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A Heegaard Floer analog of algebraic torsion
Çağatay Kutluhan, Gordana Matić, Jeremy Van Horn-Morris,
and Andy Wand
Abstract. This article provides the origin story for spectral order, an invariant of contact structures on closed 3-manifolds deﬁned by the authors. This
invariant can be thought of as an assignment of a ‘degree of tightness’ to a contact structure. The principal motivation for the development of this invariant
was work of Hutchings establishing a ﬁltration on the diﬀerential in embedded
contact homology. We explain how this ﬁltration may be translated into the
language of Heegaard Floer homology.

1. Introduction
In the ’80s, Bennequin [Ben83] initiated and Eliashberg [Eli87, Eli88] modernized the study of contact structures on 3-manifolds, demonstrating ﬁrst that
they fall into two categories: overtwisted and tight. Overtwisted contact structures
on closed 3-manifolds contain a speciﬁc embedded submanifold, an overtwisted disk,
which enables complete ‘ﬂexiblity.’ On a closed 3-manifold, each overtwisted contact structure is uniquely determined up to contact deformation by its structure as
an oriented 2-plane ﬁeld up to homotopy [Eli89], and every oriented 2-plane ﬁeld is
homotopic to an overtwisted contact structure [Mar71]. Tight contact structures,
on the other hand, exhibit ‘rigidity’: they do not exist in every homotopy class of
oriented 2-plane ﬁelds, and when they do, they are not necessarily unique [Eli96]
[LM96].
A fundamental problem in 3-dimensional contact topology is the classiﬁcation
of tight contact structures: which 3-manifolds carry tight contact structures, and for
those that do, how do we distinguish distinct tight contact structures? Eliashberg
showed that the contact 3-manifold that naturally arises on the boundary of a
compact symplectic 4-manifold is tight [Eli90] (see also [Gro85]), which yielded
a wealth of constructions. However, not every tight contact structure arises this
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way, [EH02, LS03].1 Such phenomena sparked a search for invariants of contact
structures that could detect tightness and ﬁllability properties.
The foundational invariant of contact manifolds is symplectic ﬁeld theory (SFT)
of Eliashberg, Givental, and Hofer [EGH00]. It conjecturally detects tight contact
structures on closed 3-manifolds. In [LW11], Latschev and Wendl investigated
a property of the SFT algebra, its algebraic torsion, which measures the torsion
of a certain element in the ground ring. They found out that if SFT algebraic
torsion is ﬁnite, it obstructs the existence of symplectic ﬁllings. Furthermore, it is
non-decreasing under Legendrian surgery, making it a numerical measurement that
further partitions the class of non-ﬁllable contact structures.
Similar in construction to symplectic ﬁeld theory is Hutchings’s embedded contact homology (ECH) [Hut10] of closed contact 3-manifolds. In [LW11, Appendix],
Hutchings described a method to deﬁne an analog of the SFT algebraic torsion in
the framework of embedded contact homology. In the ECH analog of algebraic torsion, Hutchings uses a normalized Euler characteristic of the pseudoholomorphic
curves counted in deﬁning the ECH diﬀerential to introduce a ﬁltration on it. He
then uses this ﬁltration to measure the ‘degree of vanishing’ of a canonical element
in ECH.
In [KMVWc], the authors deﬁne the spectral order of a closed contact 3manifold. It arises as an analog of the SFT algebraic torsion in the context of
Heegaard Floer homology, a topological invariant of closed oriented 3-manifolds
introduced by Ozsváth and Szabó [OS04], which is shown to be isomorphic to
ECH [CGH12b, CGH12c, CGH12a]. Given a contact structure ξ on a closed
3-manifold Y , Ozsváth and Szabó specify a distinguished homology class ĉ(ξ) (well
 (Y ). This class,
deﬁned up to ±1) in the Heegaard Floer homology group HF
known as the Ozsváth–Szabó contact class, yields an invariant of contact structures
on closed 3-manifolds. The vanishing or non-vanishing of this class has been a
powerful instrument to detect or obstruct tightness and ﬁllability properties of
contact structures on closed 3-manifolds. Ozsváth and Szabó proved that ĉ(ξ)
vanishes for overtwisted contact structures and is non-vanishing for symplectically
ﬁllable ones. However, it does not always detect tightness even in its strongest form
(see, for example, [Ghi06]). Spectral order attempts to reﬁne the information that
one could extract from the Ozsváth–Szabó contact class.
The deﬁnition of spectral order is algebraic in nature. It uses a version of the
usual Heegaard Floer chain complex associated to an open book decomposition
with twisted coeﬃcients resulting from the normalized Euler characteristic used by
Hutchings. It takes values in the set Z≥0 ∪{∞} and it has many desirable properties,
perhaps foremost that it vanishes for overtwisted contact structures and is nondecreasing under Legendrian surgery and contact connected sum. These latter two
properties are, for example, suﬃcient for it to give a very general obstruction to
existence of Stein cobordisms between two closed contact 3-manifolds, answering
[LW11, Question 1]. Furthermore, in [KMVWc], the authors give examples of
families of contact 3-manifolds for which ĉ(ξ) = 0 but with non-zero spectral order
and realizing inﬁnitely many distinct positive integer values. These examples prove

