


AMS SHORT COURSE LECTURE NOTES
Introductory Survey Lectures

published as a subseries of
Proceedings of Symposia in Applied Mathematics

http://dx.doi.org/10.1090/psapm/069



This page intentionally left blank 



Proceedings of Symposia in

APPLIED MATHEMATICS

Evolutionary Game 
Dynamics  

American Mathematical Society  
Short Course 
January 4–5, 2011 
New Orleans, Louisiana

Karl Sigmund  
Editor

Volume 69

American Mathematical Society
Providence, Rhode Island



EDITORIAL COMMITTEE

Mary Pugh Lenya Ryzhik Eitan Tadmor (Chair)

2010 Mathematics Subject Classification. Primary 91A22.

Library of Congress Cataloging-in-Publication Data

American Mathematical Society. Short Course (2011 : New Orleans, LA.)
Evolutionary game dynamics : American Mathematical Society Short Course, January 4–5,

2011, New Orleans, LA / Karl Sigmund, editor.
p. cm. — (Proceedings of symposia in applied mathematics ; v. 69)

Includes bibliographical references and index.
ISBN 978-0-8218-5326-9 (alk. paper)
1. Game theory—Congresses. I. Sigmund, Karl, 1945– II. Title.

QA269.A465 2011
519.3—dc23

2011028869

Copying and reprinting. Material in this book may be reproduced by any means for edu-
cational and scientific purposes without fee or permission with the exception of reproduction by
services that collect fees for delivery of documents and provided that the customary acknowledg-
ment of the source is given. This consent does not extend to other kinds of copying for general
distribution, for advertising or promotional purposes, or for resale. Requests for permission for
commercial use of material should be addressed to the Acquisitions Department, American Math-
ematical Society, 201 Charles Street, Providence, Rhode Island 02904-2294, USA. Requests can
also be made by e-mail to reprint-permission@ams.org.

Excluded from these provisions is material in articles for which the author holds copyright. In
such cases, requests for permission to use or reprint should be addressed directly to the author(s).
(Copyright ownership is indicated in the notice in the lower right-hand corner of the first page of
each article.)

c© 2011 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Copyright of individual articles may revert to the public domain 28 years
after publication. Contact the AMS for copyright status of individual articles.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at http://www.ams.org/

10 9 8 7 6 5 4 3 2 1 16 15 14 13 12 11



Contents

Preface vii

Introduction to Evolutionary Game Theory
Karl Sigmund 1

Beyond the Symmetric Normal Form: Extensive Form Games, Asymmetric
Games and Games with Continuous Strategy Spaces

Ross Cressman 27

Deterministic Evolutionary Game Dynamics
Josef Hofbauer 61

On Some Global and Unilateral Adaptive Dynamics
Sylvain Sorin 81

Stochastic Evolutionary Game Dynamics: Foundations, Deterministic
Approximation, and Equilibrium Selection

William H. Sandholm 111

Evolution of Cooperation in Finite Populations
Sabin Lessard 143

Index 173

v



This page intentionally left blank 



Preface

Evolutionary game theory studies basic types of social interactions in popula-
tions of players. It is the ideal mathematical tool for methodological individualism,
i.e., the reduction of social phenomena to the level of individual actions. Evolu-
tionary game dynamics combines the strategic viewpoint of classical game theory
(independent, rational players trying to outguess each other) with population dy-
namics (successful strategies increase their frequencies).

A substantial part of the appeal of evolutionary game theory comes from its
highly diverse applications, such as social dilemmas, the evolution of language, or
mating behavior in animals. Moreover, its methods are becoming increasingly pop-
ular in computer science, engineering, and control theory. They help to design
and control multi-agent systems, often with large number of agents (for instance,
when routing drivers over highway networks, or data packets over the Internet).
While traditionally these fields have used a top down approach, by directly control-
ling the behavior of each agent in the system, attention has recently turned to an
indirect approach: allowing the agents to function independently, while providing
incentives that lead them to behave in the desired way. Instead of the traditional as-
sumption of equilibrium behavior, researchers opt increasingly for the evolutionary
paradigm, and consider the dynamics of behavior in populations of agents employ-
ing simple, myopic decision rules. The methods of evolutionary game theory are
used in disciplines as diverse as microbiology, genetics, animal behavior, evolu-
tionary psychology, route planning, e-auctions, common resources management or
micro-economics.

The present volume is based on a mini-course held at the AMS meeting in New
Orleans in January 2011. The lectures deal mostly with the mathematical aspects
of evolutionary game theory, i.e., with the deterministic and stochastic dynamics
describing the evolution of frequencies of behavioral types.

An introductory part of the course is devoted to a brief sketch of the origins of
the field, and in particular to the examples that motivated evolutionary biologists
to introduce a population dynamical viewpoint into game theory. This leads to
some of the main concepts: evolutionary stability, replicator dynamics, invasion
fitness, etc. Much of it can be explained by means of simple examples such as the
Rock-Paper-Scissors game. It came as a surprise when childish games of that sort,
intended only for the clarification of concepts, were found to actually lurk behind
important classes of real-life social and biological interactions. The transmission
of successful strategies by genetic and cultural means results in a rich variety of
stochastic processes and, in the limit of very large populations, deterministic ad-
justment dynamics including differential inclusions and reaction-diffusion equations.
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viii PREFACE

Some economists view these types of dynamics merely as tools for so-called equi-
librium refinement and equilibrium selection concepts. (Indeed, most games have
so many equilibria that it is hard to select the ‘right one’). However, evolutionary
games have also permitted us to move away from the equilibrium-centered view-
point. Today, we understand that it is often premature to assume that behavior
converges to an equilibrium. In particular, an evolutionarily stable strategy need
not be reachable. A homogeneous population using that strategy cannot be invaded
by a minority of dissidents, but a homogeneous population with a slightly different
strategy can evolve away from it. Limit phenomena such as periodic or heteroclinic
cycles, or chaotic attractors, may be considered, perhaps not as ‘solutions of the
game’, but as predictions of play. On the other hand, large classes of games leading
to global convergence are presently much better understood.

This book offers a succinct state-of-the-art introduction to the increasingly
sophisticated mathematical techniques behind evolutionary game theory.
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