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Foreword 
to the AMS Edition 

I am pleased that Fred's little book is being republished. Many math
ematicians have told me of reading it with pleasure when they were 
young, and now new generations of mathematicians can share that 
pleasure. I think Fred would have been pleased, too, and it is too bad 
that a terrible illness called myelodysplastic syndrome snuck up on 
him and carried him away at age 63 before he could enjoy this and 
other tributes. 

Fred had two quite different sides to his mathematical personal
ity. His research papers tended to be long, complicated affairs that 
are difficult to read. The wealth of detail could easily overwhelm the 
reader. In fact, his magnum opus, where he proved that the singular 
set of area-minimizing integral currents is of codimension 2, runs to 
over 955 pages of small type [5]. So he made great efforts to present 
the essence of his theorems, with respect to both the difficulties pre
sented by the problem and the means to surmount them, in the talks 
he gave and the expository papers he wrote. Since he believed quite 
strongly that one should never say or write anything that was not 
precisely mathematically correct, this was no mean feat. This little 
book "Plateau's Problem" was one of his early gems of exposition. 

IX 
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Fred wrote this book shortly after he proved its main theorem and 
before it had been digested by the mathematical community. It was 
originally written in 1965, while Herbert Federer's massive treatise 
Geometric Measure Theory [F] was still in its early stages of prepara
tion. (That book was listed in the bibliography of the original edition 
of this book by name but with no other publication information— 
not even a publisher!) The notation and even the correct shape of 
the definitions in the field of geometric measure theory were still in a 
state of flux. 

In particular, one of the central objects defined by Fred, the no
tion of a /c-dimensional varifold, was later recast with a different def
inition by one of Fred's early collaborators, Bill Allard (who says 
Herbert Federer suggested it to him). The newer definition, a Radon 
measure on the product of R3 with the Grassmanian Qk of oriented 
(or unoriented) /c-planes through the origin in R3, is the one that 
became standard. In fact, Fred's original research paper on varifolds 
was never published, but exists only as a grey-covered monograph 
in places such as the Mathematics and Physics Library at Princeton 
University [A]. The definitive paper on varifolds became Bill Allard's 
On the first variation of a varifold [1]. 

Nevertheless, there is nothing wrong with the definition of varifold 
given initially and in this book. For those who know measure theory, 
it is not hard to translate the statements given in this book to the 
Radon measure formulation. (Specifically, if fi is a Radon measure as 
above, then the /c-dimensional varifold V defined in the notation of 
this book is given by 

v(</>)= f <p{P){P)d^P) 
J(p,P)eR3xQk 

for every differential A;-form <fi.) For those who do not, this book is 
self-contained in its exposition as is. 

There has been, of course, a great deal of soap-film mathematics 
created in the past thirty-odd years since the original publication 
date of this book. Fred gave here the ideas needed for his proof of the 
existence of area-minimizing surfaces on boundaries. Later, he proved 
regularity almost everywhere, not only for soap films and soap bubble 
clusters and bubbles in films, but also for the orientation-dependent 
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surface energies that sometimes occur in crystals and other subjects 
of materials science [3]. 

I had the privilege to be Fred's first graduate student and, thereby, 
to get his best thesis problem, one about "flat chains modulo 3" that 
soon led to theorems about the points in soap films and bubbles which 
are not smooth portions of surface: I was able to prove that they con
sist of smooth curves along which three smooth pieces of surface meet 
at equal angles together with isolated point singularities where four 
of these triple junctions come together at equal angles [14]. This 
had been one of the fundamental observations of Plateau one hun
dred years earlier. Many of Fred's later graduate students proved 
additional theorems about soap bubbles and soap films, in particular 
Frank Morgan, Brian White, Ken Brakke, John Sullivan, and Sheldon 
Chang. Also, Ken Brakke has written and continues to update a mar
velous (and free!) computer program called the Surface Evolver [8] 
which, among its many virtuosities, computes soap bubbles and soap 
films. In particular, the 18 new illustrations for this edition (replacing 
earlier hand-drawn illustrations) were produced by Brakke and Sulli
van using the Evolver and Sullivan's rendering program. See the ex
panded bibliography in this volume or search mathematics databases 
for additional work by Fred, me, and Fred's other students. (The 
citations within the text to the original bibliography have been left 
as they were in the original, in spite of the fact that some of them are 
unclear as to the precise article being referenced; the confused reader 
could consult Federer's treatise in place of any unclear citation.) 

Also in the expanded bibliography are references to some of the 
articles that have been written about Fred and his work since his 
death in February 1997. Fred was an extraordinary man, always 
finding joy in everything. He was my husband for the last 23 years of 
his life and the father of three children, one from our marriage and 
two from a previous marriage. His death leaves a big hole in our lives, 
and many others loved him as well. 

