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Preface 

The asymptoti c propertie s o f th e likelihoo d rati o pla y a n importan t par t i n 
solving problems i n statistics fo r variou s schemes of observations. Wal d [195 , 196 ] 
and Le Cam [168 , 169 ] were the first  to commence developing asymptotic method s 
in mathematical statistic s based on asymptotic properties of the likelihood ratio. A t 
first, sequence s o f independen t rando m variable s wer e considere d usin g th e centra l 
limit theore m fo r th e logarith m o f th e likelihoo d ratio . Thes e investigation s gav e 
rise to the notion of the local asymptotic normality (LAN ) of a family o f probabilit y 
measures generate d b y observed rando m variable s [169] . Late r o n Hajek an d Sida k 
[14], Chibiso v [125] , Roussa s [110] , Ibragimo v an d Has'minski i [40] , Dzaparidz e 
[29], and other s developed a  rather genera l asymptoti c theor y o f parameter estima -
tion an d hypothesi s testin g base d o n asymptoti c propertie s o f th e likelihoo d rati o 
for sequence s o f mutually dependen t rando m variables . 

The extensio n o f statistica l method s t o time-continuou s stochasti c processe s 
attracted th e attentio n o f many scientists . Amon g th e firs t work s i n thi s field  wa s 
the work b y Ul f Grenande r [24] , which marke d th e beginnin g o f active researc h o n 
developing statistical methods for Gaussian and stationary processes [2 , 32, 37 , 40 , 
41]. Man y asymptoti c method s fo r estimatin g Gaussia n diffusion-typ e processe s 
based on the LAN property can be found i n the book by Ibragimov an d Has'minski i 
[40]. Th e extension o f the asymptoti c method s o f mathematical statistic s base d o n 
the central limit theorem an d the LAN property to non-Gaussian an d nonstationar y 
stochastic processe s gav e rise t o ne w idea s i n th e theor y o f stochasti c processes . 

In recen t year s convenien t formula s fo r densitie s o f probabilit y measure s gen -
erated b y stochasti c processe s wer e obtaine d an d limi t theorem s fo r variou s sto -
chastic processe s wer e proved . Eventually , th e asymptoti c method s becam e a n 
important too l i n studyin g diffusion-typ e [57 , 62 , 68 , 103 ] an d countin g [57 , 71 , 
78, 183 , 186 ] processes , processe s wit h independen t increment s [73 , 129 , 163 , 
199], Marko v processe s [77 , 132 , 162] , and semimartingale s [83 , 84 , 119 , 166] . 

In this book we describe the asymptoti c method s fo r paramete r estimatio n an d 
hypothesis testin g base d o n asymptoti c propertie s o f th e likelihoo d rati o i n th e 
case wher e a n observe d stochasti c proces s i s a  semimartingale . Semimartingale s 
form a  rathe r wid e clas s o f stochasti c processes , whic h includ e diffusion-typ e an d 
counting processes , processe s wit h independen t increments , Marko v processes , an d 
others. I n thi s boo k w e consider onl y right-quasicontinuou s semimartingales . Thi s 
limitation allowe d u s to simplify th e presentatio n o f the asymptoti c metho d an d t o 
make i t accessibl e t o engineers . 

As was observed by Chibisov (se e the corresponding remark in [110] ) and Ibrag -
imov and Has'minski i [40] , the asymptoti c metho d develope d b y Wald an d L e Ca m 
is rathe r genera l b y it s nature . I t ca n b e applie d t o an y mode l o f observation s fo r 

ix 
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which the likelihoo d rati o possesse s the propertie s required b y thi s method . There -
fore, furthe r developmen t o f the method o f Wald and L e Cam and it s application t o 
particular model s o f observation s reduc e t o finding  specifi c restriction s tha t mus t 
be impose d o n th e likelihoo d ratio . I n man y case s thes e restriction s appea r t o 
be commo n t o a  variet y o f scheme s o f observations . Followin g [40] , thi s fac t wa s 
substantially use d i n thi s book . Whe n discussin g an y statistica l problem , w e first 
deduce genera l result s fo r observation s o f arbitrar y natur e an d the n modif y the m 
to th e cas e o f observation s o f martingales . Thereafte r thes e result s ar e applie d t o 
diffusion-type an d countin g processes , which are , in this book , th e mai n model s fo r 
demonstrating th e efficiency an d checkin g the correctness o f our theory . Th e choic e 
of thes e tw o particula r scheme s o f observation s i s justified b y thei r importanc e i n 
solving variou s statistica l problem s [12 , 47 , 50 , 101 , 120 , 190] . 

