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Preface

This is the second volume of a planned series of books of problems in

mathematical analysis� The book deals with real functions of one real

variable� except for Section ��� where functions in metric spaces are

discussed� Like the �rst volume� Problems in Mathematical Analysis

I� Real Numbers� Sequences and Series� the book is divided into two

parts� The �rst part is a collection of exercises and problems� and

the second contains their solutions� Although often various solutions

of a given problem are possible� we present here only one� Moreover�

problems are divided into sections according to the methods of their

solutions� For example� if a problem is in the section Convex Func�

tions it means that in its solution properties of convex functions are

used� While each section begins with relatively simple exercises� one

can still �nd quite challenging problems� some of which are actually

theorems� Although the book is intended mainly for mathematics

students� it covers material that can be incorporated by teachers into

their lectures or be used for seminar discussions� For example� follow�

ing Steven Roman �Amer� Math� Monthly� 	� ��
	��� pp� 	��	�
��

we present a proof of the well known Fa�a di Bruno formula for the nth

derivative of the composition of two functions� Applications of this

formula to real analytic functions given in Chapter � are mainly bor�

rowed from the book A Primer of Real Analytic Functions by Steven

G� Krantz and Harold R� Parks� In fact� we found this book so stimu�

lating that we could not resist borrowing a few theorems from it� We

xi



xii Preface

would like also to mention here a generalization of Tauber�s theorem

due to Hardy and Littlewood� The proof of this result that we give

is based on Karamata�s paper �Math� Zeitschrift� � ��
�	���

Many problems have been borrowed freely from problem sections

of journals like the American Mathematical Monthly� Mathematics

Today �Russian� and Delta �Polish�� and from many textbooks and

problem books� The complete list of books is given in the bibliog�

raphy� As in the �rst volume� it was beyond our scope to trace all

original sources� and we o�er our sincere apologies if we have over�

looked some contributions�

All the notations and de�nitions used in this volume are stan�

dard� However� in an e�ort to make the book consistent and to avoid

ambiguity� we have included a list of notations and de�nitions� In

making references we write� for example� ������ or I� ������� which

denotes the number of the problem in this volume or in Volume I�

respectively�

We owe much to many friends and colleagues with whom we have

had many fruitful discussions� Special mention should be made� how�

ever� of Tadeusz Kuczumow for suggestions of several problems and

solutions� and of Witold Rzymowski for making his manuscript ��	�

available to us� We are very grateful to Armen Grigoryan� Ma�lgorzata

Koter�M�orgowska� Stanis�law Prus and Jadwiga Zygmunt for drawing

the �gures and for their help with incorporating them into the text�

We are deeply indebted to Professor Richard J� Libera� University of

Delaware� for his unceasing help with the English translation and for

his valuable suggestions and corrections which we feel have greatly

improved both the form and the content of the two volumes� Fi�

nally� we would like to thank the sta� at the AMS for their dedicated

assistance �via e�mail� in bringing our work to fruition�

W� J� Kaczor� M� T� Nowak



Notation and
Terminology

This is a supplement to the notation and terminology of Problems in

Mathematical Analysis I� Real Numbers� Sequences and Series�

If �X� d� is a metric space� x � X and A is a nonempty subset of X�

then

� Ac � X nA is the complement of the set A�

� BX�x� r�� BX�x� r� denote the open and the closed ball cen�

tered at x and of radius r � �� respectively� If X is 	xed we

omit the index and simply write B�x� r� or B�x� r��

� A� is the interior of A in the metric space �X� d��

� A denotes the closure of A in the metric space�

� �A � A �X nA is the boundary of A�

� diam�A� � supfd�x� y� 
 x� y � Ag denotes the diameter of

the set A�

� dist �x�A� � inffd�x� y� 
 y � Ag denotes the distance be�

tween x and the set A�

� A is of type F� if it is a union of countably many sets which

are closed in �X� d��

� A is of type G� if it is an intersection of countably many sets

which are open in �X� d��

xiii



xiv Notation and Terminology

� X is said to be connected if there do not exist two nonempty

disjoint open subsets B and C of X such that X � B �C�

�

�A�x� �

�
� if x � A�

� if x � �X nA�

is the characteristic function of A�

� if A � X and if f is a function de	ned on X� then fjA denotes

the restriction of f to A�

If f and g are real functions of a real variable� then

� f�a�� and f�a�� denote the right�hand and the left�hand limit

of f at a� respectively�

� if the quotient f�x��g�x� tends to zero �or remains bounded�

as x� x�� then we write f�x� � o�g�x�� �or f�x� � O�g�x����

� C�A� � the set of all continuous functions on A�

� C�a� b� � the set of all continuous functions on an open interval

�a� b��

� f �n� � the nth derivative of f �

� Cn�a� b� � the set of all functions n times continuously di�er�

entiable on �a� b��

� f ���a�� f
�
��a� � the right� and the left�hand derivative of f at

a� respectively�

� C��a� b�� denotes the set of all functions continuously di�eren�

tiable on a� b�� where at the endpoints the derivative is right�

or left�hand� respectively� The set Cn�a� b�� of all functions

n times continuously di�erentiable on a� b� is de	ned induc�

tively�

� C��a� b�� C��a� b�� � the set of functions in	nitely di�eren�

tiable on �a� b� and a� b�� respectively�
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W. J. Kaczor and M. T. Nowak

We learn by doing. We learn mathematics by doing prob-
lems. And we learn more mathematics by doing more 
problems. This is the sequel to Problems in Mathematical 
Analysis I (Volume 4 in the Student Mathematical Library 
series). If you want to hone your understanding of contin-
uous and differentiable functions, this book contains 
hundreds of problems to help you do so. The emphasis here 
is on real functions of a single variable.

The book is mainly geared toward students studying the 
basic principles of analysis. However, given its selection of 
problems, organization, and level, it would be an ideal 
choice for tutorial or problem-solving seminars, particularly 
those geared toward the Putnam exam. It is also suitable for 
self-study. The presentation of the material is designed to 
help student comprehension, to encourage them to ask their 
own questions, and to start research. The collection of prob-
lems will also help teachers who wish to incorporate 
problems into their lectures. The problems are grouped into 
sections according to the methods of solution. Solutions for 
the problems are provided.
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