergenc e o f clos e orbit s relativ e t o th e right-invarian t metri c 
(then g^  i s calle d a  quasi-unipoient  subgroup) . Considerin g th e adjoin t actio n o f 
gt o n th e Li e algebr a o f th e grou p G  show s tha t suc h a  subgrou p mus t hav e al l 
eigenvalues o f absolute valu e 1  (if al l eigenvalues ar e equa l t o 1 , the subgrou p g^  i s 
called unipotent).  O n th e othe r hand , th e rat e o f divergenc e ma y b e exponentia l 
(then g^  i s sai d t o b e partially-hyperbolic).  I n thi s cas e th e flow  o n G/Y  induce d 

2Still, the autho r wa s there i n time to make "on e or two lucky misimprovements " [St86a,87a] . 
In particular , h e prove d tha t ever y spac e o f finite  volum e i s admissibl e (se e als o [Wu , Wi87 , 
Z871). Thus , thi s subjec t wa s closed . 
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by g^  i s uniformly  partially-hyperbolic. 3 Suc h a  flow possesses th e contracting  and 
expanding smoot h foliation s forme d b y orbit s o f th e associate d horospherical  sub -
groups. Fo r homogeneous actions , the techniques o f partially-hyperbolic flows  were 
already applied in the sixties by Auslander, Moor e and Stepin ; the general theory of 
smooth uniforml y partially-hyperboli c flows was built i n the lat e seventies by Pesi n 
and Brin . A n impressio n emerge d tha t al l orbi t closure s o f a  quasi-unipoten t flow 
are alway s smoot h (thi s wa s supporte d b y examinin g th e clas s o f solvabl e group s 
G), wherea s a  partially-hyperboli c flow  mus t hav e a  "bad " orbi t (se e [St87b]) . 

In th e sprin g o f 1985 , G . A . Marguli s gav e a  tal k a t th e semina r abou t a  cer -
tain applicatio n o f homogeneous flows to number theory , an d clarifie d th e situatio n 
with th e orbi t closure s conjecture . First , an y (no t necessaril y homogeneous ) uni -
formly partially-hyperboli c flow on a compact manifol d ha s an orbi t whic h does no t 
come bac k t o a  neighborhoo d o f th e origina l poin t (an d henc e it s closur e i s no t a 
manifold). Second , a s followe d fro m th e talk , th e situatio n wit h (quasi)unipoten t 
flows is much mor e delicate . Mor e precisely , i n th e seventie s Raghunatha n notice d 
a connectio n betwee n unipoten t orbit s o n SL(3,R)/SL(3,Z ) an d th e long-standin g 
Oppenheim-Davenport conjectur e o n value s o f quadrati c form s a t integra l points : 
the latte r woul d b e settle d i f on e manage d t o prov e tha t closure s o f al l bounde d 
orbits o f the unipoten t subgrou p 

/ l t  t 2/2 
ut =  I  0  1  t 

\ 0 0  1 

are algebraic . Th e solutio n o f thi s proble m wa s precisel y th e subjec t o f th e tal k 
(see [Ma87]) . Ther e i s a  mor e genera l conjectur e (le t u s cal l i t th e Raghunathan 
topological conjecture,  thoug h i t wa s formulate d b y Dan i i n [Da81] ) statin g tha t 
all orbit s o f a  unipoten t flow  mus t hav e algebrai c closure s (tha t is , the y mus t b e 
homogeneous subspace s o f finite  volume). 4 Moreover , al l ergodi c measure s o f suc h 
a flow must hav e a n algebrai c origi n (th e Dani  measure  conjecture). 

