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Preface 

Over 3 0 year s ago , i n 196 7 th e so-calle d Kac-Mood y algebra s 
were discovered a s infinite-dimensiona l Li e algebras . Th e representa -
tion theorie s o f Li e algebra s ca n b e studie d withou t takin g accoun t 
of thei r Li e groups . Startin g wit h a  simpl e finite-dimensional  Li e al -
gebra, w e exten d i t t o a n infinite-dimensiona l Li e algebr a a s a  loo p 
algebra ove r th e one-dimensiona l toru s (i.e . th e circl e 5 1), an d it s 
central extensio n i s an affin e Li e algebra . I t ha s structure s quit e sim -
ilar t o thos e o f simpl e finite-dimensional  Li e algebras . It s Dynki n 
diagram i s the diagra m obtaine d b y addin g on e vertex t o th e Dynki n 
diagram of a simple finite-dimensional  Li e algebra, and it s Weyl group 
is als o th e affin e Wey l grou p o f a  simpl e finite-dimensional  Li e alge -
bra. Al l these had alread y appeare d withi n th e framework o f theorie s 
of simple finite-dimensional  Li e algebras, s o these were no t new . Th e 
character formula e o f affine Li e algebras have the same form a s in th e 
case o f simpl e finite-dimensional  Li e algebras . Nevertheless , a s soo n 
as characte r formula e o f highes t weigh t module s ove r affin e Li e alge -
bras were discovered, th e representation theorie s of affine Li e algebras 
made grea t progress , whic h on e coul d no t imagin e fro m th e cas e o f 
simple finite-dimensional  Li e algebras . 

The fac t tha t a n affin e Li e algebr a i s th e infinite-dimensiona l 
extension o f a  simple finite-dimensional  Li e algebra a s a  loop algebr a 
over th e circl e S 1 give s ris e t o th e followin g remarkabl e features . 

i. A n affin e Li e algebr a contain s a n infinite-dimensiona l Heisen -
berg Li e algebr a a s subalgebra ; namely , a  Car t an subalgebr a 
of a  simpl e finite-dimensional  Li e algebr a grow s u p t o b e a 
Heisenberg Li e algebr a b y the centra l extensio n o f it s loo p al -
gebra. I n this way, a  Heisenberg Li e algebra gets into an affin e 
Lie algebra . 

ii. Th e vecto r fields  o n S 1 ac t o n th e derive d subalgebr a o f a n 
affine Li e algebr a a s derivations . 

ix 
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(ii) i s the reaso n wh y a n affin e Li e algebr a work s harmoniousl y wit h 
the Virasor o algebra . On e migh t sa y tha t th e abov e tw o features ar e 
the reaso n wh y representatio n theorie s o f affin e Li e algebra s ar e s o 
important. 

As i s wel l known , th e irreducibl e representatio n o f a  Heisenber g 
algebra i s equivalen t t o th e Schrodinge r representatio n o n a  spac e of 
functions. T o construct th e action o f an affine Li e algebra in practice , 
one needs vertex operators i n order t o describe the actio n of element s 
not in the Heisenberg subalgebra, an d by them representation theorie s 
of an affine Li e algebra become much richer than those of a Heisenberg 
algebra. On e can see from a n affine roo t syste m which sort o f and how 
many verte x operator s ar e necessar y t o construc t a  representation o f 
an affin e Li e algebra , an d a  characte r formul a tell s u s ho w on e ca n 
decompose a  modul e ove r a n affin e Li e algebr a a s module s ove r a 
Heisenberg Li e algebr a containe d i n th e affin e Li e algebra . 

The Schrodinge r representatio n o f a  Heisenber g algebr a consist s 
of creatio n an d annihilatio n operators , an d th e forme r ac t freely . 
Therefore a  representation o f an affine Li e algebra contains free actio n 
with respec t t o tha t o f the creatio n operator s o f a  Heisenber g subal -
gebra. Thi s will  be the key of the modula r invarianc e o f characters of 
an affin e Li e algebra . I n thi s sense , I  thin k tha t th e heroe s (behin d 
the scenes ) o f th e representatio n theorie s o f affin e Li e algebra s ar e a 
Heisenberg Li e algebr a an d verte x operators . 

But withou t suc h arguments , on e ca n deriv e usefu l identities , 
called th e Macdonal d identities , b y fiddlin g aroun d wit h a  characte r 
formula a s a n algebrai c formula . Whe n Macdonal d [Mac ] discovere d 
the Macdonald identitie s by considering affine roo t systems, the "mys -
terious factors " arisin g a s a  stumblin g bloc k i n th e formula e ar e i n 
fact th e factors tha t hav e their origin in the free actio n of the creatio n 
operators o f a  Heisenber g Li e algebra . 

What i s interesting i n an affine Li e algebra i s that i t ma y be non -
trivial to apply general formulae t o some concrete cases. Fo r example , 
writing th e denominato r identit y fo r sl(2 , C) w e obtai n th e Jacob i 
triple produc t identity , an d writin g hierarchie s fo r sl(2 , C) w e obtai n 
the Kd V equatio n an d th e non-linea r Schrodinge r equation . Further , 
a representatio n theor y describe s no t onl y equation s bu t als o thei r 
solutions. Namely , i f on e finds a  solution , on e ca n construc t othe r 
solutions successivel y b y letting verte x operator s ac t o n it . Sinc e th e 
action o n th e se t o f solution s i s transitive , on e ca n star t fro m th e 
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easiest solution , i.e . th e "trivia l solution" . Bu t w e do not touc h upo n 
these solito n equation s i n thi s book . 

In an y case , man y topic s i n affin e Li e algebra s ar e interestin g 
enough whe n w e specialize the m t o th e cas e o f sl(2, C) an d jus t loo k 
at them . An d i n suc h a  way , on e ma y fee l tha t on e understand s th e 
topics. Conversely , once we find a  phenomenon fo r one of the simples t 
affine Li e algebra s suc h a s si(2,  C) , we can lif t i t u p t o genera l affin e 
Lie algebras b y makin g a  fai r cop y o f i t i n terms o f Lie algebras , an d 
similar phenomen a wil l be mass-produced "a t on e stroke" . Eve n i f i t 
is said tha t w e must no t d o things "a t on e stroke" i n these days , thi s 
"stroke" i s quite exciting ! 

Thus i n representatio n theorie s o f affin e Li e algebras , th e basi c 
tools fo r an y purpos e ar e characte r formulae , an d w e ca n sa y tha t 
they ar e th e startin g poin t o f the representatio n theories . 

So in thi s book , a t first I  wil l stat e th e structur e o f Li e algebra s 
(i.e. thei r roo t systems ) an d characte r formula e i n Chapte r 2 . I n thi s 
chapter, everythin g wil l b e treate d i n a  quit e genera l setting , sinc e 
one ca n expec t tha t thes e fact s wil l b e develope d an d applie d fur -
ther. Fro m Chapte r 3  on, I  will explain the modula r invarianc e o f th e 
characters o f affine Li e algebras . Thi s i s one o f the mos t picturesqu e 
scenes, and I  will sometimes pause to illuminate i t further b y concret e 
examples. 

There i s a  boo k b y Ka c [K4 ] o n Kac-Mood y Li e algebras . Al -
though th e first  editio n wa s publishe d 1 6 years ago , i t stil l seem s t o 
me that thi s i s the bes t book , bot h a s an introductor y boo k an d a s a 
side book . Bu t I  have hear d tha t i t i s hard t o star t one' s stud y wit h 
this book , becaus e i t begin s fro m th e theor y o f generalize d Carta n 
matrices. Henc e I  starte d writin g th e presen t boo k a s a  guideboo k 
to Kac' s book . I  hope thi s boo k wil l be a n hors  d'ceuvre  to th e grea t 
feast o f infinite-dimensiona l Li e algebras . 

This boo k i s no t a n encyclopedia . I t doe s no t contai n every -
thing tha t coul d b e written , o r eve n everythin g important , abou t 
infinite-dimensional Li e algebras , bu t onl y th e fact s neede d fo r m y 
development o f the theory . 

To eas e th e reader' s wa y throug h thi s book , I  wil l explai n th e 
derivation o f eac h formul a i n ful l detail . Th e reade r ma y mostl y 
just follo w alon g wit h hi s o r he r eyes , taking tim e ou t fo r occasiona l 
calculations. I  can comfortabl y rea d thi s book lik e a  novel . Th e fact s 
appearing i n mathematical natur e ar e more beautifu l an d mysteriou s 
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than an y fiction. I  a m anxiou s abou t whethe r I  hav e bee n abl e t o 
depict the m successfully . 

Prof. Michi o Jimbo encouraged m e to write thi s book, an d more -
over he advised me , politely bu t strongly , o n the manuscript . I  would 
like t o expres s m y deepes t gratitud e t o him . Dr . Kenj i Iohar a rea d 
through th e manuscript , an d pointe d ou t an d correcte d lot s o f mis -
takes. Dr . Hiroyuk i Tagaw a has constructed th e T^ X environment i n 
my offic e fro m th e ver y beginning , an d moreove r h e no t onl y taugh t 
me how to us e T^X an d t o dra w figures  personall y bu t als o produce d 
some of the figures  in this book himself. I  also would like to thank th e 
editors, who gave me much valuable advic e on the descriptio n an d o n 
the contents , an d thos e i n th e Iwanam i publishin g hous e wh o too k 
care o f me unti l I  could complet e th e manuscrip t o f this book . 

The computatio n o f the partitio n number s show n i n a n exampl e 
in §4. 2 i s carrie d ou t b y th e mathematica l syste m "Reduce 3.6" . I 
first becam e acquainte d wit h "Reduce " i n February 198 6 when I  ha d 
some computation s t o do . Thank s t o th e instructio n o f Prof . Seig o 
Okamoto, "Reduce " immediatel y becam e a n importan t supplemen -
tary too l fo r m y research . I n addition , i t wa s Prof . Okamot o wh o 
introduced m e t o Kac-Mood y Li e algebras . I  woul d lik e t o expres s 
my hearties t gratitud e t o hi m fo r hi s grea t care . 

Finally, I  woul d lik e t o expres s my  appreciatio n t o bot h o f m y 
parents, wh o le t m e achiev e my  drea m o f studying mathematics . 

With gratitude  to  my  wife,  Yasuko 

Minoru Wakimot o 



Preface t o th e Englis h Editio n 

This boo k wa s originall y writte n i n Japanes e t o provid e a n out -
look an d t o serv e a s a  guid e t o th e theor y o f infinite-dimensiona l Li e 
algebras, whic h ha s grow n u p i n quit e recen t decade s i n connectio n 
with variou s area s i n mathematic s an d mathematica l physics . 

I trie d t o giv e a n expositio n wit h muc h detaile d explanation , s o 
that th e theor y ma y becom e mor e familia r t o readers , thoug h th e 
topics treated i n this book ar e quite limite d fo r wan t o f space. I t wil l 
greatly pleas e m e i f thi s boo k ma y rais e it s readers ' interes t i n thi s 
area and be a help for further researc h and development o f the theory . 

For the publishing of this English edition, I  thank Iwanami Shote n 
Publishers, th e editor s o f the AMS , the translato r and , i n particular , 
Professor Katsum i Nomiz u fo r a  lo t o f kind attention . 

July 2000 , in Fukuok a 
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Overview 

When w e conside r th e structur e o f a  simpl e finite-dimensional 
Lie algebr a 9 , w e firs t choos e a  Carta n subalgebr a an d mak e th e 
root spac e decomposition . Nex t w e classif y th e root s int o positiv e 
and negativ e ones . Th e minima l root s amon g th e positiv e root s wit h 
respect t o the decomposition (tha t is , the positive roots which canno t 
be decomposed int o a  sum of roots) ar e called simpl e roots . Denot e 

them b y a i , •  •  • , a/. The n th e matri x o f inner product s I  ——-—\- ) 

is called th e Carta n matri x o f g.  T o reconstruct a  Lie algebra fro m 
the Carta n matrix , w e hav e onl y t o impos e condition s tha t ca n b e 
extracted fro m th e Carta n matri x o n th e fre e Li e algebr a generate d 
by 21  letters , sa y ei , • • •  , e\\ / 1, •  • •  , //. I n thi s way , we can reproduc e 
the origina l Li e algebra , an d w e have th e one-to-on e correspondence : 

Simple Finite-Dimensiona l Li e Algebras <— > Carta n Matrices . 

Namely, if two Lie algebras are isomorphic, then their Cartan matrice s 
are th e same ; otherwis e thei r Carta n matrice s differ . Therefor e th e 
simple finite-dimensional  Li e algebra s ar e classifie d i n term s o f thei r 
Cartan matrices . Thi s is the well-known Cartan-Killing theory , and i t 
appeared abou t on e hundre d year s ago . Bu t afte r that , th e Cartan -
Killing theor y o n simpl e finite-dimensional  Li e algebra s fel l aslee p 
peacefully a s a  completed theory , i.e . a s a  "theor y fo r textbooks" . 

But afte r tw o third s o f thi s centur y ha s passed , tw o princes sud -
denly approache d thi s "Sleepin g Beauty" . Th e outrageou s prince s 
who kisse d th e forbidde n lip s wer e Ka c an d Moody . Sinc e Carta n 
matrices classif y th e simpl e finite-dimensional  Li e algebras , 

Relaxing condition s o n Carta n matrice s a  bit , on e 
might b e abl e t o obtai n infinite-dimensiona l Li e al -
gebras! 

We cal l suc h modifie d Carta n matrice s generalize d Carta n matrice s 
(GCM fo r short) . A  ne w clas s o f infinite-dimensiona l Li e algebras , 
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i.e., Kac-Mood y Li e algebras , wa s born . Pro m it s origin , on e ca n 
argue similarl y a s i n th e cas e o f finite  dimension . Wha t i s necessar y 
to explicat e it s structur e i s a  representatio n theor y o f s  1(2, C) only . 
Furthermore, whe n a  GC M i s symmetrizable , th e correspondin g Li e 
algebra possesse s a n inne r product , an d on e ca n defin e th e Casimi r 
element. A s a n application , characte r formula e ca n b e proved . The y 
have the same form a s in the finite-dimensional  case . Th e point s tha t 
are differen t fro m th e finite-dimensional  case s ar e 

i. th e Wey l grou p become s a n infinit e group , an d 
ii. imaginar y root s appear . 