1 Indeed, there are many diﬀerent ﬂavors of ‘ﬁllings’ of contact 3-manifolds by compact symplectic 4-manifolds. For ease of reading, in most cases throughout the article ‘symplectically
ﬁllable’ will mean ‘strongly symplectically ﬁllable.’
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that spectral order detects non-trivial information about contact structures that
the Ozsváth–Szabó contact class could not detect.
The goal of this article is to provide the origin story for spectral order. In this
article, we describe in detail how a ﬁltration on the ECH diﬀerential as deﬁned
by Hutchings can be ported to the setting of Heegaard Floer homology, details
missing from the paper [KMVWc]. The main tool is the isomorphism between the
latter and a variant of embedded contact homology for certain stable Hamiltonian
structures, denoted ech, by Lee, Taubes, and the ﬁrst named author (see [KLT10a,
KLT10b, KLT10c], or [Kut13], for an outline).
Organization. In Section 2, we outline how an open book decomposition supporting a contact structure is used to construct an auxiliary manifold with a stable
Hamiltonian structure on it, and how this is used to deﬁne ech. In Section 3, we
describe Hutchings’s ﬁltration adapted to ech and deﬁne an analog of Latschev and
Wendl’s algebraic torsion in the context of ech. In Section 4, we translate the latter
to Heegaard Floer homology.
2. The ech chain complex
In order to deﬁne a Heegaard Floer analog of Latschev and Wendl’s algebraic
torsion, we ﬁrst deﬁne a ﬁltered chain complex using the ech chain complex starting
from an open book decomposition. In this regard, let M be a closed, connected, and
oriented 3-manifold with a co-oriented contact structure ξ, and (S, φ) an abstract
open book decomposition of M supporting ξ. Here, S (the page) is a compact
oriented surface of genus g with b boundary components, and φ (the monodromy)
is an orientation preserving diﬀeomorphism of S which restricts to identity in a
neighborhood of the boundary. The manifold M is then diﬀeomorphic to S ×
[0, 1]/ ∼ where (p, 1) ∼ (φ(p), 0) for any p ∈ S and (p, t) ∼ (p, t ) for any p ∈ ∂S and
t, t ∈ [0, 1]. Let g = 2g +b −1, and ﬁx a self-indexing Morse function on S that has
a single index-2 critical point, no index-0 critical points, and attains its minimum
along ∂S. Then a suitably chosen pseudo-gradient vector ﬁeld for the latter deﬁnes
a basis of arcs a = {a1 , . . . , ag } on S; i.e. a disjoint collection of properly embedded
arcs which cut S into a polygon. Each arc belonging to a is the descending manifold
of an index-1 critical point of the Morse function for the chosen pseudo-gradient
vector ﬁeld. As in [HKM09b, §3.1], this basis together with the monodromy
φ determines a Heegaard diagram (Σ, {β1 , . . . , βg }, {α1 , . . . , αg }) for −M . To be
more explicit, let b = {b1 , . . . , bg } be a collection of arcs on S such that each bi
is obtained from ai by an isotopy pushing each endpoint slightly along ∂S in the
direction of the standard (counter-clockwise) orientation (see Figure 1). Then we
have Σ = S×{ 12 }∪∂S −S×{0}, αi = ai ×{ 12 }∪ai ×{0}, and βi = bi ×{ 21 }∪φ(bi )×{0}.
The pseudo-gradient vector ﬁeld on S and the monodromy φ can be used to
deﬁne a self-indexing Morse function f and a pseudo-gradient vector ﬁeld v on
−M which yield the Heegaard diagram (Σ, {β1 , . . . , βg }, {α1 , . . . , αg }). Each αcurve appears as the intersection of Σ with the descending manifold of an index-1
critical point of f for v, while each β-curve appears as the intersection of Σ with the
ascending manifold of an index-2 critical point of f for v. Therefore, the canonical
pairing of the α- and β-curves indicated by their indexing induces a canonical
pairing of the index-1 and index-2 critical points of f . With this understood, we
construct a new manifold Y out of M by attaching handles following [KLT10b,
§1a]. Each handle is a smooth manifold diﬀeomorphic to [−1, 1] × S 2 and it is
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Figure 1. The arcs ai and bi on the surface S.
attached along its boundary to the complement of some regular coordinate balls
centered at a distinguished pair of critical points of f . The resulting manifold Y
is diﬀeomorphic to M #g+1 S 1 × S 2 via an orientation preserving diﬀeomorphism2 .
To be more explicit, one handle, denoted H0 , is attached along the index-0 and
index-3 critical points of f , and g additional handles are attached along pairs of
index-1 and index-2 critical points of f . We denote the latter kind of handles by
Hi for i ∈ {1, . . . , g}.

