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Preface

The source of the charm of number theory is the wonder of prime
numbers. To elucidate the mystery of prime numbers, number theo-
rists have made various approaches. In Number Theory 1 and 2 , we
saw ζ functions and class field theory as examples of such approaches.
In this volume we continue to introduce fundamental methods of mod-
ern number theory.

One characteristic of modern number theory is the intertwine-
ment of algebra and analysis. Algebraic entities are Galois groups
and algebraic geometric objects, and analytic entities are ζ func-
tions, modular forms, and automorphic representations. For exam-
ple, the heart of class field theory, established by Teiji Takagi, may
be expressed as follows: The one-dimensional representation of Galois
group, an algebraic entity, and the one-dimensional representation of
idele class group (Hecke character), an analytic entity, have the same
ζ function. In this volume we introduce Iwasawa theory, in which
an analytic entity called a p-adic L-function, a p-adic incarnation of
ζ function, appears. Its algebraic and arithmetic significance will be
revealed.

A generalization of class field theory to the case of nonabelian
Galois groups, called “nonabelian class field theory”, is one of the
main themes of modern number theory which is still under construc-
tion. Its first example is the correspondence between elliptic curves,
an algebraic entity, and modular forms of congruent subgroups of the
modular group, an analytic entity. By establishing this correspon-
dence Andrew Wiles proved Fermat’s Last Theorem in 1995, more
than 350 years after it was first proposed.

With these trends in modern number theory as a background,
we introduce the fundamentals of the theory of modular forms and
Iwasawa theory. We also describe the arithmetic of elliptic curves by
giving an outline of the proof of Fermat’s Last Theorem by Wiles.

ix



x PREFACE

Each chapter provides explicit calculations of examples to enhance
understanding. We hope readers will compute several examples and
equations by themselves so that they can experience modern number
theory.

Nobushige Kurokawa, Masato Kurihara, Takeshi Saito



Preface to the English Edition

This is the English translation of the Japanese book Number The-
ory 3, the third of three volumes in the “Number Theory”series. The
original Japanese book was published in 1998 (the second edition in
2005). Instead of Kazuya Kato, who co-wrote “Number Theory 1 and
2”, Masato Kurihara is the co-author of Number Theory 3.

In this volume, we study modular forms and Iwasawa theory,
which are very important subjects in modern number theory. (See
the Objectives and Outlines of These books section of this book for
the details.) As in Number Theory 1 and 2 , we explain these theories
with many concrete examples for non-specialists and beginners. In
the final chapter we begin with the basics of the arithmetic of elliptic
curves and give a brief exposition of a proof of Fermat’s Last Theorem
by Wiles. The authors hope that readers enjoy the wonderful world
of modern number theory.

Nobushige Kurokawa, Masato Kurihara, Takeshi Saito
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Objectives and Outline of These Books

In this volume, based on the foundations established by Number
Theory 1 and 2 , we move on to two principal themes of modern
number theory. These are the theory of modular forms and Iwasawa
theory. The former has an analytic aspect, while the latter has an
algebraic aspect.

We describe the theory of modular forms in Chapters 9 and 11.
In Chapter 9, we try to prove several beautiful relations discovered
by Ramanujan and study modular forms for the modular group. In
particular, we study Eisenstein series and cusp forms. Also, we intro-
duce ζ-regularized products, and we prove Kronecker’s limit formula.
Here, what is essential is the automorphy of modular forms. Hav-
ing the automorphy is equivalent to satisfying a certain functional
equation. This is so strong a condition that the explicit shape of
a modular form can be determined by it. We gather together the
automorphy and Kronecker’s limit formula to prove Ramanujan’s re-
lations. In Chapter 11 we view modular forms from a wider point of
view and we give perspective to the automorphic form on groups and
the Selberg trace formula.