Nonetheless, thes e tw o fact s hav e grea t consequences . 
The mos t lovel y clas s o f infinite-dimensiona l Li e algebra s i s th e 

affine Li e algebras . A n affin e Li e algebr a i s th e centra l extensio n o f 
the loop algebra of a simple finite-dimensional  Li e algebra, so we know 
the structur e o f it s roo t syste m ver y well , an d it s Wey l grou p i s th e 
semi-direct produc t o f the Wey l grou p o f a  simpl e finite-dimensional 
Lie algebra an d a  Z-lattice. I n the characte r formula e th e summatio n 
over th e Z-lattic e give s u s thet a functions , an d henc e th e characte r 
of integrabl e representation s ove r a n affin e Li e algebr a i s a  modula r 
function. I  wil l explai n thi s i n Chapte r 4 , an d i n Chapte r 5  I  wil l 
explain fusio n coefficient s a s a  topi c relate d t o th e transformatio n 
matrices o f modula r transformatio n o f the characters . 

After thi s brie f awakening , the 'Beauty ' wen t t o sleep again. Thi s 
'Beauty' sleep s well . Th e nex t princ e wh o disturbe d he r slee p wa s 
Borcherds. Anyon e wh o i s woken fro m a  first  slee p wil l b e offended . 
In addition , th e tas k o f haulin g Carta n matrice s i n i s so darin g tha t 
it migh t chang e th e propertie s o f simpl e roots . Bu t th e 'Beauty ' i s 
also sweet-tempered . Sh e neve r lose s he r temper . Henc e Borcherd s 
built u p a  fine  theory . 

Needless to say , Borcherds starte d hi s research o n infinite-dimen -
sional Li e algebra s no t fro m th e viewpoin t o f Carta n matrices . H e 
discovered th e verte x operato r algebra s fro m hi s researc h o n repre -
sentations o f th e Monste r simpl e group . Fro m th e simpl e root s o f 
the infinite-dimensiona l Li e algebr a associate d t o a  verte x operato r 
algebra, h e had a n insigh t int o the fac t tha t th e followin g situatio n i s 
significant: 

We do no t hav e t o min d eve n i f some stranger s 
(i.e. simpl e imaginar y roots ) mi x u p withi n th e se t 
of simpl e roots . 
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A Carta n matri x allowin g the existenc e o f such simpl e root s i s calle d 
a GK M matri x (generalize d Kac-Mood y matrix) , an d th e corre -
sponding infinite-dimensiona l Li e algebr a i s calle d a  GK M Li e al -
gebra. Eve n i n this setting , analogou s argument s wor k well to prov e 
character formulae . I n thi s case , the form s o f characte r formula e ar e 
not entirel y th e sam e a s before , bu t slightl y mor e complicated , an d 
they hav e a  new effect . Th e formul a obtaine d b y specializing charac -
ter formula e t o th e trivia l representatio n i s called th e denominato r 
identity. Thi s i s a  formul a o f the for m "Infinit e Produc t =  Infinit e 
Sum". Sinc e imaginar y simpl e root s creat e a  ne w environmen t i n 
the cas e o f GK M Li e algebras , thei r denominato r identitie s sho w u s 
new equalities for a  much wider clas s of modular function s tha n thos e 
arising fro m Kac-Mood y Li e algebras . 

But concernin g GK M algebras , th e onl y formul a tha t ha s som e 
applications u p to now is the denominato r identity , an d th e characte r 
formulae themselve s o f the othe r integrabl e representation s hav e no t 
been studie d yet . Characte r formula e ar e to o goo d t o appl y onl y t o 
the trivia l representation . I  would lik e to se e some nic e applications . 

In thi s book , fo r th e reaso n t o b e explaine d i n §1.4 , w e us e th e 
term BK M algebr a instea d o f GKM algebra . Th e characte r formula e 
for BK M Li e algebra s wil l b e importan t fo r applications . Fo r thi s 
purpose, i n Chapte r 2 , I  wil l describ e i n detai l th e roo t syste m an d 
the characte r formula e fo r BK M algebra s an d BK M superalgebra s i n 
a genera l setting . 

Therefore th e main theme of this book are in Chapter 2 , "Charac -
ter formulae for BKM Lie superalgebras", and in Chapter 4 , "Modula r 
transformation o f character s o f affin e Li e algebras" . Representatio n 
theories o f affin e Li e algebra s hav e application s t o man y fields.  On e 
could explai n eac h topi c littl e b y little , bu t I  hav e preferre d t o re -
strict mysel f t o th e them e o n modula r transformation s o f affin e Li e 
algebras afte r Chapte r 4 . Bu t whe n I  looke d bac k afte r writin g u p 
till Chapte r 5 , I felt somethin g was insufficient. Fo r example, withou t 
any descriptio n o f ho w on e ca n us e th e matri x element s o f modula r 
transformations presente d a s examples i n Chapte r 4 , they ar e simpl y 
enumerations o f data an d ma y no t sho w the reader s thei r beauty . Af -
ter I  bega n writin g th e manuscrip t o f thi s book , fo r a  while , I  wa s 
going t o omi t th e Virasor o algebra , becaus e o f th e ric h variet y o f 
affine Li e algebras . Representatio n theorie s o f th e Virasor o algebr a 
are s o ampl e tha t I  canno t mentio n the m briefly . I t i s impossibl e 
to fit  the m int o thi s book . Bu t representatio n theorie s o f affin e Li e 
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algebras withou t th e Virasoro algebr a becam e dreary , lik e stale beer . 
So Chapte r 6  was added, t o give a  brief sketc h o f how representation 
theories o f the Virasor o algebr a wor k (th e chapter entitle d "I n Lie u 
of Postscript") . 

Although representation theorie s of affine Li e algebras are related 
to several fields, I cannot writ e about them , owing to the lack of space 
and o f m y knowledge . Thes e othe r fields  include , i n n o particula r 
order, conformal field theory and KZ equations, lattice models, soliton 
equations, an d s o on . Th e first  tw o ar e covere d i n th e boo k Field 
Theory and  Topology  in this series . 

It seeme d t o m e that Prof . Ryog o Hirota' s us e of the theor y of 
bilinear differentia l operator s t o find  th e exac t solution s i s a  mar -
velous method , lik e magic . Throug h investigatin g it , th e grou p o f 
Prof. Miki o Sato , Prof . Etsur o Date , Prof . Michio  Jimbo , Prof . 
Masaki Kashiwar a an d Prof. Tetsuj i Miw a i n the Research Institut e 
of Mathematica l Science , Kyot o University , discovere d tha t th e sym-
metry hidde n insid e th e non-linea r differentia l equation s calle d soli -
ton equation s i s an affine Li e algebra. I n May 1982, when the lecture 
course taugh t b y Ka c for th e sprin g semeste r dre w t o a  close , thei r 
theory was introduced i n his lecture a s a "Wor k of Japanese School" . 
I got into the lecture-hall withou t permissio n o r payment fo r this lec-
ture, an d the theory develope d on the board was so beautiful tha t my 
heart burs t int o flames.  Everyon e wh o is alone i n a  foreig n countr y 
will be nationalistic. I n addition I  am timid. I t was the Kyoto schoo l 
that gav e m e the motivation t o leap a t infinite-dimensiona l Li e alge-
bras, forgettin g everythin g I  had been workin g o n before . Ther e ar e 
some explanation s o f the theory, e.g . i n [Sa]. 



CHAPTER 6 

In Lie u o f Postscrip t 
— Virasor o Algebr a — 

In Chapte r 4  an d 5 , I  hav e explaine d th e representatio n theor y 
of affine Li e algebras an d som e of its applications . Eve n i f we restric t 
ourselves to affine Li e algebras, there stil l are a  lot o f topics that hav e 
to b e mentioned , fo r example , th e theor y o f th e branchin g function s 
of representations , solito n equations , an d s o on . Concernin g solito n 
equations, a n excellen t expositor y boo k ha s alread y bee n publishe d 
by thos e wh o contribute d a  lo t t o th e developmen t o f th e theory , s o 
if the reade r i s interested i n it , see , e.g. , [Hir] , [MJD] . 

The branchin g function s o f representation s ar e importan t theo -
ries, and one can naturally develo p them a s a continuation o f Chapte r 
4. Althoug h thi s proble m itsel f lie s in the framewor k o f affine Li e al -
gebras, th e representatio n o f th e Virasor o algebr a play s a  grea t rol e 
when w e consider thi s proble m an d develo p it s theory . 

The Virasor o algebr a i s als o on e o f th e infinite-dimensiona l Li e 
algebras, bu t belong s to a  different clas s from Kac-Mood y algebra s o r 
BKM algebras . Th e Virasor o algebr a i s als o stil l young . He r figur e 
appeared an d disappeare d i n physic s i n th e latte r hal f o f th e 1960's , 
but it s representatio n theor y bega n t o b e studie d onl y i n th e 1980's . 
The fac t tha t i t coincide s wit h th e perio d whe n th e theor y o f affin e 
Lie algebra s developed , i s no t a n accident . 

In th e mi d 1980's , Th e Virasor o algebr a fel l i n passionat e lov e 
with affin e Li e algebras . Th e lov e o f a n affin e Li e algebr a fo r th e 
Virasoro algebra , an d th e lov e o f th e Virasor o algebr a fo r affin e Li e 
algebras •  • •  each representation theor y has cooperated, elevate d eac h 
other, an d grow n u p beautifully . Namely , th e developmen t o f th e 
theory o f affin e Li e algebra s an d tha t o f th e Virasor o algebr a i s th e 
same event . On e evidenc e o f thei r affectio n ha s alread y appeare d i n 
this book , namely , th e lis t o f a(A , ji) i n §4.3. 

253 
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a (A, /i) itsel f i s th e summatio n ove r th e Wey l group , an d i s de -
fined b y (4.74) . On e ca n deriv e man y propertie s o f a(A,/i ) fro m thi s 
formula, bu t thi s i s no t alway s suitabl e fo r a  practica l computatio n 
of it s value . Fo r example , th e numbe r o f elements o f the Wey l grou p 
of the exceptiona l Li e algebr a Es  i s 

Yl ( p + 1 ) =  2  • 8  • 1 2 • 1 4 • 1 8 • 20 • 24 • 30 = 696729600 . 
l<p<29 

gcd(p,30)=:l 

No on e woul d tr y t o comput e (4.74 ) directl y whe n on e want s t o 
know th e value s o f a  (A, /i) fo r leve l 2  or 3  in the cas e of the affin e Li e 
algebra o f typ e E%  ' . Muc h o f th e numerica l dat a i n thi s lis t i s ob -
tained throug h th e analysi s of branching functions usin g the Virasor o 
algebra. 

In thi s way , the Virasor o algebr a i s so importan t tha t th e repre -
sentation theor y o f an affine Li e algebra without th e Virasoro algebr a 
becomes to o dreary . So , i n lie u o f postscript , I  will  briefl y introduc e 
a profil e o f the Virasor o algebra . 

The Virasor o algebr a i s the vecto r spac e 

Vir = 0 C L j 0 C Z 

with basi s Lj  (j  6  Z ) an d Z , an d i s th e Li e algebr a satisfyin g th e 
following bracke t products : 

J3 —  j 
(6-1) [Lj,L k] =  (j  -  k)L j+k H  —-Sj+kflZ, 

(6.2) [ L ; , Z ] = 0 . 

By settin g 

Vir+ :=0CL J ; 
j > o 

Vir decompose s a s 

(6.3) Vi r =  Vir _ 0  Vir 0 0  Vir +, 

and b y th e Poincare-Birkhoff-Wit t Theore m 1.16 , i t follow s tha t 

(6.4) il(Vir ) =  il(Vir_ ) •  il(Vir0) •  il(Vir+). 

Viro play s the rol e of a  Car t an subalgebra o f Vir, an d on e can regar d 
CLj a s a  roo t spac e fo r eac h j , bu t ther e i s n o roo t whic h play s th e 
role o f the fundamenta l root . 

Vir_ : = 0  CLj,  Vir 0 : = CL 0 0  CZ , 
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By usin g th e triangula r decompositio n (6.3) , on e ca n defin e a 
highest weigh t representatio n o f th e Virasor o algebr a i n th e sam e 
way a s before : 

D E F I N I T I O N 6.1 . Le t (n,V)  b e a  representatio n o f Vir . 

1. I f the linear transformatio n TT(LO)  o n V  i s diagonalizable, an d 
each eigenspac e i s of finite  dimension , the n th e representatio n 
(7r, V) i s said t o be L$- diagonalizable. 

2. I f (7r , V) i s Lo-diagonalizable , an d on e ca n choos e comple x 
numbers ft,  z  an d 0  ^  VQ  G V  satisfyin g th e followin g thre e 
conditions 

(i) 7r(Z)v 0 =  ZVQ, 

(ii) 7r(L 0)^o =  hv 0, 7r(Vir +)^0 =  {0}, 
(iii) 7r(U(Vir))t; o =  V , 

then (7r , V) is called a  h ighest we igh t representa t ion , (ft , z) 
is called it s h ighest weight , an d VQ is called a  h ighest we igh t 
vector , z  i s called it s central charge , an d ft is called it s con-
formal weight . 

If (TT,  V) i s a highest weigh t representation , the n it s highest weigh t 
is uniquel y determined , bu t it s highes t weigh t vecto r i s determine d 
only u p to a scalar . W e denote th e irreducible highes t weigh t modul e 
with highes t weigh t (ft , z) b y 2J(ft , z). 

We defin e th e characte r o f a n Lo-diagonalizabl e representatio n 
( 7 r , F ) b y 

chv(q) : = ^ d i m F A V . 