Chapter 1  contains genera l basi c notion s an d result s fo r stochasti c processes , 
which ar e use d throughou t th e res t o f th e book . Th e fact s concernin g th e notio n 
of a  martingale an d it s generalization s ar e given . Certai n classe s o f stochasti c pro -
cesses ar e introduced . Rando m measures ; stochasti c integral s wit h respec t t o loca l 
martingales, random measures , and semimartingales; an d other notion s are defined . 
The ltd formul a fo r semimartingales an d the Lenglart inequalit y ar e presented. Sta -
tistical experiment s generate d b y observation s o f semimartingale s ar e introduced , 
and formula s fo r th e likelihoo d rati o ar e given. Limi t theorem s fo r semimartingale s 
and, i n particular , centra l limi t theorem s fo r loca l martingale s ar e formulated . 

Chapters 2  and 3  are devoted to the problem of distinguishing between two sim-
ple statistica l hypotheses . I n Chapte r 2  a genera l schem e o f statistical experiment s 
is considered . Certai n type s o f asymptoti c distinguishabilit y betwee n familie s o f 
hypotheses ar e introduced. Thes e types ar e characterized i n terms of the likelihoo d 
ratio, Hellinger integra l of order £ , Kakutani-Hellinger distance , and the distance in 
variation betwee n hypothetica l measures , etc . Th e problem o f complete asymptoti c 
distinguishability i s discussed . I n th e cas e o f complet e asymptoti c distinguishabil -
ity th e behavio r o f erro r probabilitie s i n th e Neyman-Pearso n tes t i s investigate d 
for variou s kind s o f behavio r o f th e likelihoo d ratio ; namel y unde r th e followin g 
conditions: th e la w o f larg e number s i s fulfilled , th e theore m o n larg e deviation s 
of th e logarith m o f th e likelihoo d rati o holds , properl y centere d an d normalize d 
logarithm o f th e likelihoo d rati o weakl y converges . I n th e cas e o f continuou s fam -
ilies o f hypothese s th e behavio r o f erro r probabilitie s o f th e Neyman-Pearso n tes t 
is investigated , provide d th e likelihoo d rati o weakl y converge s t o som e la w unde r 
the nul l hypothesis . Asymptoti c expansion s o f th e likelihoo d rati o ar e considere d 
for contiguou s an d noncontiguou s familie s o f hypothesis . A t th e en d o f Chapte r 2 
two reduction s o f th e proble m o f hypothesi s testin g ar e considered . Thes e reduc -
tions mak e i t possibl e t o take int o accoun t th e behavio r o f the set s of singularity o f 
hypothetical measures . 

In Chapte r 3  the result s o f Chapte r 2  are use d i n statistica l experiment s gen -
erated b y observation s o f semimartingales . Al l restriction s ar e formulate d i n pre -
dictable terms : eithe r i n term s o f triple s o f predictabl e characteristic s o f semi -
martingales o r i n term s o f Hellinge r processe s o f orde r e.  Bot h th e nonparametri c 
case wher e ther e ar e tw o triple s o f characteristic s an d th e parametri c cas e wher e 
there i s a  famil y o f predictable characteristic s o f a  semimartingal e tha t depen d o n 
an unknown paramete r ar e considered. Th e results obtained ar e applied to studyin g 
various particula r case s o f diffusion-typ e an d countin g processes . 
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In Chapter s 4  and 5  some problem s o f asymptoti c estimatio n o f unknow n pa -
rameters ar e considered . I n Chapte r 4  th e genera l limi t theorem s o n asymptoti c 
properties o f maximum likelihoo d an d Baye s estimate s obtaine d b y Ibragimo v an d 
Has'minskii [40 ] for observation s o f an arbitrar y natur e ar e applied t o observation s 
of semimartingales . Th e result s obtaine d ar e use d fo r studyin g diffusion-typ e an d 
counting processes . I n Chapte r 5  an unknown paramete r i s assumed t o be random , 
and unde r thi s conditio n certai n information-theoreti c problem s o f estimatio n o f 
parameters ar e considered . Th e asymptoti c behavio r o f th e Shanno n informatio n 
contained in an observation of the unknown parameter i s studied, an d various meth -
ods o f obtainin g lowe r bound s fo r Shanno n informatio n containe d i n a  statistica l 
estimate fo r th e unknow n paramete r ar e described . Base d o n thes e results , man y 
informational inequalitie s for ris k functions o f statistical estimates analogou s to th e 
well-known Cramer-Ra o an d Haje k inequalitie s ar e derived . Th e result s obtaine d 
are applie d t o genera l scheme s o f observations o f semimartingales . 

Clearly, i t i s impossibl e t o conside r al l th e problem s o f statistic s o f stochasti c 
processes i n on e book . Fo r example , w e d o no t mentio n th e proble m o f comple x 
hypothesis testing , whic h i s clos e t o th e result s o f Chapte r 4 . Som e interestin g 
results obtaine d i n thi s are a ca n b e foun d i n th e work s b y Roussa s [110] , Ingste r 
[42, 44] , Burnashe v [11] , an d others . I n thi s connectio n th e somewha t obsolet e 
review [6 ] should als o b e mentioned . 

