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Random matrix theory has many roots and many branches in mathematics, statistics, 
physics, computer science, data science, numerical analysis, biology, ecology, engineering, 
and operations research. This book provides a snippet of this vast domain of study, with a 
particular focus on the notations of universality and integrability. Universality shows that 
many systems behave the same way in their large scale limit, while integrability provides a 
route to describe the nature of those universal limits. Many of the ten contributed chapters 
address these themes, while others touch on applications of tools and results from random 
matrix theory.

This book is appropriate for graduate students and researchers interested in learning tech-
niques and results in random matrix theory from different perspectives and viewpoints. It 
also captures a moment in the evolution of the theory, when the previous decade brought 
major break-throughs, prompting exciting new directions of research.
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Preface

The IAS/Park City Mathematics Institute (PCMI) was founded in 1991 as part
of the Regional Geometry Institute initiative of the National Science Foundation.
In mid-1993 the program found an institutional home at the Institute for Ad-
vanced Study (IAS) in Princeton, New Jersey.

The IAS/Park City Mathematics Institute encourages both research and educa-
tion in mathematics and fosters interaction between the two. The three-week sum-
mer institute offers programs for researchers and postdoctoral scholars, graduate
students, undergraduate students, high school students, undergraduate faculty,
K-12 teachers, and international teachers and education researchers. The Teacher
Leadership Program also includes weekend workshops and other activities dur-
ing the academic year.

One of PCMI’s main goals is to make all of the participants aware of the full
range of activities that occur in research, mathematics training and mathematics
education: the intention is to involve professional mathematicians in education
and to bring current concepts in mathematics to the attention of educators. To
that end, late afternoons during the summer institute are devoted to seminars and
discussions of common interest to all participants, meant to encourage interaction
among the various groups. Many deal with current issues in education: others
treat mathematical topics at a level which encourages broad participation.

Each year the Research Program and Graduate Summer School focuses on a
different mathematical area, chosen to represent some major thread of current
mathematical interest. Activities in the Undergraduate Summer School and Un-
dergraduate Faculty Program are also linked to this topic, the better to encourage
interaction between participants at all levels. Lecture notes from the Graduate
Summer School are published each year in this series. The prior volumes are:

• Volume 1: Geometry and Quantum Field Theory (1991)
• Volume 2: Nonlinear Partial Differential Equations in Differential Geometry

(1992)
• Volume 3: Complex Algebraic Geometry (1993)
• Volume 4: Gauge Theory and the Topology of Four-Manifolds (1994)
• Volume 5: Hyperbolic Equations and Frequency Interactions (1995)
• Volume 6: Probability Theory and Applications (1996)
• Volume 7: Symplectic Geometry and Topology (1997)
• Volume 8: Representation Theory of Lie Groups (1998)
• Volume 9: Arithmetic Algebraic Geometry (1999)
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vi Preface

• Volume 10: Computational Complexity Theory (2000)
• Volume 11: Quantum Field Theory, Supersymmetry, and Enumerative Geome-

try (2001)
• Volume 12: Automorphic Forms and their Applications (2002)
• Volume 13: Geometric Combinatorics (2004)
• Volume 14: Mathematical Biology (2005)
• Volume 15: Low Dimensional Topology (2006)
• Volume 16: Statistical Mechanics (2007)
• Volume 17: Analytical and Algebraic Geometry (2008)
• Volume 18: Arithmetic of L-functions (2009)
• Volume 19: Mathematics in Image Processing (2010)
• Volume 20: Moduli Spaces of Riemann Surfaces (2011)
• Volume 21: Geometric Group Theory (2012)
• Volume 22: Geometric Analysis (2013)
• Volume 23: Mathematics and Materials (2014)
• Volume 24: Geometry of Moduli Spaces and Representation Theory (2015)
• Volume 25: The Mathematics of Data (2016)

The American Mathematical Society publishes material from the Undergradu-
ate Summer School in their Student Mathematical Library and from the Teacher
Leadership Program in the series IAS/PCMI—The Teacher Program.

After more than 25 years, PCMI retains its intellectual vitality and continues
to draw a remarkable group of participants each year from across the entire spec-
trum of mathematics, from Fields Medalists to elementary school teachers.