Here, V\  ( A € C ) i s the eigenspace o f n(Lo)  wit h eigenvalu e A: 

V\ : = {v  e  V;TT(LO)V  =  Xv}. 

If V  i s the irreducible highes t weigh t modul e 2J(ft , z),  the n w e hav e 

\eh+z>0 

and henc e i t follow s tha t 
oo 

<hw(h,z) (q) =  q hY2 d i m Vh +n'qU-
71 = 0 

We ma y simply denot e th e character c h ^ ^ ) o f an irreducibl e repre -
sentation b y c h ( ^ ) . 

Below, w e may omit 7r , and simply writ e LjV  instea d o f 7T(LJ)V. 
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DEFINITION 6.2 . Le t V  b e a Vir-module. I f there exists a positive 
definite Hermitia n inne r produc t (  ,  )  satisfying th e tw o condition s 

i. (LjU,v)  =  (U,L-JV)  (u yv G F J ' G Z ) , 

ii. (Zu,v)  —  (u,Zv) (u.veV), 

then thi s representatio n i s said t o b e unitarizable . 

It i s easy t o se e tha t fo r th e irreducibl e highes t weigh t represen -
tation 93(/i , z), on e ha s 

(6.5) unitarizabl e =>  h,  z >  0. 

Moreover, on e ca n sho w tha t 

(6.6) h  >  0, z >  1  => 9J(/i , z) i s unitarizabl e 

by constructin g concretel y a  "Foc k module " o f th e Virasor o algebr a 
on a  spac e o f function s C[xi,#2 , • • •  ]• Fro m th e abov e tw o assertion s 
(6.5) an d (6.6) , th e followin g questio n migh t arise : 

What happen s whe n h  >  0 and 0  <  z  <  1  ? 

Those wh o considere d thi s proble m an d opene d a  doo r t o solv e i t 
were physicists . Th e Shapovalo v determinan t o f the Virasoro algebr a 
is calle d th e Ka c determinant . B y analyzin g th e Ka c determinan t 
[K2], Friedan , Qi u an d Shenke r showe d i n [FQS1 ] an d [FQS2 ] tha t 
the only possible places in this domain wher e a  unitarizable represen -
tation exist s ar e 

^ - - ( m ) - 1 - ( ^ +  2)U + 3) {meZ> ^ 
(6Z) h-  ft(-) -  [( m + 3 ) r - ( m +  2 ) s ] 2 - l 
( 6-8 ) h  -  K ^ -  4( m + 2)( m +  3 ) 

(r, s e  N  s.t . 1  < r  <  ra +  1 , 1  < s  <  m  +  2) , 

and th e fac t tha t the y are , in fact , unitarizabl e wa s shown by using a 
Goddard-Kent-Olive constructio n [GK01],[GK02 ] (GK O con-
struction fo r short ) o f integrabl e representation s o f a n affin e Li e al -
gebra an d th e Virasoro operators . A  GKO constructio n i s also calle d 
a cose t construction . Wit h thi s opportunity , remarkabl e application s 
of the representatio n theor y o f the Virasor o algebr a started . 

As one ca n easil y see , since hj^'  satisfie s 

h{m) _  h (m) 
,Lr,s " ( m _ j _ 2 ) - r , ( m + 3 ) - s > 

one ca n restric t th e rang e o f r  an d s  t o 

(6.9) l < s < r < r a + l , 
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and als o t o 

(6.10) 1  < r  <  ra +  2 , 1  < s <m +  3 a n d r E S mo d 2 . 

By imposin g suc h a  condition , on e ca n establis h th e one-to-on e cor -
respondence betwee n the range o f the parameter s (r , s) an d represen -
tations. 

In othe r words , on e ca n sa y a s follows . Fo r m  £  Z>o , se t 

VIR (m) : = {(r , s) € N  x N ; 1 < r  <  m  +  1 , 1  < s  <  m  +  2}, 

and denot e th e equivalenc e classe s o f thi s set , wher e th e equivalenc e 
relation i s defined b y 

(r, s) ~  (r a + 2  — r, m +  3  — s) , 

by VIR (m) . W e denot e th e elemen t o f VIR (m) define d b y (r , s) G 

VIR ,  i.e., the equivalence clas s of (r , s), by the sam e symbo l (r , 5). 
(6.9) an d (6.10 ) ar e just choice s o f representatives o f V I R ^ . 

A unitar y representatio n wit h 0  <  z  <  1  is calle d th e discret e 
series representatio n o f the Virasor o algebra . It s characte r ch £ / : = 
ch^, (m ) (m) x ca n b e obtaine d a s a n applicatio n o f result s o f Feigi n 
and Fuch s [FeFul],[FeFu2] , an d i s given b y th e followin g formula : 

<O^E> [2(77 

[2(r 

i + 2)(m+3)n +  (m +  3)r-( 
4(m + 2)(m + 3) 

n + 2)(m + 3)n + (m + 3 ) r -

[m +  2)s] 2-l 

( m +  2 ) s ] 2 - l 

So, if we multiply q  24 2 m b y the characte r an d denot e i t b y Hj.™ (T ) 
(<? =  e 2 " T ) , the n H ^ ( r ) ca n b e expresse d b y usin g th e modula r 
functions define d i n (4.31 ) i n §4. 2 a s follows : 

" < ™ > ( T ) = 

1 
r.s 

(6.11) / ^ \ { / (m+3) r - (m+2) s , (m+2) (m+3) (^ ) 

— /(m+3)r+(m+2)s,(m-|-2)(ra+3 ) 

Therefore, th e (normalized ) characte r o f a  discret e serie s representa -
tion o f th e Virasor o algebr a i s a  modula r function , an d it s modula r 
transformations ca n b e compute d b y Theore m 4.6 . Moreover , th e 
leading powe r o f H ^ (r ) i s /if y —  ^i^ m\ an d i t ha s th e followin g 
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form: 

^r^H7") —  Qhr's ~^z { 1 + (forma l serie s i n positiv e power s o f q)}. 

Suppose tha t a  representation o f the Virasoro algebra appears b y 
accident, an d it s centra l charge i s less than 1 . I n addition , w e assume 
that w e may realiz e fro m th e situatio n o f it s birt h tha t i t i s a  unita -
rizable representation . I n suc h a  case , z  an d h  o f th e representatio n 
should coincid e wit h th e lis t o f th e value s (6.7 ) an d (6.8) . Thi s i s 
called th e "conforma l invarianc e constraint " . 

What connect s the Virasoro algebr a and a n affine Li e algebra ar e 
the differentia l operator s 

on K. Sinc e dj  become s 

d] ie  de 

by th e transformatio n t  =  e l6, dj  ca n b e als o regarde d a s a  vecto r 
field o n the one-dimensiona l toru s S 1. Th e commutatio n relation s a s 
differential operator s ar e 

[dj,dk] =  (f c - j)dj+k, 

i.e., 

[-dj, -d k] =  (J  - k)  •  (-dj+jk) , 

and th e bracke t product s o f element s Lj  whic h for m a  basi s o f th e 
Virasoro algebr a ar e thos e obtaine d b y addin g a  centra l elemen t t o 
the bracke t product s o f —  d/s. Therefore , th e Virasor o algebr a ca n 
be regarde d a s the centra l extensio n o f the Li e algebra o f polynomia l 
vector field s o n th e one-dimensiona l toru s S 1, an d thi s poin t o f view 
is sometimes important . 

Now, le t Q  be th e affin e Li e algebr a ove r g . Wha t i s going t o b e 
stated i n thi s sectio n ca n b e applie d fo r an y affin e Li e algebra , bu t I 
will restric t mysel f t o a  spli t typ e fo r simplicity . Then , first , w e hav e 
hy =  g  fo r th e dua l Coxete r number . A s i s state d i n §3.3 , $  ca n b e 
realized a s 

g = 5^(t n O  g) 0 C c e Cd . 
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The derive d algebr a g'  : = [g,g]  of g  i s the on e obtaine d b y slicin g 
off th e par t Cd: 

nez 

If we define th e actio n o f dj  o n g'  b y 

[dj,X(n)] : = t j+1jt(t
n ®X)=  nX{n  +  j) {X  G  g,n e  Z) , 

[dj,c] :=0 , 

then th e dj  (j  G  Z) ac t o n g'  a s derivations . Notic e tha t a s an actio n 
ong ' , d  =  do  holds. Namely , th e elemen t d  slice d of f fro m g  simpl y 
changed it s seat . 
Note, d  i s a n importan t elemen t an d i s als o calle d th e energ y op -
erator. I f w e le t dj  ac t o n d , the n i t become s a  scala r multipl e o f 
dj, an d goe s outside o f g.  Th e reaso n wh y we considered th e derive d 
subalgebra g'  i s t o avoi d suc h problems . A s i t ma y slightl y wande r 
from th e subject , w e ma y sometime s regar d a  representatio n o f g  a s 
a representatio n o f g'  below . Thes e tw o points o f view ar e equivalen t 
for highes t weigh t modules , an d on e ca n naturall y defin e th e actio n 
of d  o n a  highes t weigh t g'-module , an d mak e i t a  ^-module . An d 
the irreducibilit y regarde d eithe r a s a  ^-modul e o r a s a  g'-modul e i s 
equivalent. • 

We conside r a  highes t weigh t representatio n (7r , V) o f g.  W e d o 
not require i t to be irreducible, nor that i t have non-dominant integra l 
highest weight . Fo r thi s representation , w e conside r th e followin g 
question: 

Do dj 's ac t o n thi s representatio n space ? 

This mean s 'Ca n w e defin e th e elemen t ir(dj)  o f End(F ) fo r eac h j 
satisfying th e followin g thre e conditions?' : 

i. [ir(dj),7r(X(n))]=n7T(X(n  +  j)) (V X G  fl, Vn G Z), 
ii. 7r(d 0) =7r(d) , 

iii. [7r(dj),7r(d k)} = (A ; -  j)7r(d j+k). 
The answe r t o thi s questio n i s 'Yes? ' Th e reaso n wh y w e adde d th e 
'?' i s tha t i f w e ad d som e term s (th e ter m comin g fro m th e centra l 
extension an d shiftin g d  by a  scala r operator ) t o th e righ t han d sid e 
of conditio n (iii ) viz. , i f w e allo w som e concession s o r modification s 
to conditio n (iii) , the n th e answe r ca n b e 'Yes' . Physicist s cal l thi s 
'additional term ' a  conformal anomaly . I t i s not a n obstructiv e term , 
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but a  meaningful an d importan t term . Representation s o f the centra l 
extension o f dj's , i.e. , th e Virasor o algebra , naturall y appea r here . 

Concerning thes e facts , le t u s procee d mor e concretely . Fo r thi s 
purpose, i f w e choose tw o set s {u^  an d {u 1} o f base s o f g satisfyin g 
(ui, u J) —  Sij , the n th e Casimi r elemen t o f Q  ca n b e expresse d a s 
follows: 

(6.12) ft =  2( c + g)d  +  2p  + ] T u lUi +  2  ]T ^  u\-n)u %{n). 
i n=l  i 

As wa s state d i n §2.1 , any elemen t o f g  commutes wit h ft,  bu t sinc e 
dj ( 0 7 ^ j G  Z) i s no t a n elemen t o f g , on e canno t sa y tha t [dj,  ft] is 
0. Fo r j  G  Z, le t u s study thei r properties . Fo r eac h j  G  Z, se t 

(6.13) S;:= di>]L]CwZ("~nK(r 

n = l 

As w e sa w i n §2.1 , this i s a n elemen t o f th e completio n il(g ) o f th e 
universal envelopin g algebra . B y (6.12 ) an d (6.13) , i t follow s tha t 

(6.14) [dj,Q]  =  2( c + 9)  [dj,d]  +2 [dj,p]  + [ d , , ^ ^ m ] +2S 3 

-jdj 0  s  v  / 
0 

= 2{S j-j(c +  d)d j}. 

And fo r X  G  g an d n  G  Z, b y simpl e computation s usin g th e Jacob i 
identity, on e obtain s 

(6.15) [[d„ft],X(n) ] =  [dj^Xin)]]  -  [ft , [d i?X(n)]] =  0 , 
V v  '  >  v  ' 

0 G 0 

(6.16) [[d„ft],d ] -  [d„[ft,d] ] -  [n,[d,-,d] ] = j[fi,d,-] =  -j[d„ft] . 

0 - j d , 

So, b y applyin g (6.14 ) t o (6.15 ) an d (6.16) , i t follow s tha t 

[Sj-j(c +  g)dj,X(n)] =  0, 

[Sj -j(c  +  g)d3,d] =  -j{S 3 -j(c  +  g)dj}, 

and henc e w e obtai n 

(6.17) [S j,X(n)]=j(c +  g)[dj,X(n)]=jn(c +  g)X(n +  j), 

(6.18) [Sj,d]  =  -f(c  +  g)dj -  j{Sj  -  j(c  +  g)dj} =  -jSj. 
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Since Sj  i s a n elemen t o f S1(Q)  an d act s o n a  highes t weigh t modul e 
as stated above , one can pu t n  o n Sj , and obtai n formula e a s a  linea r 
operator o n V  a s follows : 

(6.19) [Tr(Sj)MX{n))]  =  jn(n(c) +  g)^X(n +  j)), 

(6.20) [ir(S JU(d)] =  -MS j). 