The problem s o f statistics fo r th e semimartingale s tha t ar e no t left-quasiconti -
nuous hav e no t bee n considere d a t all . Th e effec t o f th e set s o f singularit y o f 
hypothetical measure s ha s no t bee n discusse d i n detail : ther e i s onl y on e sectio n 
devoted t o th e reductio n o f th e proble m o f hypothesi s testing . Th e importan t 
problem o f applying the result s o f Chapte r 5  to th e stud y o f asymptotic sufficienc y 
has bee n omitte d altogether . 

The bibliograph y a t th e en d o f th e boo k doe s no t preten d t o b e complete . 
However th e autho r trie d t o mentio n al l th e work s tha t hav e playe d a  significan t 
part i n the development o f asymptotic method s i n statistics o f stochastic processes . 
For th e Englis h edition , th e lis t o f references wa s enlarge d an d th e Bibliographica l 
Notes revised . 
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Basic Notatio n 

A =  (A li) matri x wit h element s A%i 
A' =  (A^)  th e transpos e o f a  matri x A 
\A\ th e nor m o f a  matrix A,  \A\  =  (T r AA!) ll2 

a Ab th e minimu m o f two number s a,  b G R, a  A 0 = —  a~~ 
a V 6 th e maximu m o f two number s a , b G R , a  V 0 = a + 

B(A) th e Bore l a-algebr a o f subset s o f A,  B(R k) =  B k, 
B(Rg) -  Bt  Bl  =  Bo , &  =  B,  B(R+)j = B + 

D, D , D y variance s wit h respec t t o measure s P , P , P y 

det A determinan t o f a  matrix A 
E, E , E y expectatio n wit h respec t t o measure s P , P , P y 

f =  {fx)xex  &  function define d o n X 
Ik th e uni t matri x o f orde r k 
C(Y\P) th e distributio n la w o f a  vecto r Y  wit h respec t t o a 

measure P 
N th e se t o f positiv e integer s 
A/"(a, B) th e norma l (Gaussian ) la w wit h vecto r o f means a  an d 

covariance matri x B 
P « Q absolut e continuit y o f a  measur e P  wit h respec t t o a 

measure Q 
P ~ Q equivalenc e (mutua l absolut e continuity ) o f measures P 

and Q 
P J _ Q singularit y o f measures P  an d Q 
Pl- limt^o o Yt =  c  mean s tha t lim^o o P t{\Yt —  c\  > e} =  0  for al l e  >  0 
Hk ^-dimensiona l Euclidea n spac e wit h a  fixed  orthonorma l 

basis wit h point s x  —  ( x1 , ^ 2 , . . . , a;fe)/, R 1 =  R , 
Rfc \  {0 } = R§ , R j =  R 0, R + =  [0 , oo), R+ -  [0 , c»] 

Tr A th e trac e o f a  matrix A 
\x\p th e nor m o f a  vecto r x  G  Hk fo r p  G  (0 , oo), 

WP = (Etiklp)1/p.W2 =  W 
(x,y) scala r produc t o f vectors x,y  e  R fc, x'y  =  (x , y) 
5lj th e Kronecke r delt a 
Afx a  jump o f a  functio n a t a  poin t x G R , Af x =  f x —  / x _ 
(O, JT, P) a  probability space , wher e O  is a  se t o f point s a; ; JF , a 

tr-algebra o f subset s o f Q;  and P , a  probabilit y measur e 
on T 

XA •  • •  • •  th e indicato r function , \A  =  x(^)  =  (Xx(A)) xeX 

Xx(A) . . . th e indicato r o f a  se t A,  Xx(A)  =  x(A;  x) 
O th e symbo l o f the en d o f a  proo f (Q.E.D. ) 

xi i i 



xiv BASI C NOTATIO N 

Classes o f stochasti c processe s 

Ai clas s o f al l uniforml y integrabl e martingale s 
M. clas s o f al l martingale s 
M.c clas s o f al l uniforml y integrabl e continuou s martingale s 
M. clas s o f al l continuou s martingale s 
Md clas s o f al l uniforml y integrabl e purel y discontinuou s 

martingales 
M clas s o f al l purel y discontinuou s martingale s 

Aa —  {i; E AA. ^  clas s o f al l uniforml y square-integrabl e martingale s 
suPt£R+El&r < 0 ° } 

M ={£eM:  ..clas s o f al l square-integrabl e martingale s 
E |£ t | 2 <ocVteR+} 

V+ clas s o f al l adapte d right-continuou s nondecreasin g 
processes A  wit h AQ  =  0  and A t <  o o (P-a.s. ) fo r al l 
t GR + 

^ —  L S ~ V : , , .class o f al l processe s wit h a  locally bounde d variatio n 

Vc clas s o f al l processe s o f V  with (P-a.s. ) continuou s 
trajectories 

A =  {c,  £ V  :  clas s of al l integrabl e nondecreasin g processe s 
E£oo <  00 } 

ji —  |£ —  rj:  ^  .class o f al l processes wit h integrabl e variatio n 

/C(F, P) clas s o f al l processe s wit h respec t t o a  filtratio n F  an d 
measure P 

