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Preface 

"When you  ask  around  and  persist  fondly 
in the  Way,  you  can  never  find the  Truth. 
Maintain your  belief.  Devote  yourself  to 
the Way.  It  will  turn  out  to  be  the  mighty 
Truth." 

from "th e 4 2 teaching s o f Buddha " 

One of the subjects i n mathematical nature i s created by unifying thre e notions : 
complex numbers, coordinate systems, and the related notions of differentiation an d 
integration. Th e space Cn o f n-tuples of complex numbers is ruled by the coordinat e 
system (z i , . . . ,  zn). I f a complex-valued function i n a domain in Cn i s differentiabl e 
in eac h variable , i t ca n b e represente d locall y a s a  convergen t powe r series . I t ha s 
a natura l domai n o f existence , i n whic h i t behave s i n it s ow n characteristi c way , 
i.e., i t create s it s ow n mathematica l world . W e cal l suc h a  functio n a n analyti c 
function. 

In th e cas e o f on e comple x variable , a n analyti c functio n ha s a  distinguishin g 
property. I n thi s cas e it s rea l an d imaginar y part s ar e harmoni c function s whic h 
are conjugat e t o eac h other . Namely , i f on e i s considere d a s a  potential , the n th e 
other i s th e flo w whic h th e potentia l induces . A  harmoni c functio n i s uniquel y 
determined b y it s boundar y values ; w e ca n construc t a  harmoni c functio n wit h 
prescribed boundar y value s an d construc t locall y it s conjugat e harmoni c function , 
which is unique up to an additive constant . Thi s makes it easy to construct analyti c 
functions o f one complex variable . Th e mai n propertie s o f analytic function s o f one 
complex variabl e ca n b e explaine d fro m thi s observation . 

When w e wan t t o describ e concept s i n natur e b y usin g analyti c functions , i t 
is no t enoug h t o us e onl y thos e o f on e comple x variable . Th e theor y o f analyti c 
functions o f severa l comple x variable s i s quit e difficul t t o treat , compare d t o th e 
theory i n on e comple x variable . On e reaso n fo r thi s i s the freedo m o f th e for m o f 
domains i n C n du e t o th e increas e i n th e dimension . Anothe r reaso n i s tha t bot h 
the rea l an d th e imaginar y part s o f a n analyti c functio n ar e no w pluriharmoni c 
functions, whic h impose s a  stronge r restrictio n tha n bein g merel y harmonic . Fo r 
example, i n som e cases , a  pluriharmoni c functio n i s uniquel y determine d b y it s 
boundary value s o n som e prope r subse t o f th e boundary , an d w e canno t alway s 
construct a  pluriharmoni c functio n wit h prescribe d boundar y value s o n a  give n 
portion o f the boundary . Therefore , i t i s difficult t o construc t analyti c function s o f 
several comple x variables . Sinc e functio n theor y i n on e comple x variabl e generall y 
proceeds b y constructing analyti c functions , w e cannot simpl y us e the one-variabl e 
approach i n th e cas e o f severa l comple x variables . 

The mos t particula r phenomen a i n th e stud y o f analyti c function s i n severa l 
complex variable s whic h doe s no t appea r i n th e cas e o f on e comple x variabl e i s 
the fac t tha t th e natura l domai n o f a n analyti c functio n i s no t arbitrary , i.e. , i t i s 
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not tru e tha t an y domai n i n C n i s a  natura l domai n o f existence o f som e analyti c 
function. Thi s fac t i s important . W e cal l a  domai n i n C n whic h i s the natura l do -
main o f existence o f some analytic functio n a  domain  of  holomorphy.  Th e principa l 
problem i n functio n theor y i n severa l comple x variable s i s to stud y whic h domain s 
are domain s o f holomorphy , an d t o determin e whic h object s w e can construc t i n a 
domain o f holomorphy . 

This boo k i s an attemp t t o explai n result s i n th e theor y o f functions o f severa l 
complex variables which were mostly established fro m th e late 19t h century throug h 
the middl e o f the 20t h century . Th e focu s i s to introduc e th e mathematica l worl d 
which wa s create d b y m y advisor , Kiyosh i Ok a (1901-1978) . I  hav e attempte d t o 
remain a s clos e a s possible t o Oka' s origina l work . 

Kiyoshi Oka , a t th e beginnin g o f hi s research , regarde d th e collectio n o f prob -
lems whic h h e encountere d i n the stud y o f domain s o f holomorph y a s larg e moun -
tains whic h separat e toda y an d tomorrow . Thus , h e believe d tha t ther e coul d b e 
no essentia l progres s i n analysi s withou t climbin g ove r thes e mountains . 