Next ﬁx a basepoint z ∈ Σ  i∈{1,...,g} (αi ∪ βi ) according to the convention
in [HKM09b, §3.1], namely, ﬁx a point in S × { 12 } outside the thin strips between
ai and bi in Figure 1. By changing the monodromy in its isotopy class, one can
make sure that the pointed Heegaard diagram (Σ, {β1 , . . . , βg }, {α1 , . . . , αg }, z) is
strongly admissible for any given Spinc structure. As stated in [KLT10b, Lemma
1.1], this means that there exists an area form wΣ on Σ with total area equal to
2, and the signed area of each periodic domain P on this Heegaard diagram is
equal to the pairing c1 (sξ ), H(P) , where H(P) ∈ H2 (M ; Z) is the homology class
corresponding to P. Use v and wΣ , as in [KLT10b, §1a-1d], to construct a stable
Hamiltonian structure on Y . The latter is a pair (a, w) where a is a smooth 1-form
and w is a smooth closed 2-form such that da = hw for some smooth function
h : Y → R, and a ∧ w is nowhere zero. Associated to this stable Hamiltonian
structure is a vector ﬁeld R satisfying w(R, ·) =0 and a(R) = 1, which agrees
with the pseudo-gradient vector ﬁeld v on Y  i∈{0,1,...,g} Hi . Of interest are
periodic orbits of the vector ﬁeld R. A complete description of periodic orbits of R
is provided in [KLT10b, §2]. In particular, there is a unique embedded periodic
orbit passing through the basepoint z, denoted by γz . This orbit intersects every
cross-sectional sphere of H0 exactly once. Meanwhile, for each i ∈ {1, . . . , g}, there
are exactly two distinct embedded periodic orbits inside Hi , denoted by γi+ and
γi− , which are hyperbolic and homologically trivial.
Periodic orbits of the Reeb vector ﬁeld and pseudo-holomorphic curves in R×Y
for suitably generic almost complex structure are used in [KLT10b, Appendix A]
to deﬁne a variant of Hutchings’s embedded contact homology for certain homology
classes Γ ∈ H1 (Y ; Z). First, we recall some basic deﬁnitions. An orbit set is a ﬁnite
collection of the form {(γ, m)} where γ are distinct embedded periodic orbits of
the Reeb vector ﬁeld and m is a positive integer. An orbit set {(γ, m)} with the
2 Note that this construction is equivalent to attaching 4-dimensional 1-handles on the outgoing boundary of the product cobordism I × M , and Y is the outgoing boundary of the resulting
cobordism.
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extra requirement that m = 1 when γ is hyperbolic is called an admissible
orbit