If w e se t th e leve l o f th e representatio n (n,  V)  t o b e ra,  the n 7r(c ) i s 
the scala r operato r m  •  Idy. S o for m  /  —g,  if we se t 

(6.21) <di)  : = 1 ^TT)<Si) 

for eac h j  ( O ^ j G Z ) , the n conditio n (i ) i s satisfied. An d fo r m  ^  g, 
by computin g th e commutatio n relation s amon g th e 7r(Sj)' s usin g 
(6.17) an d (6.18) , th e commutatio n relation s amon g 7r(dj)' s ca n b e 
computed a s follows : 

(6.22) HdjUidk)]  = (k-j) {*(d j+k) -  2 ^ ^ w } 

+ , n Oj+k$  : — dung •  Idy. 
12 m  +  g 

So, i f we se t 

(6.23) *( £j) :=-*(di) +  2f f f l ) ^ o O'ez) , 
777 

(6.24) n(Z)  : = dim g •  Idv , 
m +  g 

then a  representatio n spac e V  o f a  highes t weigh t representatio n o f 
an affin e Li e algebr a become s a  representatio n spac e o f th e Virasor o 
algebra, an d i n thi s case , th e centra l charg e z  an d th e conforma l 
weight h  o f the representatio n o f the Virasor o algebr a ar e give n b y 

Tfi 
(6.25) z  =  z\  =  dimg , 

m +  g 

(6.26) h  =  h X:m =  h A- (A|d ) =  ( ^ + ^ } -  (A|d) , 

where A  £  f) * i s th e highes t weigh t o f V . Her e ZA , ^x- m an( ^ ^ A a r e 

defined b y the same formulae a s (4.64) , (4.68 ) and (4.67 ) in §4.3 (even 
in th e cas e o f generi c A  G  I)*). I f i t i s necessar y t o indicat e tha t a 
quantity i s associate d t o g , the n w e us e g  a s a  supercript , and , fo r 
example, denot e z\  b y z\.  Moreover , w e se t 

(6.27) hl  =  h A-(A\d). 
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z\ depend s onl y on the leve l of A, and h  does not depen d o n a  choice 
of representativ e A  of A  mo d Cd.  I t i s interestin g tha t th e quanti -
ties appearin g i n th e topi c o f modula r transformation s reappea r i n 
relation t o representation s o f the Virasoro algebra . I n the pape r tha t 
discovered thes e fact s (appendi x 3  of §2. 5 in [KP]) , i t wa s sai d 'Th e 
material o f thi s sectio n ha s n o apparen t relevanc e th e unexpecte d 
mysterious coincidenc e o f a  constant...' . I t wa s th e 'predawn ' o f th e 
analysis o f representations usin g the modula r invarianc e an d th e con -
formal invariance . 

DEFINITION 6.3 . ir(Lj)  (o r regarde d i t a s a n elemen t o f 11(g)) i s 
called a  Virasoro operato r o f the affine Li e algebra g, and is denoted 
by L>. 

In particular , fo r A  G P+, L(A)  i s unitarizable a s a representatio n 
of th e affin e Li e algebra , an d i t ca n b e easil y see n fro m th e for m o f 
L? tha t i t i s als o unitarizabl e a s a  representatio n o f th e Virasor o 
algebra. Bu t it s centra l charg e (excep t fo r th e trivia l representation ) 
is always greater than 1 , and we cannot us e the technique of conforma l 
invariance constraint . So , let u s conside r th e followin g situation . 

Let u s take a  reductiv e subalgebr a p  of Q  SO that i t satisfie s 

a Carta n subalgebr a o f p  C a  Carta n subalgebr a o f g , 

and le t p  be th e affinizatio n o f p. Then , sinc e the Virasor o operator s 
L® and L p satisf y 

(6.28) [L^X{n)\  =  -[d j}X{n)} =  -nX(n  +  j) {Xe&ne  Z) , 

(6.29) [L),X{n)}  =  -[d hX{n)\ =  -nX{n  +  j) {X  G  p, n G  Z), 

it follow s tha t i n particula r fo r X  G  p, one ha s 

(6.30) [L*-L>,X{n)]  =  0, 

and thu s 

Lf •=  L) -  L ) 
commute wit h an y elemen t o f the derive d subalgebr a p'  :=  [p,p ] o f p. 
The commutatio n relatio n betwee n L Q- and L p

k ca n b e compute d i n 
the sam e wa y a s [L^,Lj? ] usin g (6.28 ) instead , an d i t i s 

•3 
[L»,L>] = (j  -  k)L» +k +

 3 -^-6j+kfi •  -^ dimp . 

Here, a dot ove r a symbol signifies a  quantity associated to p. Namely , 
g i s th e dua l Coxete r numbe r o f p , an d c  signifies a  centra l elemen t 
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of p . Thus , on e ca n immediatel y obtai n th e commutatio n relation s 
among th e L? ,p: 

(6.31) [Lf  ,L°»]  =  (j  -  k)L] +k +  ^ < W ,o •  (z m -  z m). 

Here, m  i s th e leve l o f th e representatio n (TT,  V) o f 9 , an d rn  i s th e 
level of the same representation regarde d a s a p-module. L? ,p i s called 
a cose t Virasor o operator . It s centra l charg e i s z  =  z^  —  z^. 

Let us consider decomposing a  representation (71" , V) o f g regarded 
as p-module. Fo r this purpose, we denote the space of singular vector s 
of V  wit h respec t t o p  by 

Vp+ : = {v  G  V\xv  =  0  (V x G p+)} . 

Here, p+ i s the positiv e par t o f p with respec t t o a  triangula r decom -
position. Sinc e L^' p commute s wit h an y elemen t o f p ' by (6.30) , V p+ 

is invariant unde r th e actio n o f L^'p. Namely , V p+ i s a representatio n 
space o f th e Virasor o algebra ! Thi s representatio n i s calle d a  cose t 
representation o f the Virasoro algebra , an d it s representation spac e 
Vp+ i s called a  cose t Virasor o module . 

When (7r , V) i s an integrabl e representatio n o f 9 , i.e. , V  —  L(A) 
(A G  PT^ra G  Z>o), i t i s unitarizabl e a s a  representatio n o f g , an d 
Vp+ become s a  unitarizabl e representatio n o f th e Virasor o algebra . 
If it s centra l charg e 

is smaller tha n 1 , then a  trick o f the conforma l invarianc e constrain t 
works. Suc h a  luck y thing , i.e , z^ p <  1 , reall y happens . W e refe r 
the reade r t o [KW1 ] fo r detaile d arguments , an d her e we show som e 
simple examples . 

EXAMPLE 6.4 . Sinc e by assumption tha t p  is a reductive Lie sub-
algebra, w e ca n tak e th e Carta n subalgebr a f ) o f g  a s p . Then , th e 
"string functions " o f L(A)  ca n b e compute d b y usin g th e conforma l 
invariance a s follows . Sinc e w e canno t denot e th e affmizatio n o f g 
by \)  ('.' i t i s the sam e symbo l a s a  Carta n subalgebr a o f 9) , her e w e 
denote i t b y 

£:=]T(*n®f>)©CceCd. 
nez 
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In thi s case , th e dua l Coxete r numbe r o f \)  is g  —  0, an d bein g inde -
pendent o f the level , one ha s 

z^. =dimf ) =  f . 

And sinc e th e dimensio n o f a  simpl e finite-dimensional  Li e algebr a 
can b e expresse d i n terms o f the Coxete r numbe r h  a s 

dim5 =  Z(f c + l ) 

(cf. [Kosl]) , th e centra l charg e o f thi s cose t Virasor o modul e i s 

For simplicity , le t u s conside r th e cas e wher e 9  i s a  symmetri c 
simple finite-dimensional  Li e algebra , i.e. , o f typ e A,D  o r E.  Sinc e 
we have g  =  h  i n thi s case , i t follow s tha t 

m 
(6.32) ^  =  _ _ . / ( s +  i ) j 

and i n particular , i f m  =  1 , the n 

z*>. = 1 - 1 =  0. 
m 

Namely, fo r A  € P | , th e representatio n o f th e Virasor o algebr a o n 
Vp+ i s the direc t su m o f th e trivia l representations . Combinin g thi s 
fact, th e distributio n o f th e weight s o f L(A ) an d th e Wey l grou p 
invariance o f cfiA , w e obtai n 

CIIA =  I  2_]  e taA )  x  (th e characte r o f a n irreducibl e ^-module J . 
\aeM J 

By th e way , since th e actio n o f the negativ e par t o f f ) on L(A)  i s fre e 
by Propositio n 11. 9 i n Chapte r 1 1 o f [K4] , w e ca n summariz e th e 
result obtaine d i n thi s exampl e a s a  proposition : 

PROPOSITION 6.5 . If  g  is  a  symmetric affine  Lie  algebra  (viz., it 
is an  affine  Lie  algebra  of split  type  of  type  A,  D or  E), and  A G P\, 
the character  of  L(A) can  be  expressed as  follows: 

Here, I  is  the  rank  of  g,  and  tp(q)  is  the  Euler  function  defined  in 
(3.104). 
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Note. I f A  is a  weigh t o f L(A) , the n A  +  nS  i s a  weigh t fo r n  G  Z>0 

by Propositio n 11. 9 o f [K4] , but sinc e i t i s a  highes t weigh t module , 
A +  nS  canno t alway s b e a  weight  fo r n  G  Z>o- So , ther e exist s a 
weight A  of L(A ) suc h tha t A  4 - S i s no t a  weigh t o f L(A) . Suc h a 
weight o f Z/(A ) i s calle d a  maxima l weight . Whe n A  is a  maxima l 
weight o f L(A) , th e generatin g serie s o f th e dimensio n o f th e weigh t 
spaces L(A) X-n5 (n  G  Z>o) 

oo 

is calle d th e strin g functio n o f L(A ) throug h A . Propositio n 6. 5 
implies tha t i f g  i s a  symmetri c affin e Li e algebr a an d A  G P\, the n 

L c^q) = ^rand 

2. th e se t o f maximal weight s o f L(A ) =  {t aA; a  G  M} . 
D 

EXAMPLE 6.6 . Le t u s conside r th e decompositio n o f th e tenso r 
product representation s L(A')  <g>  L{A")  o f a n affin e Li e algebra . Fo r 
A7 G  P™ an d A"  G  P™ ,  th e centra l charg e o f th e tenso r produc t 
representation 

n(Lj) (8 ) I d +  I d (8 ) TT(LJ)  an d n(Z)  <g > I d +  I d ®  TT(Z) 

of th e Virasor o algebr a i s z mi +  z mn. O n th e othe r hand , i f we tak e 
one of the irreducibl e components , sa y L(A)  ( A G  P™ +rn ) , then th e 
central charg e i s z m/_|_m" o n it . So , th e centra l charg e o f th e cose t 
representation o f the Virasor o algebr a i s 

( D . O O J Z  =  Zm'^m"  =  Z mt +  Zyn"  ~~~  z m'-\-m" 

{ ml  ml'  m!  +  m"  1 
\ m f +  g  m"  -\-  g m!  +  TTI " +  p  J 

dim 9 

Let u s consider th e simples t case , i.e. , Q  — sl(2,  C ) an d m /r —  1 . Sinc e 
dim 9 = 3  and g  —  2  in thi s case , the abov e formul a become s 

\m' + 
1 m ' + l l 0  .  6 

x 3 •2 3  m ' +  S J (m /-h2)(m /H-3)* 

This i s just th e centra l charg e o f discrete serie s representations o f th e 
Virasoro algebra ! I n fact , a s we see in Example 6.12 , i f Ax varies al l of 
the element s o f P+ , th e discret e serie s representations o f the Virasor o 
algebra al l appea r i n this decompositio n o f the tenso r product . Sinc e 
they ar e realize d o n th e spac e o f unitary representation s o f a n affin e 
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Lie algebra , the y ar e naturall y unitarizabl e a s representation s o f th e 
Virasoro algebra . Thi s wa s on e use d metho d t o solv e th e unitarit y 
problem whe n 0  <  z  <  1 . 

Proposition 6. 5 i s th e formul a expressin g th e characte r CII A i n 
terms o f strin g functions . B y usin g thi s expression , on e ca n deriv e 
the formula decomposing the tensor product o f a level 1  representation 
and a  level m  representation . Here , for simplicity , we state th e resul t 
restricting ourselve s t o th e 'basi c representation ' L(Ao ) fo r a  leve l 1 
representation: 

PROPOSITION 6.7 . If  g  is  a  symmetric  affine  Lie  algebra,  and 
A e F ^ ( m € Z> 0), then 

A / G p m + 1 s t 

A'-(A 0 +A)eQ 

where 

(6.34) 

&A' ( r) =  ~r-w - 2 ^ e(w)q  2  '  -+9+1 "H-* 1 

r ^ r ' wew 

= -—— 7 >  >  elw)q  2  '  +  ™+9+ 1 m + ^ ' • 
*7(r) *,  — 

P R O O F . Sinc e 

rh'. = 
rj{r) 

c h ' =  1  y  e ^(Ao) 

7GM 

by Propositio n 6.5 , an d 

, _  A A + p 

by (4.72) , multiplying these , on e obtain s 

(6.35) ch' Ao .  ch^ =  1  .  - j- . ^A + P £  e ^ O . 
"W ^ 

So, se t 

(6.36) ( I ) : = A A + p £ e M A o ) 5 

7GM 
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and le t u s compute this . Sinc e 

wew 

by (4.58) , i t follow s tha t 

e ^ 6 x  (I ) = £  £  e(w)e^ A^^A^ 
weW 7G M 

= E  E  E  e(tn)e*^ (A+rt+^(Ao). 

Here i f we substitute 7  =  / ? -f 7' , thi s formul a become s 

e # ^ x ( I ) =  Z E E e W e ^ W A + p ) ^ ' ( A o ) ) . 
yjeV|7/3€M7'eM 

By th e way , since we hav e 

ty(Ao) =wt w-i1, -w~ l(h.0) =  wt w-iY(A0), 

A0 

the abov e formul a i s 

e$^jS x  (I ) =  E  E  E  e ( « ; ) e t ^ ( A ^ + ^ - 1 v ( A o ) ) . 
wewPeMyeM 

Here, i f we set tpw  =  w,  an d substitut e 7  : = w~ 1^'', then , sinc e 

t 7 (Ao)=A 0 +  7 - 2 , 7 ' 2 < S ' 

the abov e formul a take s th e for m 

(6.37) e^T^T * x  (I ) =  ] T J2  ^ H € w ( A + p + A o + 7 ) e - i | 7 1 ^ . 