JEAN E. TAYLOR 

March 2001 
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Editors ' Foreword 

Mathematics has been expanding in all directions at a fabulous rate 
during the past half century. New fields have emerged, the diffu
sion into other disciplines has proceeded apace, and our knowledge 
of the classical areas has grown ever more profound. At the same 
time, one of the most striking trends in modern mathematics is the 
constantly increasing interrelationship between its various branches. 
Thus the present-day students of mathematics are faced with an im
mense mountain of material. In addition to the traditional areas 
of mathematics as presented in the traditional manner—and these 
presentations do abound—there are the new and often enlightening 
ways of looking at these traditional areas, and also the vast new areas 
teeming with potentialities. Much of this new material is scattered 
indigestibly throughout the research journals, and frequently coher
ently organized only in the minds or unpublished notes of the working 
mathematicians. And students desperately need to learn more and 
more of this material. 

This series1 of brief topical booklets has been conceived as a pos
sible means to tackle and hopefully to alleviate some of these peda
gogical problems. They are being written by active research math
ematicians, who can look at the latest developments, who can use 
these developments to clarify and condense the required material, 

Publisher's note: W. A. Benjamin's Mathematics Monograph Series. 
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who know what ideas to underscore and what techniques to stress. 
We hope that these books will also serve to present to the able un
dergraduate an introduction to contemporary research and problems 
in mathematics, and that they will be sufficiently informal that the 
personal tastes and attitudes of the leaders in modern mathematics 
will shine through clearly to the readers. 

Plateau's problem, roughly that of finding a surface of least area 
having a given boundary, has long challenged pure and applied math
ematicians by the beautiful simplicity of its statement but the sur
prising difficulties in the way of its solution. Attacks on this problem 
have prompted a good deal of work in the calculus of variations. Con
tinuing this direction of works, Dr. Almgren's book introduces the 
reader to a new and promising approach to the problem, reformulat
ing it in terms of currents and varifolds. A student with a course in 
advanced calculus behind him should find the book quite accessible, 
surprisingly so in view of the novelty of the material to the traditional 
undergraduate curriculum. 

ROBERT GUNNING 

Princeton, New Jersey 

HUGO ROSSI 

Waltham, Massachusetts 

September 1965 



Preface 

Much has been written about the differential geometry of three-
dimensional Euclidean space. The properties of curves and surfaces 
have been studied in detail, utilizing the concepts of tangent vectors, 
normal vectors, curvatures, etc. It is not surprising, then, that one 
seeks to express mathematical problems about, say, two-dimensional 
surfaces in three-dimensional space in the language of differential ge
ometry. Indeed, until fairly recently, there has not been much alter
native. This book introduces a new language for the expression of 
many geometric concepts—the language of varifolds. 

Varifolds of dimensions one and two are curves and surfaces de
fined in Euclidean space in a measure theoretic way, and it has been 
only recently that enough has been understood about the relationship 
between measure theory and geometry to make possible the creation 
of these surfaces. 

The most important uses for varifolds have been in the calculus of 
variations, where the generality of varifolds permits results once im
possible to obtain. The peculiar advantage of varifolds is particularly 
well illustrated by considering a famous problem of modern mathe
matics, Plateau 7s problem, set in the context of varifolds. Plateau's 
problem is concerned with surfaces which have the geometric prop
erties of soap films (which are different from the properties of soap 
bubbles). For a given boundary curve one asks first whether or not 

xv 
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there exists any mathematical surface of this type at all, and, sec
ondly, whether or not there exists such a mathematical surface of 
smallest area. The initial difficulty of studying this problem in the 
usual language of differential geometry, assuming of course that one 
wishes to study surfaces which really resemble the soap films which 
form rather than an abstraction of the problem, is the difficulty of 
describing in that language exactly what a soap-filmlike surface is. 
In particular, the set of singularities which one has to include in the 
definition is not known. Even if it is possible some day to know all 
possible singularities, this would still leave the higher-dimensional ver
sions of the problem unsolved—and there are infinitely many higher 
dimensions! Perhaps the one most important virtue of varifolds is 
that it is possible to obtain a geometrically significant solution to a 
number of variational problems, including Plateau's problem, with
out having to know ahead of time what all the possible singularities 
of the solution can be. It is then important, of course, to determine 
what the singularities of solutions are, but this is a separate problem 
whose solution is not yet in sight. 

Although this book discusses explicitly only varifolds of dimen
sions zero, one, two, and three in three-dimensional space, virtually all 
the results and definitions are equally valid for /c-dimensional surfaces 
in n-dimensional space for all integers 0 < k < n. 

It is the purpose of this book to introduce the definitions of vari-
fold geometry and to discuss the reasons for its creation. In the final 
chapter we state without proof of the chief results of the theory when 
applied to least area problems. 

The author is indebted to William P. Ziemer for reading the man
uscript and for many constructive suggestions and to William Prokos 
for rendering the illustrations. This book was written while the au
thor was a member of the Institute for Advanced Study in Princeton, 
New Jersey, supported by grant GP2439 from the National Science 
Foundation. 

FREDERICK J. ALMGREN, J R . 

Princeton, New Jersey 
September 1965 
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