/Cioc • • •  • th e loca l clas s 
Alloc •  clas s o f al l loca l martingale s 
Mfoc clas s o f al l square-integrabl e loca l martingale s 
O clas s o f al l optiona l processe s 
V clas s o f al l predictabl e processe s 
O clas s o f al l O  x  B-measurabl e function s 
V clas s o f al l V  x  B-measurabl e function s 
S clas s o f al l semimartingale s 
Sp clas s o f al l specia l semimartingale s 

Classes o f integrabl e function s 

clc(0 =  {f--f&r,po(OGA oc} 
Clc(0 =  {f--f&-P,(f 2o[^^2eAtc} 
Aoc(6 =  { / : / eA 1

o c (M) , /oAeV} 
QLW = { / : / £ Vj  l/l1 *^ e  A+ c}, i  =  1, 2 
SlocM =  {/ : / € V,  |/|2(1 + I/I)" 1 * v € ^ +

oc} 

Classes o f los s function s 

W clas s o f al l los s function s 
W / a  subclas s o f los s function s i n W 
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W p clas s o f al l los s functions i n W  tha t hav e a  polynomia l 
major ant 

W ' clas s o f al l function s i n W ; tha t hav e a  polynomia l 
major ant 

W p clas s o f al l function s l(u)  i n W p fo r whic h 
infM>A l (u) >  sup (u|<A7 l(u),  7  >  0 , fo r al l A 

Some othe r symbol s 

971(F) clas s o f al l finite  stoppin g time s wit h respec t t o F 
9Jl(F) clas s o f al l stoppin g tim e wit h respec t t o F 
$(K) clas s o f al l normalizin g matrice s 
H o  A th e Lebesgue-Stieltje s integra l 
/•£ th e stochasti c integra l ove r a  process £ 
/ * / i th e integra l wit h respec t t o a  rando m measur e JJL 
f *  (/i —  v)  th e stochasti c integra l wit h respec t t o a  local martingal e 

measure / / —  v 
5^~"a th e Neumann-Pearso n tes t o f leve l a 
0t th e maximu m likelihoo d estimat e o f a  paramete r 0 
0t th e Baye s estimat e o f a  paramete r 0 
/(£*, 0) th e amoun t o f Shanno n informatio n containe d i n a n 

observation £ * of a n unknow n paramete r 0 
1(0*10) th e amoun t o f Shanno n informatio n containe d i n a n 

estimate 0 * of parameter 0 
Ht(e) —  H(e;  P t

5 P
l) th e Hellinge r integra l o f orde r e  fo r measure s P l an d P l 

I(Pt\Pt) th e entrop y o f a  measur e P f wit h respec t t o a  measur e 
P*, th e Kullback-Leible r informatio n betwee n measure s 
P* an d P * 

(H*) A  (Hl) completel y asymptoticall y distinguishabl e familie s o f 
hypotheses 

(Hf) A  (Hl)..... . . . . . families o f hypothese s tha t ar e no t completel y 
asymptotically distinguishabl e 

(H1) =  (H l) completel y asymptoticall y indistinguishabl e familie s o f 
hypotheses 

(H1) < 3 (H*)  a  famil y o f hypothese s (H 1) i s contiguous t o a  famil y o f 
hypotheses (H f) 

(Hf) <\  (Hl) a  family o f hypotheses (H l) i s noncontiguous t o a  famil y 
of hypotheses (H*) 

(Hf) o  (H f) mutuall y contiguou s familie s o f hypothese s 
(Hf) < > (H f) mutuall y noncontiguou s familie s o f hypothese s 
(H*) <D> (Hf) familie s o f hypothese s ar e no t mutuall y contiguou s 
(P*) A  (Pl) completel y asymptoticall y separabl e familie s o f 

_ measure s 
(P*) A (Pl) familie s o f measure s ar e no t completel y asymptoticall y 

separable 
(P*) =  (P l) .completel y asymptoticall y inseparabl e familie s o f 

measures 
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(Pf) <  (P* ) a  famil y o f measure s (P* ) i s contiguous t o a  famil y o f 
measures (P f) 

(P*) <] (P£) a  famil y o f measure s (P £) i s noncontiguous t o a  famil y 
of measure s (P* ) 

(P*) <t> (P*) mutuall y contiguou s familie s o f measure s 
(P*) <ii> (P*) mutuall y noncontiguou s familie s o f measure s 
(P*) <0> (P£) familie s o f measures ar e no t mutuall y contiguou s 



Bibliographical Note s 

Chapter 1 

1.1. I n thi s section , w e discus s notion s an d result s o f th e genera l theor y o f 
stochastic processe s an d stochasti c integratio n neede d fo r th e furthe r presentation . 
More detail s o n this subjec t ar e given i n [30] , [138] , [139] , [153] , [156] , [96] , [98], 
[128], [20] , [21] , [100] , [207] ; als o see [1] , [46]. 