Rafe Mazzeo
PCMI Director
March 2019
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Introduction

Alexei Borodin, Ivan Corwin, and Alice Guionnet

The decade leading up to the 2017 Park City Mathematics Institute saw tremen-
dous breakthroughs in the domains of random matrix theory and interacting
particle systems. Major long-standing problems were resolved via methods in-
cluding local relaxation of Dyson Brownian motion, stochastic operator limits,
Coulomb gas electrostatics, Lindeberg exchange, free probability, high dimen-
sional geometry, quantum integrable systems and symmetric function theory. All
of these developments have prompted new directions of research and brought
into focus possibly avenues for further breakthrough.

The time was right for a large-scale summer school and Park City made for a
spectacular venue. There were ten graduate courses with four hours of lectures
as well as additional problem sessions. In addition, there was a highly active re-
search program with thirty six lectures delivered on related topics to the courses.

In gathering together these lecture notes, we hope to do two things. First, and
foremost, is to provide an introductory level text for students who wish to begin
to explore the wide and exciting world of random matrix theory. These lecture
notes offer very different perspectives and approaches, and thus will hopefully
appeal to a wide variety of interests. The second goal of these notes is to serve as
a piece of mathematical memorabilia—to capture some of the energy and enjoy-
ment shared by the hundreds of participants who came to Park City in summer
2017. So, imagine the rarified air of the mountains and enjoy the read.

Random matrix theory has many roots and many branches, perhaps explain-
ing why it has so successfully thrived as a research areas bridging mathematics
and many other disciplines (such as statistics, physics, computer science, data
science, numerical analysis, biology, ecology, engineering, operations research).
In statistics, Wishart began the study of sample covariance matrices in the 1920s.
Quite separately in nuclear physics, Wigner introduced and studied certain in-
variant ensembles in the 1950s. Goldstein and von Neumann came upon random
matrix theory at a similar time from the perspective of numerical analysis and
estimation of condition numbers. In number theory, in a surprising development
in the 1970s, Montgomery recognized that random matrix statistics described the
non-trivial zeros of the Riemann Zeta function. More recently, there have been
a host of new motivations and sources for problems in random matrix theory,
or uses of the tools which have been developed in its study. It is this constant
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viii Introduction

growth and expansion of the field which has made it one of the most dynamic
and exciting areas of mathematics.

While some applications of random matrix theory techniques come quite nat-
urally, others (like the number theory ones mentioned above) come as a surprise
and take a while to fully develop. In the late 1990s, such a mysterious link was
discovered between random matrix ensembles and a few interacting particle sys-
tems, namely the longest increasing subsequence problem for random permuta-
tions and the closely related totally asymmetric simple exclusion process. This
linked random matrix theory to a vibrant and growing area of probability and
non-equilibrium statistical mechanics, and led to a bevy of new problems, meth-
ods and results. The origins of the link have been progressively exposed over
time and have further connected these fields to asymptotic representation theory,
quantum integrable systems and algebraic combinatorics.

Within random matrix theory, and more broadly probability and statistical
mechanics, there are often two complementary themes—universality and integra-
bility. Universality refers to the idea that randomness smooths out microscopic
difference between systems and hence only certain key phenomenological prop-
erties of a system will control the large scale or long time behavior. The simplest
instance of this concept at play is the central limit theorem for independent iden-
tically distributed random variables where, after fixing the mean and variance,
all sums have the same universal Gaussian limit. Integrability (or sometimes ex-
act solvability) refers to the search for models which enjoy enhanced algebraic
structure which enables exact calculations and precise asymptotics. Indeed, with
the central limit theorem example, coin flipping admits exact formulas in terms
of binomial distributions which yielded for the first time (in 1738) the Gaussian
distribution (long before it was proved universal around 1900). In a sense, univer-
sality says that many systems share a common limit, and integrability identifies
precisely what that limit is.

The ten lecture courses at PCMI (as well as a host of research talks) addressed
many of the themes described above. A natural starting point in the study of ran-
dom matrices is to look at properties of ensembles with independent Gaussian
entries (subject to symmetries such as being Hermitian). Such Gaussian ensem-
bles (e.g. GOE, GUE, or GSE) can be studied through exact formulas and from
their “integrable” structure one arrives at a host of precise “universality” predic-
tions for more general classes of random matrices—for example, the Gaussian
ensembles are both “Wigner matrices” and “invariant ensembles”.