By tha t time , th e cas e o f a  solvabl e grou p G  wa s completel y understoo d (se e 
[St84a]). However , th e mos t importan t affirmation s o f thes e conjecture s com e 

from th e stud y o f th e horocycle  flow  induce d b y th e subgrou p h t =  (  0 *  )  C  G  = 

SL(2,R). Bac k i n the thirties , Hedlun d (b y purely geometri c methods ) ha d prove d 
that h t ha s only periodic an d everywher e dens e orbits provided tha t th e space G/T 
is of finite  volume; moreover , th e flow ht i s minimal i f G/T  i s a compact space ! Th e 
corresponding result s o n ergodi c measure s wer e obtaine d b y Furstenber g [Fu72 ] 
and b y Dan i an d Smilli e [DS] . Th e conjecture s wer e als o supporte d b y result s 
of [Bo76 , V75 , V77 , EP ] o n action s o f horospherica l subgroup s o n compac t 
homogeneous spaces. Ever y horospherical subgroup i s unipotent, bu t no t vice versa: 
for instance , th e mai n difficult y i n th e stud y o f the flow  (SL(3,R)/SL(3,Z),i^ ) i s 
that th e subgrou p i % i s no t horospherical . I n th e genera l case , a s wa s mentione d 
by Margulis , th e Raghunathan-Dan i conjecture s see m t o b e ver y difficul t t o prov e 
(especially th e measur e part) . 

3Experts i n smoot h dynamica l system s wil l notic e a t onc e tha t th e quasi-unipoten t an d 
partially-hyperbolic case s correspon d t o whethe r o r no t th e entrop y o f th e flo w i s trivial . 

4Thanks t o th e abov e remar k o f Margulis , th e Raghunatha n conjectur e easil y implie s th e 
criterion fo r al l orbi t closure s t o b e smoot h [St90l . 
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The difficultie s i n studyin g unipoten t action s wer e alread y clea r fro m a n earl y 
result o f Margulis [Ma71 ] saying that n o unipotent trajector y i n SL(n, R)/ SL(n, Z) 
exits to infinity (thi s was utilized i n one of the proofs o f his celebrated arithmeticit y 
theorem). Th e proof was highly nontrivial (no w it is more accessible - se e [DM90b , 
KM98]), bu t th e result di d not even ensure that suc h a  trajectory i s recurrent (tha t 
is, come s bac k t o an y neighborhoo d o f th e origina l point) ! Nevertheless , i t prove d 
to b e on e o f th e mos t importan t tool s fo r studyin g dynamic s o f unipoten t flow s -
especially afte r Dan i [Da84,86b ] establishe d a  genera l resul t o f thi s kin d statin g 
that an y unipoten t trajector y o n a  spac e o f finit e volum e visit s a  compac t subse t 
with positiv e densit y o f times . 

In the eighties and ninetie s the study of unipotent action s took the centra l posi -
tion in the theory. Partia l result s (agai n for horospherica l subgroups ) wer e obtained 
in [Da86a ] an d [St91] , an d fo r unipoten t subgroup s o f SL(3,R) i n [DM89,90a,b] . 
On th e othe r hand , i n the earl y eightie s Ratne r discovere d surprisin g rigidit y prop -
erties of the horocycl e flow  [R82a,b,83]. Fo r instance , a  measure-theoretic isomor -
phism o f tw o horocycl e flow s turne d ou t t o hav e a n algebrai c origin. 5 Th e proo f 
utilized a n i7-propert y o f th e horocycl e flo w whic h mad e th e polynomia l natur e 
of divergence mor e precis e and , lik e the Marguli s homecomin g theorem , wa s base d 
on certai n propertie s o f polynomial s (subsequentl y Witt e [Wi85] , b y explorin g 
Ratner's idea , establishe d th e measure-theoreti c rigidit y o f al l ergodi c unipoten t 
flows). I t wa s Ratner wh o by applyin g th e so-calle d i^-propert y o f arbitrary unipo -
tent flows  ( a modificatio n o f th e i7-propert y o f th e horocycl e flow)  manage d t o 
prove th e measur e conjectur e i n a  serie s o f paper s [R90a,b,c,91a ] whos e lengt h 
totals mor e tha n 10 0 pages . I t i s importan t t o emphasiz e tha t th e algebraicit y o f 
finite ergodi c measure s wa s prove d i n a  muc h mor e genera l situatio n tha n i t wa s 
originally conjectured : fo r arbitrary  discret e subgroup s V  C  G.  Quit e soon , b y 
applying th e measur e conjectur e an d th e Dani-Marguli s result s o n homecoming , 
she manage d t o settl e th e topologica l conjectur e a s wel l [R91b ] (simultaneously , 
Shah [Sh91] , makin g us e o f [R91a] , prove d th e conjectur e fo r regula r unipoten t 
subgroups o f semisimpl e group s o f rank 1) . I n a  sense , thes e tw o theorem s o f Rat -
ner toppe d of f th e presen t stag e o f the theor y o f homogeneous flows.  Marguli s an d 
Tomanov [MT94,96 ] (b y usin g som e idea s o f Ratne r a s wel l a s som e fro m earlie r 
papers o f Dan i an d Margulis ) suggeste d a  mor e accessibl e proo f o f Ratner' s mea -
sure theorem . Earlie r Dan i an d Marguli s [DM93 ] gav e a n alternativ e proo f o f th e 
topological theorem . 