Iwasawa theory is described in Chapter 10. We explain classical
Iwasawa theory, especially the Iwasawa main conjecture as plainly as
possible. Among the values of ζ function at the integers there are p-
adic relations. This phenomenon can be clearly understood through
the p-adic L-functions. We first explain the p-adic L-functions (§10.1),
and then we describe Iwasawa’s theory of Zp-extensions (§10.2). Here,
we study the ideal class group, which is a very important arithmetic
object, including the action of Galois group. In particular, we study
the ideal class group of Zp-extensions, which can be thought of as the
Galois group of the maximal unramified abelian extension through
class field theory. Then, the results of §10.1 and §10.2 will be united
by the Iwasawa main conjecture (§10.3). In Chapter 12 we describe
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xiv OBJECTIVES AND OUTLINE OF THESE BOOKS

the basics of the arithmetic of elliptic curves, and we give a very
brief account of the outline and ideas of the proof of Fermat’s Last
Theorem.

We hope readers will appreciate the beauty of modern number
theory through this book and make their way toward the active fron-
tier of research in number theory, using this book as a steppingstone.
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Boston, MA, 2007.

[3] J. W. S. Cassels and A. Fröhlich (eds.), Algebraic number
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[1] André Weil, Basic number theory. Reprint of the second
(1973) edition. Classics in Mathematics, Springer-Verlag,
Berlin, 1995.

[2] J. W. S. Cassels and A. Fröhlich (eds.), Algebraic number
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Chapitre 8: Modules et anneaux semi-simples, Actualités
Sci. Ind. no. 1261, Hermann, Paris, 1958.

[3] Emil Artin and John Tate, Class field theory. Reprinted
with corrections from the 1967 original. AMS Chelsea Pub-
lishing, Providence, RI, 2009.

[4] J. W. S. Cassels and A. Fröhlich (eds.), Algebraic number
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Answers to Questions

Chapter 10

10.1. By Proposition 10.3(2)(a), Dr is divisible by 2 and 3. Also, by
(2)(b), Dr is divisible by 4.

10.2. According to the decomposition Z×
p = (Z/pZ)× × (1+ pZp), write

a = (a1, a2) with a1 ∈ (Z/pZ)×, a2 ∈ 1+pZp. By definition a = ω(a1)a2 =

ω(a)a2. Since apn = ω(a)apn

2 and lim
n→∞

xpn = 1 for any x ∈ 1 + pZp, we

obtain lim
n→∞

apn = ω(a) lim
n→∞

apn

2 = ω(a). For p = 2, it suffices to follow

the definition.

10.3. Prove by induction on n, for example.

10.4. Consider the same power series expansion as the proof of Propo-
sition 10.5

Lp(s, ω
r0) =

∞∑
i=0

ai(s− 1 + r0)
i.

By Proposition 10.8, ai is divisible by p2 for all i ≥ 2. Also, since A1 is
divisible by p, a1 is divisible by p2 too. Then the assertion follows from the
same argument as the proof of Proposition 10.5.

10.5. Identify Zp[[Gal(K∞/KN )]] with Zp[[T ]] by associating γ′ with
1 + T . If Y � Zp[[Gal(K∞/KN )]]/(γ′ − 1− p), we have

Y/(1 + γ′ + · · ·+ (γ′)p
n−1)Y � Zp[[T ]]/(T − p, ((1 + T )p

n

− 1)/T )

� Zp/2p
nZp

for n ≥ 1. Thus, by Lemma 10.30, we have

#AKn = #(X/Y ) + #(Zp/2p
n−NZp)

for n > N , and thus Iwasawa’s formula holds. In particular, we have μ = 0,
λ = 1 in this case.

217



218 ANSWERS TO QUESTIONS

If Y � Zp[[Gal(K∞/KN )]]/((γ′ − 1)2 − p), then we have

Y/(1 + γ′ + · · ·+ (γ′)p
n−1)Y � Zp[[T ]]/(T

2 − p, ((1 + T )p
n

− 1)/T )

� Zp[
√
p]/(pn)

for n ≥ 1 if p is odd, and n ≥ 2 if p = 2. Thus, we have

#AKn = #(X/Y ) + p2(n−N)

for at least n > N + 1, and thus Iwasawa’s formula holds. In particular,
we have μ = 0, λ = 2 in this case.