A “Wigner matrix” has independent identically distributed (iid) entries subject
to symmetries (such as being Hermitian). Further generalizations away from the
iid setting, such as to adjacency matrices for Erdös Reyni random graphs, or
d-regular graphs. An “invariant ensemble” is a measure on matrices which is
invariant under conjugation by the orthogonal, unitary, or symplectic group (each
symmetry is a different class of invariant ensembles). Because of this invariance,
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the eigenvectors are Haar distributed on the corresponding symmetry group and
the joint distribution of the eigenvalues takes a particularly nice form. Namely,
they are distributed as point masses subject to a specific two-particle logarithmic
(sometimes called Coulomb) pair potential along with a one-body potential. The
Gaussian case corresponds to a quadratic one-particle potential.

For random matrix eigenvalues, there are two main scales—global and lo-
cal. Global results involves the behavior of all of the eigenvalues—for instance,
demonstrating a limit for their histogram, or for fluctuations of their linear sta-
tistics. Local results involve understanding individual eigenvalues—for instance,
demonstrating that they converge to specific point processes (e.g. the Dyson Sine
process in the bulk or Airy process around the edge).

Elements of global universality have a very long history (as opposed to local
universality which has only seen progress in the past two decades). Dumitriu’s
lectures present the powerful and classical “moment method” for proving in-
stances of global universality for Wigner ensembles. For instance, she demon-
strates how the Wigner semi-circle law arises as the limit of the histogram of
eigenvalues. She also describes more recent results related to the central limit
theorem (and its connection to the Gaussian free field) for linear statistics of the
eigenvalues. At the heart of these calculations are certain combinatorial prob-
lems which arise in computing these moments. Variants of such combinatorics
also play an important role in Shlyakhtenko’s lectures on free probability as we
will describe further below.

Turning from global to local limits, Holcomb and Virág’s lectures develop
the method of “tridiagonal matrices” and their “stochastic operator” limits as
a means to characterize the limiting point processes which arise on the local scale
for Gaussian ensembles (in fact, the methods extend also to invariant ensembles
and general β-ensembles). Gaussian ensembles can be tridiagonalized into a
rather simple form. Such tridiagonal matrices can be thought of as discrete sec-
ond order difference operators with noise. In the large N limit, these difference
operators become differential operators and their (random) spectrum is exactly
the desired limiting point process. This characterization is different than earlier
descriptions of these point processes (e.g. via formulas for their correlation func-
tions) and provides a useful tool in many calculations.

The past decade has seen tremendous progress in demonstrating local univer-
sality for Wigner ensembles (and further generalizations of them). Erdös, Rudel-
son and Tao each address aspects of this progress in their lectures. Erdös’ lectures
describes an approach to proving the universality of the local eigenvalue point
process based on studying variants of Dyson’s Brownian motion (DBM). Adding
a small (in terms of variance) Gaussian ensemble to the Wigner matrix turns out
to correspond to running a stochastic differential equation (DBM) on the eigen-
values. Universality comes from leveraging the fast convergence of DBM to “local
equilibrium”, i.e., to the local behavior of the Gaussian ensembles.
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Rudelson’s lectures focus on eigenvectors in addition to eigenvalues. For the
Gaussian (or invariant) ensembles, the eigenvectors are independent of the eigen-
values and are distributed according to Haar measure on the relevant symmetry
group. This shows that the eigenvectors are highly “delocalized” since there is
no preferred direction. Rudelson addresses the challenge of showing that delo-
calization holds for a much wider class of matrices for which the eigenvalues and
vectors do not simply decouple. At the heart of this chapter are methods from
high dimensional geometry such as small ball probabilities for random projectors.

Tao’s lectures addresses the behavior of singular values for non-Hermitian ma-
trices, in particular how to bound the smallest such value. This problem relates
to the earlier mentioned numerical analysis motivation to study random matrices,
since the smallest singular value controls the speed of convergence for various re-
lated numerical schemes. He also leverages estimates from high dimensional ge-
ometry along with the “Lindeberg exchange” method to prove universality of var-
ious local eigenvalue properties for both non-Hermitian and Hermitian models.
The “Lindeberg exchange” method studies the effect of swapping non-Gaussian
entries with Gaussian entries.