In Chapte r 2  we try t o giv e a n ide a o f wha t i s involve d i n studyin g unipoten t 
flows. Th e exposition start s with a  detailed treatment o f the geodesic and horocycl e 
flows. Unfortunately , i n the genera l cas e the proo f o f the measur e conjectur e i s too 
complicated t o reproduc e withi n th e framewor k o f thi s book . T o giv e it s flavour, 
we examin e th e proo f o n th e example s G  —  SL(2,R) an d G  =  SL(2,C) , followin g 
[R92] an d [MT96 ] respectively . Th e proo f o f Margulis ' homecomin g theore m fo r 
unipotent trajectorie s i s also demonstrate d o n th e simples t exampl e G  =  SL(2,R) . 
The topologica l conjectur e i s proved i n ful l scop e alon g th e line s o f [DM93] . 

For one-paramete r unipoten t flows  ther e i s a  stronge r result : ever y trajector y 
not onl y ha s it s closure homogeneous , bu t i s uniformly distribute d therei n [R91b] . 
We expound various generalizations of the assertion which are due to Dani and Mar -
gulis [DM93] , Ratne r [R94] , Eskin , Moze s an d Sha h [MS] , [Sh94] , [EMS96,97] . 

5 For nilflows , th e correspondin g result s wer e earlie r prove d b y Parr y [ P 71,731. 
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Essentially, al l o f the m ar e concerne d wit h th e convergenc e i n th e weak * topolog y 
on th e spac e o f probabilit y measure s o n G/Y. 

Of course , th e proo f o f th e Raghunathan-Dan i conjecture s gav e a  ne w stim -
ulus t o researc h i n thi s are a an d serve d a s a  bas e fo r numerou s applications . Fo r 
instance, i n th e clas s o f arbitrar y one-paramete r homogeneou s flows  one manage d 
to settle Rokhlin' s proble m o n multiple mixin g an d t o bette r understan d thei r min -
imal set s (Starko v [St93,95a]) . Ther e ha s bee n grea t progres s i n studyin g orbit s 
and ergodi c measure s fo r action s o f arbitrar y subgroup s F  C  G  (Ratne r [R94] , 
Mozes [Moz95a] , Sha h an d Weis s [Sh96 , W , SW] , Kato k an d Spatzie r [KS96] , 
Margulis an d Tomano v [MT96]) . 

Also, i n Chapte r 3  w e discus s th e followin g topics . Afte r Dan i [Da85,86c ] 
found th e Hausdorf f dimensio n o f th e famil y o f bounde d orbit s i n a  specia l case , 
the ful l solutio n o f th e proble m wa s give n b y Kleinboc k an d Marguli s [KM96] . 
Nice result s o n topologica l rigidit y ar e du e t o Marku s [Mar83] , Benardet e [Ben ] 
and Witt e [Wi90] . Th e structur e o f tim e change s fo r homogeneou s flows  i s no t 
well understood: w e only mention result s o f Livshitz [Liv ] and Kato k an d Spatzie r 
[KS94] fo r Anoso v actions , a  classica l theore m o f Kolmogoro v [Ko ] fo r rectilin -
ear flows  o n th e 2-toru s (subsequentl y develope d b y man y authors ) an d a  resul t 
of Ratne r [R78,79 ] fo r horocycl e flows.  I n recen t times , th e phenomeno n o f expo -
nential mixin g o f certai n homogeneou s X-flow s becam e on e o f th e mos t powerfu l 
tools (Moor e [Mo87] , Ratne r [R87a] , Kato k an d Spatzie r [KS94] , Kleinbock an d 
Margulis [KM96,99]) . 