1.2. W e follo w Ibragimo v an d Khas'minski i [40 ] i n describin g genera l statis -
tical experiments . I n [4 ] an d [115] , statistica l experiment s ar e calle d statistical 
structures. Lemm a 1.2. 1 play s th e crucia l rol e i n absolut e continuit y o f probabilit y 
measures. Thi s lemm a wa s prove d b y Girsano v [17 ] fo r Wiene r processes ; man y 
other author s hav e late r obtaine d thi s resul t fo r differen t type s o f stochasti c pro -
cesses; se e [25] , [46] , [96] , [98] , [113] , [139] , [153] , an d [156] . Theore m 1.2. 1 
without th e additiona l conditio n VIII ) wa s prove d i n [46] , [153] , [98] , and [156] . 
The loca l densit y wa s studie d i n man y specia l cases ; i t wa s obtaine d i n [113 ] fo r 
Markov processes , i n [96 ] for diffusio n typ e processes , i n [25 ] fo r Marko v typ e pro -
cesses, and i n [45 ] for countin g processes . Simila r result s related t o the exponentia l 
representation o f distributions o f stochasti c processe s ar e obtaine d i n [166] , [231] . 
Statistical experiment s generate d b y stochasti c processe s an d thei r propertie s ar e 
described i n [40] , [146] , [158] , an d [171] . 

1.3. Theorem s 1.3. 1 an d 1.3. 2 wer e prove d i n [84] . A  proo f o f Theore m 1.3. 3 
was give n i n [83] . Theorem s 1.3.4-1.3. 6 ar e new ; fo r clos e result s se e [76] , [80] , 
and [81] . Mor e detail s abou t semimartingale s ar e given in [156] , [154] , [27] . Limi t 
theorems fo r specia l case s of semimartingales ca n b e foun d i n [51] , [56] , [71] , [73], 
[77], [116] , [119] , an d [149] . 

Chap te r 2 

2.1. I n thi s section we discuss some notion s an d result s neede d fo r th e furthe r 
presentation. Mor e detail s ar e give n i n [9 ] and [58] . 

2.2. I n thi s sectio n w e follo w [85 ] an d [89] . Th e complet e grou p o f type s o f 
the asymptoti c distinguishabilit y betwee n familie s o f hypothese s wa s introduce d 
by th e autho r [85] . Th e earl y pape r [70 ] shoul d als o b e mentioned , wher e type s 
ao, a i , an d e  o f th e asymptoti c distinguishabilit y wer e introduce d fo r simila r dif -
fusion processes . Thes e type s als o for m a  complet e group . Variou s definition s o f 
the asymptoti c distinguishabilit y wer e considered b y other authors : Kraff t [65 ] an d 
Ingster [43 ] gav e a  definitio n fo r familie s o f hypotheses , an d Liptser , Pukel'sheim , 
and Shiryae v [95] , Eagleso n [141] , Eagleso n an d Memi n [142] , an d L e Ca m an d 
Traxler [170 ] introduce d th e sam e notio n fo r th e complet e asymptoti c discrimi -
nation o f familie s o f measures . Mutua l contiguit y fo r familie s o f measure s wa s 
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introduced b y L e Ca m [169 ] (not e tha t thi s notio n i s calle d simpl y continuity  i n 
that paper) . L e Ca m [169 ] an d Roussa s [110 ] gav e variou s characterization s fo r 
the mutua l contiguity . Th e contiguit y o f a  famil y o f measure s t o anothe r famil y 
was define d b y Haje k an d Sida k [14] . Severa l characterization s fo r thi s kin d o f 
contiguity wer e give n b y Liptser , Pukel'sheim , an d Shiryae v [95] , Eagleso n an d 
Memin [142] , Hal l and Loyne s [148] , an d F . Liese [236] . Thes e questions wer e also 
discussed i n [146] , [171] , [156] , [174 ] an d [127] . 

2.3. Her e we follow [88] . Th e results of this section can be found i n [87 ] for th e 
case o f equivalen t measure s P * an d P l. Kullbac k an d Leible r [200 ] introduce d th e 
relative entropy I(P t\Pt) unde r th e nam e information  for  distinguishability.  Sano v 
[201] als o use d thi s notion i n problem s o n larg e deviations fo r polynomia l scheme s 
(see also [202]-[205]) . Theore m 2.3. 1 i s a generalization o f a  classica l Stei n lemm a 
(see [91] , [198] , an d [219 ] fo r othe r generalizations) . Th e origina l proo f o f Stein' s 
lemma i s base d o n a  resul t o n larg e deviations . Later , Kullbac k [53 ] suggeste d 
another method using the law of large numbers (se e also [124]) . Theorem s 2.3.2 an d 
2.3.3 belon g t o Kraff t an d Plachk y [164 ] fo r th e cas e o f sequence s o f independen t 
identically distribute d rando m variables . A  generalizatio n o f thei r result s t o th e 
minimax risk in the case of composite hypotheses was given in [206] . Anothe r proo f 
of Theore m 2.3. 2 wa s obtaine d b y Kolomiet s [49] . Theorem s 2.3. 3 an d Corollar y 
2.3.4 ar e relate d t o result s o n larg e deviation s fo r A t a s t  — > oo.  I f th e conditio n 
limt 