10.6. (1) If λ(Gω1−i(T )) > 1, then by Question 4, we have ζ(1 + i−
p) ∼= ζ(2 + i− 2p) mod p2.

(2) It can be verified using the values shown in §10.1(1).
(3) Omitted.

10.7. σ ∈ Gal(Q(μp∞)/Q) acts on (Z/pnZ)(r) by the multiplication by
κ(σ)r. Considering the fact #(Z/pnZ)× = (p− 1)pn−1, we have

#
(
(Z/pnZ)(r)

)Gal(Q(μp∞ )/Q)
= pn ⇐⇒ (p− 1)pn−1 | r.

The assertion follows from this.

Chapter 12

12.1. Given an odd prime number l, we regard E : y2 = x3 − x as an
elliptic curve over Fl. E has four 2-torsion points, and thus E(Fl) has a
subgroup of order 4. Thus the order of E(Fl) is divisible by 4.



Answers to Exercises

Chapter 9

9.1. (1), (2), (3) can be obtained respectively by comparing the Fourier
coefficients of E2

4 = E8, E4E6 = E10, 1728Δ = E4E8 − E2
6 . For example,

E4E6 = E10 is written as

(
1 + 240

∞∑
n=1

σ3(n)q
n
)(

1− 504
∞∑

n=1

σ5(n)q
n
)
= 1− 264

∞∑
n=1

σ9(n)q
n,

and by comparing the coefficients of qn of both sides, we obtain

240σ3(n)− 504σ5(n)− 240 · 504
n−1∑
m=1

σ3(m)σ5(n−m) = −264σ9(n).

Dividing by this 24, we obtain (2).

9.2. The answer is Bk
2k

, where Bk is the Bernoulli number. This can
be obtained as follows. By letting z = i in the transformation formula
Ek

(
− 1

z

)
= zkEk(z) of the holomorphic Eisenstein series of weight k, we

obtain Ek(i) = ikEk(i) = −Ek(i), which implies Ek(i) = 0. On the other
hand, we have

Ek(i) = 1− k

Bk

∞∑
n=1

σk−1(n)e
−2πn = 1− 2k

Bk

∞∑
n=1

nk−1

e2πn − 1
.

The answer follows from these.

9.3. (1) Taking the logarithm of the formula

e−2π
∞∏

n=1

(1− e−2πn)24 =
( 	√

2π

)12

in Theorem 9.16(3), we obtain (1), (2) and (3). You may use the
method of Hurwitz described in Supplement 2 of Theorem 9.16, but
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220 ANSWERS TO EXERCISES

direct calculations show

∞∑′

m,n=−∞

1

(m+ ni)8
= 2ζ(8)E8(i) = 2ζ(8)E4(i)

2

= 2
( π8

9450

)
· 9

(	
π

)
=

	8

525
,

and

∞∑′

m,n=−∞

1

(m+ ni)12
= 2ζ(12)E122(i)

= 2
(210
13!

· 691
105

π12
)(26 · 35 · 72

691
· 	12

26π12

)
=

2	12

53625
.

Here, we calculated E12(i) by letting z = i in the formula

E12 −E2
6 =

26 · 35 · 72
691

Δ

in §9.1(b), and using the value of Δ(i) given in Theorem 9.16(3).

9.4. (1) Since
( 0 −1
1 1

)
∈ SL2(Z), we have

Ek

( −1

z + 1

)
= (z + 1)kEk(z).

Letting z = ρ and using the fact
−1

ρ+ 1
= ρ and ρ + 1 = −ρ2, we

obtain

Ek(ρ) = ρ2kEk(ρ).