It i s worth emphasizing that , du e to newly found applications  in  number  theory, 
the interes t i n homogeneou s flows  ros e considerably . Fo r instance , a t tw o recen t 
International Congresse s o f Mathematicians thre e lecture s were devoted t o the the -
ory o f homogeneou s flows,  an d tw o o f the m (thos e o f Marguli s a t ICM-9 0 an d o f 
Ratner a t ICM-94 ) wer e plenar y ones . On e o f th e firs t application s o f homoge -
neous flows  i n numbe r theor y wa s give n i n [AGH] , wher e nilflow s wer e utilize d 
to prov e Weyl' s theore m o n unifor m distributio n o f th e fractiona l part s o f val -
ues o f polynomials . A  classica l resul t du e t o Kolmogoro v [Ko ] o n tim e change s 
for rectilinea r flows  o n th e 2-toru s reveal s a  connectio n wit h Diophantin e proper -
ties o f th e rotatio n number . Dan i [Da85 ] showe d ho w Diophantin e propertie s o f 
reals affec t th e behavio r o f correspondin g orbit s o f th e geodesi c flow.  Ther e exis t 
numerous refinement s o f thi s connection ; i n particular , a  well-known conjectur e o f 
Littlewood reduce s t o a  certain (no t ye t established ) statemen t o n the structur e o f 
orbits o f th e Car t an diagona l subgrou p o n SL(3,R)/SL(3,Z) . Afte r Marguli s set -
tled th e Oppenheim-Davenpor t conjecture , Dan i an d Marguli s [DM93] , an d als o 
Eskin, Moze s and Marguli s [EMM] , foun d th e exac t asymptotic s o f the numbe r o f 
Diophantine solution s o f the inequalit y a  < Q(x)  <  b  for indefinit e quadrati c forms . 

Kleinbock an d Marguli s [KM98 ] obtaine d remarkabl e result s provin g a  gen -
eral conjectur e o f Sprindzhu k [Sp80 ] o n Diophantin e approximatio n o n manifolds . 
Skriganov [Skr98 ] use d homogeneou s flows  t o obtai n asymptoti c estimate s o f th e 
number o f lattice point s insid e polyhedr a (th e first  result s i n th e two-dimensiona l 
case go back t o th e twentie s an d ar e du e t o Hard y an d Littlewoo d [HL ] an d Khin -
tchine [Kh23]) . Eskin , Moze s and Sha h [EMS96 ] sharpene d result s o f [DRS ] an d 
[EM] o n th e asymptotic s o f th e numbe r o f lattic e point s o n homogeneou s mani -
folds i n IR n. Al l o f these question s ar e discussed i n Chapte r 4 . Befor e that , w e give 
preliminaries fro m th e theor y o f Diophantin e approximation . 



xiv INTRODUCTIO N 

A considerabl e numbe r o f recentl y foun d application s sho w tha t th e theor y o f 
homogeneous flows is far fro m bein g completed . Th e reade r especiall y intereste d i n 
number theor y i s referred t o survey s o f Bore l [B ] and Marguli s [Ma97] . 