Since the signatur e functio n e(w)  i s in th e righ t han d sid e o f thi s 
formula, i f A-fp-f A0+ 7 i s not a  regular element , then the summatio n 
of thi s ter m ove r w  G  W vanishes . Thus , w e hav e onl y t o tak e th e 
summation ove r 7  s o tha t A  4- p + A o 4- 7 become s regular . I n thi s 
case, i.e. , whe n A-f p +  A o + 7 i s a regula r element , on e can transfe r 
it t o th e interio r o f th e fundamenta l chambe r vi a th e actio n o f th e 
Weyl group . Namely , b y Lemm a 3.32 , ther e uniquel y exis t a  G  W 
and A ' G  P ^+ 1 (mo d GJ ) satisfyin g 

(6.38) A  + p  + A o + 7  =  cr(A ' + p)  mo d C<J, 

A ' - ( A +  A 0 ) G Q . 
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If w e write thi s a  as a — taa (a  £ M, a £ W) , the n a  (A' - f p) look s 
like 

(6.39) <r(A ' + p) = tQ . cr(A' + p) 

= cr(A / + p) + (m + # + l )a 

| ( a (A / +  p)|a) +  i | a | 2 (m +(7 + ! )}« . 

So, fro m (6.38 ) an d (6.39), we obtai n 

(6.40) A  + /> + A0 + 7 = ^(A' +  p) + (m + # + l )a, 

i.e., 

(6.41) 7  - a(A'  + p) + (m + p + l )a - ( A + p + A0). 

Let u s rewrite (6.37 ) by using (6.40 ) an d (6.41). B y settin g 

F(A\a,a) :=(a(A f +  p)\a) +  ^\a\2(m +  g + 1) 

- -\a{A'  +  />) + (m + <? + l )a - ( A + A0 + p)|2, 

we get (6.37) in the for m 

e2(m +  g )d
 X  (I ) 

ewta-a(A'+p)eF(A',a,a)6 

e~(A'+p) L ^ A ' ^ Q ^ 

Z E E E  * w 
A/-(A+A0)GQ 

E E  E *(*) {E *w 
A'-(A+A0)6Q N  "^7 ^ ' 

e 2(m + ff + l) -A A,+p 

A / e p m + i s t ^  ? e W " ^ 

A/-(A+A0)GQ 

a U 



6. VIRASOR O ALGEBR A 269 

Thus, (I ) o f (6.36 ) become s 

(6.42) 

E A ^+p{ E J2 £^e2(m+9+1)6e 2 ^ ^ ~ * -^6 pF(A>,<T,a)6 

A'eP™- a£W a ^M 

A / - (A+A 0 )€Q 

Therefore, puttin g th e coefficient s o f S  i n th e exponen t o f e  i n thi s 
formula b y G(A /,a, a), w e ge t 

(6.43) 
G(A',a,a) 

|A' +  p| 2 | A + /3 |2 

:=F(A',a,a) + 

1, 
2(m +  g + l)  2(m  +  g) 

\A + p\ [ 

-^\a(A' +  p) + {m + g + l)a-{A  +  A0 +  p)\ 2 

: ~ |  |a(A ' +  p)  + ( m +  g  + l ) a -  ( A + A 0 +  p)| 2 

-2(<?(A' + p)\a) -  (m  +  g +l)\a\2 -
\Af +  p\2 \A  + p\ 

+ 
(ra + #)(r a +  #  + l ) a(A' +  p ) A  + p 

m-\- g  -\- 1 m  +  g 
2 

2 |  ra + g  + 1  m-\-  g\ 

Rewriting (6.42 ) b y using (6.43) , we obtain th e propositio n b y (6.35 ) 
and (6.36) . • 

Note. Th e leve l o f th e elemen t o f f} * put o n e  i n (6.34 ) o f thi s 
proposition, 

w(Af - f p)  A  - f p 
a H  , 

ra +  g  + 1  m  -\-  g 

is 0 , an d henc e it s nor m i s invarian t eve n i f we add a  scala r multipl e 
—* 

of 5  to thi s element . Therefore , w e can replac e thi s par t b y it s f ) a s 
follows: 
(6.44) 

*fr*V) = ^v E  E  *(*) * 
(m + g)(m + g + l) W(A'+p ) A  + p 

D 
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Note. I n Propositio n 6.7 , w e impos e th e conditio n tha t g  b e sym -
metric, an d tha t on e o f th e representation s b e o f leve l 1 , bu t th e 
decomposition theore m o f th e tenso r produc t o f representation s i n 
this for m i s proved i n som e othe r cases . I n an y case , i f the characte r 
of on e o f th e representation s i s described i n term s o f it s strin g func -
tions, on e ca n appl y th e abov e metho d o f proof . Ther e i s n o plac e 
to explai n i n thi s book , bu t whe n on e o f th e representation s i s a n 
admissible representatio n tha t i s of a  wide r clas s tha n th e integrabl e 
representations, on e can also compute th e decompositio n o f the char -
acter o f th e tenso r produc t o f representations . b A?® (r ) als o ha s a 
meaning a s a  characte r o f the VF-algebr a associate d t o th e affin e Li e 
algebra. • 

6 ^ ? 0 A ( T ) arisin g in the above decomposition of the tensor produc t 
of the representations i s a function onl y of q = e 27rlT. Thi s i s because, 
in th e decompositio n o f L(Ao ) ®  £(A), fo r eac h A ' G  P™+1, w e ar e 
looking a t th e singula r vector s whos e weight s ar e th e sam e a s A ' G 
P™+1 modul o C£ , i.e. , elements of {A'  +  n5; n G  Z}. In general , whe n 
we write th e decompositio n o f L(A' ) (8 > L(A") a s 

(6.45) ch' A , .ch'A„= Y,  « C A > ) . c h J v , 
A e p r n ' + m " 

6A ® (r ) i s called a  branching functio n o f the decomposition of the 
tensor produc t o f representations. Sinc e chA's ar e modular functions , 
6A ® A (r ) i s also a modular function , an d its modular transformation s 
can b e obtaine d a s follows . First , i f we apply S  t o (6.45) , we have 

d4,|s-ch'A„|s= £  6 f W - i ) . d 4 | s , 

and i f w e rewrit e thi s formul a b y usin g th e formul a fo r a  modula r 
transformation o f ch r

A, 

for A r,A/; an d A , we obtai n 

(6.46) J2  £ ° (A ' y wA"> M") • <*;, • <*;„ 
fi' n" 

= E E C " ( ~ ) - « ( A , M K . 
A ii 



6. VIRASOR O ALGEBR A 271 

By th e way , since we hav e 

M 

M 

from (6.45) , we can rewrit e (6.46 ) a s follows : 

H' At" M 

= E E 6 A ' 8 A " ( - J ) - ( A - ^ ' 
A M 

ch^ i s a function o f (r , z, £), an d b y the linearly independence o f these 
functions, w e obtai n 

(6.47) Y.  E a(A'> "'MA", M")#®M" M 

A ^  ' 

for eac h p  e  P™' + m". T o pick u p the singl e b%® A" ( - £) i n the righ t 
hand sid e of this formula , w e use the fac t tha t th e matri x (a(A , ^)) i s 
unitary. Namely , sinc e w e have 

yZ a(A , M)O ( V»z/) =  ^A,L 
M 

by (4.81) , multiplyin g b y bot h side s o f (6.47 ) a( £/x, v) an d summin g 
over /x , we obtain th e nex t formula : 

&A' 0 A " ( - ; ) = E E E " ( A > ' ) a ( A " , / x " ) a ( A , V ) 6 i : ' ^ " ( r ) . 
^ '  M M ' M " 

Sine we have a(V > v) —  a(M> )̂ b y (4.82) , this formul a ca n b e rewrit -
ten a s follows : 

&A'0A" ( ~) =EEE°( A''j')fl(A"-"")«(M6!:'8''"(T)-
^ ' M M ' M" 

Moreover, i t i s easy t o comput e b A ® A ( r +  1) , and thi s ca n b e com -
puted b y Theore m 4.1 3 a s follows . First , b y lettin g r  — > r  +  1  in 
(6.45), w e hav e 

e2*isA,e2msA„ .  c ĥ  .   ̂=  J2  b^® A"(r +  1 ) •  e2 ™ A d 4 , 

A ( C pm'+m" 
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and comparin g thi s formul a wit h (6.45) , we obtai n 

&A '®A"( r +  1 ) =  e
2^(^+«A--«A) 6A ,®A , ,(T)> 

Let u s summariz e thes e a s a  proposition : 

PROPOSITION 6.8 . If  Q  is  an  affine  Lie  algebra  of split  type,  and 
A' e  P™  ,K" e  P^"  and  A  e  P™ / + m" ; modular  transformations  of 
the branching  function  b A ®  (r ) of  the  decomposition  of  the  tensor 
product of  the  representations  L(A')  ®  L(A") are  given as  follows: 

i. tf  ®A" H) 
= E ME^EM^(A,,M/MA,,,M,,)a(A,M)<®/i/#(r), 

2. 6 f ®A"(r+ 1 ) = e 2™^'*8*"-8^®*"(T). 

REMARK 6.9 . Th e decompositio n o f a  tenso r produc t ha s th e 
form 

(6.48) L(A' ) <g > L(A") -  0  (y A '®A" ®  L(A)), 

AeP™ /+TO" 

and i t i s (6.45 ) tha t expresse s thi s i n terms o f their characters . Here , 
V^'®A" i s a  Vir-module . Notic e tha t th e righ t han d sid e o f (6.48 ) i s 
the decomposition regarde d no t a s g-modules bu t a s ^-modules. Thi s 
is because, g  contains d, and the values of this element d  depend on the 
weight space s wher e th e singula r vectors , tha t giv e L(A ) i n L(A')  (& 
L(A"), lie , and the y ar e th e branchin g function s tha t measur e them . 
Therefore, th e righ t han d sid e o f (6.48 ) expresse s th e decompositio n 
regarded a s (Vi r ©^-module. I n general , th e Vir-modul e V ^ ® A i s 
not necessaril y irreducible . 

If w e replace r  b y —  \ i n (1 ) o f the abov e proposition , w e ge t 

(6.49 ) 

6 A ' ® A " ( T ) =  ^ ^ ^ a ( A ^ ^ ) a ( A ^ ^ 0 ^ A ^ ) 6 M ^" 

Using this formula, w e can study the asymptotic behavior of 6A ® (r ) 
as r  I  0 . I n th e righ t han d sid e o f (6.49) , th e term s tha t contribut e 
to th e principa l par t o f th e asymptoti c behavio r a s r  j  0  ar e thos e 
(//,/z",/i) whe n i t i s (m /A0,m//Ao, (ra ' +  ra")Ao)  o r it s imag e o f th e 
action o f W+ , i.e. , th e term s 

(//, / / ' , /J)  = (raVAo , m'VAo, (ra' +  m n)aA0) (a  e  W +). 
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And fo r A  G  P™ an d a  G  W+, th e formul a 

a(A,raAo) =  a(A,cr(raA 0)) 

does not necessaril y hold , bu t i n general , one can prove the following : 

LEMMA 6.10 . Let  g  be  an  affine  Lie  algebra  of  split  type.  If 
A',// G  P™; A ' V G  P ^ "; A,/ i G  P™'+m" 5 a ^ / y 

A' + A ' - A ^ ' +  ^ - M G O , 

t/ien the  next  formula  holds  for any  a  G  W+: 

a(A', //)a(A", /x;/)a(*A, //) =  a(A' , a ^ O M A ", <7(/z")M'A , <r(/i)). 

By thi s lemma , i t follow s tha t 

a(A', cr(m/A0))a(A//, cr(m //A0))a(A, <7((ra' + ra")A 0)) 

= a(A' , ra'A 0)a(A", ra"A 0)a(A, (m ' 4- ra")A 0) 

= a(A')a(A")a(A) , 

and henc e w e obtai n 

(6.50) &A® A"(T) ~  1̂ 1 • a ( A / ) a ( A / / ) a ( A ) e * ^ / + 2 f - / / - ^ / + - " ) 

as r  |  0 . 
Next, i f we specialize (6.45) , i n particular , t o z  —  t  —  0 , then w e 

have 
(6.51) 

c l 4 (r , 0,0) •  c h^ (r , 0,0) =  £  b%* A" (r ) •  cWA (r, 0,0), 
A e p ™ , + m " 

but sinc e th e asymptoti c behavio r o f ch^(r , 0, 0) =  XA( T ) ( ^ £  -Pf 1) 
as r  |  0  is given b y 

XA(T)~a(A)e* z-" (ASP™ ) 

by Theore m 4.17 , i t follow s fro m this , (6.50 ) an d (6.51 ) tha t 

a(A/)a(A//) =  ^  |  J|a(A/)a(A / /)a(A) •  a(A), 

AGP+
m '+ m" 

s.t.A-(A'+A")GQ 

and henc e w e obtai n 

A G p m / + m 

s.t.A-(A /+A")GQ 

Summarizing these , w e obtain th e followin g proposition : 
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PROPOSITION 6.11 . Let  g  be  an affine  he  algebra  of split  type. 