Thus, if 3 � k, we have Ek(ρ) = 0. In particular E4(ρ) = 0. Thus,

letting z = ρ in the formula Δ =
E3

4 − E2
6

1728
, we obtain

E2
6(ρ)

2 = −1728Δ(ρ) = 1728e−
√

3π
∞∏

n=1

(
1− (−1)ne−

√
3πn)24,

which shows E6(ρ) �= 0.
(2) Since we have

Ek(ρ) = 1 +
2k

Bk

∞∑
n=1

(−1)n−1nk−1

e
√

3πn + (−1)n−1
,

and Ek(ρ) = 0 if 3 � k, we have

∞∑
n=1

(−1)n−1nk−1

e
√

3πn + (−1)n−1
= −Bk

2k
.
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This answers the case k = 4 and k = 8. For k = 2, letting z = ρ in
the transformation formula

E2

( −1

z + 1

)
= (z + 1)2E2(z) +

6(z + 1)

πi

(see §9.5(e)), we obtain

E2(ρ) =
2
√
3

π
.

Thus we have
∞∑

n=1

(−1)n−1nk−1

e
√

3πn + (−1)n−1
=

√
3

12π
− 1

24
.

9.5. (i) ⇔ (ii) is clear. We show (ii) ⇒ (iii), (iii) ⇒ (iv), and (iv) ⇒ (i).
(ii) ⇒ (iii). From the recurrence formula, we have

τ(pl) = p
11
2

l sin(l + 1)θp
sin θp

.

Thus we see

|τ(pl)| ≤ p
11
2

l(l + 1).

Therefore, if we write n =
∏

p p
l(p), then we have

|τ(n)| =
∏
p

|τ(pl(p))| ≤
∏
p

p
11
2

l(p)(l(p) + 1) = n
11
2 d(n).

(iii) ⇒ (iv) This follows from the fact d(n) = O(nε).
(iv) ⇒ (i) We show its contrapositive. Suppose there is a prime p such

that |τ(p)| > 2p
11
2 . Then, there is a real number α such that |α| > 1 and

1− τ(p)u+ p11u2 = (1− p
11
2 αu)(1− p

11
2 α−1u).

Now, if we let ε = 1
2
logp |α| > 0, then we see that τ(n)

n
11
2

+ε
is not bounded.

Indeed, since | α
pε
| =

√
|α| > 1,

τ(pl)

pl(
11
2

+ε)
=

1

plε
· α

l+1 − α−(l+1)

α− α−1

is not bounded as l → ∞.

9.6. Let r1 be the number of real places of K and r2 the number of
complex places. Then, the Taylor expansion formula of ζK(s) at s = 0
takes the form

ζK(s) = −Rh

w
sr1+r2−1 + · · ·

(see Theorem 7.10(4) in Chapter 7 of Number Theory 2 ). We divide into
three cases.

(i) r1 + r2 = 1. Namely, (r1, r2) = (1, 0), (0, 1) (K = Q or imaginary
quadratic field.)
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(ii) r1 + r2 = 2. Namely, (r1, r2) = (2, 0), (1, 1), (0, 2) (K is a real qua-

dratic field, a cubic field such as Q( 3
√
2), or a quartic field such as

Q(ζ5).)
(iii) r1 + r2 ≥ 3. The rest.

First, in the case (iii), we have ζ′K(0) = 0, and thus
∏

a
N(a) = 1.

(i) If K = Q, then by Corollary 9.13, we have

ζ′Q(0) = −1

2
log(2π).

Thus we have ∏
a

N(a) =

∞∏
n=1

n =
√
2π.

If K = Q(
√
−1), then by Theorem 9.16(2) we have

ζ′Q(
√

−1)(0) = −1

4
log

(
Γ ( 1

4
)4

4π

)
.

Thus ∏
a

N(a) =
( ∞∏ ′

m,n=−∞
(m2 + n2)

) 1
4
= 2−

1
2 π− 1

4 Γ
(1
4

)
= 2

1
4	

1
2 .