For various reasons, we do not touc h upon certain subjects. Thes e are Bernoull i 
properties o f homogeneou s flows,  Marko v partition s an d symboli c dynamic s (se e 
[Si68], [Kat] , [Bo79] , [OW]) ; th e Bernoullicit y criterio n wa s studie d b y Dan i 
[Da76a] bu t i n the genera l cas e i t i s not ye t proved . Al l Lie groups throughou t th e 
book ar e real; hence we are not concerne d with dynamica l system s on homogeneou s 
spaces over other loca l fields; we only note tha t th e Raghunathan-Dan i conjecture s 
are settled in this setup as well (see [R93,95a,98] an d [MT94,96]) . Entrop y theor y 
will als o pla y a  mino r role . W e do no t touc h upo n th e theor y o f flows on space s of 
infinite volume . Wherea s th e solvabl e cas e i s completel y understoo d [St87b] , th e 
case G  =  SO(l,n ) present s a n independen t an d rathe r delicat e objec t o f researc h 
in th e theor y o f Fuchsia n an d Kleinia n groups . Her e th e result s ar e no t definitive ; 
see the boo k [Ni ] an d th e surve y [St95b] . 

Other subject s w e try t o presen t i n a s muc h detai l a s possible . I n additio n t o 
[AGH], we intensively used the surveys [Da96,99] , [Gh] , [Ma91b,97], [R84,95b] , 
[SSS], [St97] . Th e reade r ma y consul t th e lis t o f ope n problem s give n i n [Ma99 ] 
to find  direction s fo r futur e research . 

The autho r i s ver y gratefu l t o A . S . Mishchenko , whos e questio n introduce d 
him int o th e topic . Sinc e then , th e autho r ha d a  happ y opportunit y t o interac t 
with man y remarkabl e expert s i n ergodi c theor y an d Li e groups : D . V . Anosov , 
S. Dani , A . B . Katok , G . A . Margulis , M . E . Ratner , A . M . Stepin , E . B . Vinberg . 
The autho r i s als o happ y t o acknowledg e th e grea t impac t o f conversation s wit h 
A. Eskin, D . Kleinbock, S . Mozes, V. V. Ryzhikov, N . Shah, G . Tomanov, D . Witte, 
and man y others . 

The autho r wa s supported b y the Russian Foundatio n o f Basic Research (gran t 
No 95-01-02804) . 



List o f Notation s 

Z — the rin g o f integer s 
N — the semigrou p o f positive integer s 
Q, M , C  — the fields  o f rational , rea l an d comple x number s 
G, H,  F , etc . —  Lie group s 
9, I) , f , etc . —  Lie algebra s 
r C  G  — discret e subgrou p o f a  Lie group G 
Gs —  the semisimpl e splittin g o f a  Li e group G 
Ad —  the adjoin t representatio n 
Aut(G) —  the automorphis m grou p o f a  Li e group G 
DQ C  G  — the identit y componen t o f a  close d subgrou p D  C  G 
D C  G  — the closur e o f a  subse t D  C  G 
gm C  G  — one-paramete r subgrou p o f a  Li e group G 
gz C  G  — the cycli c grou p generate d b y a n elemen t g  G  G 
G/D —  the homogeneou s spac e o f a  Lie group G  by a  closed subgrou p D  C  G 
(G/D,gj&) —  one-paramete r homogeneou s flow 
E(gu), E(g^)  —  th e ergodi c partitio n an d decompositio n o f a  homogeneou s 

flow 
SL(n,R) —  the grou p o f unimodula r rea l n  x  n  matrice s 
A1 —  the transpos e matri x 
diag(£i, . . . , tn) —  the diagona l matri x wit h element s t i , . . . , t n 

det —  the determinan t o f a  matri x 
card —  the cardinalit y o f a  se t 
(X, /i) —  measure spac e 
V{X) —  the spac e o f Bore l probabilit y measure s o n a  topologica l spac e 
CC(X) —  th e spac e o f continuou s function s wit h compac t suppor t o n a  topo -

logical spac e 
H —  Hilber t spac e 
lm(0) —  the imag e o f a  homomoprhis m 4> 
Ker(0) —  the kerne l o f a  homomorphis m <fi 
Hn —  the n-dimensiona l Lobachevski i spac e 
Hn —  the n-dimensiona l Hausdorf f measur e 
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