set. The homology class of an orbit set Θ = {(γ, m)} is deﬁned by
m[γ]. Of
interest here are admissible orbit sets with homology class Γ ∈ H1 (Y ; Z) such that
P D(Γ), [S 2 ] = 0 if [S 2 ] is a generator of H2 (H0 ; Z), P D(Γ), [S 2 ] = 1 if [S 2 ] is
the positive generator of H2 (Hi ; Z) for i ∈ {1, . . . , g}, and s − sξ = P D(Γ|M ) where
sξ is the canonical Spinc structure on M deﬁned by the contact structure ξ, and s
is a Spinc structure on M . Note that the homology class Γ is uniquely determined
by these properties once a Spinc structure s on M is ﬁxed. For such Γ ∈ H1 (Y ; Z),
it follows from [KLT10b, §2] that any γ that belongs to an admissible orbit set
with homology class Γ is hyperbolic. Hence, we may drop the integer m from the
notation. The free Z-module generated by admissible orbit sets with homology Γ
will be denoted by ecc(Y,

Γ).
Having ﬁxed an almost complex structure J on R × Y satisfying the conditions
in [KLT10b, §3a], the ECH index of a J-holomorphic curve in R × Y asymptotic
to orbit sets representing the same homology class at ±∞ is an additive quantity
that depends only on the relative homology class of the curve, and it is equal to
the Fredholm index for embedded curves (see [Hut02]). The diﬀerential ∂ech on
ecc(Y,

Γ) is deﬁned to be the endomorphism of ecc(Y,

Γ) sending a generator Θ+ to

σ(Θ+ , Θ− )Θ− ,
where σ(Θ+ , Θ− ) is a signed count, modulo R-translation, of ECH index-1 Jholomorphic curves asymptotic to Θ+ at +∞ and to Θ− at −∞, and disjoint
from R × γz . Note that R × γz is a J-holomorphic cylinder. Hence, by additivity
and positivity of intersections of J-holomorphic curves, it follows from [KLT10c]
(cf. [HT07, HT09]) that ∂ech ◦ ∂ech = 0, and
 Γ) := H∗ (ecc(Y,
ech(Y,

Γ), ∂ech ).
A detailed description of J-holomorphic curves in R × Y is given in [KLT10b,
§3 and §4]. In what follows we specialize to a subcomplex ecc
 ◦ (Y, Γ) generated
by a smaller set of admissible orbit sets. To describe the latter, note that by
[KLT10b, Proposition 2.8], there exists 
a 1–1 correspondence between the set of
admissible orbit sets and the set Zhf × i∈{1,...,g} (Z × o) where Zhf denotes gtuples of integral curves of the pseudo-gradient vector ﬁeld v connecting the index-1
critical points of f to its index-2 critical points in such a way that each critical
point appears as the limit of a unique integral curve, o = {0, +1, −1, {+1, −1}},
 ◦ (Y, Γ) is the subcomplex
and i ∈ {1, . . . , g} corresponds to the handle Hi . Then ecc
generated by admissible orbit sets whose restriction to each Hi correspond to the

Γ) follows
pair (0, 0) ∈ Z × o. The fact that ecc
 ◦ (Y, Γ) is a subcomplex of ecc(Y,
from [KLT10c].
3. Hutchings’s ﬁltration in ech
Given orbit sets Θ+ and Θ− with the same homology class, Hutchings deﬁnes
variants of his ECH index for relative homology classes in H2 (Y, Θ+ , Θ− ), denoted
by J0 , J+ , and J− (see [Hut, §6]). Among other things, these are additive in the
sense that for Z1 ∈ H2 (Y, Θ+ , Θ) and Z2 ∈ H2 (Y, Θ, Θ− ), we have
J◦ (Z1 + Z2 ) = J◦ (Z1 ) + J◦ (Z2 ),
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where ◦ ∈ {0, +, −} (see [Hut, Proposition 6.5]). If C is an embedded J-holomorphic curve in R × Y with positive ends at an admissible orbit set Θ+ and negative
ends at an admissible orbit set Θ− , then positive, respectively negative, ends of C
are at distinct embedded periodic orbits of R, since an admissible orbit set consists
only of hyperbolic orbits. Hence,
J+ (C) = −χ(C) + |Θ+ | − |Θ− |,
where | · | denotes the cardinality of an admissible orbit set. Decomposing into
connected components, we can rewrite the above formula as

