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Preface 

The theore m o n the inde x o f a n ellipti c operato r prove d b y Atiya h an d Singe r 
at th e beginnin g o f th e sixtie s ha s initiate d a  quickl y developin g fiel d o f research , 
which ca n b e briefl y describe d a s th e stud y o f topologica l invariant s o f manifold s 
using methods o f functional analysi s an d th e theor y o f differential operators . Som e 
classical result s suc h a s th e Hodg e theor y o f harmoni c form s an d th e Riemann -
Roch theore m i n th e Hirzebruc h formulatio n hav e becom e par t o f i t i n a  natura l 
way. 

In th e subsequen t thre e decade s researc h i n thi s are a ha s le d t o a  serie s o f re -
markable results . A t th e sam e time , th e variet y o f functiona l method s use d her e 
has increase d considerably . I n particular , Banac h algebra s an d noncommutativ e 
differential geometr y wer e use d intensively . Th e mai n par t o f th e theor y ha s ac -
quired rathe r precis e outlines; moreover , th e variety o f its externa l connection s an d 
applications expanded , includin g eve n som e area s o f mathematica l physics . 

The main goa l of our book i s to introduce th e reade r t o some of these methods , 
and als o to the concret e topological problems solved with thei r help . A n exhaustiv e 
description o f functiona l method s i n th e topolog y o f manifold s woul d dea l wit h a 
large number o f mathematical theories and would take several volumes. Th e presen t 
work has more modest purposes : i t is devoted only to an introduction t o the subjec t 
and ca n serve as the firs t ste p leading to the study o f original works and specialize d 
monographs. 

The limite d volum e o f th e boo k ha s force d u s t o exclud e th e presentatio n o f 
a serie s o f interestin g problems . Som e o f the m wer e entirel y omitte d other s ar e 
only discusse d briefly . Nevertheless , w e hope tha t wha t remain s i s enough t o giv e 
a connecte d pictur e o f the subject , a t leas t o f it s mos t importan t parts . 

Now we briefly describ e th e content s o f the book . 
In the firs t chapte r if-theory , i n terms of which the basic index theorem wil l be 

formulated, i s described. I n Sectio n 1. 1 som e necessary informatio n fro m homolog y 
algebra i s presented . I n Sectio n 1.2 , Hilber t module s ar e defined . The y pla y th e 
role o f Hilber t spaces , i n particular , Sobole v spaces , i n C*-inde x theory . Further , 
the correspondin g analog s o f compac t operator s ar e introduced , an d thei r basi c 
properties ar e proved . Finally , a  technica l theore m abou t averagin g b y mean s o f a 
compact Li e group G  acting on the space of operators for a Hilbert modul e is proved. 
Most o f the result s o f thi s sectio n wer e obtained i n th e paper s [134 , 133 , 92 , 96 , 
69, 34] , while th e basi c informatio n i s containe d i n [107 , 78 , 38] . Sectio n 1. 3 i s 
devoted to equivariant if-theory , define d fro m a  projective modul e over a unital C* -
algebra A  and from the corresponding bundles. Afte r recallin g the basic informatio n 
about Cliffor d algebras , w e defin e if-group s followin g th e idea s o f [57 ] an d deriv e 
their mai n properties . A n importan t computationa l too l o f equivarian t if-theor y 
is the us e of spectra l sequences . A  description o f if-groups vi a classifyin g space s i s 

vii 
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obtained. Fo r thi s purpos e th e theor y o f Fredholm operator s i s developed , an d a n 
appropriate analo g o f the Kuipe r theore m i s applied . Finally , th e theore m o n th e 
Thorn isomorphis m i n ou r i^-theor y i s proved . Th e paper s [96 , 134 , 132 , 135 ] 
were the principal source of our presentation. I n the las t section of this chapter, tw o 
approaches t o i^K-theor y ar e described : th e origina l approac h o f Kasparo v [70 ] 
and th e approac h o f Cunt z [27] . 

The secon d chapte r i s devote d t o th e proo f o f th e equivarian t inde x theore m 
for C*-ellipti c operator s [135] . I n the first  sectio n the necessary calculu s of pseudo-
differential operator s ove r a n algebr a A  an d analytica l inde x theor y ar e developed . 
The proo f o f the theore m itsel f i s contained i n Sectio n 2.2 . I n th e las t section , th e 
proof o f the classica l Atiyah-Singer theore m i s presented. I t become s a  special cas e 
of the C*-theore m (whe n A  =  C). 