1. For  A'  G  P ^ \ A" G  Pf  and  A  G  P™'+m", the  asymptotic 
behavior as  r  I  0  of  the  branching  function  b A ® A (r ) of  the 
decomposition of  the tensor  product  of  representations L(A')  (g> 
L(A") is  given  by 

t>A®A"(r) ~  \J\  •  a(A ,)a(A,')a(A)e&{z™'+z™''-z™'+™") 

2. Fo r m  G  Z>o, ^ e following  formula  holds  for any  A  G P™: 

s.t.X-AeQ 

Note. Fro m (1 ) o f thi s proposition , w e ca n conclud e tha t fo r A ' G 
P™' an d A " G  P^1", a  A  G  P™'+m" satisfyin g A  - (A ' +  A" ) G  Q 
necessarily appear s i n th e decompositio n o f th e tenso r produc t o f 
representations L(A')  <S>  L(K"). D 
Note. Fro m (2 ) o f thi s propositio n an d Corollar y 4.1 5 i n §4.3 , i t 
follows tha t |  J | coincides with the number o f conjugacy classe s of P™ 
with respec t t o Q  fo r eac h fixe d m  G  N. Moreover , i t i s know n (cf . 
[Kos2]) tha t |  J | is equal t o th e determinan t o f the Car t an matri x o f 
the simpl e finite-dimensiona l Li e algebr a g . • 

EXAMPLE 6.12 . Fo r A[^  =  st(2,C) , sinc e dim g =  dims[(2,C ) = 
3 an d g  =  2 , th e centra l charg e o f th e Virasor o algebr a o n a n inte -
grable representatio n o f leve l m  i s 

m ,  _  3 m 
Zm =  —  d im g =  — . 

m +  g m  +  2 
Let u s conside r th e decompositio n o f the tenso r produc t o f represen -
tations Z/(Ao ) 0  L(A).  I f we se t 

j 
\md : = (m  -  j)A 0 +  jAi  =  mA 0 +  -a u 

in th e sam e wa y a s (4.89 ) i n §4.3 , then w e hav e 

XmJ +  2p = ( m + 4)A0 4- (J- +1 J a x 

( A m J | A m , J + 2 p ) = j ^ +  l J = 

and 



6. VIRASOR O ALGEBR A 275 

which implie s 

Am-' 2( m + 2) 2  4( m + 2)' ^m,j 

Since the level of a representation o f A[ '  appearin g i n the decompo-
sition L(AQ)  0 L(X rnj) i s m + 1 , if we put it s weight a s Am+i?fc, the n 
we have 

Am+i,fc 4 ( m + 3)' 

and henc e thei r differenc e i s 

ft! +h{  -h{ 

j ( j +  2 ) A;(A : + 2) 
4(m + 2) 4(r a + 3) 

= j ( j +  2)(m + 3) - fc(fc + 2)(m + 2) 

4(ra + 2)(r a + 3) 

_ [( J + l)( m + 3) - (f c + l)( m + 2)] 2 - 1  (f c - j) 2 

4(ra  +  2)(r a  +  3) 4 

- /,(-) _ (fe"J)2 

Namely, we have 

(6.52) h ™tk+1 = ^ + * »m j -  hi m+ik +  £ziL. 

This formul a show s tha t th e firs t plac e wher e th e singula r vecto r of 
£(Am+i?/c) appear s i n th e decompositio n o f L(AQ ) 0  L(X mj) i s the 
weight spac e o f weight 

* x  (f c - J ) 2 c  fc  ~ ~ i 
Ao +  Xmj  d  H o - Q i -

Here, if L(Am+i5fc) appear s i n the decomposition o f L(Ao) 0 L(X rnj), 
then sinc e i t shoul d satisf y 

Am+i,fc -  (A o + A m>J-) G  Za0 - f Za i, 

it follow s tha t k  = j mo d 2. 
Next, le t us compute th e branching functio n 

Cw^EE^ 2  '  m+ 3 ~m+2' 
' aeM weW 
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by usin g (6.44) . Sinc e we have 

— 7  + 1  —  k  -\- 1 
M =  Zai , A m > J -+p= — — a i , A m+ijfe +  p = ——-ai , 

by puttin g a  —  UOL\  (n G Z) , the above formul a become s 

(6-53) fctttrw 
= l r y £ te)o (m+2)^+3)l-1+^3)^1)-i(^)^l2 

r?(r) ^ *rL 
neZwew 

V( 
(m+2)(rn+3)[n+^±^~^±^}2 

v '  Kn£Z 

- J2  g (m+2)(m+3)[n~^^"^^]21 
n£Z ) 

Therefore, w e obtain the following decompositio n fo r A\ ' : 

L(A0) <8 > L(Am>i) =  £  ^ S i , i f e + i ^ ( m ) ) 0  ̂ ( Wi,*)-
0 < / c < m + l 

s.t. 
j = fc mod 2 

(6.53) i s a formula expressin g character s o f the Virasoro algebr a 
in term s o f the Weyl grou p o f A[  .  Ther e i s a  restrictio n j  =  k 
mod 2  in the decomposition o f the tensor product , bu t by using the 
relation h^[  k+1  —  h^_j_1_-_^2_k, on e can remove thi s restriction . 
And fo r all j , k,  we obtain the following formula : 

PROPOSITION 6.13 . For  m e  N  and  j,k e  Z> 0 satisfying  0  < 

j <  m and  0 < k  < m -f 1, H^{ fc+1 (r) can  be expressed in  terms of 

A\ as  follows: 

I •  ^  ( m + 2)(m + 3) I  w(Xm +  l,k+P) X m,j^ "  '2 

T?(T ) 
s^U+iW = ^ : Ee ( ^ 2  '  m+ 3 ~  m+ 2 

Note. Th e characters o f the discrete serie s o f the Virasoro algebr a 
enjoy th e modular invarianc e properties , bu t there i s a wide r clas s 
called "minima l series " (or , BPZ series ) know n (thank s to [BPZ]) to 
be a  class of representations wit h the modular invarianc e properties . 
The character s o f the minimal serie s representation s ca n also be ex-
pressed b y using th e affine Li e algebra A[  ' a s follows (here , w e se t 
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1 = 1,9  =  2): 

V(r)1 

1 -r— ^ (m  + g)(m'+g) I  w(X + p)  M  + p i 2 

(6.54) <p\Av)  := ^7^1 2 ^ e M<7 2  '  m+ 9 m '+91 

(A e r ,^ P ^ 
For a minimal serie s representation , ra and ml  ar e non-negativ e inte -
gers satisfying gcd(ra+2 , m' + 2) —  1, and in particular, it is a discrete 
series i f m  —  ml =  ±1 . Whe n g  is a symmetric affln e Li e algebra , th e 
functions ip\ ifJi defined b y (6.54 ) ar e th e character s o f minima l serie s 
representations o f the W-algebra , an d thei r modula r transformation s 
can b e describe d b y th e matrice s o f th e modula r transformation s o f 
the affin e Li e algebra , (cf . [FKW], [KW2] ) D 

The modula r transformation s an d the asymptoti c behavio r o f the 
characters o f the Virasor o algebr a ca n b e compute d ver y easil y b y 
using Proposition 6.8 , Proposition 6.11 , (6.53), (4.90 ) and the relatio n 
associated t o th e symmetr y o f the Dynki n diagra m 

of 4 ^ 
,Ai<g)Am J /  x  _ , A o 0 A m > m _ J - /  x  _ ^ ( m ) /  x 
° A m + i , f c \

T) -  y A m + 1 , m + 1_fcV
rJ -  -m+l-j,m+2-fcl T^ 

and w e obtain th e followin g proposition : 

PROPOSITION 6.14 . 

1 ^(m)  (_±\  -  V  <? (m) - ( m )
 (T) 

V 7  r',s'eNs.t. 
l<sf <r'  <m-\-l 

Here, S(™K  ,, s,s are  defined  as  follows: 

(6.55) 
c(m) /  1  x(r+s)( r

/
 + s

/ ) /  O  .  TTrr  .  7TSS 
S) \ ( l M  := ( — l )v ^  n ^  M  —  -s m si n . 

C^)^',*') V  ;  V ( m + 2)(m + 3) ra +  2 ra +  3 

2. 4 s 0 " ~  4/ 7 ̂ T T ^r s i n - s m ^ - e 1 2 r • 
' r| o y  (ra + 2)(ra + 3) ra +  2 m  + 3 

EXAMPLE 6.15 . Le t u s comput e th e character s o f th e Virasor o 
algebra fo r m = 1 . I n thi s case , its centra l charg e i s z^ =  |, and th e 
possible value s o f (r , s) ar e 

(r,s) =  ( l , l ) , (1,2) , (2,2) ; 
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(1) correspondingly, hrj  i s 

ft(i) _  o  h {1) -  - h{1) -  — 
^2 ,2 - 1 6 -

Thus, th e characters of the irreducible representations hav e the form s 

S g ( r ) =  g - A ( l +  - . . ) , 

Arranging (r , 5) in this order , th e matri x o f the transformation o f th e 
characters become s 

{S(r,s),(r>,s>)) ~ 

/ 1 
f 2 

1 
2 

\V2 

1 
2 
1 
2 

- 1 
x/2 

J _ \ 
V2 ) 
- 1 
V2 

°) 
So, i f we se t 

/ i ( T ) : = 3 g ( T ) + S $ ( T ) , 

/ 2 ( r ) : = 3 g ( r ) -  3 $ ( T ) , / 3 ( r ) : = V ^ -  S £ > ( T ), 

then thes e function s hav e th e followin g forms : 

0 0 

0 0 

/ i W =  9  4 '8 >  ]a. nq'l (a 0 =  1) , 

f2(r) = q-^J2(-l) nanq^ 
n=Q 

h(T)=q^^bnq
n, 

and thei r modula r transformation s ar e 

/ i ( - ; ) = / i ( r ) , / 2 ( - ^ ) = / 3 ( r ) , / 3 /2 (r ) . 

Thus, b y Lemm a 4.9 , i t follow s tha t fi(r)  =  <fti{r)  (i  =  1,2,3) . Here , 
the <t>i(rys  are the functions define d i n (4.45 ) i n §4.2 . I n this way, th e 
characters o f th e irreducibl e representation s o f th e Virasor o algebr a 
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for m  —  1 are obtaine d a s follows : 

(6.56) H<«(r ) - ^ M =  ^  -  «" * II U -  «""') • 

Moreover, b y (2 ) o f Propositio n 6.14 , th e asymptoti c behavio r o f 
E{

rJ(r) a s r  J  0 is 

S S ( T ) ~ 2  * e ^ ' 

(6.57) S ^ ( r ) ^ i - e ^ , 

^ 2 , 2 ( T ) ^ - 7 ^ - e 2 4 T -

EXAMPLE 6.16 . Le t u s consider th e tensor produc t o f level 1  rep-

'8 resentations o f Eg  .  Sinc e th e colabel s a^  ( 0 <  i  <  8 ) o f E 8 '  ar e 
given b y 

aX aX aX aX  ai  aX  aX  aX 

1 2 3  4  5  6 4  2 
3 

the only weight o f level 1 is A0, and there are three weights 2A0, Ai, A7 

of leve l 2 . Moreover , sinc e w e have h  =  g — ^2i=zQ o^  =30 , i t follow s 
that di m E8 =  8  • (3 0 + 1 ) = 248 . So , fo r m  =  1 , 2, each z m take s 

zi =  24 8 = 8 , z 2 =  •  248 = 1 5 + - , 
1 + 3 0 2  + 3 0 2 ' 

and th e centra l charg e o f th e Virasor o algebr a appearin g i n th e de -
composition o f th e tenso r produc t o f representation s L(Ao ) <8 > L(AQ) 
is 

2z1 -  z 2 =  - . 

h\ fo r weight s o f leve l 1  and 2  is 

15 3 
^ A 0 =  ^ 2 A 0 =  0 , h\ t =  — , h Ar =  - . 
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Let u s study th e decomposition o f this tenso r produc t o f representa-
tions. I f we let VQ  be a highes t weigh t vecto r o f L(AQ) , the n VQ  0 -u 0 

and foVo  ® vo — VQ  ®  fo^o are singular vectors , an d their weight s are 
2A0 an d 2Ao — a0 =  Ai , respectively. W e have 

2hAo-h2Ao = 0 =  / iH, 
(6-58) 1 5 ! 

2 ^ 0 - ^ = - - - ^ - ! =  ^ - ! , 

and sinc e ther e ar e no othe r value s o f h  o f th e discret e serie s fo r 
z —  \ o f the Virasoro algebr a tha n thos e i n (6.58) , which diffe r fro m 
2/IA0 —h2A0 or 2/IA 0 —  h\1 b y an integer, L(2Ao ) an d L(A{)  ca n appea r 
only in the forms L(2A 0) 0  3J(0 , |) an d L(Ai) 0  2J(jg , | ) . Here , the 
discrepancy — 1 in (6.58) come s from tha t th e fact tha t th e first plac e 
where a  singula r vecto r o f this weigh t appea r i s 2Ao — ao, and tha t 
(d,a0> =  1. 

Let u s see what L(A 7) looks like . Sinc e 

2hAo-hK7=-i-=l--2 =  h (l\-2, 

if w e denote th e firs t plac e wher e a  singula r vecto r o f thi s weight 
appears by 2AQ — a, then a G  Yli=o ^>oai shoul d satisfy th e following 
conditions: 

i. A 7 = 2A 0 -  a , 

ii. (a , d) =  2 , i.e., a —  2ao + X)i= i rn i°Li ( m* £ ^>o)-

For Eg  ,  if we express Yli=o  miai a s 

' rriQ mi  Tri2  ?^ 3 w& 4 ?^ 5 ' ^ 6 rr ^7 
m8 

then b y the above conditions , a  look s lik e 

' 2 2 2 2 2 2 1 0 
1 

We denote th e multiplicity o f singular vector s i n this weight  spac e 
(L(Ao) 0  £ (AO))2A 0 -A 7 b y a. Wha t w e can say about a  at thi s stag e 
is a  > 1 only. So , we can write th e decomposition o f L(AQ ) 0  L(AQ) 
as follows : 
(6.59) 

L(A0) 0  L(A 0) =  ( L ( 2 A 0 ) ®  9J(ftg, z (1 ))) ©  ( L ( A I) 0  9J(/ig , ^ ( 1 ))) 

© ( a . L ( A 7 ) 0 5J(/ i^,z ( 1 )) 
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Let u s prov e tha t a  = 1 . 
From (6.59 ) an d th e asymptoti c behavio r (6.57 ) o f the character s 

of th e Virasor o algebr a fo r m  =  1 , th e asymptoti c behavio r o f th e 
branching function s i s 

W A o M = H i i ( r ) ~ ^ - e * 

(6.60) 6^f Ao(r) =  S ^ ( r ) ~ 4 = - e ^ 

^ f A o ( r ) =  a - 3 g ( r ) ~ | . e ^ . 