(1)
J+ (C) =
(2gj − 2 + 2|Θj+ |),
Cj ⊂C

where each Cj denotes a connected component of C, gj denotes the genus of Cj ,
and each Θj+ ⊂ Θ+ is the collection of periodic orbits of the Reeb vector ﬁeld that
comprise the positive ends of Ci . Clearly, 2 | J+ (C).
Lemma 1. Let Θ+ and Θ− be generators of ecc
 ◦ (Y, Γ) and C be an embedded
J-holomorphic curve C with positive ends at Θ+ and negative ends at Θ− , and with
no closed components. Then J+ (C) ≥ 0.
Proof. Note that no subcollection of periodic orbits from an admissible orbit
set Θ can be homologically trivial unless Θ contains one or more of the homologically
 ◦ (Y, Γ), then
trivial γi+ , γi− ⊂ Hi . Therefore, if Θ+ and Θ− are generators of ecc
no non-empty subcollection of periodic orbits from Θ+ or Θ− can be homologically
trivial, and every connected component of an embedded J-holomorphic curve C
with positive ends at Θ+ and negative ends at Θ− has non-empty positive and
negative ends by what is said in [KLT10b, §3 and §4]. It then follows from (1)

that J+ (C) ≥ 0.
Following [LW11, Appendix], we decompose the diﬀerential ∂ech as
∂ech = ∂0 + ∂1 + · · · + ∂k + · · · ,
where ∂k counts admissible ECH index-1 J-holomorphic curves C with J+ (C) =
2k and empty intersection with R × γz . Since J+ is additive under gluing of Jholomorphic curves,
a ﬁltered chain complex ecc
 ◦ (Y, Γ) ⊗Z Z[t, t−1 ]
∞we can deﬁne
−k
with diﬀerential k=0 ∂k ⊗ t . The spectral sequence associated to this ﬁltered
chain complex has pages E k (S, φ, a; J).
Note that there is a distinguished point xi in αi ∩ βi that lies in S × { 12 }
for each i = 1, . . . , g as depicted in Figure 1. The set of distinguished points
xξ = {x1 , . . . , xg } speciﬁes a unique element of Zhf . This in turn speciﬁes a distin ◦ (Y, Γξ ) where Γξ is the unique homology class satisfying
guished generator Θξ of ecc
P D(Γ), [S 2 ] = 0 if [S 2 ] is a generator of H2 (H0 ; Z), P D(Γ), [S 2 ] = 1 if [S 2 ] is the
positive generator of H2 (Hi ; Z) for i ∈ {1, . . . , g}, and Γ|M = 0. The generator Θξ
is a disjoint union of g embedded periodic orbits of the Reeb vector ﬁeld. In fact,
each of these orbits represents a positive generator of H1 (S 1 × S 2 ; Z) for a distinguished copy of S 1 × S 2 in a connected sum decomposition of Y  M #g+1 S 1 × S 2
determined by the unique collection of integral curves of the pseudo-gradient vector
ﬁeld v passing through the points {z, x1 , . . . , xg }. To deﬁne the ech analog of algebraic torsion, we keep track of the generator Θξ in the spectral sequence associated
to this ﬁltered chain complex ecc
 ◦ (Y, Γξ ) ⊗Z Z[t, t−1 ].
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Definition 2. Let o(S, φ, a; J) be the smallest non-negative integer k such
that the orbit set Θξ represents the trivial class in E k+1 (S, φ, a; J).
4. Porting Hutchings’s ﬁltration to Heegaard Floer homology
Next we translate the J+ ﬁltration in ech to Heegaard Floer homology. In
order to do so, we make use of the construction of the isomorphism between ech
and Heegaard Floer homology [KLT10b, KLT10c]:
 Γ) ∼
 (−M, sξ + P D(Γ|M )) ⊗ Z2g .
ech(Y,
= HF
The construction of this isomorphism exploits the cylindrical reformulation of
Heegaard Floer homology due to Lipshitz [Lip06]. In Lipshitz’s reformulation, the
 (−M, s) is generated by g-tuples of Reeb chords
Heegaard Floer chain complex CF
of the form {x1 , . . . , xg } × [0, 1] ⊂ Σ × [0, 1] where each xi is a point in αi ∩ βσ(i) for
 (−M, s)
some σ ∈ Sg . In comparison, {x1 , . . . , xg } ∈ Sym g (Σ) is a generator of CF
in the original formulation of Heegaard Floer homology by Ozsváth and Szabó
[OS04]. Each such g-tuple of Reeb chords corresponds to a unique element of Zhf .
As such, the set of such g-tuples of Reeb chords is in 1–1 correspondence with the
set Zhf . Meanwhile, given an almost complex structure JHF on Σ×[0, 1]×R satisfying conditions (J1)–(J5) in [Lip06, §1], there exists an almost complex structure J
on R × Y satisfying the conditions in [KLT10b, §3a]. In the present context, where
we restrict ourselves to the subcomplex ecc
 ◦ (Y, Γ), there is a 1–1 correspondence
between ECH index-1 J-holomorphic curves in R × Y with ends at generators of
this subcomplex and Fredholm index-1 JHF -holomorphic curves in Σ × [0, 1] × R
that satisfy conditions (M0)–(M6) in [Lip06, §1]. Therefore, (ecc
 ◦ (Y, Γ), ∂ech ) and
(−M, s), ∂hf ) are canonically isomorphic as chain complexes via the aforemen(CF
tioned 1–1 correspondence between generators (see [KLT10c] for details).
Now let CL be a Fredholm index-1 JHF -holomorphic curve in Σ × [0, 1] × R satisfying conditions (M0)–(M6) in [Lip06, §1], and C ⊂ R × Y be the corresponding
ECH index-1 J-holomorphic curve with positive ends at an admissible orbit set Θ+
and negative ends at an admissible orbit set Θ− , both of which are generators of
ecc
 ◦ (Y, Γ). Due to the aforementioned 1–1 correspondence, we can write J+ (CL )
for J+ (C). Topologically, C is obtained from CL by adding 2-dimensional 1-handles
in such a way that for each i = 1, . . . , g a 1-handle is attached along a point in αi
and a point in βi (See Figure 2). Therefore, −χ(C) = −χ(CL ) + g, and
(2)

