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Preface

Nonlinear dynamics shape the world around us. It shapes biology, from the
electrophysiological properties of neurons, via the spiralling waves in contracting
heart muscles, to gene regulatory networks. It shapes physics, from the swirling
motions in fluid flows, via the creation of complex patterns in materials, to the
harmonious motions of celestial bodies. It shapes chemistry, from the rich reac-
tion kinetics phenomena, via the chemical basis of morphogenesis at the origin of
patterns on animals, to the complicated biochemistry in the living cell. Mathe-
matically, these beautiful and highly complicated phenomena can be described by
nonlinear dynamical systems in the form of ordinary differential equations (ODEs),
partial differential equations (PDEs), delay differential equations (DDEs), finite
and infinite dimensional maps. Characterizing quantitatively (or even only quali-
tatively) the solutions of these models presents severe complications. While some
difficulties are partially explained by the presence of nonlinearities in the models,
the challenges are even greater for PDEs and DDEs, which are naturally defined on
infinite dimensional function spaces. The recent availability of high-performance
computers and sophisticated softwares made numerical simulations the primary tool
used by scientists to study the complicated dynamics arising from the equations.
However, the ubiquitous presence of computational methods in modern day science
naturally leads to the fundamental question of validity of the outputs. Even for
finite dimensional ODEs, this question inevitably arises if the system under study
is chaotic, as small differences in initial conditions (such as those due to rounding
errors in numerical computations) yield widely diverging outcomes. To address
this fundamental issue in the context of nonlinear dynamics, the recent field of
rigorous numerics emerged at the intersection of several fields of pure and applied
mathematics. This field draws inspiration from the ideas in scientific computing,
nonlinear analysis, numerical analysis, algebraic topology, functional analysis and
approximation theory. In a nutshell, rigorous computations are mathematical the-
orems formulated in such a way that the assumptions can be rigorously verified
on a computer. In this book, we introduce novel and exciting techniques within
the field of rigorous numerics to study finite and infinite dimensional discrete and
continuous dynamical systems.

The book begins with the first introductory chapter by Jan Bouwe van den Berg
entitled Introduction to rigorous numerics in dynamics: general functional analytic
setup and an example that forces chaos. In this chapter, we introduce some basic
concepts of rigorous computing in a dynamical systems context, and as first ap-
plication, we demonstrate how topological braids can be combined with rigorous
numerics to prove the existence of chaos in ODEs. The second chapter Validated

vii



viii PREFACE

numerics for equilibria of analytic vector fields: invariant manifolds and connect-
ing orbits by J.D. Mireles James introduces a rigorous computational approach to
compute rigorously stable and unstable manifolds of steady states of ODEs using
the parameterization method and Taylor expansions. Once the local information
from the invariants manifold is obtained, a projected boundary value problem is
solved yielding computer-assisted proofs of existence of connecting orbits. The
third chapter Continuation of solutions and studying delay differential equations via
rigorous numerics by Jean-Philippe Lessard demonstrates how rigorous numerics
helps studying the dynamics of delay equations. We present a rigorous continua-
tion method for solutions of finite and infinite dimensional parameter dependent
problems, which is then applied to compute branches of periodic solutions of two
DDEs. In the fourth chapter Computer-assisted bifurcation diagram validation and
applications in materials science by Thomas Wanner, it is demonstrated how rig-
orous computational techniques can be used to validate bifurcation diagrams, both
in finite- and certain infinite-dimensional problems. We focus particularly on the
verification of branches, as well as on saddle-node and symmetry-breaking pitch-
fork bifurcations. The method is applied to a finite dimensional discrete dynamical
systems and to a PDE. In the fifth chapter Dynamics and chaos for maps and
the Conley index by Sarah Day, we examine methods for constructing outer ap-
proximations, finite representations of discrete-time models that are amenable to
computational studies and computer-assisted proofs. These methods rely heavily
on Conley index theory, an algebraic topological generalization of Morse Theory.
In the final and sixth chapter Rigorous computational dynamics in the context of
unknown nonlinearities by Konstantin Mischaikow, we provide a brief introduc-
tion to a novel approach to dynamics whose aim is to provide, in a computationally
tractable manner, an accurate description of the dynamics of models without precise
nonlinearities. We characterize the dynamics using the language of combinatorics
and algebraic topology.

This volume is the proceedings of the AMS Short Course on Rigorous Numerics
in Dynamics, organized for the Joint Mathematics Meetings in Seattle on January
4–5, 2016.
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