-^oo Xt 1 l n Q f t —  ~a i s assume d fo r a  >  0  instea d o f aV  an d conditio n A * i s 
satisfied, then , usin g Lemm a 2.3.4 , on e ca n sho w tha t lim^o o \t X In/3(Sp at) = 
—6(a), where 6(a ) i s a  certai n functio n [208] . Th e first  result s o n larg e deviation s 
were obtaine d b y Khintchin e [209] , Smirnof f [210] , Crame r [211] , an d Chernof f 
[212], who studdied th e case of sums of independent identicall y distribute d rando m 
variables. Fo r furthe r development s se e [201] , [205] , [213] , [189] , [191] , [143] , 
[144], [214] . Th e functio n 6(a ) wa s studie d i n [215 ] an d [216 ] fo r observation s 
of independen t identicall y distribute d rando m variable s an d i n [217 ] an d [218 ] fo r 
general binar y statistica l experiments . 

2.4. I n thi s section w e present result s o f [88 ] and [92 ] in a  somewha t differen t 
form. Result s simila r t o Theorem s 2.4. 1 an d 2.4. 2 wer e obtaine d b y Basaw a an d 
Scott [131] , Horni k [150] , an d Jansse n [157] . Th e ide a o f th e proo f o f Theorem s 
2.4.3 an d 2.4. 4 i s simila r t o tha t o f Theorem s 2.4. 1 an d 2.4.2 . A  clos e resul t wa s 
proved i n [197] . Relatio n (2.4.25 ) wa s obtained i n [197 ] for independen t identicall y 
distributed rando m variables . 

2.5. Her e w e follo w [92 ] an d [93] . Simila r result s wit h th e Gaussia n la w i n 
condition A 6 ca n b e foun d i n [88] . Clos e result s wer e obtaine d b y Roussa s [110 ] 
and Hai l an d Loyne s [148] . Th e mai n Lemm a 2.3. 1 w ras proved fo r th e Gaussia n 
law S  =  Af(a,a 2) i n [110 ] wit h a  =  —a 2/2 an d i n [88 ] wit h a  <  -a 2/2. Lemm a 
2.5.1 wa s prove d i n [93 ] fo r a  genera l la w (se e als o [92]) . Theore m 2.5. 4 i s new . 
General result s o n relativ e compactnes s an d tightnes s ca n b e foun d i n [7] , [127] , 
[110], an d [156] . 

2.6. I n thi s section , w e presen t result s o f [88 ] an d [92 ] i n a  somewha t modi -
fied form (se e als o [89] , [90] , [176] , [177]) . Th e asymptoti c decompositio n o f th e 
likelihood rati o i n conditio n A8 * wa s obtaine d i n [70 ] fo r unbounde d vector s u t. 
Condition A8 * wit h bounde d vector s u t fo r measure s P * an d P * belongin g t o a 
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parametric famil y i s know n a s th e local  asymptotic normality  condition  an d wa s 
presented i n various books , mainly devote d t o the theor y o f parametric estimation ; 
see [169] , [110] , [40] , [29] , [57] , [146] , [9] , [184]. Conditio n A8 ' with bounded vec -
tors u t fo r measure s P t an d P l belongin g t o a  parametri c famil y i s closely relate d 
to th e notio n o f local  asymptotic mixed  normality. 

2.7. Th e reduction s o f hypotheses testin g considere d i n this sectio n were stud -
ied i n [88] . I n presentin g them , w e follow [92 ] an d [177] . Mor e detai l an d specia l 
cases a s wel l a s furthe r result s ca n b e foun d i n [88] , [92] , and [177] . 

Chapte r 3 

3.1. I n thi s section , w e follow [156 ] an d [49] . Fo r propertie s an d application s 
of Hellinge r processes , se e [160] , [174] , [178] , [179] , [181] . Representatio n (3.1.9 ) 
for a  Hellinge r proces s o f orde r e  wa s obtaine d i n [86 ] usin g th e multiplicativ e 
decomposition o f th e proces s Y(e).  I f e l_ =  inf{e:  H t{e\ P , P) <  oo } an d e\  — 
sup{e: Ht(e; P , P) <  oc} , then e f_ t  £-  <  0  and e\_  [ £ + >  1  as t  — » oo ; se e [223] , 
[224]. Therefor e th e Hellinge r proces s h(e)  =  h(e\  P , P) i s well defined b y Theore m 
3.1.1. Thi s allow s on e t o ge t assertion s o f thi s sectio n fo r al l e  G  (£_,£+). Mor e 
details ar e give n i n [223]-[225] . 

