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Preface
Nonlinear dynamics shape the world around us. It shapes biology, from the
electrophysiological properties of neurons, via the spiralling waves in contracting
heart muscles, to gene regulatory networks. It shapes physics, from the swirling
motions in ﬂuid ﬂows, via the creation of complex patterns in materials, to the
harmonious motions of celestial bodies. It shapes chemistry, from the rich reaction kinetics phenomena, via the chemical basis of morphogenesis at the origin of
patterns on animals, to the complicated biochemistry in the living cell. Mathematically, these beautiful and highly complicated phenomena can be described by
nonlinear dynamical systems in the form of ordinary diﬀerential equations (ODEs),
partial diﬀerential equations (PDEs), delay diﬀerential equations (DDEs), ﬁnite
and inﬁnite dimensional maps. Characterizing quantitatively (or even only qualitatively) the solutions of these models presents severe complications. While some
diﬃculties are partially explained by the presence of nonlinearities in the models,
the challenges are even greater for PDEs and DDEs, which are naturally deﬁned on
inﬁnite dimensional function spaces. The recent availability of high-performance
computers and sophisticated softwares made numerical simulations the primary tool
used by scientists to study the complicated dynamics arising from the equations.
However, the ubiquitous presence of computational methods in modern day science
naturally leads to the fundamental question of validity of the outputs. Even for
ﬁnite dimensional ODEs, this question inevitably arises if the system under study
is chaotic, as small diﬀerences in initial conditions (such as those due to rounding
errors in numerical computations) yield widely diverging outcomes. To address
this fundamental issue in the context of nonlinear dynamics, the recent ﬁeld of
rigorous numerics emerged at the intersection of several ﬁelds of pure and applied
mathematics. This ﬁeld draws inspiration from the ideas in scientiﬁc computing,
nonlinear analysis, numerical analysis, algebraic topology, functional analysis and
approximation theory. In a nutshell, rigorous computations are mathematical theorems formulated in such a way that the assumptions can be rigorously veriﬁed
on a computer. In this book, we introduce novel and exciting techniques within
the ﬁeld of rigorous numerics to study ﬁnite and inﬁnite dimensional discrete and
continuous dynamical systems.
The book begins with the ﬁrst introductory chapter by Jan Bouwe van den Berg
entitled Introduction to rigorous numerics in dynamics: general functional analytic
setup and an example that forces chaos. In this chapter, we introduce some basic
concepts of rigorous computing in a dynamical systems context, and as ﬁrst application, we demonstrate how topological braids can be combined with rigorous
numerics to prove the existence of chaos in ODEs. The second chapter Validated
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numerics for equilibria of analytic vector ﬁelds: invariant manifolds and connecting orbits by J.D. Mireles James introduces a rigorous computational approach to
compute rigorously stable and unstable manifolds of steady states of ODEs using
the parameterization method and Taylor expansions. Once the local information
from the invariants manifold is obtained, a projected boundary value problem is
solved yielding computer-assisted proofs of existence of connecting orbits. The
third chapter Continuation of solutions and studying delay diﬀerential equations via
rigorous numerics by Jean-Philippe Lessard demonstrates how rigorous numerics
helps studying the dynamics of delay equations. We present a rigorous continuation method for solutions of ﬁnite and inﬁnite dimensional parameter dependent
problems, which is then applied to compute branches of periodic solutions of two
DDEs. In the fourth chapter Computer-assisted bifurcation diagram validation and
applications in materials science by Thomas Wanner, it is demonstrated how rigorous computational techniques can be used to validate bifurcation diagrams, both
in ﬁnite- and certain inﬁnite-dimensional problems. We focus particularly on the
veriﬁcation of branches, as well as on saddle-node and symmetry-breaking pitchfork bifurcations. The method is applied to a ﬁnite dimensional discrete dynamical
systems and to a PDE. In the ﬁfth chapter Dynamics and chaos for maps and
the Conley index by Sarah Day, we examine methods for constructing outer approximations, ﬁnite representations of discrete-time models that are amenable to
computational studies and computer-assisted proofs. These methods rely heavily
on Conley index theory, an algebraic topological generalization of Morse Theory.
In the ﬁnal and sixth chapter Rigorous computational dynamics in the context of
unknown nonlinearities by Konstantin Mischaikow, we provide a brief introduction to a novel approach to dynamics whose aim is to provide, in a computationally
tractable manner, an accurate description of the dynamics of models without precise
nonlinearities. We characterize the dynamics using the language of combinatorics
and algebraic topology.
This volume is the proceedings of the AMS Short Course on Rigorous Numerics
in Dynamics, organized for the Joint Mathematics Meetings in Seattle on January
4–5, 2016.
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61 Serkan Hoşten, Jon Lee, and Rekha R. Thomas, Editors, Trends in Optimization,
2004
60 Susan G. Williams, Editor, Symbolic Dynamics and its Applications, 2004
59 James Sneyd, Editor, An Introduction to Mathematical Modeling in Physiology, Cell
Biology, and Immunology, 2002
58 Samuel J. Lomonaco, Jr., Editor, Quantum Computation, 2002
57 David C. Heath and Glen Swindle, Editors, Introduction to Mathematical Finance,
1999
56 Jane Cronin and Robert E. O’Malley, Jr., Editors, Analyzing Multiscale Phenomena
Using Singular Perturbation Methods, 1999
55 Frederick Hoﬀman, Editor, Mathematical Aspects of Artiﬁcial Intelligence, 1998
54 Renato Spigler and Stephanos Venakides, Editors, Recent Advances in Partial
Diﬀerential Equations, Venice 1996, 1998
53 David A. Cox and Bernd Sturmfels, Editors, Applications of Computational
Algebraic Geometry, 1998
52 V. Mandrekar and P. R.Masani, Editors, Proceedings of the Norbert Wiener
Centenary Congress, 1994, 1997
51 Louis H. Kauﬀman, Editor, The Interface of Knots and Physics, 1996
50 Robert Calderbank, Editor, Diﬀerent Aspects of Coding Theory, 1995
49 Robert L. Devaney, Editor, Complex Dynamical Systems: The Mathematics Behind the
Mandelbrot and Julia Sets, 1994
48 Walter Gautschi, Editor, Mathematics of Computation 1943–1993: A Half-Century of
Computational Mathematics, 1995
47 Ingrid Daubechies, Editor, Diﬀerent Perspectives on Wavelets, 1993
46 Stefan A. Burr, Editor, The Unreasonable Eﬀectiveness of Number Theory, 1992
45 De Witt L. Sumners, Editor, New Scientiﬁc Applications of Geometry and Topology,
1992

For a complete list of titles in this series, visit the
AMS Bookstore at www.ams.org/bookstore/psapmseries/.

PSAPM/74

PSAPM

74

Rigorous Numerics in Dynamics • van den Berg et al., Editors

AMS