The thir d chapte r i s devote d t o on e o f th e centra l problem s o f differentia l 
topology: th e descriptio n o f al l homotop y invarian t rationa l Pontryagi n classe s 
of smooth non-simply-connecte d manifolds . Th e classificatio n o f smooth structure s 
on a  non-simply-connecte d manifol d o f give n homotop y typ e create d i n th e mid -
sixties b y S . P. Novikov an d C . T. C. Wall ha s allowe d u s t o prov e tha t homotop y 
invariant rationa l Pontryagi n number s o f a  non-simply-connecte d manifol d ca n b e 
only rathe r specia l characteristi c numbers , whic h ar e calle d highe r signatures . I n 
the paper s [103 , 104 ] S . P. Novikov conjecture d th e homotop y invarianc e o f highe r 
signatures. Amon g various approaches t o the proo f o f this conjecture , th e directio n 
based on methods of functional analysis , finite-dimensional  an d infinite-dimensiona l 
representations o f th e fundamenta l grou p develope d rathe r quickly . I n a  serie s o f 
papers [88 , 89 , 90 ] A . S. Mishchenko create d th e theor y o f algebrai c surger y an d 
introduced a n importan t homotop y invarian t o f non-simply-connecte d manifolds , 
known a s the symmetri c signature . Thi s theory ha s become a  necessary par t o f th e 
most successfu l studie s o f the proble m o f highe r signatures . 

The first  sectio n o f th e thir d chapte r contain s th e necessar y informatio n o n 
the theor y o f characteristi c classe s o f smoot h manifolds . I n th e secon d section , 
higher signature s ar e introduce d an d th e Noviko v conjectur e i s formulated . Th e 
third sectio n contain s th e necessar y fact s o n Hermitia n i<"-theory , th e theor y o f 
algebraic Poincar e complexes , an d Fredhol m representation s o f algebra s wit h in -
volution. Centra l i n th e chapte r i s th e fourt h section , devote d t o th e proo f o f 
the generalize d Hirzebruc h formula s du e t o Mishchenko . I n th e fifth  section , th e 
Mishchenko theore m abou t th e homotop y invarianc e o f higher signature s i s prove d 
for fundamenta l group s wit h th e followin g property : th e classifyin g space s o f thes e 
groups are complete Riemannian manifolds wit h metric of nonpositive curvature. I n 
the fourth an d fifth  section s we follow Mishchenko' s pape r [91] . I n the sixth sectio n 
the homotop y invarianc e o f higher signature s i s proved fo r fundamenta l group s iso-
morphic t o discret e subgroup s o f linear algebrai c group s ove r loca l locally compac t 
fields [121 , 122] . Th e sevent h sectio n o f th e chapte r i s devote d t o th e approac h 
of G . G. Kasparov t o th e proble m o f highe r signatures . W e consider , i n particular , 
another proo f o f the basi c theorem i n the fifth  section , mainl y followin g th e presen -
tation i n [65] . I n th e final  section , som e application s o f th e Dira c operato r t o th e 
problem o f positiv e curvatur e o f spinor manifold s ar e considere d [113 , 135] . 

In th e firs t sectio n o f th e fourt h chapte r th e fundamental s o f noncommuta -
tive differentia l geometr y an d th e theor y o f homolog y wit h inne r symmetries , in -
cluding cycli c an d dihedra l homology , ar e presented . Her e w e principall y follo w 
[22, 80 , 123] . I n th e secon d sectio n thi s theor y an d th e C*-inde x theore m ar e 
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applied t o constructin g th e theor y o f generalize d Lefschetz  number s [136] . I n th e 
final section , applyin g th e sam e results , w e giv e a  sketc h o f th e proo f b y Conne s 
and Moscovic i [24 ] o f th e Noviko v conjectur e fo r a  clas s o f group s includin g th e 
hyperbolic group s o f Gromov . 