3.2. Th e la w o f larg e number s wa s prove d i n [84] . Theore m 3.2. 2 i s obtaine d 
by Kolomiet s [49] . Theore m 3.2. 3 i s base d o n Theorem s 1- 3 i n [86] . Th e ide a t o 
split th e spac e Cl  by the Hellinge r proces s was applied fo r th e firs t tim e t o diffusio n 
processes i n [67] ; the sam e metho d wa s late r use d i n [81 ] t o estimat e parameter s 
of counting processes . Theore m 3.2. 4 wa s proved i n [92] , [176] . Furthe r reference s 
can b e foun d i n [92 ] an d [176] . 

3.3. Thi s sectio n i s base d o n [83 ] an d [84] . Asymptoti c relatio n (3.3.5 ) wa s 
obtained i n [75 ] for diffusion typ e processes and in [78 ] for counting processes. Thi s 
relation was discussed i n [77 ] for Markov processes and in [226 ] for semimartingale s 
with determinat e triplet s o f predictabl e characteristics . 

3.4. Genera l limi t theorem s fo r diffusio n processe s were obtained i n [66] , [70], 
and [71] . Type s ao , a i , an d e  o f the asymptoti c distinguishabilit y betwee n familie s 
of hypothese s wer e introduce d i n [70 ] i n th e cas e o f simila r hypotheses . Som e 
results fo r th e schem e " a signa l i n whit e noise " ca n b e foun d i n [82] . Exampl e 
3.4.2 i s take n fro m [92] . Result s fo r nul l recurren t processe s wer e discusse d i n 
[87]. Simila r asymptoti c result s fo r th e minima x ris k belon g t o Gushchi n [28] . 
Sequential test s fo r distinguishin g diffusio n processe s wer e give n i n [126 ] an d [96] . 
Properties o f homogeneou s diffusio n processe s wer e describe d i n mor e detai l i n 
[19]-[20], [114] , [122] . Correspondin g result s fo r (an d application s of ) Hellinge r 
integrals an d processe s o f orde r e  can b e foun d i n [28] , [219] , [237] , an d [240] . 

3.5. Her e w e presen t som e genera l limi t theorem s o f [71 ] an d [78] . Ther e i s 
an extensiv e literatur e o n th e proble m o f distinguishin g countin g processe s wit h 
determinate compensators ; see , fo r example , [47] , [134] , [72] , an d [194] . Result s 
discussed i n thi s sectio n wer e obtaine d i n [94 ] fo r th e cas e o f determinat e compen -
sators and renewal processes. Th e idea of the proof of Theorem 3.5.9 was introduced 
in [86] . Generalization s o f Theorem s 3.5.7 , 3.5.8 , 3.5.10 , an d 3.5.1 1 wer e obtaine d 
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in [228 ] fo r renewa l processe s wit h discontinuou s compensators . Theorem s 3.5.1 -
3.5.4 were proved i n [227 ] for countin g processe s with discontinuou s compensators ; 
see als o the surve y paper s [225 ] an d [230] . 

Chap te r 4 

4 .1 . Thi s sectio n contain s result s o n propertie s o f statistica l estimate s 0 t an d 
0t du e t o Ibragimo v an d Khas'minski i [40] . 

4.2. Theorem s 4.2.1-4.2. 6 ar e take n fro m [83] , [84] ; se e als o [175] , [176] . 
Properties o f th e likelihoo d rati o fo r semimartingale s wit h determinat e triplet s o f 
predictable characteristic s wer e studie d i n [226 ] (th e cas e o f discontinuous charac -
teristics wa s als o treated i n [226]) . 

4.3. A n extensiv e literatur e i s devote d t o th e proble m o f estimatio n o f pa -
rameters fo r diffusio n processes . Th e Gaussia n processe s wer e th e firs t clas s t o b e 
studied i n the literature ; see , for example , [3] , [39] , [50] , [96] , [123] , [167 ] an d th e 
references i n [40] , [57] , [96] . Thi s cas e wa s treate d i n detai l i n Arato' s boo k [2] . 
The proble m become s complicat e i f th e diffusio n proces s i s no t Gaussian . Never -
theless, the asymptotic behavio r o f statistical estimate s was also studied fo r a  linear 
parameter b y using limi t theorem s fo r stochasti c integral s ove r the Wiene r proces s 
[52], [61] , [62] , [103] , [116] , [123] , [133] . Th e nex t ste p i s to stud y th e cas e o f a 
nonlinear parameter , an d thi s require s a  method base d o n the LA N conditio n [40] . 
The mai n proble m arisin g i n thi s approac h i s to prov e conditio n K 3 fo r (3  >  k  an d 
K4. T o prove conditio n K4 , som e author s (se e [5] , [57] , [76] ) pos e restriction s o n 
the shif t i n th e followin g form : 

t 

(a(s,x,y) -  ais.XjO)) 2 ds  >  n\y  -  0\ 2, K  > 0 . 