On th e othe r hand , sinc e th e asymptoti c behavio r o f fr A°® °(r ) 
(A G P+ ) i s given b y 

(6.61) 6 ^ A ° ( r ) ~ a ( A ) e ^ 

by (1 ) o f Propositio n 6.11 , on e ca n se e fro m (6.60 ) an d (6.61 ) tha t 
a(A) (A  e  Pi)  i s given b y 

a(2A0) =  - , a(Ai ) =  - ^ , a(A 7) =  | . 

So, b y usin g X>AGP 2 a ( ^ ) 2 —  1 ? w e conclud e tha t a  —  1. Thu s w e 
obtain th e decompositio n o f L(AQ ) ®  £(A0) a s follows : 

(6.62) 

L(A0) 0  L(A 0) =  ( L ( 2 A 0 ) 0  »(ftft , * ( 1 ))) 0  ( L ( A X ) 0  9J(ft$ , ^ ( 1 ))) 

'L(A7)(8>9J(ftg,^(1)) 

In term s o f their characters , i t ha s th e followin g form : 

(6.63) (ch^) 2 =  ch^ Ao •  S g ( r) +  CW AT •  s g ( r) +  ch ^ •  s g ( r ). 

Since ch^ o i s invarian t unde r th e modula r transformations , an d th e 
modular transformation s o f the characters o f the Virasoro algebra ar e 
known, i t i s quit e eas y t o comput e th e modula r transformation s o f 
cb4 ( A G P |) b y using (6.63) . W e showed thei r modula r transforma -
tions in §4.3 . Som e of the concret e values of a(A, /i) show n i n §4.3 are 
computed i n thi s way . 
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We defin e th e fusio n coefficient s N^,,  (£,£',£ " G  VIR(m)) o f 
the Virasor o algebr a b y usin g th e Verlind e formul a a s follows : 

E 
xGVIR(m) 

Q(m) Q (m) Q (m) 

^(1,1),* 

Concerning thi s fusio n coefficient , w e have the nex t proposition : 

PROPOSITION 6.1 7 (cf . Theore m 4. 3 of [FKW]) . Set  representa-

tives of  £,£',£" in  VIR(m) as(j+l,k+l),(j'+l,k'+l),(j"+l,k"+l). 

The fusion  coefficient  N^ tK,, can  be  expressed  by  using  that  of  the 

affine Lie  algebra  A\ as  follows: 

N(m) _ 

# A n ,3 T*m,j'  i*-m,j n ^*A m +  1)fc ,> 

{if one  can  choose  representatives  of 

£,£',£" satisfying 
j + j' + j"e2Z, k  + k'+ k"  e2Z), 

0 (otherwise). 

Since we know the fusio n coefficient s fo r A[  '  fro m §5.1 , by usin g 
them, th e fusion coefficient s o f the Virasoro algebra can be concretel y 
described a s follows : 

COROLLARY 6.18 . If  we  set  representatives  of '£,£'',£" in  VI R 
as (j + 1 , &+1), (j '-fl, fc' + l) , (j"  + l,k" +  l), then  the  fusion coefficient 

(m) 

N(rn) 

NyZJ ctf  is given  by  the  following formula: 

1 (if  one  can  choose  representatives  of 

£,£',£" satisfying 

j+j'+j", k  + k' +  k" €2Z , 

j+j'+f <2m, 

k + k' +  k" <  2(m + l) , 

\k' -k"\  <k<k'  +  *"), 

I 0 (otherwise). 

Note. Ther e exist s a  simila r formul a fo r a  fusio n coefficien t o f th e 
minimal serie s o f the VF-algebr a associate d t o a  symmetric affin e Li e 
algebra (cf . [FKW]) . • 
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The Virasor o algebr a play s a n importan t rol e i n conforma l fiel d 
theories an d verte x operato r algebras . 
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Further Development s 

Those wh o scrap e togethe r a  livin g da y b y da y clea r hav e n o 
prospect o f th e future . Al l da y an d ever y day , the y onl y manag e t o 
finish thei r jobs . 

There ar e to o man y field s relate d t o infinite-dimensiona l Li e al -
gebras fo r m e t o b e abl e t o cove r the m all . Automorphi c forms , 
combinatorial identities , lin k invariants , solito n equations , quantu m 
groups, solvabl e lattic e model s i n statistica l physics , theory o f super -
strings i n particl e physics , conforma l fiel d theory , gravitationa l fiel d 
theory, etc. - th e relate d branche s i n bot h mathematic s an d physic s 
are broad , an d th e cours e o f th e developmen t o f th e representatio n 
theory o f infinite-dimensional Li e algebras ha s bee n affecte d b y al l of 
them. Becaus e of these systematic and intricately intertwined connec -
tions, th e representatio n theor y o f infinite-dimensiona l Li e algebra s 
has grow n t o includ e eve n deepe r contents , ha s absorbe d ne w live s 
constantly, an d ha s maintaine d it s freshness . 

In fact , ther e ar e mor e researcher s wh o ar e studyin g th e repre -
sentation theor y o f infinite-dimensiona l Li e algebra s fo r suc h appli -
cations tha n ther e ar e thos e studyin g i t a s a  representatio n theory . 
Such thing s wer e a  motive fo r extendin g th e representatio n theor y o f 
Lie algebras i n the righ t direction . Fo r example , i t seem s that confor -
mal fiel d theorie s canno t b e discovere d withou t affect s fro m physics . 
Those who told us the importance of Virasoro algebra, Neveu-Schwar z 
algebra, Ramon d algebr a an d verte x operato r algebra s ar e physicists . 
Even now , th e researcher s wh o ar e studyin g superalgebra s 'practi -
cally' ar e physicists . Th e fac t tha t physicist s ar e intereste d i n thos e 
things guarantee s tha t i t i s a nice 'object ' t o study , an d th e autho r i s 
delighted. W e mathematician s ca n concentrat e o n inquirin g deeply , 
on pursuin g beauty , an d o n searchin g fo r dee p significanc e withou t 
sticking t o it s applications . I t i s goo d fo r researc h o n th e represen -
tation theor y o f Li e algebra s t o b e i n suc h a  favore d environment . 
Without retirin g int o oneself , natur e tell s u s wha t w e should do . 

285 
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There alway s i s a  symmetr y underlyin g a  physica l phenomenon , 
and i f w e accep t tha t non-artificia l 'goo d mathematics ' possesse s a 
symmetry, a s the universa l principle , the n th e fundamenta l algebrai c 
systems describin g it s symmetry migh t b e groups o r Li e algebras . O f 
course, the y ar e no t al l o f th e symmetry . Bu t eve n quantu m group s 
are bor n i n th e framewor k o f Li e algebras , an d i t seem s tha t Li e 
algebras ar e stil l th e mothe r o f quantu m groups . Othe r "mothers " 
of verte x operato r algebra s includ e th e Monste r simpl e grou p an d 
infinite-dimensional Li e algebras . 

In thi s way, the influenc e o n groups an d Li e algebras a s algebrai c 
systems describin g symmetr y mus t continu e a s lon g a s th e science s 
try t o elucidat e nature , whethe r mathematica l o r physical . Thus , I 
think tha t th e representatio n theor y o f Li e algebra s wil l enlarg e it s 
contents an d mak e soun d developmen t withou t burstin g lik e bubble s 
or goin g bankrupt . 

So, I  canno t imagin e th e directio n afte r now . Wh o o n eart h 
could hav e predicte d th e presen t situatio n 3 0 year s ago , i.e. , whe n 
Kac-Moody algebra s appeared ? Eve n 2 0 years ago ? 

Therefore, I  wil l guess abou t th e researc h subject s fo r onl y a  fe w 
years fro m now , restrictin g mysel f t o th e framewor k o f th e represen -
tation theor y o f Lie algebras. I t wil l be a  highly biase d poin t o f view, 
owing t o m y narro w outlook . Concernin g th e representatio n theory , 
I fee l tha t th e followin g direction s ar e possible : 

1. Th e representatio n theor y o f simple finite-dimensional  Li e su -
peralgebras an d o f affin e Li e superalgebras . 

2. Th e structur e an d th e representatio n theor y o f the W- algebra 
associated t o a n affin e Li e algebr a an d a n affin e Li e superal -
gebra. 

3. Th e representatio n theor y o f super-conformal algebras , an d o f 
their associate d conforma l superalgebras . Als o th e relation s 
among them . 

4. Th e representatio n theor y o f toroida l Li e algebras . 
5. Thei r extensio n t o quantu m groups , an d thei r applications . 
6. E t ceter a 

The representatio n theor y o f affin e Li e superalgebras is , surprisingly , 
an unexplore d field.  Eve n th e genera l case s of finite-dimensional  rep -
resentations o f simpl e finite-dimensional  Li e superalgebra s ar e stil l 
open. Th e characte r formula e o f finite-dimensional  representation s of 
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$i(m\n) wer e completed onl y recently (cf . [Sergl]). 1 Th e representa -
tion theor y o f the affinizatio n o f this algebr a i s almost unknown , bu t 
it shoul d b e a  nic e object . 

One ma y fee l tha t fo r a  Li e superalgebra , th e onl y differenc e 
is tha t th e bracke t produc t become s th e super-bracke t product , an d 
many theories work as well as Lie algebras, but thi s is not true . Ther e 
are bi g obstructions . Certainly , ther e ar e som e technica l difficulties , 
but onc e we overcome them, w e can find completel y differen t aspects . 
Therefore, thi s originate s essentiall y i n it s interior . 

First, a n obstructio n arise s i n th e analysi s o f Verm a modules , 
but thi s i s no t th e onl y problem . Fo r a n affin e Li e algebra , ther e i s 
a modula r invarianc e a s w e saw i n thi s book , an d th e discret e serie s 
of Virasor o algebr a playe d a  role . But , fo r a  Li e superalgebra , th e 
unitarity doe s no t hol d eve n fo r a n integrabl e representation . S o we 
cannot appl y th e discret e serie s o f Virasor o algebra . I t seem s tha t 
the modula r invarianc e i s als o broken . Therefore , it s representatio n 
theory eventuall y differ s fro m th e representatio n theor y o f affin e Li e 
algebras. 

Even fo r affin e Li e supe r algebras, ther e i s a  cas e whe n modula r 
invariance necessaril y appears . Tha t is , the characte r formul a o f th e 
trivial representation , i.e. , th e denominato r identity . On e sid e o f th e 
denominator identit y i s infinit e product s o n roots , an d i t i s a  mod -
ular functio n tha t ca n b e expresse d a s a  produc t an d a  quotien t o f 
the Jacob i thet a functions . Th e denominato r identit y i s a  formul a 
expressing i t b y a n infinit e sum . I f w e do thi s i n practice , w e obtai n 
something completel y differen t fro m thos e fo r affin e Li e algebras . 

Let u s se e this b y a  simpl e example . Le t u s conside r th e denom -
inator identitie s o f affin e Li e superalgebra s o f typ e A(1,0)  =  sl(2, 1) 
and B(l,  1 ) =  oip(3 , 2) tha t ar e affinization s o f A(l,  0 ) =  sl(2,1 ) an d 
B(l , 1 ) =  05p(3 , 2) in Figure 1.2 . W e name the simple roots of A(l, 0) 
and J5(l , 1) a s in Figure 1.2 , an d denot e a  new root appearin g b y th e 
affinization b y c*o . Then , fo r eac h case , th e fundamenta l imaginar y 
root look s a s follows : 

J a0 +  a i +  a 2 fo r A(1,0) , 

~ \a 0 +  2a1+a2 fo r 5(1,1) . 

S is an eve n roo t i n eac h case . 

1 Translator's note.  Se e [Serg2 ] fo r furthe r developments . 
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First, whe n w e set u  : = e  a ° , v :=  e " 2 , q :— e 5 , th e denomina -
tor identit y o f A(l , 0) become s 

(1) 
yr ( 1 - g n)2(l -  uvq 71'1)^ -  (uv)- lqn) 
AA (1 + ug71-1)^ + i/-1gn)(l +  vqn~l){l +  v- 1qn) 

= X  (-l) m + n^m^n^m n -  X I (-l) m + numvngm r \ 
m,n>0 m,n<0 

One ca n als o fin d thi s formul a i n th e ol d analysi s tex t o f Whittake r 
and Watso n [WW] . Th e denominato r identit y fo r 5(1,1 ) i s slightl y 
more complicated , an d b y settin g u  :=  e~ ai,v : = e~ a2,q :=  e~ 6, i t 
becomes 

(2) 

n (l+uqn-1)(l+u-1qn)(l-\-uvqn-1)(l +  (uv)- 1qn)(l+uv2qn-1)(l+u-1v-2qn) 

E E > ( - l ) 
m,n>0 ra,n<0 

s.t. s.t . 
ra=n+l mo d 2  ra=n+l  mo d 2 / 

According t o [Hie] , thes e ar e th e Ramanuja n moc k thet a functions ! 
Then, on e coul d cal l th e denominato r identit y o f affin e Li e superal -
gebras a  generalizatio n o f the moc k thet a functions . 