Turning from Wigner to invariant ensembles, we come to Deift and Serfaty’s
lectures. For (unitary) invariant ensembles with general one-particle potentials,
the “orthogonal polynomial” method expresses local eigenvalue statistics via the
machinery of “determinantal point processes” involving an explicit correlation
kernel. The kernel is written in terms of orthogonal polynomials related to the
one-particle potential. For the Gaussian (quadratic) case, these are Hermite poly-
nomials. However, for general potentials, they are not nearly as explicit and
proving universality boils down to understanding the asymptotics of these or-
thogonal polynomials. This was achieve by studying asymptotics for an associ-
ated Riemann-Hilbert problem (RHP) via a nonlinear steepest descent method.
This method is described in Deift’s lectures, along with several other applications
for RHP asymptotics coming from integrable systems and probability theory.

Serfaty’s lectures also consider measures on point configurations given (in
Gibbsian form) via a logarithmic (or Coulomb) two-particle pair potential and
a general one-particle potential. In addition to working on the line, she also
considers configurations on the plane (such as arise in the Ginibre ensemble of
random matrices). The chapter studies these measures directly via electrostatics
and shows how this method yields universality for fluctuations of linear statistics
and a description of the large deviations for the empirical point process measure.

Random matrix methods and distributions have proved useful in a number of
(not so obviously) related fields. Shlyakhtenko’s lectures explains how notions
from free probability (developed to study von Neumann algebras) closely relate
to asymptotic behaviors of random matrix models. For instance, some applica-
tions for “free convolution”, “free entropy” and free monotone transportation”
are developed in relation to large N limits of random matrix eigenvalues.
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Fyodorov’s lectures turns to the role of random matrices as models for interac-
tions in large systems of coupled differential equations (such as arise in ecology
models). From this perspective, the stability of these systems proves to be closely
related to the eigenvalues of the matrices. Such ideas and tools (such as the Kac-
Rice formula for Gaussian processes) have also arisen in relation to performance
of certain classes of algorithms in big data settings, and complexity of frustrated
energy landscapes such as in spin glass models.

Quastel and Matetski’s lectures study the Kardar-Parisi-Zhang (KPZ) univer-
sality class. Since the late 90s, this area of probability/theoretical physics has
enjoyed immense and fruitful interactions with the superifically disjoint theory
of random matrices. This is particularly true for the special KPZ class model
known as the totally asymmetric simple exclusion process (TASEP). Through cer-
tain mappings, the study of TASEP can be related to the study of discrete variants
of random matrix eigenvalues, and consequently many universal limit laws (like
those named for Tracy and Widom) from random matrix theory also arise in
this context. These lectures focus on describing asymptotic limits for transition
probabilities for TASEP, which should govern the behavior of other models in
the KPZ universality class. The key method involves novel representations and
asymptotics for biorthogonal ensembles (related to non-intersecting paths).

This book exists due to the hard work of the lecturers and their coauthors in
preparing and editing these notes, as well as the work of the anonymous refer-
ees in provided extensive helpful feedback through this process. Ian Morrison
deserves special thanks as well for his tireless work as PMCI publisher in orga-
nizing and shepherding these notes into the form of the book that you now have.

We would also like to use this opportunity to thank and acknowledge some of
the individuals who made PCMI 2017 a wonderful experience. Our involvement
in the program is due to an invitation by Richard Hain. The role of program
director soon after shifted to Rafe Mazzeo who guided us through every last
intricacy of organizing this program. The amount of effort that Rafe put in to
our program is immeasurable. The PCMI staff—Beth Brainard and Dena Vigil—
likewise did extraordinary work in planning every piece of this program, and the
steering committee, namely Bryna Kra and Michelle Wachs, were partners in this
pursuit every step of the way.

One of the unique features of PCMI is that it combines the graduate/research
program with several other programs involving undergraduate students, teach-
ers of all levels, and even high-school students. The program brings everyone
together under one big tent (quite literally for meals, as well as figuratively). We
appreciate having had the opportunity for our research community (and our-
selves) to participate in such an extraordinary and memorable event as this.
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