Note tha t fo r a  wide clas s o f processes n o condition s o f this kin d ar e satisfied , an d 
this doe s no t allo w on e t o stud y suc h processes . Th e truncatio n metho d fo r th e 
space o f trajectorie s use d i n th e proo f o f Theore m 4.2. 5 solve s thi s proble m (thi s 
method wa s proposed i n [64] ; see also [68]) . Th e proof o f condition K 3 fo r (3  >  k  i s 
based o n the ide a of the proo f o f Lemma 3.3. 2 i n [40] . Thi s idea instea d o f Lemm a 
3.5.2 i n [40 ] works i n the Gaussia n cas e (se e Lemma 4  in [76 ] and Theore m 4.2.6) . 
We mention als o [111] , where LAN condition was established fo r diffusion processe s 
with periodi c coefficient s dependin g o n th e process . Method s o f estimatio n wer e 
described i n [229] , [230] , [183] , [238] , [239 ] fo r diffusio n processes . 

4.4. Th e paramete r estimatio n fo r countin g processe s wa s treate d i n a  rathe r 
great numbe r o f papers . Mos t o f thes e paper s dea l onl y wit h th e cas e o f Poisso n 
processes; se e [47] , [57] , [72] , [134] , [173] , [190] . Th e applicatio n o f th e genera l 
asymptotic metho d base d o n th e LA N propert y [4 ] encounters th e sam e problem s 
as i n th e cas e o f diffusio n processes . Th e LA N propert y wa s obtaine d almos t si -
multaneously fo r Poisso n processe s [55] , Poisso n typ e processe s [56] , an d genera l 
counting processe s [71] . Th e proo f o f conditio n K 3 fo r f3  > k  i s simple r i n thi s 
case du e t o a n ide a use d fo r th e firs t tim e i n th e proo f o f Lemm a 4  in [76] , where 
the case of diffusion typ e processes was considered; th e proof fo r countin g processe s 
can be found i n [81] . Conditio n K 4 wa s also proved i n [81 ] by using the truncatio n 
method introduce d i n [64 ] fo r diffusio n processes . Furthe r result s o n propertie s o f 

L 
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the likelihoo d rati o an d paramete r estimatio n ca n b e foun d i n [229] , [230] , [183] , 
[238], [239] . 

Chap te r 5 

5.1. Theorem s 5.1.1-5.1. 3 ar e take n fro m [74 ] an d [79] . Theore m 5.1. 1 wa s 
proved i n [68 ] fo r k  =  1 . Relatio n (5.1.3 ) wa s obtaine d earlie r fo r sequence s o f in -
dependent rando m variable s i n [68 ] and [117] , purely discontinuou s processe s wit h 
independent increment s i n [73] , an d Marko v processe s i n [77] . Relatio n (5.1.32 ) 
for sequence s o f independen t rando m variable s wa s prove d i n [63] ; wit h term s o f 
higher order s i n the asymptoti c expansio n i t wa s also proved i n [187 ] an d [193 ] fo r 
p = 1  and 0 ' finite.  Relatio n (5.1.32 ) wit h terms of higher order s i n the asymptoti c 
expansion wa s obtaine d i n [242 ] fo r p  —  1  an d th e schem e o f genera l statistica l 
observations £* . Uppe r an d lowe r bound s a s well as the asymptoti c behavio r o f th e 
information /(£* , 0) up to term s o f order O(l ) ca n be found i n [246 ] fo r th e cas e of 
a continuou s paramete r 0  and observation s o f independen t identicall y distribute d 
random variables . 

5.2. Theorem s 5.2.1-5.2. 4 ar e take n fro m [65] , [6] , [74 ] an d give n her e i n a 
somewhat differen t form . Th e ide a o f th e proo f o f Lemm a 5.2. 1 wa s use d fo r th e 
first tim e i n [243] . Inequalit y (5.2.29 ) wa s obtaine d i n [34 ] an d [69 ] fo r th e cas e 
l(v) =  \v\ 2 and sequences of independent rando m variables. Th e rate of convergence 
in asymptoti c relatio n (5.2.51 ) wa s studie d i n th e cas e o f p  =  1  and a  finite  0 ' i n 
[187] and [245 ] for observation s of independent rando m variables , and i n [242 ] an d 
[244] fo r th e schem e of general statistica l observations . 

5.3. Corollar y 5.3. 1 an d Theore m 5.3. 3 ar e take n fro m [74] . Theore m 5.3. 2 
was proved i n [65 ] and [69 ] for specia l classe s of functions L(y,  z)  an d sequence s of 
independent rando m variables . Th e equivalenc e betwee n th e sufficienc y an d infor -
mation sufficienc y wa s prove d i n Linnik' s boo k [241 ] fo r th e Shanno n informatio n 
and i n Kullback' s boo k [53 ] fo r th e Kullbac k information . Mor e detail s o n th e 
asymptotic informatio n sufficienc y wer e give n i n [107] , [65] , [69] , and [74] . 
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