As an applicatio n o f (1) , one can deriv e the modula r transforma -
tions o f th e character s o f th e minima l serie s representation s o f th e 
N =  2  super-conforma l algebr a (cf . [KW3]) . An d b y usin g thei r 
modular transformations , on e ca n comput e th e fusio n algebr a o f th e 
N =  2  super-conforma l algebra . Th e reaso n wh y th e denominato r 
identity o f A  (1,0) ha s suc h a n applicatio n i s tha t th e N  =  2  super -
conformal algebr a i s the W- algebra o f A(l,  0) . Th e relation s betwee n 
an affin e Li e superalgebr a an d it s W'-algebra , i n particula r betwee n 
their representations , ar e very interesting researc h subject s afte r this . 
In the same way as I described the characters and their modular trans -
formations o f representation s o f Virasor o algebr a b y usin g s((2,C) , 
one may possibl y describ e representation s an d thei r propertie s o f th e 
W-algebra b y usin g th e associate d affin e Li e superalgebra . Fo r thi s 
purpose, on e ha s t o stud y representation s an d thei r propertie s fo r 
affine Li e super algebras. 
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Similar t o th e cas e o f Li e algebra s an d Li e superalgebras , ther e 
are som e serie s o f super-conforma l algebras , an d the y ar e classifie d 
by Ka c [Kl] . Amon g them , th e simples t ar e N  =  0  (Virasoro) , 
N =  1  (Neveu-Schwarz an d Ramond) , 7 V = 2 , i V = 3 , N  =  4  super -
conformal algebras, 2 an d N  =  2  super-conforma l algebra s relate d 
with th e mirro r symmetry , an d the y ar e mainl y studie d b y algebrai c 
geometers and physicists . Fro m the viewpoint o f the structure o f N = 
2 super-conformal algebra , thi s symmetr y i s an exchang e o f two od d 
fields. Fo r N  =  3  and T V = 4 , th e eve n par t o f th e super-conforma l 
algebra i s s 1(2, C) an d i s non-abelian . S o their representatio n theor y 
becomes mor e interestin g an d difficult , sinc e the y ar e relate d t o th e 
representation theor y o f th e affin e Li e algebr a sl(2,C) . Includin g 
these, i t i s interestin g t o stud y th e representatio n theor y o f super -
conformal algebras , th e modula r transformation s o f thei r character s 
and th e associate d fusio n algebras . 

Moreover, th e conforma l superalgebr a (CS A fo r short ) ha s re -
cently bee n discovere d b y Kac , an d it s definitio n i s give n i n §2. 7 of 
[K5]. Thei r representatio n theor y ha s bee n starte d i n [CK] . I t i s 
like a  matsutake  mushroo m derive d fro m a  bi g tre e calle d a  verte x 
operator algebra , an d i t i s a portable versio n o f a  super-conformal al -
gebra an d a  vertex operator algebra . Ther e i s an experimenta l repor t 
saying that i t i s more delicious to munch a  matsutake  mushroo m tha n 
its landlor d i.e. , a  Japanes e re d pine . 

Let u s also munch i t a  bit. A  portable version of Virasoro algebr a 
is called Virasor o conforma l algebra . Usin g th e symbo l L , thi s i s th e 
C[d]-module C[d]L  generated b y L  wit h th e operatio n 

L- L=(< 9 +  2A)L , 

and thi s operation i s an algebrai c expression o f the operato r product s 
in th e correspondin g verte x operato r algebra . I n th e abov e formula , 
A is a  parameter , an d th e symbo l L  -  L i s the generatin g functio n o f 

L(n)L G  G[d]L ( n G  Z>o). Th e representatio n theor y o f thi s algebr a 
as a  CSA , i n particula r th e proble m o f extensions, ca n b e ver y easil y 
obtained (cf . [CKW] ) b y simply computin g polynomial s i n two vari-
ables (regardin g d  an d A  as indeterminates) . I n othe r words , thi s i s 
the cohomolog y o f Virasor o algebra , an d on e ca n compar e thi s wit h 

2These name s wer e no t use d ye t i n [Kl] . Ki iK2(— W2),Ks  m  P^-l ] ar e 
N =  1 , TV = 2 , TV = 3  respectively ; S' 2 i s N  =  4 ; an d W 0 i s T V = 0 . T V represents 
the numbe r o f od d field s whos e conforma l dimensio n i s | . 
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the resul t state d i n item F  i n Section 3  of Chapter 2  of [Fu] . Further -
more, th e classificatio n o f differentia l Li e algebra s (cf . [Cas] ) ca n b e 
very easil y obtaine d b y usin g CSA's . 

The representatio n theor y o f CSA' s i s in th e proces s o f develop -
ing a s a  ne w branc h o f representatio n theory , unde r th e nam e 'al -
gebraic conforma l fiel d theory' . .  I t wil l b e quit e interestin g t o se e 
further development s suc h a s which sor t o f physica l o r mathematica l 
applications the y hav e an d wha t ar e th e relation s wit h th e so-calle d 
topological conforma l fiel d theory , etc . 
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Among these references , le t u s give some remarks relate d t o eac h 
chapter. 
Chapter 1 : 
In [YS] , representation theorie s o f a group o f rotations SO(3)  an d it s 
universal coverin g grou p SU{2)  ar e explaine d i n detail . Goin g bac k 
to som e year s ago , whe n I  wa s a  studen t o f physics , I  wa s bothere d 
by th e word s ' a representatio n o f a  group ' o r 'a n infinitesima l trans -
formation', whic h ar e no t define d i n a  lectur e fo r junio r year , an d 
by thi s book , I  fel t tha t th e relatio n betwee n a  Li e grou p an d th e 
corresponding Li e algebr a o r representatio n theorie s o f Li e algebras , 
at leas t fo r SU{2)  an d sl(2,C) , becam e clea r t o me . I t wa s a  ver y 
impressive boo k i n my  studen t days . 

When I  could understan d s((2 , C), I  wanted t o kno w furthe r the -
ories. Then , th e boo k tha t I  foun d i n a  librar y whic h seeme d eas y 
even fo r m e wa s [Iwl] . Afte r explainin g fundamenta l fact s o n semi -
simple Li e algebra s an d thei r genera l properties , i n / / , fo r example , 
the Killing form fo r eac h simple Lie algebra i s computed cas e by case, 
and i t was my great pleasur e to compute them alon g with the book. I 
was taken prisoner b y the Lie algebras. But , eve n if it was interesting , 
there wa s nothin g lef t t o mak e a  livin g i n th e worl d o f simpl e finite-
dimensional Li e algebras . I n 1982 , when I  me t wit h Kac-Mood y Li e 
algebras, i t reminde d m e o f m y dee p emotio n o n readin g thes e tw o 
books in my school days, and I  burned wit h ardor . Eve n if it was sim-
ply a  useles s gam e a t a  stage , i t migh t tur n ou t t o b e useful . I n thi s 
sense, althoug h i t i s my  persona l impression , [YS] , [Iwl ] an d [Iw2 ] 
might b e th e bes t introductor y book s t o Li e algebras. 3 Eve n thoug h 
they ar e old publications , thei r content s hav e never los t vitality . [Po ] 
is also famou s a s a n introductor y boo k t o a  relevan t topic . 

Since I had a  hard tim e in my seminar fo r senio r yea r an d maste r 
course with a n old version o f [Hel] , i t wa s especially memoried , an d I 
think it s Chapte r 3  (Topic s i n Carta n subalgebra s an d roo t systems ) 
is well-organized . 

[Bour2] i s a  detaile d expositio n o f roo t system s an d Coxete r 
groups, an d probabl y (i f th e reade r doe s no t dislik e linea r algebra ) 
the reade r ma y lear n enoug h b y reading only thi s volume . Th e lis t o f 
root system s i n it s appendi x i s also useful . 

There i s an exposition o f Lie superalgebras an d relate d geometr y 
in [Man] . 

3 Translator's  note.  [Iw2 ] an d [GW ] trea t simila r topics . 



BIBLIOGRAPHY 297 

Concerning Kac-Mood y Li e algebras , [K4 ] seem s t o b e th e bes t 
book bot h a s a n introductor y boo k an d a s a  sid e book . A s a n intro -
ductory book , th e first  editio n o f this boo k (Birkhause r 1983 ) i s easy 
to follow , an d i s rathe r suitabl e sinc e i t doe s no t explai n s o man y 
things. I  was craz y abou t readin g th e manuscrip t o f the first  editio n 
of this book . Kac-Mood y Li e algebras ar e similar t o and , a t th e sam e 
time, slightl y differen t fro m finite-dimensional  Li e algebras , bu t be -
cause o f thi s smal l difference , w e hav e suc h a  ne w world , an d I  wa s 
greatly touche d b y severa l beautifu l scene s develope d i n thi s book . I 
thought I  would lik e to g o on furthe r tha n thi s book . Thi s boo k wa s 
really impressive . 
Chapter 2 : 

A proo f o f th e characte r formul a an d th e structur e o f th e roo t 
system o f a  BK M Li e algebr a i s explained i n §11.1 3 of [K4] . Super -
izing it , on e may find  th e characte r formul a an d th e roo t syste m o f a 
Lie superalgebra give n in an appendix o f [GNl] , but th e theory itsel f 
can be developed i n analogy to the case of Lie algebras, a s I explained 
in Chapte r 2  of this book . I n particular , i t seem s tha t relation s wit h 
modular form s wil l b e develope d furthe r (see , e.g. , [Bor2] , [Bor3] , 
[Bor4], [GNl ] an d [GN2]) . 
Chapter 3 : 

Concerning the representation theor y of simple finite-dimensional 
Lie algebras , [Hum ] i s said t o b e a  standar d textbook , bu t i t migh t 
depend upo n th e reader' s taste . I s seem s tha t [FH ] i s a n accessi -
ble book . [CSM ] consist s o f thre e chapter s Li e algebra s writte n b y 
Carter, Li e group s b y Sega l an d linea r algebrai c grou p b y Macdon -
ald an d i t i s a n well-arrange d boo k wit h 19 0 pages . On e ca n find a 
detailed explanatio n o f the Shapovalo v determinan t i n [MP] . 
Chapter 4 : 

[Ser] an d [Mum ] ar e readable introductor y book s on theta func -
tions. [Z ] i s als o a  well-summarize d exposition . I t seem s t o m e tha t 
[KP] i s a  monumen t t o th e representatio n theor y o f affin e Li e alge -
bras. I t i s in this paper where the modular invariance of the character s 
was discovered . Fo r a  continuatio n o f thi s chapter , th e reade r ma y 
refer t o Chapte r 1 3 of [K4] , or [KW1] . 
Chapter 5 : 

There ar e man y paper s o n conforma l field  theorie s an d o n fusio n 
algebras, an d th e publishe d monographs , a t th e moment , ar e almos t 
all writte n b y physicist s fo r physicists , an d ther e ar e to o man y har d 
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obstructions fo r m e t o understan d thei r symbol s an d th e wa y o f de -
scriptions. I n suc h situation s i t seem s tha t [FMS ] i s accessibl e als o 
to mathematician s an d explain s conforma l field  theorie s an d fusio n 
algebras i n detail . A n outlin e o f conforma l field  theorie s an d thei r 
related topic s i s also given i n [Koh ] i n thi s serie s o f courses . 
Chapter 6 : 

Let me introduce some references treating soliton equations which 
are not touche d upo n i n this book. Th e article s where one discovere d 
how to describe solito n equation s b y means o f symmetry o f affine Li e 
algebras ar e [DJKM1] , [DJKM2 ] an d [DJKM3] . I n connectio n 
with that , [I.Pr ] wa s als o impressive . A s a n expositio n i n Japanese , 
I shal l first  recommen d [MJ] . Thi s i s a  vivi d expositio n whic h ex -
plains th e theor y discovere d jus t then . I n [MJ] , afte r a  repor t b y 
Miwa an d Jimbo , the y unrolle d a  round-tabl e tal k wit h Miki o Sato ; 
the excitemen t an d th e heate d atmospher e whe n they discovere d thi s 
magnificent theor y ar e recorde d a s the y were . Now , i t ha s alread y 
been a  decade , withou t growin g ol d a s we liste n t o Beethoven' s mu -
sic, i t stil l make s a  fres h impressio n o n m e whe n I  rerea d i t eve n 
now. 

[MJD] i s an expositio n b y those wh o discovered th e transforma -
tion grou p o f solito n equations . O n th e contrary , th e autho r o f [Jl ] 
did no t touc h upo n affin e Li e algebras, bu t state d th e history an d th e 
background o f solito n equation s an d relate d topic s i n othe r fields  o f 
mathematics. So , i t seem s mor e recondit e t o me . 

The bridges that connec t solito n equations and affine Li e algebras 
are bilinea r differentia l operator s o f Hirota . I n [Hir] , I  am pulle d i n 
by the skillfu l techniqu e o f treating severa l solito n equation s use d b y 
the author . Th e phras e 'affin e Li e algebras ' doe s no t appea r i n thi s 
book; i t i s quite interestin g t o turn ove r in the reader' s min d throug h 
looking a t severa l example s treate d i n thi s book . 

Studies o n hierarchie s fo r toroida l Li e algebras hav e just started , 
and i t seems they provid e u s with new types of soliton equations tha t 
are differen t fro m thos e fo r affin e Li e algebras (cf . [Bil] , [ISW]) . 

Representation theorie s of the Virasoro algebra are well-organized 
in [KR] . Thi s i s a  documen t o f twelv e lecture s give n b y Ka c i n 
December 198 5 an d Januar y 198 6 a t th e Tat a Institut e i n India . I t 
was exactl y th e perio d whe n researc h o n th e representatio n theor y 
of th e Virasor o algebr a wa s begu n fro m bot h th e physica l an d th e 
mathematical side , an d wa s accelerating . Whe n thes e lecture s wer e 
given, Ka c himsel f wa s also getting mor e an d mor e excited abou t th e 
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relations betwee n Virasor o algebr a an d affin e Li e algebras. Althoug h 
this book i s small, i t wel l depicts the heated atmospher e o f that time . 

There ar e some textbook s o n vertex operato r algebras , bu t sinc e 
the way s t o trea t J-functio n ar e differen t an d henc e th e way s t o de -
scribe rea l calculus , i.e . computation , differ , an d the y see m t o b e 
different a t leas t a t a  glance , th e reade r ma y follo w hi s o r he r ow n 
taste. I  personally prefe r [FLM ] a s a  pioneer o f vertex operator alge -
bras. I n [K5] , it say s tha t th e essenc e o f a  vertex operato r algebr a i s 
in its "locality" , an d th e autho r construct s th e theory fro m thi s poin t 
of view. It s descriptio n i s clear , an d i t ma y tel l u s wha t a  'pleasure ' 
it i s to pla y wit h verte x operato r algebras . 
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