Now a  fe w word s abou t topic s no t include d i n th e book . Firs t o f all , thes e 
are variou s approache s t o th e proo f o f th e inde x theorem . Ou r proo f o f th e inde x 
theorem fo r equivarian t C * -elliptic operator s follow s th e classica l line s o f th e wor k 
of Atiyah an d Singer . 

The se t o f problems relate d t o th e approac h base d o n th e hea t equatio n i s no t 
considered i n th e book . Th e detaile d presentatio n o f these problem s ca n b e foun d 
in [41 , 111 , 8]. 

It i s possible to study one more proof, which uses methods of probability theory , 
given i n the wor k o f Bismut [9] . 

Some interestin g generalization s o f th e inde x theore m t o ellipti c operator s o n 
noncompact manifold s hav e appeare d i n th e las t decade . The y us e eithe r so-calle d 
bounded geometr y o r som e ne w cohomolog y theorie s (L 2 cohomolog y an d "coars e 
cohomology"). I t i s possible t o find  th e principa l result s obtaine d i n thi s directio n 
in [36 , 35 , 112 , 47] . On e mor e approac h t o noncompac t theor y o f th e inde x i s 
based o n th e us e o f foliations wit h noncompac t leave s [99 , 22 , 25] . 

There i s a long list o f literature devote d to generalizations o f the index theore m 
to nonsmoot h manifold s [129 , 130 , 128 , 131 , 117] . Th e work s o n th e inde x fo r 
orbifolds an d simila r object s follo w th e sam e purpos e (se e the surve y [140]) . 

The theor y o f the inde x i s intensively developin g no w in the so-calle d algebrai c 
direction, essentiall y usin g th e formalis m o f cohomolog y theorie s o f cycli c typ e 
obtained i n a  serie s o f interesting paper s o f Cunt z an d Quille n [29 , 31 , 30] . Thei r 
results hav e le d Nisto r t o a  ne w proo f o f th e theore m o f Connes-Moscovic i [102] . 
Among th e othe r result s o f thi s direction , le t u s emphasiz e th e wor k o f Nes t an d 
Tsygan o n the algebrai c inde x theore m (se e [101 ] an d th e bibliograph y therein) . 

Our boo k essentiall y contain s onl y a n introductio n t o th e KK-theory  o f Kas -
parov. A  detailed exposition of this theory and it s various applications can be foun d 
in [71 , 120, 54] . Variou s aspect s o f /^-theory an d homolog y o f Banach algebra s i s 
contained in [10 , 50, 139] . Man y parts of the theory presented her e were develope d 
in the contex t o f rea l algebra s [49] . 

Two volumes o f the recentl y publishe d transaction s o f the conferenc e i n Ober -
wolfach [37 ] ca n serv e a s a n excellen t survey , devote d t o th e moder n stat e o f th e 
Novikov conjectur e o n higher signatures , i n which, i n particular , a  rathe r complet e 
bibliography o n thi s proble m i s presented . 

The preparatio n o f th e boo k wa s a  difficul t an d lon g matter , an d man y spe -
cialists hav e helpe d u s i n thi s work . Firs t o f al l w e ar e indebte d t o ou r teacher , 
Professor A . S. Mishchenko, for making us famiiar wit h functional method s in differ -
ential topology and stimulating our research in this field.  W e had a  number o f usefu l 
contacts o n problem s considere d i n th e boo k wit h I . K. Babenko, V . V. Belokurov, 
Yu. G. Borisovich, L.G.Brown , J . Cuntz, A . T.Fomenko, T . Friedrich, E . A. Gorin, 
M. L. Gromov, A. Ya. Helemskii, A. A. Irmatov, J . Kaminker, M . Karoubi, G . G. Kas-
parov, V. M. Manuilov, A. V. Mikhalev, A. I. Nemytov, R. Nest, V. Nistor, M. M. Post-
nikov, A. Ranicki, J . Rosenberg, E . T. Shavgulidze, G . Skandalis, B. L. Tsygan, A. Val-
ette, LA . Volodin, an d S . Weinberger. 
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A significan t par t o f the boo k i s based o n lecture s o f the secon d autho r a t th e 
University o f Greifswal d (Germany) , wher e h e enjoye d th e hospitalit y o f Profes -
sor J . Eichhorn wit h th e suppor t o f th e Germa n Servic e o f Academi c Interchang e 
(DA AD). 
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