The work of Oka can be divided into two parts. Th e first i s the study o f analyti c 
functions i n univalent domain s in C n . Her e he proved that thre e concepts: domain s 
of holomorphy , holomorphicall y conve x domains , an d pseudoconve x domains , ar e 
equivalent; and , moreover , tha t th e Poincare problem, the Cousin problems, and th e 
Runge proble m -  whe n state d properl y -  ca n b e solve d i n domain s o f holomorph y 
satisfying th e appropriate conditions . Th e second part wa s to establish a  method b y 
which we can study analytic functions define d i n a ramified domai n over Cn i n which 
the branc h point s ar e considered a s interio r point s o f the domain . H e proceeded i n 
this late r wor k unde r th e assumptio n tha t th e result s valid i n univalen t domain s i n 
C n shoul d similarl y hold in a ramified domai n over C n . However , the true situatio n 
was contrary t o hi s intuition, i.e. , a  ramified domai n o f holomorphy i s not alway s a 
holomorphically conve x domain . 

Oka's establishmen t o f hi s metho d t o trea t analyti c function s i n a  ramifie d 
domain ha s prove d t o b e indispensabl e no t onl y i n analysi s bu t als o in othe r fields 
of mathematics . 

This boo k consist s o f parts I  an d II , accordin g t o Oka' s earlie r an d late r wor k 
mentioned above . I n par t I  w e trea t analyti c function s i n a  univalen t domai n i n 
C n . I n par t I I w e trea t analyti c function s i n a n analyti c space ; thi s i s a  sligh t 
generalization o f a  ramifie d domai n ove r C n . Th e on e exceptio n t o ou r adherenc e 
to Oka's program i s that th e fact tha t a  pseudoconvex univalen t domai n i s a domain 
of holomorphy wil l be proved in part I I in a more general setting by modifying Oka' s 
original ideas . 

A mathematica l objec t i s abstrac t an d i s described b y us e o f word s an d nota -
tion. W e shoul d not e tha t th e word s an d th e notatio n themselve s ar e no t reall y 
mathematics. Mathematic s ca n b e realize d a s a  flow  o f th e consciousnes s whic h 
is really creatin g mathematica l nature . Afte r suc h a  process , mathematica l natur e 
lives individuall y i n th e min d o f each perso n wh o ha s studie d it . H e seems t o hea r 
a voic e comin g fro m th e botto m o f hi s mind , o r t o fee l th e glo w o f a  livin g objec t 
within hi s mind . Thi s proces s i s essentia l whe n w e stud y th e establishe d work s 
of th e pioneer s o f a  field.  I f mathematica l natur e live s correctl y withi n a  person' s 
mind, the n whe n he encounters a  certain problem , h e may no t recal l the knowledg e 
to solve it immediately , bu t h e will be able to understand th e problem itsel f in order 
to solv e it . 



PREFACE XI 

The difficult y i n studyin g mathematic s i s th e procedur e fo r givin g lif e an d 
meaning t o th e mathematics . Th e firs t ste p i s t o organiz e an d expan d upo n th e 
material writte n b y us e o f word s an d notatio n i n a  concret e form , s o tha t w e ca n 
proceed wit h furthe r steps . 

I hop e tha t thi s boo k i s a  worthwhil e initia l ste p fo r th e reade r i n orde r t o 
understand th e mathematica l worl d whic h wa s create d b y Kiyosh i Oka . 

Toshio Nishin o 
June 22 , 199 6 a t Kyot o 



This page intentionally left blank



Preface t o th e Englis h Editio n 

This boo k wa s written, afte r lon g consideration, wit h th e inten t t o mak e Oka' s 
original idea s easie r t o understand . On e o f the mai n reason s t o pursu e thi s projec t 
was th e recommendatio n o f Professo r Joh n Wermer . Durin g th e tim e whil e I  wa s 
writing th e origina l versio n o f th e boo k i n Japanese , Professo r Katsum i Nomiz u 
had alread y starte d urgin g th e AM S t o publis h a n Englis h translation . 

Oka's origina l paper s ma y appea r t o b e difficul t t o read . However , whe n w e 
truly understan d hi s original thoughts , we gain much mor e than simpl y mathemat -
ical results . I  hop e tha t thi s boo k help s th e reade r t o bette r comprehen d Oka' s 
work. 

As fo r th e Englis h translation , Professor s Norma n Levenber g (Aucklan d Uni -
versity) an d Hirosh i Yamaguch i (Nar a Women' s University ) devote d muc h tim e 
and effor t t o translating th e Japanes e version ; the y ha d t o overcome th e difficultie s 
caused b y th e man y difference s betwee n Wester n an d Japanes e culture . I  greatl y 
appreciate thei r effort . Also , man y thank s t o th e peopl e a t th e AMS , particularl y 
Ralph Sizer , fo r thei r patienc e an d understanding . 

Toshio Nishin o 

March 3 , 2000 a t Kyot o 
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