
Proceedings of Symposia in

PURE MATHEMATICS
Volume 104

Nine Mathematical
Challenges
An Elucidation

Linde Hall Inaugural Math Symposium
February 22–24, 2019
California Institute of Technology,
Pasadena, California

A. Kechris
N. Makarov
D. Ramakrishnan
X. Zhu
Editors



Volume 104

Nine Mathematical
Challenges
An Elucidation

Linde Hall Inaugural Math Symposium
February 22–24, 2019
California Institute of Technology,
Pasadena, California

A. Kechris
N. Makarov
D. Ramakrishnan
X. Zhu
Editors





PURE MATHEMATICS
Proceedings of Symposia in

Volume 104

Nine Mathematical
Challenges
An Elucidation

Linde Hall Inaugural Math Symposium
February 22–24, 2019
California Institute of Technology,
Pasadena, California

A. Kechris
N. Makarov
D. Ramakrishnan
X. Zhu
Editors



2020 Mathematics Subject Classification. Primary 03Exx,
14Fxx, 11G05, 20D05, 30A99, 35P15, 35Q35, 37A17, 57R22.

Library of Congress Cataloging-in-Publication Data

Names: Linde Hall Inaugural Math Symposium (2019: California Instiute of Technology,
Pasadena, Calif.) | Kechris, A. S., 1946– editor. | Makarov, Nikolai G., editor. | Ramakr-
ishnan, Dinakar, editor. | Zhu, X. (Xinwen), 1982– editor.

Title: Nine mathematical challenges: An elucidation: Linde Hall Inaugural Math Symposium,
February 22–24, 2019, California Institute of Technology, Pasadena, California / A. Kechris,
N. Makarov, D. Ramakrishnan, X. Zhu, editors.

Description: Providence, Rhode Island: American Mathematical Society, [2021] | Series: Pro-
ceedings of symposia in pure mathematics, 0082-0717; volume 104 | Includes bibliographical
references.

Identifiers: LCCN 2021023568 | ISBN 9781470454906 (paperback) | ISBN 9781470467463 (ebook)
Subjects: LCSH: Mathematics–Congresses. | AMS: Mathematical logic and foundations – Set

theory. | Algebraic geometry – (Co)homology theory in algebraic geometry. | Number theory
– Arithmetic algebraic geometry (Diophantine geometry) – Elliptic curves over global fields.
| Group theory and generalizations – Abstract finite groups – Finite simple groups and their
classification. | Functions of a complex variable – General properties of functions of one complex
variable. | Partial differential equations – Spectral theory and eigenvalue problems for partial
differential equations – Estimates of eigenvalues in context of PDEs. | Partial differential
equations – Equations of mathematical physics and other areas of application – PDEs in
connection with fluid mechanics. | Dynamical systems and ergodic theory – Ergodic theory
– Homogeneous flows. | Manifolds and cell complexes – Differential topology – Topology of
vector bundles and fiber bundles.

Classification: LCC QA1 .L436 2021 | DDC 510.5–dc23
LC record available at https://lccn.loc.gov/2021023568

DOI: https://doi.org/10.1090/ramakrish/104

Color graphic policy. Any graphics created in color will be rendered in grayscale for the printed
version unless color printing is authorized by the Publisher. In general, color graphics will appear
in color in the online version.

Copying and reprinting. Individual readers of this publication, and nonprofit libraries acting
for them, are permitted to make fair use of the material, such as to copy select pages for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for permission
to reuse portions of AMS publication content are handled by the Copyright Clearance Center. For
more information, please visit www.ams.org/publications/pubpermissions.

Send requests for translation rights and licensed reprints to reprint-permission@ams.org.

c© 2021 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines

established to ensure permanence and durability.
Visit the AMS home page at https://www.ams.org/

10 9 8 7 6 5 4 3 2 1 26 25 24 23 22 21

https://doi.org/10.1090/ramakrish/104
www.ams.org/publications/pubpermissions
reprint-permission@ams.org
https://www.ams.org/


Contents

Preface vii

The Linde Hall Inaugural Math Symposium at Caltech ix

The finite simple groups and their classification
Michael Aschbacher 1

The Birch and Swinnerton-Dyer Conjecture: A brief survey
Ashay A. Burungale, Christopher Skinner, and Ye Tian 11

Bounding ramification by covers and curves
Hélène Esnault and Vasudevan Srinivas 31

The Lieb–Thirring inequalities: Recent results and open problems
Rupert L. Frank 45

Some topological properties of surface bundles
Ursula Hamenstädt 87
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Preface

Problems are the lifeblood of mathematics. These are the immortal words of
Hilbert, uttered during the 1900 International Congress of Mathematicians, which
are well known and oft repeated. This volume is a similar venture, albeit more
modest, but still with the same purpose. What we have here are nine beautiful
articles by distinguished mathematicians, each discussing a specific open problem,
or a set of such, in nine different fields within mathematics, each very important in
its own right.

The idea for this volume began with the plans for a special event at Caltech
celebrating the opening of the newly remodeled Ron and Maxine Linde Hall of
Mathematics and Physics, which mainly houses the math department. There was
an Inaugural Math Symposium, which was held at Caltech during February 22–
24, 2019. Nine distinguished mathematicians representing different areas of the
subject spoke, each giving a one-hour lecture during the symposium. There were
two lectures on the afternoon of Friday, February 22, five lectures during Saturday,
with three in the morning and two in the afternoon, and two lectures on the morning
of Sunday, February 24. During lunch on Saturday there was a poster session for
students and postdocs. The speakers were, in alphabetical order, M. Aschbacher,
H. Esnault, B. Gross, U. Hamenstädt, P. Michel, A. Poltoratski, B. Simon, T. Tao,
and W.H. Woodin. The program of the Symposium can be found right after this
preface.

