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Preface 
It has been known for many decades that in order to show the existence of 

"peculiar" mathematical structures we need not construct them. Thus a sixty-
years old result of Paley and Zygmund states that, if a sequence (cn)o° of reals 
is such that X^Lo cn = °° t n e n S^Lo ^c™ c o s nx ^a^s t o D e a Fourier-Lebesgue 
series for almost all choices of signs. Nevertheless, even now, sixty years later, 
no algorithm is known which, given any sequence (cn)o° with X^Lo cn = °°> 
constructs a single sequence of signs for which 5Z^=o ^cn c o s nx 1S n ° t a Fourier-
Lebesgue series. 

Another well-known example is that of a normal number: we do not know 
of any concrete normal number, i.e. a real number x which is such that for all 
natural numbers k and n > 2, in the base n expansion of x all possible blocks 
of k digits occur with approximately the same frequency. And this is in spite of 
the fact that it is known that almost every real number is normal. 

Results of this kind are surprising but often not very deep: the second ex
ample is within easy reach of any undergraduate familiar with the rudiments of 
measure theory. What is considerably more surprising is that similar phenomena 
can be found in combinatorics, where we study simple, down-to-earth mathemat
ical objects, like graphs and hypergraphs. In fact, it is precisely in combinatorics 
that the 'probabilistic method' produces the most striking examples. Thus Paul 
Erdos, the main founder of probabilistic combinatorics, proved over thirty years 
ago that if log2 (™) < Q) — 1 then the Ramsey number R(s) = R(s, s) is at 
least n + 1. To see this, all we have to notice is that if we take all graphs on 
{1, 2 , . . . , n} then, on average, they have less than 1/2 complete subgraphs on s 
vertices, and so some graph on {1, 2 , . . . , n} has neither a complete subgraph on 
n vertices, nor a set of s independent vertices. To find explicitly such a graph is 
a very different matter. 

Mostly due to the efforts of Erdos, probabilistic methods have become a 
vital part of the arsenal of every combinatorialist. Together with Renyi, Erdos 
also initiated the study of random combinatorial objects, mostly graphs, for their 
own sake, and thereby founded the theory of random graphs, which is still the 
prime area for the use of probabilistic methods. Over the years, probabilistic 
methods have become of paramount importance in many nearby areas, like the 
design and analysis of computer algorithms. 

In its simplest form, as in the Erdos-Ramsey example above, the probabilis
tic method involves the use of the expectation of a random variable X on some 
probability space and relies on the trivial fact that if E(X) < m then at some 

xii i 



XIV PREFACE 

point of the space, X takes a value less than m. In a slightly more sophisticated 
application of the probabilistic method, we make use of the variance and higher 
moments, together with Chebyshev's inequality and sieve methods. 

The use of the expectation and higher moments remained the staple diet 
in probabilistic combinatorics for over two decades, but in recent years proba
bilistic combinatorics has undergone some revolutionary development. This is 
due to the appearance of exciting new techniques, such as martingale inequal
ities, discrete isoperimetric inequalities, Fourier analysis on groups, eigenvalue 
techniques, branching processes and rapidly mixing Markov chains. 

The aim of the volume is to review briefly the classical results in the theory 
of random graphs and to present several of the important recent developments 
in probabilistic combinatorics, together with some applications. All the papers 
are in final form. 

The first paper contains a brief introduction to the theory of random graphs. 
The basic models of random graphs are introduced and many of the fundamental 
theorems are presented. The proofs rely mostly on the expectation, variance 
and Chebyshev's inequality and, at the next level, on higher moments and sieve 
inequalities. 

Many results from the theory of random graphs have found their way into 
computer science: random graphs are particularly useful in the design of algo
rithms. Although it is comforting to know that there are networks with all the 
required properties, it is considerably better to find explicit constructions for 
these networks. Thus there is a clear need for explicit constructions of graphs 
sharing many of the basic properties of various random graphs. The program 
of explicitly constructing random-like graphs is reviewed in the second paper. 
Graphs having a variety of useful properties are discussed (Ramsey, discrepancy, 
expansion, eigenvalue, etc.) and several explicit constructions are described (due 
to Paley, Margulis, Lubotzky, Phillips and Sarnak). 

One of the most important recent developments in probabilistic combina
torics is the use of martingale techniques and discrete isoperimetric inequalities, 
and the exploitation of various 'concentration of measure' phenomena. Every 
space of random graphs of order n is naturally identified with a measure on the 
discrete cube with 2n vertices, so graph properties are identified with subsets of 
the cube. 

Given a subset A of the cube, the ^-boundary A^ of A is the set of points 
within distance t of A. In an isoperimetric inequality on the cube, we wish to 
minimize the measure of ^4(*), keeping the measure of A fixed. If A^ is known 
to be large then the set (i.e. property) A is likely to be close (within distance 
t) of a random point of the cube (random graph). This indicates why discrete 
isoperimetric inequalities, to be discussed in the third paper, are of paramount 
importance in probabilistic combinatorics. 

The powerful discrete isoperimetric inequalities and concentration of mea
sure type results often give much better results than the traditional expectation 
and variance method. In particular, there are many instances when one can prove 
that the probability of failure is exponentially small, while the standard methods 
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would give only polynomial bounds. One of the notorious problems that yielded 
to an attack along these lines is the chromatic number of random graphs. This is 
presented in the fourth paper, together with a beautiful inequality of Janson and 
the very important and powerful Stein-Chen method on Poisson approximation. 

There are many natural probability spaces of combinatorial structures where 
we run into difficulties even before we can start. For example, if we wish to 
study random r-regular graphs of order n then the very first question we ought 
to answer is: about how many of them are there? If both r and n — r are large, 
say about n/2, then this is a rather difficult question. It would be satisfactory 
to generate our objects 'almost' uniformly (or according to whatever probability 
measure we wish to take) provided this generation is rapid enough to enable us 
to estimate the probability that the final random object (r-regular graph in the 
example above) has the property we are interested in. 

Jerrum, Valiant and Vazirani proved in 1986 that approximate counting and 
approximate uniform generation are intimately connected. Furthermore, these 
questions are closely related to the 'mixing time' of a Markov chain associated 
with our problem. If this Markov chain is rapidly mixing, i.e. if it gets close 
to its stationary distribution in a short space of time, then efficient generation 
is possible. The aim of the fifth paper is to present a number of powerful new 
methods for proving that a Markov chain is rapidly mixing and to survey various 
related questions. 

The next paper is also about rapidly mixing Markov chains and uniform 
generation, but the context is rather different. Given a convex body K in Rn, 
containing a small Euclidean ball and contained in a large Euclidean ball, in the 
presence of various 'oracles', how fast an algorithm can one give to approximate 
the volume of Kl In 1989 Dyer, Frieze and Kannan proved that there is a fast 
randomized approximation algorithm for approximating the volume; in fact, such 
an algorithm is provably faster than any deterministic algorithm. In addition 
to a full proof of an improvement on the previous results, Dyer and Frieze a 
number of applications of the algorithm, namely to integration, counting linear 
extensions and mathematical programming. 

One of the most important Markov chains in combinatorics is the random 
walk on the cube. The convergence to the stable (uniform) distribution is best 
analysed with the aid of Fourier analysis, as shown by Diaconis, Graham and 
Morrison in 1989. The final paper starts with the basis of Fourier analysis 
relevant to the study of problems of this kind, and proceeds to several more 
sophisticated applications. 

Throughout the papers, several unsolved problems invite the reader to do 
research in probabilistic combinatorics. 

Bela Bollobas 
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