J+ (CL ) = −χ(CL ) + g + |Θ+ | − |Θ− |.

Lipshitz proves that χ(CL ) is determined by the relative homology class [CL ] ∈
π
2 (x+ , x− ) (see [Lip06, Proposition 4.2], cf. [Lip14, Proposition 4.2 ]); more
speciﬁcally,
(3)

χ(CL ) = g − nx+ (D([CL ])) − nx− (D([CL ])) + e(D([CL ])).

Here, D([CL ]) denotes the domain in the Heegaard diagram associated to CL , x+
denotes the Heegaard Floer generator that corresponds to Θ+ , x− denotes the
Heegaard Floer generator that corresponds to Θ− , np (D([CL ])) denotes the point
measure, namely, the average of the coeﬃcients of D([CL ]) for the four regions with
corners at p ∈ αi ∩ βj , and e(D([CL ])) is the Euler measure of D([CL ]). Meanwhile,
keeping the labeling of the α and β curves in mind, each Heegaard Floer generator
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Figure 2. An embedded JHF -holomorphic curve CL in Σ×[0, 1]×
R satisfying conditions (M0)–(M6) in [Lip06, §1] shaded, and
cores of some 2-dimensional 1-handles attached to CL are indicated
with dotted lines.
yields an element of the symmetric group, and |Θ± | is equal to the number of
cycles in the element of that symmetric group associated to x± , respectively. We
will denote the latter quantity also by | · |. With the preceding understood, combine
(2) and (3) to obtain the following formula:
(4)

J+ ([CL ]) = nx+ (D([CL ])) + nx− (D([CL ])) − e(D([CL ])) + |x+ | − |x− |.