In the case of imaginary quadratic fields in general, a similar method
can be applied (see the results of Lerch (1987) and Chowla-Selberg (1949/1964)).

In the case of (ii), the rank of the unit group is 1, and we can write
R = log |ε|, where ε is the fundamental unit satisfying |ε| > 1. Thus we
have

ζ′K(0) = − h

w
log |ε|.

Hence we obtain ∏
a

N(a) = |ε|
h
w .

Note that this is an algebraic integer.

Chapter 10

10.1. Since the numerators of ζ(−1), . . . , ζ(−9) are not divisible by p,
it follows from Corollary 10.38 that

Aωp−2

Q(μp) = · · · = Aωp−10

Q(μp) = 0.

Thus, by Theorem 10.36(1), we have

Xωp−2

= · · · = Xωp−10

= 0.
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10.2. (1) We may assume r > 2. Expanding into a power series

Lp(s, ω
r) =

∞∑
i=0

ai(s− 1 + r)i, we have

ζ(1− r) ≡ Lp(1− r, ωr) = a0 mod p2.

Since by Proposition 10.8, ai is divisible by p2 for i ≥ 2, we have

ζ(2− r − p) ≡ Lp(2− r − p, ωr) ≡ a0 + a1(1− p) mod p2.

Thus we have

a1 ≡
(
ζ(2− r − p)− ζ(1− r)

)
/(1− p) mod p2,

and we see

Lp(0, ω
r) ≡ a0 + a1(r − 1)

≡
(
(2− r − p)ζ(1− r)− (1− r)ζ(2− r − p)

)
/(1− p) �≡ 0 mod p2.

Hence we have ordp(L(0, ω
r−1)) = ordp(Lp(0, ω

r)) = 1. The assertion now
follows from Theorem 10.37.

(2) It can be verified by using the values of the zeta function in §10.1
(a).

10.3. (1) From the Iwasawa main conjecture, we see that Xωi

is a

free Zp-module of rank 1. Thus Xωi

is generated by one element over

Λ = Zp[[Gal(Q(μp∞)/Q(μp))]] � Zp[[T ]], and thus we can write as Xωi �
Λ/(Gω1−i(T )). By the definition of associated polynomial, we have ordp(α) >
0. The assertion now follows from Theorem 10.36 in a similar manner to
that of Question 5.

(2) Xωi

is a free Zp-module of rank 2 by the Iwasawa main conjecture.

(i) The case where Xωi

is generated by one element over Λ. In this
case we have

Xωi

� Λ/(Gw1−i(T )) � Λ/((T − α)(T − β)).

If we put Kn = Q(μpn), then by Theorem 10.36 we have

Aωi

Kn
� Λ/((T − α)(T − β), (1 + T )p

n−1

− 1)

for n ≥ 1. Using ordp(α) < ordp(β), we obtain

AKn � Zp/αβp
n−1Zp ⊕ Zp/p

n−1Zp.

(ii) The case where Xωi

is not generated by one element over Λ. In

this case Xωi

is generated by two elements over Λ. We have an exact
sequence of Λ-modules of the form

0 → Λ2 f→ Λ2 → Xωi

→ 0.
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Let A be the matrix corresponding to f . Using the facts ordp(α−β) = 1 and

ordp(α) < ordp(β), A can be transformed to the form
( T − α 0

0 T − β

)
by elementary transformations. Thus we have

Xωi

� Λ/(T − α)⊕ Λ/(T − β),

and
AKn � Zp/αp

n−1Zp ⊕ Zp/βp
n−1Zp.

10.4. (1) The injectivity can be proved in the same way it was proved
in Proposition 10.33. To show the surjectivity, use the fact(⊕

v∈S

Zpv
)χ

=
(⊕
v∈S

Zpv
)
⊗Zp[Gal(F/Q)] Oχ = 0,

where S is the set of all prime ideals of Fn ramified in Kn/Fn.
(2) We can show it in a similar manner to that of Theorem 10.37.
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