The Lectures were such a resounding success, giving rare and exciting glimpses
into a slew of mathematical challenges, that it was decided by the organizing
committee–composed of A. Kechris, N. Makarov, D. Ramakrishnan (chair), and
X. Zhu–to try to bring out a special volume presenting the contents of the Lectures
with suitable expansion. It was enthusiastically supported by Elena Mantovan, then
the Executive Officer, a.k.a. chair, of the math department. We asked the lecturers
if they would contribute expanded write-ups of their lectures, but unfortunately B.
Gross and B. Simon were unable to provide articles for the volume. It was decided
that the other speakers could write about anything they wanted, preferably related
to the subject of their talks.

We approached the American Mathematical Society about the possibility of
bringing out the volume in the Proceedings of the Symposia in Pure Mathematics
series. After due evaluation, they agreed and we began putting together the volume
with invitations to the authors. Hélène Esnault decided to write about something
completely different and submitted a joint article with V. Srinivas on ramification
in covers and curves. Meanwhile, the organizing committee decided to ask two
distinguished mathematicians to supply articles in the general areas of B. Gross
and B. Simon. Fortunately for us, Chris Skinner agreed to write about the same
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viii PREFACE

subject matter as Gross’s talk (on the Birch and Swinnerton-Dyer Conjecture) in
collaboration with A. Burungale and Ye Tian. And R. Frank agreed to write a
survey on a different topic from the lecture of B. Simon, but still in the general
area of Mathematical Physics.

Now we will briefly touch upon the contents. In the first article, M. Aschbacher
explains the problem of classification of finite groups and explains where it stands.
In the second, A. Burungale, C. Skinner, and Ye Tian explain the recent progress
on the Birch and Swinnerton-Dyer Conjecture for rational elliptic curves E, which
relates the order of vanishing of its L-function at s = 1 to the rank r of E(Q)
as an abelian group, focusing on r = 0, 1. In the third article, H. Esnault and V.
Srinivas analyze �-adic local systems of bounded rank and ramification on a smooth
variety in characteristic p (different from �), then introduce and study ramification
outside codimension 2 by a finite separable extension of bounded degree. In the
fourth, R. Frank gives a survey of problems and results concerning the Lieb-Thirring
inequalities. In the fifth article, U. Hamenstädt studies topological properties of
surface bundles over surfaces which result from the Milnor-Wood inequality for the
Euler class of flat S1-bundles over surfaces. In the sixth contribution, P. Michel
explains substantial recent extensions of the fundamental equidistribution theorem
of W. Duke. The seventh article, by A. Poltoratski, describes the Gap and Type
problems in Fourier analysis with new results. In the following (eighth) article,
T. Tao discusses quantitative bounds for higher regularity norms of the classical
solutions to three-dimensional Navier-Stokes equations. In the final (ninth) article,
Hugh Woodin gives a survey of Cantor’s Continuum Hypothesis starting from the
work of Gödel and Cohen, and leading to the current developments and approach
of the author on this problem.

The editors would like to thank Michelle Vine and Stephanie Cha-Ramos for
their help with the Linde Inaugural Math Symposium at Caltech, and also acknowl-
edge invaluable help from Christine Thivierge of the AMS in the putting together
of this volume.



The Linde Hall Inaugural Math Symposium at Caltech

The symposium will be held on February 22–24, 2019, to celebrate the opening
of the newly remodeled Ron and Maxine Linde Hall of Mathematics and Physics.
Nine distinguished speakers representing different areas of Mathematics will each
give a one-hour lecture during the symposium. There will be two lectures on the af-
ternoon of Friday, February 22, five lectures on Saturday, with three in the morning
and two in the afternoon, and two lectures on the morning of Sunday, February 24.
During lunch on Saturday there will be a poster session for students and postdocs.

Lectures

(with authors in alphabetical order)

(1) Michael Aschbacher, Caltech
The finite simple groups and their classification

(2) Hélène Esnault, Free University of Berlin
Vanishing Theorems for étale sheaves

(3) Benedict Gross, UCSD
On the conjecture of Birch and Swinnerton-Dyer

(4) Ursula Hamenstädt, University of Bonn
Amenable actions and rigidity

(5) Philippe Michel, École Polytechnique Fédérale de Lausanne
L-functions, moments and subconvexity

(6) Alexei Poltoratski, Texas A & M
Gap and Type problems in Fourier analysis

(7) Barry Simon, Caltech
Fifty Years of the Spectral Theory of Schrödinger Operators

(8) Terence Tao, UCLA
The global regularity problem for Navier-Stokes

(9) W. Hugh Woodin, Harvard
Cantor’s Continuum Hypothesis

Organizing Committee:
Dinakar Ramakrishnan (chair), Alexander Kechris, Nikolai Makarov, and Xin-

wen Zhu
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This volume stems from the Linde Hall Inaugural Math Symposium, held
from February 22–24, 2019, at California Institute of Technology, Pasadena,
California.

The content isolates and discusses nine mathematical problems, or sets
of problems, in a deep way, but starting from scratch. Included among
them are the well-known problems of the classification of finite groups, the
Navier-Stokes equations, the Birch and Swinnerton-Dyer conjecture, and
the continuum hypothesis. The other five problems, also of substantial
importance, concern the Lieb–Thirring inequalities, the equidistribution
problems in number theory, surface bundles, ramification in covers and
curves, and the gap and type problems in Fourier analysis. The problems
are explained succinctly, with a discussion of what is known and an elu-
cidation of the outstanding issues. An attempt is made to appeal to a wide
audience, both in terms of the field of expertise and the level of the reader.
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