Note that the right hand side of (4) depends only on D([CL ]), and in particular,
since a class in π
2 (x+ , x− ) is speciﬁed by its domain, J+ ([CL ]) depends only on the
relative homology class [CL ]. In fact, we may deﬁne J+ for any domain D in the
Heegaard diagram by the right hand side of (4), which by [Lip06, Corollary 4.10]
could also be written as
(5)

J+ (D) := μ(D) − 2e(D) + |x+ | − |x− |,

where μ(D) is the Maslov index of D. If there exists an embedded JHF -holomorphic
curve CL representing D, then the Maslov index of D agrees with the Fredholm
index of CL ([Lip14, Proposition 4.8 ]) .
Proposition 3. The assignment J+ (D) to domains in the Heegaard diagram is
additive under concatenation of domains, and it is non-negative on Maslov index-1
domains represented by embedded pseudo-holomorphic curves.
Proof. The additivity claim follows from additivity of the Euler measure and
the Maslov index under concatenation of domains. As for the non-negativity claim,
this follows from Lemma 1 and by the correspondence between moduli spaces of
pseudo-holomorphic curves to deﬁne the diﬀerentials for Heegaard Floer and ech
chain complexes in [KLT10c].

For Maslov index-1 domains, it is easier to use the formula
(6)
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With the preceding understood, we give an obstruction to overtwistedness:
Theorem 4. Let ξot be an overtwisted contact structure on a closed 3-manifold
M . Then there exist an open book decomposition (S, φ) supporting ξ, a basis of arcs
a on S, and a generic split complex structure JHF in the sense of [Lip06] such that
o(S, φ, a; JHF ) = 0.
Proof. Note that an overtwisted contact structure is supported by an open
book decomposition (S, φ) where the monodromy φ is not right-veering [HKM07,
Theorem 1.1]. One can ﬁnd a basis of arcs a on S so that in the corresponding
Heegaard diagram ∂hf y = xξot where y = {y1 , x2 , . . . , xg } and there is exactly one
Maslov index-1 holomorphic domain D, a bigon, that contributes to the diﬀerential
[HKM09b, Lemma 3.2] as deﬁned by a split complex structure JHF on Σ×[0, 1]×R.
Therefore, ny (D) = 14 , nxξot (D) = 14 , |y| = g, and |xξot | = g. Applying (6), we
ﬁnd J+ (D) = 0. As a result, o(S, φ, a; JHF ) = 0.

We see this as the beginning of investigations of a new family of computable
invariants of contact structures and related objects via Heegaard Floer homology.
In the sequel [KMVWc], we adopt Lipshitz’s cylindrical reformulation of Heegaard
Floer homology, and use the above deﬁnition and Proposition 3 along with equation
(6) to deﬁne the spectral order of a closed contact 3-manifold, then investigate its
many properties. Our main result there can be stated as follows:
Theorem 5. There exists an invariant of contact structures on closed oriented
3-manifolds, denoted o, taking values in Z≥0 ∪ {∞} with the following properties:
• o(M, ξ) = 0 if (M, ξ) is overtwisted.
• o(M, ξ) is non-decreasing under Legendrian surgery.
• o(M, ξ) = ∞ if (M, ξ) is Stein ﬁllable.
In later sequels, we will investigate spectral order’s ability to detect tightness
[KMVWa], and introduce a version of spectral order for compact contact manifolds with convex boundary [KMVWb] applying Deﬁnition 2 to partial open book
decompositions with protected boundary. There will be a number of interesting
applications of this version of spectral order. For example, in [JK18], Juhász and
Kang independently observe that the deﬁnition of spectral order can be generalized
to partial open book decompositions and state that, just like the maps on sutured
Floer homology deﬁned in [HKM09a], the sutured version of o behaves well under
inclusion of contact manifolds—o of a contact submanifold is an upper bound for
o of the ambient contact manifold. Applying this to the case of a Giroux torsion
domain, they give an upper bound of 2 for the spectral order of a contact 3-manifold
with positive Giroux torsion.
Remark. During the course of this project we learned that John Baldwin
and David Shea Vela-Vick have independently been working on an invariant of
contact 3-manifolds in the framework of Heegaard Floer homology similar in spirit
to what is outlined in this article. The deﬁnition of their invariant can be found in
[BSVV18, §1.3].
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